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 a b s t r a c t

Metriplectic dynamical systems consist of a special combination of a Hamiltonian and a (general-
ized) entropy-gradient flow, such that the Hamiltonian is conserved and entropy is dissipated/pro-
duced (depending on a sign convention). It is natural to expect that, in the long-time limit, the 
orbit of a metriplectic system should converge to an extremum of entropy restricted to a constant-
Hamiltonian surface. In this paper, we discuss sufficient conditions for this to occur. Then, we 
construct a class of metriplectic systems inspired by the Landau operator for Coulomb collisions 
in plasmas, which is included as special case. For this class of brackets, checking the conditions 
for convergence reduces to checking two usually simpler conditions, and we discuss examples 
in detail. We apply these results to the construction of relaxation methods for the solution of 
equilibrium problems in fluid dynamics and plasma physics.

1.  Introduction

There are two main purposes of this paper: investigate sufficient conditions for metriplectic relaxation (reviewed in Section 2.1) to 
occur and use metriplectic relaxation to find equilibria of fluid dynamics and plasma physics systems. Metriplectic dynamical systems, 
as introduced in [1–3], are designed to formally converge to an extremum of entropy while being restricted to a constant Hamiltonian 
surface. Here we more rigorously examine the conditions for such relaxation and then construct and investigate metriplectic systems 
that achieve the relaxation for finding equilibria of a collection of fluid and plasma physical systems. In the remainder of this section, 
in Section 1.1 we first give an overview of the challenges and previous methods for calculating equilibria, followed in Section 1.2 by 
our and others’ previous metriplectic relaxation methods.

1.1.  Overview of equilibrium calculations

The calculation of equilibria of physical systems often leads to ill-posed nonlinear problems, where the ill-posedness is due to the 
nonuniqueness of the solution. Additional constraints are needed to define uniquely the equilibrium of interest, depending on the 
application at hand. In some situations, prescribing enough constraints to determine a unique equilibrium may not be straightforward. 
This lack of uniqueness for equilibrium problems is precisely discussed below in Section 2.2 for examples taken from fluid dynam-
ics and magnetohydrodynamics (MHD): equilibria of the Euler equations in vorticity form reduced to two dimensions [4, p.488], 
axisymmetric MHD equilibria [5], linear and nonlinear Beltrami fields.

∗ Corresponding author.
 E-mail addresses: michael.kraus@ipp.mpg.de (M. Kraus), omar.maj@ipp.mpg.de (O. Maj), morrison@physics.utexas.edu (P.J. Morrison).
1 Formerly at the Max Planck Institute for Plasma Physics, Boltzmannstrasse 2, 85747, Garching, Germany

https://doi.org/10.1016/j.cnsns.2026.110076
Received 17 July 2025; Received in revised form 4 April 2026; Accepted 23 April 2026

Commun Nonlinear Sci Numer Simulat 161 (2026) 110076 

Available online 26 April 2026 
1007-5704/© 2026 Published by Elsevier B.V. 

https://www.elsevier.com/locate/cnsns
https://www.elsevier.com/locate/cnsns

$\nabla \cdot {B}=0$


$t \to +\infty $


$B$


\begin {equation*}\partial _t B + c \curl E = 0, \quad B(0,x) = B_0(x)\,,\end {equation*}


$E$


$c$


$B_0$


$\div B_0 = 0$


$\div B = 0$


$t \geq 0$


$E = - (U \times B)/c$


$U$


$E = -(U\times B)/c$


$B_0$


$B_1$


$B_1$


$B_0$


$B_1(x) = B(t,x)$


$t \geq 0$


$B$


$E = -(U \times B)/c$


$U$


$U$


$B_1$


$B_0$


$U$


$C^1$


$C^2$


$(t,x)$


$B_0$


$B_1$


$B$


$C^\infty $


$U$


$\fun {H}$


$\fun {S}$


$\fun {H}$


$\fun {S}$


$u$


$V$


$\fun {H}(u)$


$\fun {S}(u)$


$u(0) = u_0 \in V$


\begin {equation}\label {eq:entropy-principle} \min \{\fun {S}(u) \colon u \in V,\; \fun {H}(u) = \fun {H}(u_0)\}.\end {equation}


$t \to +\infty $


$V$


$\Omega \subset \R ^d$


$\R ^N$


$d,N \in \N $


$\mathcal {Z} \subseteq \R ^n$


$n \in \N $


$z = (z^i)_{i=1}^n$


$\fun {F} \in C^1(V)$


$D\fun {F}(u)$


$u \in V$


$\fun {F}$


$W$


$\langle \cdot , \cdot \rangle _{V\times W} \colon V \times W \to \R $


$\delta \fun {F}/\delta u$


$\fun {F}$


$W$


$W$
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\begin {equation}\label {eq:metriplectic-system-equation} \frac {d\fun {F}}{dt} = \{\fun {F},\fun {H}\} - (\fun {F},\fun {S}), \quad \text { for all } \fun {F} \in C^\infty (V),\end {equation}
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$w \in H(\curl ,\Omega )$


$w \times n = 0$


$\partial \Omega $


$B \in H_0(\div ,\Omega ) \cap H(\curl ,\Omega )$


\begin {equation*}(\curl B) \times B = 0, \quad \div B = 0.\end {equation*}


$J = (4\pi /c) \curl B$


$L^2$


$H_0(\div ,\Omega ) \cap H(\curl ,\Omega )$


$B \in H_0(\div ,\Omega )$


\begin {equation*}j \times H = 0, \quad \div B = 0,\end {equation*}


$j$


$J= (4\pi /c) \curl B$


$H$


$H_0(\curl ,\Omega )$


$(j, k)_{L^2} = (B, \curl k)_{L^2}$


$(H,G)_{L^2} = (B,G)_{L^2}$


$k,G \in H_0(\curl ,\Omega )$


$\curl $


$(B,\lambda )$


$\lambda \in \R $


\begin {equation}\label {eq:linear-Beltrami} \left \{ \begin {aligned} \curl B &= \lambda B, \quad &&\text { in $\Omega $,} \\ n \cdot B &= 0 &&\text { on $\partial \Omega $.} \end {aligned} \right .\end {equation}


