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Abstract
We derive axisymmetric equilibrium equations in the context of the hybrid Vlasov model with
kinetic ions and massless fluid electrons, assuming isothermal electrons and deformed
Maxwellian distribution functions for the kinetic ions. The equilibrium system comprises a
Grad–Shafranov partial differential equation and an integral equation. These equations can be
utilized to calculate the equilibrium magnetic field and ion distribution function, respectively,
for given particle density or given ion and electron toroidal current density profiles. The
resulting solutions describe states characterized by toroidal plasma rotation and toroidal electric
current density. Additionally, due to the presence of fluid electrons, these equilibria also exhibit
a poloidal current density component. This is in contrast to the fully kinetic Vlasov model,
where axisymmetric Jeans equilibria can only accommodate toroidal currents and flows, given
the absence of a third integral of the microscopic motion.

Keywords: hybrid kinetic models, magnetic confinement, tokamak equilibria

1. Introduction

Hybrid Vlasov models play an important role in examin-
ing the complex behavior of multiscale plasmas that fea-
ture both a fluid bulk and energetic particle populations not
amenable to fluid descriptions. One specific branch of hybrid
models that has received significant attention, primarily for
studying phenomena in ion inertial scales such as turbulence
and collisionless reconnection, focuses on electron–ion plas-
mas where electrons are treated as a fluid while ions are
treated kinetically (e.g. [1–8]). In our recent work [9], we
employed such a hybrid model, featuring massless isothermal
electrons and kinetic ions, to investigate one-dimensional
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Alfvén–BGK (Bernstein–Greene–Kruskal) modes as station-
ary solutions to the model equations. We demonstrated
that the one-dimensional equilibrium equations constitute a
Hamiltonian system for a pseudoparticle, which can exhibit
integrable or chaotic orbits, depending on the form of the dis-
tribution function. A natural extension of this work would be
the construction of 2D-equilibria which can be used as ref-
erence states for studying reconnection, instabilities and wave
propagation, or evenmacroscopic equilibria of fusion plasmas.

Plasmas in fusion devices like the tokamak, are enriched
with significant populations of energetic particles. It is thus
expected that the distribution of those particles in the phys-
ical and the velocity space might affect macroscopic equilib-
rium and stability properties. For this reason hybrid models
have also found applications in the description of multiscale
dynamics of tokamak plasmas (e.g. [10–12]). However, des-
pite the utility of hybrid and kinetic descriptions for investig-
ating dynamical processes, there has been limited progress in
constructing self-consistent equilibria within the framework
of these models. One important limitation arises from the
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absence of a third particle constant of motion in the full-orbit
Vlasov description. Such an invariant would be crucial for con-
structing equilibria with characteristics relevant to tokamaks.
Efforts to build such equilibria using a fully kinetic Vlasov
description for both ions and electrons have been undertaken
in [13, 14]. Nevertheless, due to the presence of only one
momentum integral of motion for each particle species, spe-
cifically the particle toroidal angular momentum, these equi-
libria exhibit only toroidal current density and plasma rotation.
In contrast, the magnetohydrodynamic (MHD) fluid descrip-
tion of toroidal plasma equilibrium can accommodate both
toroidal and poloidal currents. Hence, although more funda-
mental, the kinetic approach appears to have limitations in
describing certain classes of equilibria compared to MHD.

To combine the advantages of both descriptions, we turn to
the hybridmodel mentioned earlier. Even though it lacks a pol-
oidal particle momentum invariant, it can describe equilibria
featuring both toroidal and poloidal current densities, thanks
to the fluid treatment of electrons, which carry the poloidal
current component. Considering kinetic ions and fluid elec-
trons might be relevant to tokamak scenarions with signific-
antly higher ion than electron temperatures known as hot-ion-
modes achieved by injecting highly energetic neutral beams
(e.g. [15]). It is important to note though that a limitation of
the present model for a realistic description of fusion plas-
mas, is that it treats the entire ion population using the Vlasov
equation. This approach rules the possibility of macroscopic
ion flows and the existence of multiple ion species; thus fur-
ther model improvements are required. The present model
description serves as an initial step toward the development
of improved models that will incorporate multi-fluid-kinetic
descriptions, as exemplified in [16].