$\curl $


$\fun {H}_0 \in \R $


$V$


$L^2$


$u = B$


$\Omega $


$\div B = 0$


$n \cdot B = 0$


$\partial \Omega $


\begin {equation}\label {eq:linear-Beltrami-VP} \min \{\fun {S}(B) \colon \fun {H}(B) = \fun {H}_0\},\end {equation}


\begin {equation}\label {eq:Beltrami-S-H} \fun {S}(B) = \frac {1}{2} \int _\Omega |B|^2 dx, \quad \fun {H}(B) = \frac {1}{2}H_m(B) := \frac {1}{2} \int _\Omega A \cdot B dx,\end {equation}


$A$


$B$


\begin {equation}\label {eq:problem-A} \left \{ \begin {aligned} \curl A &= B, && \text { in $\Omega $,} \\ \div A &= 0, && \text { in $\Omega $,} \\ n \times A &= 0, && \text { on $\partial \Omega $}. \end {aligned} \right .\end {equation}


\begin {equation}\label {eq:Beltrami-complete-relaxation} \left \{ \begin {aligned} & B - \lambda A = 0, \quad \fun {H}(B) = \fun {H}_0, \\ & \text {with}\; A\; \text {given by}\; (\ref {eq:problem-A}), \end {aligned} \right .\end {equation}


$\lambda \in \R $


\begin {equation*}\mathfrak {C}_{\fun {H}_0} = \{ B \colon (B,\lambda ) \; \text {solves}~(\ref {eq:Beltrami-complete-relaxation})\; \text {for some} \; \lambda \in \R \}.\end {equation*}


$B \in \mathfrak {C}_{\fun {H}_0}$


$\curl B = \lambda \curl A = \lambda B$


$\curl A = \lambda A$


$s'(y)$


$B \in V$


$\lambda =\lambda _j \in \R \setminus \{0\}$


$j \in \N _0$


$k = 1, \ldots , d_j$


$\mathfrak {C}_{\fun {H}_0}$


$B_j = \lambda _j A_j$


$A_j = \sum _k a_{j,k} A_{j,k}$


$a_j = (a_{j,k})_k \in \R ^{d_j}$


$\fun {H}(B)=\fun {H}_0$


$2\fun {H}_0 \lambda _j = |a_j|^2$


$\fun {H}_0$


$\curl $


$|a_j|^2 > 0$


$\fun {H}_0 < 0$


$\fun {H}_0>0$


$B_j$


$\lambda _j < 0$


$\lambda _j > 0$


$\mathfrak {C}_{\fun {H}_0}$


$\mathfrak {C}_{\fun {H}_0}$


\begin {equation*}\fun {S}(B_j) = \fun {H}_0 \lambda _j > 0,\end {equation*}


$\fun {H}_0$


$\lambda _j$


$B$


$(1/2)\|B\|_{L^2}^2 = \fun {S}(B)$


$H_m(B) = 2 \fun {H}(B)$


$\fun {H}(B)$


$\R $


$\lambda $


$\R $


$H_m$


$B$


$B$


$B_0$


$V$


$u(t)$


$t \in [0,+\infty )$


$t \to +\infty $


$\fun {H}(u) = \fun {H}_0 = \fun {H}(u_0)$


$u_0 = u(0)$


$t \to +\infty $


$\fun {S}$


$X\colon \mathcal {Z} \to \R ^n$


$\mathcal {Z} \subseteq \R ^n$


$n \in \N $


$X$


$z_0 \in \mathcal {Z}$


$\mathcal {U}_{z_0}$


\begin {equation*}|X(z) - X(z')| \leq L_{z_0} |z-z'|, \quad z,z' \in \mathcal {U}_{z_0},\end {equation*}


$L_{z_0} > 0$


$z_0$


$dz/dt = X(z)$


$z_* \in \mathcal {Z}$


$X(z_*) = 0$


$\fun {L} \colon \mathcal {O} \to \R $


$\mathcal {O} \subseteq \mathcal {Z}$


$z_*$


$\mathcal {O} \setminus \{z_*\}$


$X$


\begin {align}\label {eq:L1}\tag {L1} X(z) \cdot \nabla \fun {L}(z) \leq 0, \quad &z \in \mathcal {O}\setminus \{z_*\};\\ \label {eq:L2}\tag {L2} \text {$\fun {L}(z_*) = 0$ and $\fun {L}(z) > 0$,} \quad &z \not = z_*.\end {align}


$\fun {L}$


$X$


\begin {equation}\label {eq:L3}\tag {L3} X(z) \cdot \nabla \fun {L}(z) < 0, \quad z \in \mathcal {O}\setminus \{z_*\}.\end {equation}


$z_*$


$\fun {L}$


$\mathcal {O}$


$z_* \in \mathcal {O}$


$\varepsilon > 0$


$\delta > 0$


$|z_0 - z_*| < \delta $


$|z(t)-z_*| < \varepsilon $


$t \geq 0$


$z(t)$


$X$


$z(0) = z_0$


$z_*$


$z_*$


$\delta >0$


$\lim _{t\to +\infty } z(t) = z_*$


$z_0$


$|z_0-z_*| < \delta $


$B_r(z) = \{z' \in \R ^n \colon |z'-z| < r\}$


$r > 0$


$\R ^n$


$X \colon \mathcal {Z} \to \R ^n$


$z_* \in \mathcal {Z}$


$X$


$\mathcal {O} \subseteq \mathcal {Z}$


$z_*$


$\fun {L} \colon \mathcal {O} \to \R $


$\mathcal {O}$


$\mathcal {O} \setminus \{z_*\}$


$\fun {L}$


$X$


$z_*$


$\fun {L}$


$X$


$z_*$


$\mathcal {O}$


$\varepsilon > 0$


$B_\varepsilon (z_*)$


$\mathcal {O}$


$\partial B_\varepsilon $


$\fun {L}(z) > 0$


$\fun {L}_\varepsilon := \min _{z \in \partial B_\varepsilon (z_*)} \fun {L}(z)$


$\partial B_\varepsilon (z_*)$


$\delta > 0$


$\fun {L}(z) < \fun {L}_\varepsilon $


$z \in B_\delta (z_*)$


$\fun {L}$


$\fun {L}(z_*) = 0$


$z_0 \in B_\delta (z_*)$


$z(t)$


$t \in [-\tau _0, +\tau _0]$


$X$


$z(0) = z_0$


\begin {equation*}\fun {L}\big (z(t)\big ) \leq \fun {L}(z_0) < \fun {L}_\varepsilon ,\; \text {for all $t \in [0, \tau _0]$.}\end {equation*}


$t \mapsto |z(t) - z_*|$


$t_o \in [0, \tau _0]$


$|z(t_o) - z_*| \geq \varepsilon $


$t_e \in (0,t_o]$


$|z(t_e) - z_*| = \varepsilon $


$\fun {L}\big (z(t_e)\big ) \geq \fun {L}_\varepsilon $


$|z(t) - z_*| < \varepsilon $


$t \in [0, \tau _0]$


$[-\tau _0, +\infty )$


$|z(t) - z_*| < \varepsilon $


$t \in [0, +\infty )$


$\fun {L}$


$z_*$


$\varepsilon _0 > 0$


$\delta _0 > 0$


$z(t)$


$z(0) \in B_{\delta _0}(z_*)$


$B_{\varepsilon _0}(z_*)$


$z_0 \in B_{\delta _0}(z_*)$


$\varepsilon \in (0, \varepsilon _0)$


$T_\varepsilon > 0$


$z(t)$


$z(0) = z_0$


$|z(t) - z_*| < \varepsilon $


$t > T_\varepsilon $


$z_0 \not = z_*$


$|z(t) - z_*| > 0$


$z(t) = z_*$


$d \fun {L}\big (z(t)\big ) / dt < 0$


$t > 0$


$t \mapsto \fun {L}\big (z(t)\big )$


\begin {equation*}\fun {L}\big (z(t)\big ) \to \ell = \inf _{t\geq 0} \fun {L}\big (z(t)\big ) \geq 0,\end {equation*}


$\ell = 0$


$\fun {L}\big (z(t)\big ) \geq \ell > 0$


$t > 0$


$\fun {L}$


$r \in (0, \varepsilon _0)$


$|z(t) - z_*| > r$


$z(t)$


$\mathscr {R} = \{z \colon r \leq |z-z_*| \leq \varepsilon \}$


$t \geq 0$


$-M = \max _{z \in \mathscr {R}} X(z) \cdot \nabla \fun {L}(z)<0$


\begin {equation*}\fun {L}\big (z(t)\big ) = \fun {L}(z_0) + \int _0^t X\big (z(s)\big ) \cdot \nabla \fun {L}\big (z(s)\big ) ds \leq \fun {L}(z_0) - Mt.\end {equation*}


$t > \fun {L}(z_0)/M > 0$


$\fun {L}\big (z(t)\big ) < 0$


$\ell = 0$


$\lambda > 0$


$T_\lambda > 0$


$\fun {L}\big (z(t)\big ) < \lambda $


$t > T_\lambda $


$\varepsilon > 0$


$\lambda = \lambda _\varepsilon >0$


\begin {equation*}A_\lambda := \{ z \in B_{\varepsilon _0}(z_*) \colon \fun {L}(z) < \lambda \},\end {equation*}


$B_{\varepsilon }(z_*)$


$A_\lambda \subset B_\varepsilon (z_*)$


$\lambda _\varepsilon $


$T_\varepsilon >0$


$t > T_\varepsilon $


$z(t) \in A_{\lambda _\varepsilon } \subset B_\varepsilon (z_*)$


$\varepsilon _* > 0$


$\lambda $


$\tilde {z}_\lambda $


$\fun {L}(\tilde {z}_\lambda ) < \lambda $


$\varepsilon _* \leq |\tilde {z}_\lambda - z_*| \leq \varepsilon _0$


$\lambda = 1/n$


$n \in \N $


$z_n = \tilde {z}_{1/n}$


$z_{n_k} \to \tilde {z}_*$


$\varepsilon _* \leq |\tilde {z}_* - z_*| \leq \varepsilon _0$


$\fun {L}(\tilde {z}_*) > 0$


$\fun {L}(z_{n_k}) < 1 / n_k \to 0$


$\fun {L}$


$\fun {L}(\tilde {z}_*) = 0$


\begin {equation}\label {eq:X-metripl} X(z) = J(z)\nabla \fun {H}(z) - K(z) \nabla \fun {S}(z).\end {equation}


\begin {equation}\label {eq:X-grad-flow} X(z) = - \nabla \fun {S}(z),\end {equation}