The rest of the paper is structured as follows: in section 2
we present the hybrid equilibrium model and in section 3
the axisymmetric equilibrium formulation is developed. In
section 4 we numerically construct particular tokamak-
pertinent equilibria presenting various equilibrium character-
istics and we conclude by summarising the results in section 5.

2. The hybrid model

The initial hybrid-Vlasov equilibrium system employed in [9],
consists of a Vlasov equation for kinetic ions, a generalized
Ohm’s law derived from the electron momentum equation,
the Maxwell equations, and an equation of state for the fluid
electrons:

v ·∇f + e
m
(E+ v×B) ·∇vf = 0 , (1)

E=− n
ne
u×B+

J×B
ene

− ∇Pe
ene

, (2)

E=−∇Φ , ∇×B= µ0J , (3)

∇ ·B= 0 , ∇ ·E= e(n− ne) , (4)

Pe = nekBTe , (5)

where

n(x, t) =
ˆ

d3v f(x,v, t) , (6)

u(x, t) = n−1
ˆ

d3vvf(x,v, t) . (7)

Note that the ion-kinetic contribution to the current density is
given by

Jk =
ˆ

d3vvf , (8)

and thus the first term in the right hand side of (2) can be
expressed as −Jk×B/(ene).

In addition to (1)–(5), an energy equation is needed to
determine Te. Alternatively, it can be assumed that the elec-
trons are isothermal, i.e. Te is constant throughout the entire
plasma volume, or it can vary with the magnetic flux func-
tion ψ if we consider isothermal magnetic surfaces, i.e. Te =
Te(ψ). An alternative to (5) would be an isentropic closure
of the form Pe = cnγe , or even anisotropic electron pressure
under appropriate conditions for the different components of
the electron pressure tensor. Here we consider isothermal elec-
trons Te = Te0 = const.

Let us now write the system (1)–(5) in nondimensional
form upon introducing the following dimensionless quantities

x̃=
x
R0

, ṽ=
v

di vA
,

ñe =
ne
n0

, f̃= d3i v
3
A f/n0 ,

Ẽ=
E

di vAB0
, B̃=

B
B0

,

J̃k =
Jk

en0di vA
, P̃e =

Pe
mn0d2i v

2
A
, (9)

where R0 and B0 are the characteristic length and magnetic
field modulus, respectively. Additionally,

vA =
B0√
µ0mn0

, Ω=
eB0

m
, (10)

are the Alfvén speed and the ion cyclotron frequency, respect-
ively and

di =
ℓi
R0

, ℓi =

√
m

µ0n0e2
, (11)

is the nondimensional ion skin depth which is typically of the
order 10−2 in fusion devices. Notice that apart from nondimen-
sionalizing various physical quantities, we have also scaled
the nondimensional velocity by a factor of d−1

i . The rationale
behind this scaling will be clarified in a subsequent explan-
ation. What is important to stress here, is that with careful
implementation of this scaling process, there are no inconsist-
encies in the nondimensionalization of the equations and the
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recovery of physical units in the final results. In view of (9) the
hybrid equilibrium system then can be written in the following
nondimensional form:

v ·∇f + d−2
i (E+ v×B) ·∇vf = 0 , (12)

−∇Φ =
1
ne

[
(∇×B− Jk)− d2i∇Pe

]
, (13)

E=−∇Φ , ∇×B= J , (14)

∇ ·B= 0 , d2i β
2
A∇ ·E= (n− ne) , (15)

Pe = κne , (16)

where

κ :=
kBTe0
d2i mv

2
A

(17)

and β2
A = v2A/c

2. Taking the limit β2
A → 0 we obtain the

quasineutrality condition ne = n, which will be applied in the
subsequent analysis.

In section 3, we will investigate two equilibrium scen-
arios: one with cold electrons (κ= 0) and the other with
thermal electrons (κ∼ 1). We opted for the scaled nondimen-
sional particle velocity ṽ= v/(di vA) with the goal of attaining
tokamak-relevant temperatures assuming κ∼ 1. It can be veri-
fied through (17) and using an Alfvén speed calculated from
tokamak-relevant values for the density and the magnetic field,
that κ∼ 1 corresponds to Te0 ∼ 108K.