$\fun {S} \in C^2(\mathcal {Z})$


$\fun {S} \in C^2(\mathcal {Z})$


$\fun {L}(z)=\fun {S}(z)-\fun {S}(z_*)$


$z_*$


$\fun {S}$


$t \to + \infty $


$z_* \in \mathcal {Z}$


$\fun {L}(z) = \fun {S}(z) - \fun {S}(z_*)$


$\fun {S}$


$z_* \in \mathcal {Z}$


$\fun {L}(z)$


$\mathcal {O}$


$z_*$


$z_*$


$z(t)$


$z_*$


$z_0 = z(0)$


$z_*$


$\fun {H}(z_0) = \fun {H}(z_*)$


$\fun {H}$


$z(t) \to z_*$


$\fun {H}(z_0) = \fun {H}(z(t))$


$\fun {H}(z_0) = \fun {H}(z_*)$


$X \colon \mathcal {Z} \to \R ^n$


$\mathcal {Z} \subseteq \R ^n$


$z_* \in \mathcal {Z}$


$X$


$\fun {H}, \fun {S} \in C^1(\mathcal {Z})$


$X(z) \cdot \nabla \fun {H}(z) = 0$


$X(z) \cdot \nabla \fun {S}(z) \leq 0$


$z \in \mathcal {Z}$


$\nabla \fun {H}(z_*) \not = 0$


$\fun {L} = \fun {S} - \fun {S}(z_*)$


$\mathcal {O} \subseteq \mathcal {Z}$


$z_*$


$z' \in \mathcal {O} \setminus \{z_*\}$


$X(z') \cdot \nabla \fun {S}(z') = 0$


$X \cdot \nabla \fun {S} < 0$


$\mathcal {O} \setminus \{z_*\}$


$\fun {L}(z) = \fun {S}(z) - \fun {S}(z_*)$


$X$


$\delta ' >0$


$z_0$


$|z_0-z_*| < \delta '$


$z(t)$


$dz/dt = X(z)$


$z(0) = z_0$


$t \geq 0$


$z(t) \to z_*$


$t \to +\infty $


$\fun {H}$


$\fun {H}(z_0) = \fun {H}(z_*)$


$\nabla \fun {H}$


$\delta '' > 0$


$z_*$


$\nabla \fun {H} \not = 0$


$\delta < \min \{\delta ',\delta ''\}$


$\delta $


$z_*$


$z_0$


$\fun {H}(z_0) \not = \fun {H}(z_*)$


$\fun {H}$


$\nabla \fun {H} \not = 0$


$|z_0-z_*| < \delta < \delta '$


$\fun {H}(z_0)=\fun {H}(z_*)$


$\fun {H}$


$\fun {S}$


$\mathcal {O} \setminus \{z_*\}$


$t\geq 0$


$X(z) \cdot \nabla \fun {L}(z) = 0$


$X \colon \mathcal {Z} \to \R ^n$


$\mathcal {Z} \subseteq \R ^n$


$k$


$\fun {I}^1, \ldots , \fun {I}^k \in C^\infty (\mathcal {Z})$


$1 \leq k < n$


$X(z) \cdot \nabla \fun {I}^\alpha (z) = 0$


$\alpha \in \{1,\ldots ,k\}$


$\fun {I}^\alpha $


$z \in \mathcal {Z}$


\begin {equation}\label {eq:lin-indep-C} \nabla \fun {I}^1(z) ,\ldots , \nabla \fun {I}^k(z) \; \text {are linearly independent in $\R ^k$.}\end {equation}


$\fun {I}:=\big (\fun {I}^1,\ldots ,\fun {I}^k\big )\in C^\infty (\mathcal {Z},\R ^k)$


$\rank \nabla \fun {I}(z) = k$


$z_*\in \mathcal {Z}$


$X(z_*) = 0$


$\mathcal {U}$


$z_*$


\begin {equation*}\mathcal {U}_\eta := \{z \in \mathcal {U} \colon \fun {I}(z) = \eta \},\end {equation*}


$\mathcal {U}$


$\eta $


$\eta _* := \fun {I}(z_*)$


$\fun {I}^\alpha $


$X$


$\mathcal {U}_\eta $


$\mathcal {U}_\eta $


$X \colon \mathcal {Z} \to \R ^n$


$\mathcal {Z} \subseteq \R ^n$


$\fun {I} = (\fun {I}^1, \ldots , \fun {I}^k) \in C^\infty (\mathcal {Z},\R ^k)$


$1 \leq k < n$


$z_* \in \mathcal {Z}$


$X$


$\rank \nabla \fun {I}(z_*) = k$


$\eta _* := \fun {I}(z_*)$


$\mathcal {U}_{\eta _*} = \{z \in \mathcal {U} \colon \fun {I}(z) = \eta _*\}$


$\mathcal {U}$


$z_*$


$\fun {L} \in C^1(\mathcal {U})$


\begin {align}\label {eq:CL1}\tag {L1${}^\prime $} & X(z) \cdot \nabla \fun {L}(z) \leq 0, && z \in \mathcal {U},\\ \label {eq:CL2}\tag {L2${}^\prime $} & \text {$\fun {L}(z_*) = 0$ and $\fun {L}(z) > 0$,} && z \in \mathcal {U}_{\eta _*} \setminus \{z_*\},\end {align}


$\varepsilon > 0$


$\delta > 0$


$z(t)$


$X$


$z(0) = z_0 \in B_\delta (z_*) \cap \mathcal {U}_{\eta _*}$


$t \geq 0$


$z(t) \in B_{\varepsilon }(z_*) \cap \mathcal {U}_{\eta _*}$


\begin {equation}\label {eq:CL3}\tag {L3${}^\prime $} X(z) \cdot \nabla \fun {L}(z) < 0, \quad z \in \mathcal {U}_{\eta _*} \setminus \{z_*\},\end {equation}


$z(t) \to z_*$


$t \to + \infty $


$\rank \nabla \fun {I}(z_*) = k$


$\mathcal {N} \subseteq \fun {I}(\mathcal {Z})$


$\mathcal {Z}^\prime \subseteq \R ^{n-k} \cong \ker \nabla \fun {I}(z_*)$


$(\eta ,\zeta ) \in \mathcal {N} \times \mathcal {Z}^\prime $


$\mathcal {U} \subseteq \mathcal {Z}$


$z_*$


$\varphi \colon \mathcal {N} \times \mathcal {Z}^\prime \to \mathcal {U}$


$C^\infty $


\begin {equation*}\fun {I}\big (\varphi (\eta ,\zeta )\big ) = \eta .\end {equation*}


$\mathcal {U}_{\eta } = \{z \in \mathcal {U} \colon \fun {I}(z)=\eta \}$


$\eta \in \mathcal {N}$


$\zeta \mapsto \varphi (\eta ,\zeta )$


$(\eta _*, \zeta _*) \in \mathcal {N} \times \mathcal {Z}^\prime $


$z_* = \varphi (\eta _*,\zeta _*)$


$X$


$\mathcal {U}$


\begin {equation*}\frac {d\eta }{dt} = X \cdot \nabla \eta = 0, \quad \frac {d\zeta }{dt} = X_\eta (\zeta ) := (X \cdot \nabla \zeta ) \circ \varphi (\eta ,\zeta ),\end {equation*}


$X \cdot \nabla \eta = X \cdot \nabla \fun {I} = 0$


$X_\eta $


$\mathcal {U}_\eta $


$\eta \in \mathcal {N}$


$\nabla \zeta $


$C^\infty $


$X_\eta $


$\zeta $


$\fun {L}_\eta := \fun {L} \circ \varphi (\eta ,\cdot )$


\begin {equation*}(X \cdot \nabla \fun {L}) \circ \varphi = X_\eta ^a \frac {\partial \fun {L}_\eta }{\partial \zeta ^a},\end {equation*}


$a \in \{1, \ldots ,n-k\}$


${}^\prime $


${}^\prime $


$\fun {L}_{\eta _*}$


$d\zeta /dt = X_{\eta _*}$


$\mathcal {U}_{\eta _*}$


$\mathcal {U}_{\eta _*}$


$z_*$


$\fun {H}$


$X$


$k$


$\fun {I}^1,\ldots , \fun {I}^k$


$1 \leq k < n$


$\fun {I}^k = \fun {H}$


$\mathcal {U}$


\begin {equation}\label {eq:Ueta} \mathcal {U}_\eta := \{z \in \mathcal {U} \colon \fun {I}(z) = \eta \},\end {equation}


$\mathcal {U}$


$\eta \in \fun {I}(\mathcal {U})$


$\fun {S}|_{\mathcal {U}_\eta }$


$\mathcal {U}$


\begin {equation}\label {eq:U} \mathcal {U} \ \text {is bounded,}\
\ol {\mathcal {U}} \subset \mathcal {Z}, \
\exists \, z_m \in \mathcal {U},\, \text { where}\ \fun {S}(z_m) < \inf \{\fun {S}(z) \colon z \in \partial \mathcal {U}\}.\end {equation}


$\mathcal {U}$


$X\colon \mathcal {Z} \to \R ^d$


$\mathcal {Z} \subseteq \R ^d$


$\mathcal {U} \subset \mathcal {Z}$


$\fun {S} \in C^1(\mathcal {Z})$


$\mathcal {U}$


$X$


$X \cdot \nabla \fun {S} \leq 0$


$\mathcal {O} \subseteq \mathcal {U}$


$z_0 \in \mathcal {O}$


$z(t)$


$X$


$z(0) = z_0$


$t \in [0,+\infty )$


$z(t) \in \mathcal {O}$


$t\geq 0$


$\fun {S} \in C^1(\mathcal {Z})$


$\fun {S} \in C^1(\ol {\mathcal {U}})$


$\fun {S}_b:=\inf _{\partial \mathcal {U}}\fun {S}>\fun {S}(z_m)>-\infty $


\begin {equation*}\mathcal {O} := \{z \in \mathcal {U} \colon \fun {S}(z) < \fun {S}_b \}\end {equation*}


$z_m \in \mathcal {O}$


$\fun {S}(z)$


$z: (\tau _1, \tau _2) \to \mathcal {U}$


$\tau _1 < 0 < \tau _2$


\begin {equation*}dz/dt = X(z), \quad z(0) = z_0 \in \mathcal {O}.\end {equation*}


$X$


$\mathcal {U}$


$X \cdot \nabla \mathcal {S} \leq 0$


$t \mapsto \mathcal {S}\big (z(t)\big )$


$C^1$


$\fun {S}\big (z(t)\big ) \leq \fun {S}(z_0) < \fun {S}_b$


$z(t) \in \mathcal {O}$


$t \in [0,\tau _2)$


$\tau _2 = +\infty $


$\tau _2$


$\{t_n\}_{n\in \N }$


$t_n \in (\tau _1,\tau _2)$


$t_n \to \tau _2$


$n \to +\infty $


\begin {equation*}|z(t_n) - z(t_m)| \leq \max _{z \in \ol {U}}|X(z)| |t_n-t_m|,\end {equation*}


$m,n \in \N $


$\{t_n\}$


$\{z(t_n)\} \subset \mathcal {O}$


$\bar {z} \in \ol {\mathcal {O}}$


$n \to \infty $


$\fun {S}\big (z(t_n)\big ) \leq \fun {S}(z_0) < \fun {S}_b$


$\fun {S}(\bar {z}) \leq \fun {S}(z_0) < \fun {S}_b$


$\bar {z} \in \mathcal {O}$


$\bar {z}$


$z(t)$


$\tau _2$


$z(t)$


$\tau _2=+\infty $


$\mathcal {O}$


\begin {equation*}\mathcal {O} = \big \{ z \in \mathcal {U} \colon \; \fun {S}(z) < \inf _{\partial \mathcal {U}} \fun {S} \big \}.\end {equation*}


$\fun {S}$


$\mathcal {U}$


$\fun {S}$


$X$


$\mathcal {O}$


$X = J \nabla \fun {H} - K \nabla \fun {S}$


$\mathcal {Z} \subseteq \R ^n$


$1 \leq k < n$


$\fun {I}=(\fun {I}^1, \ldots , \fun {I}^k) \in C^\infty (\mathcal {Z},\R ^k)$


$\rank \nabla \fun {I} = k$


$\mathcal {U}$


$\mathcal {O}$


\begin {align}\label {eq:MpL2}\tag {L2${}^{\prime \prime }$} &\begin {aligned} & \forall \eta \in \fun {I}(\mathcal {O}),\; \text {on} \;\mathcal {U}_\eta := \{z \in \mathcal {U} \colon \fun {I}(z) = \eta \}, \
\fun {S}|_{\mathcal {U}_\eta }\; \text {has a unique critical point}\; z_\eta , \\& \text {which is a strict local minimum,} \end {aligned} \intertext {and} \label {eq:MpL3}\tag {L3${}^{\prime \prime }$} & \ker K = \spn \{\nabla \fun {I}^1,\ldots , \nabla \fun {I}^k\} \; \text { in }\; \ol {\mathcal {U}}.\end {align}