As a closing note for this section, it is worth highlighting
that taking into account (16) and the quasineutrality condition
ne = n, Ohm’s law (13) can be expressed as follows:

−∇Φ =
1
n
(∇×B− Jk)×B−∇ln

(
nd

2
i κ
)
. (18)

3. Axisymmetric equilibrium formulation

We consider a plasma configuration with axial symmetry with
respect to a fixed axis, where all quantities depend on the
coordinates r,z of a cylindrical coordinate system (r,φ,z).
Note that z coincides with the axis of symmetry. In this case
the divergence-free magnetic field can be written in terms of
two scalar functions I and ψ as follows:

B= I∇φ +∇ψ (r,z)×∇φ , (19)

while the corresponding current density is

J=∇×B=−∆∗ψ∇φ +∇I×∇φ , (20)

where ∆∗ is the Shafranov operator given by

∆∗ = r
∂

∂r

(
1
r
∂

∂r

)
+
∂2

∂z2
. (21)

Next we will consider the three components of (18) along the
magnetic field, along the φ̂ direction and along the ∇ψ direc-
tion. From the B projection we readily obtain

B ·∇
[
Φ − ln

(
nd

2
i κ
)]

= 0 , (22)

thus

Φ − ln
(
nd

2
i κ
)
=: G(ψ) , (23)

where G(ψ) is an arbitrary function. From this equation we
can solve for n to find

n= exp
[
Φ−G(ψ)

d2i κ

]
. (24)

In the case G(ψ) = const. we recover the Boltzmann distribu-
tion. Next, to take the∇φ and∇ψ projections we need first to
determine the direction of Jk.

According to Jeans’ theorem [17, 18], distribution func-
tions of the form f = f(C1,C2, . . .), where Ci are particle con-
stants of motion, are solutions to the Vlasov equation (12). In
the absence of collisions, the particle energy H is itself a first
integral of motion. In nondimensional form H reads:

H̃=
v2

2
+ d−2

i Φ , (25)

where H̃= H/(d2i mv
2
A). Additionally, in the presence of axial

symmetry a second constant of motion is the particle toroidal
angular momentum

p̃φ = rvφ + rAφ = rvφ + d−2
i ψ , (26)

where p̃φ = pφ/(mR0di vA). It remains an open question
whether and under what conditions, additional, approxim-
ate constants of motion exist within the framework of full-
orbit Vlasov description (see [19] and references therein for
a discussion on the existence of a third integral of motion in
axisymmetric potentials). In certain scenarios, it may be per-
tinent to consider adiabatic constants, such as the magnetic
moment µ as explored in [20]. It is worth noting that in the
context of the hybrid model and the present analysis, some
assumptions made in [20], such as pφ ≈ ψ, can be justified
due to the presence of the significant d−2

i factor, especially in
systems like the magnetosphere. However, in this paper, which
focuses on laboratory plasmas, we will not adopt this assump-
tion. Instead, we will follow the approach outlined in [9] and
[21], considering a distribution function in the form of:

f = exp(−H)g(pφ)

= exp

[
−
v2r + v2z + v2φ

2
− d−2

i Φ(r,z)

]
g(pφ) , (27)

or

f = exp

[
−
v2r + v2z

2
− (pφ−ψ)2

2r2
− d−2

i Φ(r,z)

]
g(pφ) .

Note that the tildes have been omitted in H and pφ for con-
venience. For such a distribution function the kinetic current
density (8) will have only a φ component. This is because vrf
and vzf are odd functions with respect to vr and vz respectively,
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while the integration over these variables go from−∞ to+∞.
Therefore

Jk = rJkφ∇φ ,

and as a result

Jkφ×B=
Jkφ
r
∇ψ . (28)

Substituting (19), (20), (24) and (28) into (18) we obtain

−n∇Φ =−∆∗ψ

r2
∇ψ − I

r2
∇I+ [I,ψ]∇φ − Jkφ

r
∇ψ − n∇Φ

+ nG ′ (ψ)∇ψ , (29)

where [a,b] := (∇a×∇b) ·∇φ. It is now trivial to see that
from the ∇φ projection of (29), we obtain

[I,ψ] = 0 , i.e. I= I(ψ) . (30)

Finally, the ∇ψ projection yields

∆∗ψ + II ′ (ψ)+ r2Z (r,ψ) = 0 , (31)

where

Z (r,ψ) :=
1
r

ˆ
d3vvφ f −G ′ (ψ)

ˆ
d3v f .