$z(t)$


$X$


$z(0) = z_0 \in \mathcal {O}$


$\lim _{t \to +\infty } z(t) = z_\eta \in \mathcal {O}$


$\eta = \fun {I}(z_0)$


$z_\eta \in \mathcal {U}_\eta \cap \mathcal {O}$


$\eta \in \fun {I}(\mathcal {O})$


$\mathcal {U}_\eta \cap \mathcal {O}$


$z_\eta \not \in \mathcal {U}_\eta \cap \mathcal {O}$


$\fun {S}|_{\mathcal {U}_\eta }$


$\mathcal {U}_\eta \cap \mathcal {O}$


$z_\eta $


$\mathcal {U}_\eta $


$\fun {S}$


$\mathcal {U}_\eta \cap \ol {\mathcal {O}}$


$\mathcal {U}_\eta \cap \partial \mathcal {O}$


$\fun {S} = \fun {S}_b = \inf \{\fun {S}(z) \colon z \in \partial \mathcal {U}\}$


$S|_{\mathcal {U}_\eta }$


$\fun {S}_b$


$\mathcal {U}_\eta \cap \ol {\mathcal {O}}$


$\mathcal {O}$


$\fun {S} < \fun {S}_b$


$z_\eta $


$\fun {S}|_{\mathcal {U}_\eta }$


$\mathcal {U}_\eta \cap \mathcal {O}$


$\fun {S}|_{\mathcal {U}_\eta }$


\begin {equation}\label {eq:constrained-critical-points} \nabla \fun {S}(z) = \sum _{\alpha =1}^k \lambda _\alpha \nabla \fun {I}^\alpha (z), \quad \fun {I}(z) = \eta ,\end {equation}


$\lambda _\alpha \in \R $


${}^{\prime \prime }$


$z_\eta $


${}^{\prime \prime }$


$z_\eta $


$\fun {S}|_{\mathcal {U}_{\eta }}$


$z_\eta $


$X$


$\hat {z}_\eta (t) \in \mathcal {O}$


$X$


$\hat {z}_\eta (0) = z_\eta $


$z_\eta \in \mathcal {O}$


$\hat {z}_\eta (t)$


$t \geq 0$


$\fun {I}$


$\hat {z}_\eta (t) \in \mathcal {U}_\eta $


$\varepsilon > 0$


$\delta >0$


$|t| \leq \delta $


$|\hat {z}_\eta (t) - z_\eta | < \varepsilon $


$\hat {z}_\eta $


$z_\eta $


$t \in [0,\delta )$


$t' \in (0, \delta )$


$\hat {z}_\eta (t') \not = z_\eta $


$\fun {S}\big (\hat {z}_\eta (t')\big ) > \fun {S}(z_\eta )$


$z_\eta $


$\fun {S}\big (\hat {z}_\eta (t')\big ) \leq \fun {S}\big (\hat {z}_\eta (0)\big ) = \fun {S}(z_\eta )$


$\hat {z}_\eta (t) = z_\eta $


$t \in [0,\delta )$


$X(z_\eta ) = 0$


$z_\eta $


$z_0 \in \mathcal {O}$


$X$


$z(0) = z_0$


$t \geq 0$


\begin {equation*}\fun {L}(z) = \fun {S}(z) - \fun {S}(z_\eta ),\end {equation*}


$\eta = \fun {I}(z_0)$


$\nabla \fun {L}(z) = \nabla \fun {S}(z)$


\begin {equation}\label {eq:L-decay} X(z) \cdot \nabla \fun {L}(z) = - \nabla \fun {S}(z) \cdot K(z) \fun {S}(z) \leq 0,\end {equation}


$\fun {L}$


${}^\prime $


$\mathcal {O}$


$z_\eta $


$\fun {S}|_{\mathcal {U}_\eta }$


$z_\eta $


$\mathcal {U}_\eta $


$\fun {S}(z)>\fun {S}(z_\eta )$


$z \not = z_\eta $


$\mathcal {U}_\eta \cap \mathcal {V}$


$\mathcal {V}$


$\mathcal {U}$


${}^\prime $


$\mathcal {U}$


$\mathcal {V}$


${}^\prime $


$\tilde {z}_\eta \in \mathcal {U}_\eta $


$\tilde {z}_\eta \not = z_\eta $


$\nabla \fun {S}(\tilde {z}_\eta ) \in \ker K(\tilde {z}_\eta )$


${}^{\prime \prime }$


$\tilde {z}_\eta $


$z_\eta $


${}^\prime $


$z_* = z_\eta $


$\eta = \fun {I}(z_0)$


$\fun {L}(z) = \fun {S}(z) - \fun {S}(z_\eta )$


$\mathcal {V}$


${}^\prime $


$\delta >0$


$X$


$\mathcal {U}_\eta \cap B_\delta (z_\eta )$


$z_\eta $


$t \to +\infty $


$z(t) \in \mathcal {O}$


$t \geq 0$


$z(0) = z_0 \in \mathcal {U}_\eta \cap \mathcal {O}$


$t_\delta $


$z(t_\delta ) \in \mathcal {U}_\eta \cap B_\delta (z_\eta )$


$z(t) \to z_\eta $


$\ol {\mathcal {U}_\eta }$


$\ol {\mathcal {U}_\eta } \setminus B_\delta (z_\eta )$


$\R ^n$


${}^{\prime \prime }$


${}^{\prime \prime }$


$\ol {\mathcal {U}_\eta } \setminus B_\delta (z_\eta )$


$X \cdot \nabla \fun {S} < 0$


$-M := \sup \{X(z) \cdot \nabla \fun {S}(z) \colon z \in \ol {\mathcal {U}_\eta } \setminus B_\delta (z_\eta )\}$


$M>0$


$z(t)$


$z(t) \in \ol {\mathcal {U}_\eta } \setminus B_\delta (z_\eta )$


$t \geq 0$


\begin {equation*}\fun {S}\big (z(t)\big ) = \fun {S}\big (z_0\big ) + \int _0^t (X \cdot \nabla \fun {S})\big (z(s)\big ) ds \leq \fun {S}\big (z_0\big ) - M t.\end {equation*}