Equation (31) is a Grad–Shafranov (GS) equation determining
the magnetic field through the flux function ψ in axisymmet-
ric hybrid Vlasov equilibria. Let us now work out the velocity
space integrals in (31). The particle density is

n=
ˆ

d3v f =
e−Φ/d2i

r

ˆ +∞

−∞
dvr

ˆ +∞

−∞
dvz

×
ˆ +∞

−∞
dpφ e

− v2r
2 − v2z

2 − (pφ−ψ/d2i )
2

2r2 g(pφ)

=
2π e−Φ/d2i

r

ˆ ∞

−∞
dpφ e

− (pφ−ψ/d2i )
2

2r2 g(pφ) . (32)

We have shown that Φ = ln(nd
2
i κ)+G(ψ), therefore

n=

[
2π e−G(ψ)/d2i

r

ˆ +∞

−∞
dpφ e

− (pφ−ψ/d2i )
2

2r2 g(pφ)

] 1
κ+1

. (33)

Similarly, for the toroidal component of the kinetic current
density we find

Jkφ = 2π e−G(ψ)/d2i

[
2π e−G(ψ)/d2i

r

ˆ +∞

−∞
dpφ e

− (pφ−ψ/d2i )
2

2r2 g
(
pφ
)
]− κ

κ+1

×
ˆ +∞

−∞
dpφ

(
pφ−ψ/d2i

)

r2
e−

(pφ−ψ/d2i )
2

2r2 g
(
pφ
)
. (34)

Therefore, the current density depends on two arbitrary func-
tions, i.e. G(ψ) and g(pφ). The latter function that determ-
ines the ion distribution function, can either be specified
a-priori, together with G(ψ) and then the GS equation (31)

can be solved to determine ψ, or can be identified by fixing
Jkφ and G(ψ). Following the formalism of [9] we can show
that the function Z(r,ψ) can be derived by a ‘pseudopoten-
tial’ function V(r,ψ) which takes the form

V(ψ,r) = d2i (κ+ 1)

[
2π e−G(ψ)/d2i

r

ˆ +∞

−∞
dpφ e

− (pφ−ψ/d2i )
2

2r2 g
(
pφ
)
] 1
κ+1

= d2i (κ+ 1)n . (35)

We can easily verify that Z = ∂V
∂ψ , thus, the GS equation can

be written in the familiar form

∆∗ψ + II ′ (ψ)+ r2
∂V
∂ψ

= 0 . (36)

Note that equation (36) is reminiscent of the MHD GS
equation with toroidal flow [22], where an effective pressure
function associated with the thermodynamic pressure and the
plasma flow, appears instead of V(r,ψ).

To solve equation (36) we can specifyV(ψ,r) to be a known
mathematical function or it can potentially be inferred by
experimental data for the particle density n or the toroidal cur-
rent density profile. The feasibility of the latter approach will
be explored in future work. Note that the particle density and
the total toroidal current density can be expressed in terms of
V as follows

n=
V

d2i (κ+ 1)
, Jφ =

II ′

r
+ r

∂V
∂ψ

. (37)

Also note that that the electron contribution to Jφ is given by

Jeφ =
II ′

r
− rnG ′ (ψ) . (38)

Knowing V enables the solution of the partial differential
equation (36) to determine ψ and of the integral equation (35)
to determine g(pφ).

In the appendix A we demonstrate that when the product
Vκ+1eG(ψ)/d

2
i can be expressed as a power series expansion

of ψ, it becomes possible to determine the function g(pφ) in
terms of Hermite polynomials. The function g(pφ) is essen-
tially determined upon calculating the coefficients cm appear-
ing in the expansion (51) of the appendix A. This is done by
solving equation (56) for cm after expressing the left hand side
(lhs) of (56) as a power series expansion in ψ. In this work we
consider the special case

[
V

d2i (κ+ 1)

]κ+1

eG(ψ)/d
2
i = V0 (r)+V1 (r)ψ +V2 (r)ψ2 , (39)

and deal with two classes of equilibria corresponding to cold
electrons with κ= 0 and thermal electrons with κ∼ 1. We
consider here the quadratic ansatz (39) due to its simplicity
in determining the constants cm in the expansion (56). While
higher-order terms in ψ could be included, such an exten-
sion would complicate the analysis, exceeding the scope of the
present study, which aims to showcase the feasibility of solv-
ing the inverse problem via the Hermite polynomial method.
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Another motivation for this choice is that adopting a similar
ansatz for the free function I2(ψ) and assumingG(ψ) = 0, res-
ults in a linear GS equation in the cold electron limit, which
is the simpler case with non-monotonic current density pro-
file and can be solved analytically in terms of truncated power
series as done in [23].