$t_\delta $


$z(t_\delta ) \in \mathcal {U}_\eta \cap B_\delta (z_\eta )$


${}^{\prime \prime }$


${}^\prime $


$\fun {L}(z) = \fun {S}(z) - \fun {S}(z_\eta )$


$\mathcal {U}_\eta $


$\fun {S}$


${}^{\prime \prime }$


$K$


$\fun {I}^\alpha $


$\fun {H}$


$z_\eta \in \mathcal {U}_\eta $


\begin {equation*}\min \{\fun {S}(z) \colon z \in \mathcal {O},\; \fun {I}(z) = \fun {I}(z_0) \};\end {equation*}


$\mathcal {O}$


$\fun {S}$


$\nabla \fun {S}$


$\fun {S} \in C^1(\mathcal {Z})$


$Q \subseteq \mathcal {Z}$


$\fun {S}_* := \inf \{\fun {S}(z) \colon z \in Q \} > -\infty $


$\kappa > 0$


\begin {equation}\label {eq:PL}\tag {PL} \frac {1}{\kappa } |\nabla \fun {S}(z)|^2 \geq \fun {S}(z) - \fun {S}_*, \quad z \in Q.\end {equation}


$\fun {S}$


$z(t) \in Q$


$t \in [0, +\infty )$


$\fun {S}\big (z(t)\big )$


$\fun {S}_*$


$t \to + \infty $


\begin {equation*}\frac {d}{dt} \big [\fun {S}\big (z(t)\big ) - \fun {S}_*\big ] = - |\nabla \fun {S}\big (z(t)\big )|^2 \leq - \kappa \big [\fun {S}\big (z(t)\big ) - \fun {S}_* \big ],\end {equation*}


\begin {equation*}\big [\fun {S}\big (z(t)\big ) - \fun {S}_* \big ] \leq \big [\fun {S}\big (z_0\big ) - \fun {S}_*\big ] e^{-\kappa t},\end {equation*}


$z_0 \in Q$


$t=0$


$\kappa $


$z(t)$


$t \to +\infty $


$\fun {S}$


$z_e \in Q$


$\nabla \fun {S}(z_e) = 0$


$0 = |\nabla \fun {S}(z_e)|^2 \geq \kappa \big (\fun {S}(z_e) - \fun {S}_*\big ) \geq 0$


$\fun {S}(z_e) = \fun {S}_*$


$\fun {S}$


$\fun {S}(z) = (|z|^2-1)^2$


$\kappa = 16 r_0^2$


$S = \{z \colon |z| > r_0\}$


$r_0 \in (0,1/2)$


$|z|=1$


$\R ^n$


$z=0$


$X = -\nabla \fun {S}$


$z_0 \in \mathcal {Z}$


$\rho , \kappa , L > 0$


$\fun {S} \in C^1(\mathcal {Z})$


$\nabla \fun {S}$


$\ol {B_\rho (z_0)} \subset \mathcal {Z}$


$L$


$\gamma = \sqrt {8L \varphi _0}/(\rho \kappa ) \leq 1$


$\varphi _0 = \fun {S}(z_0) - \fun {S}_*$


$z_* \in \ol {B_{\gamma \rho }(z_0)}$


$z(t)$


$z(0)=z_0$


$t \geq 0$


$\big |z(t) - z_* \big | \leq \gamma \rho e^{-\kappa t/2}$


$\fun {S} \in C^1(\mathcal {Z})$


$\mathcal {Z} \subseteq \R ^n$


$\alpha >0$


\begin {equation*}\fun {S}(z') \geq \fun {S}(z) + (z'-z) \cdot \nabla \fun {S}(z) + \frac {\alpha }{2} |z'-z|^2,\end {equation*}


$z,z' \in \mathcal {Z}$


$z'$


$z'=z-\alpha ^{-1}\nabla \fun {S}(z)$


\begin {equation*}\fun {S}(z') \geq \fun {S}(z) - \frac {1}{2\alpha } |\nabla \fun {S}(z)|^2.\end {equation*}


$z'$


$\fun {S}_* = \inf \{\fun {S}(z) \colon z \in \mathcal {Z}\} > -\infty $


$z'$


\begin {equation*}\fun {S}_* \geq \fun {S}(z) - \frac {1}{2\alpha } |\nabla \fun {S}(z)|^2.\end {equation*}


$\kappa = 2\alpha $


$\rho $


$\gamma \leq 1$


$z_0$


$\fun {S}(z) = z^2/2$


$\kappa = 2$


$L=1$


$z_0\in \R ^n$


$\gamma \leq 1$


$\rho \geq |z_0|$


$\ol {B_\rho (z_0)}$


$z_*=0$


$\fun {S} \in C^1(\mathcal {Z})$


$X = -\nabla \fun {S}$


$\mathcal {U} \subset \mathcal {Z}$


$\mathcal {O}$


$\fun {S}$


$\mathcal {U}$


$z(t)$


$X$


$z(0) = z_0 \in \mathcal {O}$


$z_* \in \mathcal {O}$


$\theta > 0$


$z_0$


$\fun {S}(z_*) = \fun {S}_*$


\begin {equation*}|z(t) - z_* | \leq \theta e^{-\kappa t/2}\,, \quad \big [\fun {S}\big (z(t)\big ) - \fun {S}_* \big ] \leq \big [\fun {S}\big (z_0\big ) - \fun {S}_*\big ] e^{-\kappa t}\,,\quad \text {for}\ t \geq 0\,.\end {equation*}