By equations (39) and (56) we see that

V0 +V1ψ +V2ψ
2 = c02π3/2 + c1

(2π)3/2

d2i
ψ + c2

4π3/2

d4i
ψ2

+ c24π3/2 (r2 − 1
)
, (40)

and therefore the coefficients c0, c1 and c2 are

c0 =
V0 (r)
2π3/2

− 2c2
(
r2 − 1

)
, c1 =

d2i V1
2π3/2

, c2 =
d4i V2
4π3/2

. (41)

In order for c0,c1,c2 to be constants we should select V1 =
const. V2 = const. and

V0 (r) = C0 + d4i V2
(
r2 − 1

)
,

whereC0 is a constant. Therefore, the ion distribution function
in both the cold and thermal electron limits reads as follows

f(H,pφ) =
[
c0 +

√
2c1pφ+ c2

(
2p2φ− 2

)]
e−H . (42)

To ensure the positivity of the distribution function (42) it suf-
fices to require c0 +

√
2c1pφ+ c2(2p2φ− 2)> 0, ∀pφ, which

holds true for

c0 >
c21 − 8c22
4c2

, c2 > 0 .

4. Tokamak equilibria

To fully define the plasma equilibria we further need to specify
the free functions I(ψ) and G(ψ). In this work we adopt

I2 (ψ) =
(
I0 + I1ψ + I2ψ2)e−η(ψ−ψa)

2
, (43)

G(ψ) = α(ψ−ψa)
2 . (44)

Here, I0, I1, I2, η, and α are constants, and ψa represents
the value of the flux function ψ at the magnetic axis, corres-
ponding to an elliptic O-point of ψ where the magnetic field
is purely toroidal. This particular choice for G(ψ) is based
on the expectation that the number density should decrease
towards the plasma boundary, (see equation (33)). This choice
also plays a crucial role in generating flow and toroidal current
shear in the edge region of the plasma.

The specific form of the ansatz (43) for I2(ψ) is influ-
enced by the structure that V assumes after adopting the forms
given in (39) and (44). Furthermore, this ansatz offers substan-
tial flexibility in shaping various equilibrium profiles although
the examples of equilibria provided later were obtained for
specific values of the free parameters, rather than through a
detailed exploration of the parametric space.

We address the fixed-boundary equilibrium problem within
a tokamak-relevant, D-shaped computational domain denoted
asD. In this context, we solve the GS equation (36) while spe-
cifying V as

V= d2i e
−G(ψ)/d2i

[
V0 (r)+V1ψ +V2ψ

2] , (45)

V= 2d2i
{
e−G(ψ)/d2i

[
V0 (r)+V1ψ +V2ψ

2]
}1/2

, (46)

for the κ= 0 and κ= 1 cases, respectively. It should be noted
that it is possible to calculate thermal electron equilibria with
different values of κ rather than κ= 1. This would corres-
pond to assuming a different electron temperature and also the
expression in equation (46) would vary accordingly. However,
κ= 1 corresponds to a tokamak-relevant temperature, making
it a convenient choice. Another interesting possibility is allow-
ing κ to depend on the flux function ψ, resulting in equilibria
with isothermal magnetic surfaces. This will be explored in a
future study. The boundary condition is of Dirichlet type given
by ψ|∂D = 0 where ∂D is the boundary of a computational
domainD. This corresponds to a closed flux surface embedded
into the plasma rather than the actual plasma boundary as it is
remains unclear how to determine the appropriate conditions
that will produce the desired profile behavior in the outermost
plasma regionwithin the kinetic framework (see also the relev-
ant discussion in [14]). For cold electrons the Grad-Shafranov
equation (36) takes the familiar form

∆∗ψ + II ′ (ψ)+ d2i e
−G/d2i

[
(V1 + 2V2ψ )

−G ′ (ψ)

d2i

(
C0 − d4i V2 +V1ψ +V2ψ

2)
]
r2

− d2i V2e−G/d2i G ′ (ψ)r4 = 0 . (47)

Note that a GS equation of similar structure describes axisym-
metric equilibria with incompressible flows of arbitrary dir-
ection, as shown in [24]. In the MHD context the r4 term is
associated with the non-parallel component of the flow.

We solve both boundary value problems, corresponding
to κ= 0 and κ= 1, using the finite element method, which
is conveniently implemented in Mathematica. The boundary
∂D is defined as a polygon with a large number of vertices.
The vertex coordinates can be boundary points extracted by
some parametric formula or by experimental data. The bound-
ary is characterized by an inverse aspect ratio ϵ= 0.32, trian-
gularity δ= 0.34 and elongation equal to 1.6. The character-
istic values of length, magnetic field and number density used
for unit recovery are, respectively R0 = 6.2m, B0 = 5 T and
n0 = 2.1× 1019. The algorithm performs several iterations as
the position of the magnetic axis has to be found because it is
required for determining the function G= α(ψ−ψa)2, until
the convergence criterionmax(|ψnew −ψold|)< tol is satisfied.
For our calculations we have set tol= 10−7.

The contours of constant ψ (magnetic surfaces) for both
equilibria are shown in figure 1. These equilibria are calcu-
lated by solving (36) with the ansatz (43) for I2(ψ). In the case

5
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Figure 1. Magnetic surfaces of an equilibrium with cold electrons (blue dashed lines) and an equilibrium with thermal electrons
(red solid lines).

Figure 2. Variation of the flux functions ψ (left) and the z component of the magnetic field (right) along the r axis on the equatorial plane
z= 0. The dashed blue lines correspond to the cold electron equilibrium and the red solid lines correspond to thermal electrons.

Figure 3. The toroidal current density profiles for the two equilibrium classes. The total current density profile is displayed in the left panel,
while in the right panel the electron and the ion kinetic contributions are drawn separately.

of cold electrons, the function V is given by (45), while for
thermal electrons, V is specified by (46). The values of the free
parameters in the functions I andV are identical for both cases.
For the specific examples presented here, we have chosen I0 =
0.5, I1 = 10−1, I2 =−14, V1 = 15, V2 = 1.02× 104, α= 7.5,
and η= 0.1.

The characteristics of the equilibrium can be deduced
from figures 2–6, which display variations of various physical
quantities of interest along the r axis on the z= 0 plane. Two-
dimensional density plots of the same quantities are presented
in figures 7–14. Notably, the particle density in both equilib-
ria does not vanish at the boundary (figures 5 and 7), implying

6
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Figure 4. The toroidal rotation velocity profile (left) and the corresponding profile of the r component of the electric field on z= 0.

Figure 5. Particle density profiles for κ= 0 and κ= 1 (left panel) and the electron pressure for κ= 1 (right panel).

Figure 6. Variation of the parallel (left panel) and perpendicular (right panel) components of the ion pressure tensor along r axis on z= 0
for both κ= 0 and κ= 1.

Figure 7. Two dimensional density plots for the particle densities in
κ= 0 (left panel) and κ= 1 (right panel) case.

that this equilibrium model is suitable for describing internal
plasma regions bounded by a closed magnetic surface which
defines the computational domain and does not coincide with
the actual plasma boundary.

Figure 8. Variation of Jφ component on the r− z plane for κ= 0
(left) and κ= 1 (right).

Additionally, we observe that the toroidal plasma rotation
velocity profile exhibits a hollow shape with significant flow
shear and radial electric field (Er) in the plasma edge (figures 4,
9, and 10). Such edge sheared flows have been associated

7
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Figure 9. The variation of the toroidal rotation velocity uφ on the
plane r− z, for cold (left) and thermal electrons (right).

Figure 10. The variation of the electric field magnitude |E| on the
plane r− z, for cold (left) and thermal electrons (right).

Figure 11. The parallel component (P∥) of the ion pressure tensor
for cold (left panel) and thermal (right panel) electrons.

with the reduction of radial turbulent transport and the trans-
ition to high (H) confinement modes in large tokamaks (e.g.
[25, 26]). Moreover, the toroidal current density profile for the
κ= 1 equilibrium shows a reduction in the central region of
the plasma (figures 3 and 8).

We also examine the parallel and perpendicular compon-
ents of the ion pressure tensor, as presented in figures 11
and 12. The steps for obtaining P∥ and P⊥ can be found in

Figure 12. The perpendicular component (P⊥) of the ion pressure
tensor for cold (left panel) and thermal (right panel) electrons.

Figure 13. Plasma β calculated using (48) for the case κ= 0 (left)
and the case κ= 1 (right).

Figure 14. The anisotropy function σ, calculated by (61) for κ= 0
(left) and κ= 1 (right).

appendix B. In figure 6, we provide profiles of these compon-
ents, along with the electron pressure profile in the case of
κ= 1. Notably, the P∥ component of the ion pressure tensor
forms a pedestal in the thermal electron case. As a con-
sequence, the effective pressure defined as (P∥ +P⊥)/2 also
forms a pedestal due to the P∥ contribution.
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Figure 15. Variation of the ion distribution function f computed by (42) with vφ, at two different locations: at the magnetic axis (left) and at
an edge point with coordinates (r= 1.3,z= 0.0) (right).

In addition to the previously mentioned physical quantities,
we calculate two figures of merit for both cold and thermal
electron equilibria: the plasma β and the anisotropy function
σ (defined in appendix B, equation (61)). In nondimensional
form the expression for calculating the plasma β is:

β = d2i
Pe+ ⟨P⟩

B2 , (48)

where ⟨P⟩ := Prr+Pzz+Pφφ with Prr,Pzz,Pφφ being the
diagonal components of the pressure tensor (see appendix B).
The presence of the d2i factor arises owing to the specific
scaling we have adopted for the normalized pressure in
equations (9). Figures 13 and 14 illustrate that the plasma β
ranges from approximately 0.5%–1.0% and increases from
the plasma boundary towards the core, while the ion pressure
anisotropy is more pronounced on the low-field side of the
configuration.

We conclude our presentation of equilibrium results with
figure 15, which illustrates the variation of ion distribution
functions as a function of the toroidal particle component
vφ, for both κ= 0 and κ= 1 cases at two distinct locations:
the magnetic axis (rax,zaz) and an edge point with coordin-
ates (r= 1.3,z= 0.0). In both cases, the dependence on vr
and vz has been eliminated by integrating the distribution
functions over the vr - vz plane. The two distribution func-
tions are presented alongside the corresponding normalized
Maxwellian distributions f0e−v2φ , where f 0 is an appropriate
normalization constant. In both cases, the distributions exhibit
a shift towards positive vφ, resulting in finite macroscopic tor-
oidal flows. At the edge point (r= 1.3,z= 0), where the tor-
oidal flow appears to reach amaximum, the distributions signi-
ficantly deviate from the Maxwellian, displaying a bump-on-
tail form. The bump corresponds to ions rotating in the oppos-
ite direction of the macroscopic flow.

5. Summary

In this work, we have presented the axisymmetric equilibrium
formulation of the hybrid Vlasov equilibrium model intro-
duced in [9], featuring massless electrons and kinetic ions.
We derived a general form of the GS equation and outlined a

method for determining ion distribution functions in terms of
Hermite polynomials based on the knowledge of the total and
the electron current density profile. Our formulation allowed
us to solve the equilibrium problem for specific choices of the
arbitrary functions involved in the GS equation. The results
demonstrate the model’s capability to describe plasmas with
geometric and profile characteristics relevant to tokamaks.
Notably, these equilibria exhibit some features reminiscent
of H-mode phenomenology, including strongly sheared edge
flows and significant edge radial electric fields. Building upon
these results, more refined descriptions of plasma equilibria
with kinetic effects stemming from kinetic particle popula-
tions are possible. Thus, future research will focus on improv-
ing the model to incorporate realistic electron temperature dis-
tribution and fluid ion components. An intriguing open ques-
tion is whether this equilibrium model can be derived through
a Hamiltonian energy-Casimir (EC) variational principle, as
explored in [16, 27]. Identifying the complete set of Casimir
invariants of the dynamical system is crucial for such a vari-
ational formulation of the equilibrium problem and for estab-
lishing stability criteria within the Hamiltonian framework.
Note that, in general, there are not enough Casimirs to recover
all the possible classes of equilibria due to rank changing of
the Poisson operator (see [28]). However, instead of the EC
variational principle, one can apply an alternative Hamiltonian
variational method that recovers all equilibria upon utilizing
dynamically accessible variations [28].
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Appendix A. Expansion of g(pφ) in terms of
Hermite polynomials

To illustrate that when the product Vκ+1eG(ψ)/d
2
i can be

expressed as a power series expansion of ψ, it is possible to
determine the function g(pφ) in terms of Hermite polynomi-
als, we invoke that Hermite polynomials Hn(x) serve as coef-
ficients in the following power series expansion [29]:

e−(x−y)2/2 =
∞∑

n=0

e−x2/2

n!
Hn

(
x√
2

)(
y√
2

)n

, (49)

therefore (35) can be written as
[

V
d2i (κ+ 1)

]κ+1

eG(ψ)/d
2
i =
∑

n

2π
n!

ˆ +∞

−∞
dζ e−ζ

2/2Hn

(
ζ√
2

)

×

(
ψ

d2i
√
2r

)n

g(rζ) , (50)

where ζ := pφ/r. As Hermite polynomials form a complete
orthogonal basis we can expand g(rζ) as

g(rζ) =
∑

m

cmHm

(
rζ√
2

)
. (51)

We now make use of the multiplication theorem for Hermite
polynomials [30]

Hm (γx) =
⌊m/2⌋∑

ℓ=0

γm−2ℓ (γ2 − 1
)ℓ m!
ℓ! (m− 2ℓ)!

Hm−2ℓ (x) ,

∀γ ∈ R , (52)

to write

g(rζ) =
∑

m

⌊m/2⌋∑

ℓ=0

cm
m!

ℓ! (m− 2ℓ)!
rm−2ℓ

(
r2 − 1

)ℓ
Hm−2ℓ

(
ζ√
2

)
.

(53)

Substituting (53), the right hand side (rhs) of (50) becomes

∑

m,n

⌊m/2⌋∑

ℓ=0

2π
n!
cm

m!
ℓ! (m− 2ℓ)!

rm−2ℓ (r2 − 1
)ℓ
(

ψ

d2i
√
2r

)n

×
ˆ +∞

−∞
dζ e−ζ

2/2Hn

(
ζ√
2

)
Hm−2ℓ

(
ζ√
2

)
. (54)

Further, exploiting the orthogonality condition
ˆ +∞

−∞
dxHn (x)Hm (x)e−x2 =

√
π2nn!δmn , (55)

we can see that equation (50) with rhs given by (54), becomes

[
V

d2i (κ+ 1)

]κ+1

eG(ψ)/d2i =
∑

m

⌊m/2⌋∑

ℓ=0

2m−2ℓ+1π3/2cm
m!

ℓ! (m− 2ℓ)!

×
(
r2 − 1

)ℓ
(

ψ

d2i
√
2

)m−2ℓ

. (56)

Appendix B. Calculation of the ion pressure tensor
components

The ion pressure tensor is defined by

P=

ˆ
d3v (v− u)(v− u) f , (57)

where u is calculated by (7). In our case u= uφ φ̂. Selecting
the (vr,vz,vφ) basis in the velocity space we calculate below
the following diagonal pressure components Prr,Pzz,Pφ. Note
that the non-diagonal components Prz = Prφ = Pzφ = 0 vanish
owing to the fact that f is an even function of the velocity com-
ponents vr, vz. The diagonal elements are calculated as follows

Prr =
ˆ

d3vv2r f , (58)

Pzz =
ˆ

d3vv2z f , (59)

Pφφ =
ˆ

d3v (vφ− uφ)
2 f . (60)

An average value of the ion pressure is given by ⟨P⟩=
Tr(Pij)/3.

It is evident that Prr = Pzz and since the non-diagonal com-
ponents are zero, the ion pressure tensor is gyrotropic and can
be written in the form

P= σBB+P⊥I , (61)

where

σ := d2i
P∥ −P⊥

B2 ,

is an anisotropy function. Note that the factor d2i appears due to
the specific scaling of the particle velocity adopted in (9). The
parallel and the perpendicular toB components of the pressure
tensor can be calculated by the following relations

P∥ =
P : BB
B2 =

PijBiBj
B2 , (62)

P⊥ =
1
2
P :

(
I− BB

B2

)
=

1
2
Pij

(
δij−

BiBj
B2

)
. (63)
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