$z_0 \in \mathcal {O}$


$z(t) \in \mathcal {O}$


$X = -\nabla \fun {S}$


$z(0) = z_0$


$t\geq 0$


$\varphi (t) = \fun {S}\big (z(t)\big ) - \fun {S}_*$


$\varphi (t) \leq \varphi _0 e^{-\kappa t}$


$\varphi _0 = \varphi (0)$


$0 \leq \bar {t} < +\infty $


$\varphi (\bar {t}) = 0$


$z(\bar {t})$


$\fun {S}$


$\nabla \fun {S}\big (z(\bar {t})\big ) = 0$


$z(\bar {t})$


$z(t) = z(\bar {t}) = z_0$


$t\geq 0$


$z_* = z_0$


$\varphi (t) > 0$


$t\geq 0$


$t_1,t_2 \geq 0$


$t_1 < t_2$


\begin {equation*}\fun {S}\big (z(t_1)\big ) - \fun {S}\big (z(t_2)\big ) = \int _{t_1}^{t_2} |\nabla \fun {S}\big (z(t)\big )|^2 dt.\end {equation*}


\begin {equation*}\big |\nabla \fun {S}\big (z(t)\big ) \big | \geq \Big | \big |\nabla \fun {S}\big (z(t_1)\big ) \big | - \big |\nabla \fun {S}\big (z(t)\big ) - \nabla \fun {S}\big (z(t_1)\big )\big | \Big |.\end {equation*}


\begin {equation*}\big | \nabla \fun {S}\big (z(t)\big ) - \nabla \fun {S}\big (z(t_1)\big )\big | \leq L \big |z(t) - z(t_1)\big |,\end {equation*}


$L > 0$


$\nabla \fun {S}$


\begin {align*}\frac {d}{dt} \big |z(t) - z(t_1)\big | &\leq \Big |\frac {d}{dt} \big |z(t) - z(t_1)\big | \Big | \leq \big | \nabla \fun {S}\big (z(t)\big )\big | \\ & \leq \big |\nabla \fun {S}\big (z(t_1)\big )\big | + \big | \nabla \fun {S}\big (z(t)\big ) - \nabla \fun {S}\big (z(t_1)\big )\big | \\ & \leq \big |\nabla \fun {S}\big (z(t_1)\big ) \big | + L \big |z(t) - z(t_1)\big |.\end {align*}


\begin {equation*}\big |z(t) - z(t_1)\big | \leq \frac {1}{L} \big | \nabla \fun {S}\big (z(t_1)\big ) \big | \big [e^{L(t-t_1)} - 1 \big ],\end {equation*}


\begin {equation*}\big |\nabla \fun {S}\big (z(t)\big ) - \nabla \fun {S}\big (z(t_1)\big )\big | \leq \big | \nabla \fun {S}\big (z(t_1)\big ) \big | \big [e^{L(t-t_1)} - 1 \big ].\end {equation*}


$L (t_2 - t_1) \leq \log 2$


$\leq \big | \nabla \fun {S}\big (z(t_1)\big ) \big |$


\begin {equation*}\big |\nabla \fun {S}\big (z(t)\big ) \big | \geq \big |\nabla \fun {S}\big (z(t_1)\big ) \big | \big [2 - e^{L (t-t_1)}\big ].\end {equation*}


$t_2 = t_1 + (\log 2)/L$


$t_1$


\begin {equation*}\fun {S}\big (z(t_1)\big ) - \fun {S}\big (z(t_2)\big ) \geq \frac {1}{\alpha L} \big |\nabla \fun {S}\big (z(t)\big ) \big |^2,\end {equation*}


\begin {equation*}\frac {1}{\alpha } := \int _0^{\log 2} \left [2 - e^{s}\right ]^2 ds\end {equation*}


$\fun {S}\big (z(t)\big )$


$t_1 < t_2$


\begin {align*}\fun {S}\big (z(t_1)\big ) - \fun {S}\big (z(t_2)\big ) &= \big [\fun {S}\big (z(t_1)\big ) - \fun {S}_*\big ] - \big [\fun {S}\big (z(t_2)\big ) - \fun {S}_*\big ] \\ &\leq \big [\fun {S}\big (z(t_1)\big ) - \fun {S}_*\big ],\end {align*}


$t_1 \geq 0$


\begin {equation}\label {eq:PL-grad-estimate} \big |\nabla \fun {S}\big (z(t_1)\big ) \big |^2 \leq \alpha L \big [ \fun {S}\big (z(t_1)\big ) - \fun {S}_*\big ] = \alpha L \varphi (t_1).\end {equation}


$\nabla \fun {S}$


$t_1, t_2 \geq 0$


$t_1 < t_2$


\begin {equation*}|z(t_1) - z(t_2)| \leq \int _{t_1}^{t_2} \big |\nabla \fun {S}\big (z(t)\big )\big | dt,\end {equation*}


$\varphi (t) \leq \varphi _0 e^{-\kappa t}$


\begin {equation}\label {eq:PL-Cauchy} |z(t_1) - z(t_2)| \leq \frac {\sqrt {4\alpha L \varphi _0}}{\kappa } \big [e^{-\kappa t_1 / 2} - e^{-\kappa t_2/2}\big ].\end {equation}


$\{t_n\}_{n \in \N }$


$t_n \to +\infty $


$n \to +\infty $


$z(t_n)$


$\mathcal {O}$


$z_* \in \ol {\mathcal {O}}$


$z(t) \to z_*$


$t \to +\infty $


$\fun {S}$


$\fun {S}(z_*) = \fun {S}_*$


$z_* \in \mathcal {O}$


$z_* \in \partial \mathcal {O}$


$\fun {S}(z_*) > \fun {S}(z_0) \geq \fun {S}(z_*)$


$t_2 \to +\infty $


\begin {equation*}|z(t_1) - z_*| \leq \theta e^{-\kappa t_1 / 2},\end {equation*}


$\theta = \sqrt {4 \alpha L \varphi _0} / \kappa $


$t_1 \geq 0$


$\eta \in \fun {I}(\mathcal {U})$


$\inf \{\fun {S}(z) \colon z \in \mathcal {U}_\eta \} =: \fun {S}_\eta > - \infty $


$\kappa _\eta > 0$


$\eta $


\begin {equation}\label {eq:MpPL}\tag {PL${}^\prime $} \frac {1}{\kappa _\eta } \nabla \fun {S}(z) \cdot K(z) \nabla \fun {S}(z) \geq \fun {S}(z) - \fun {S}_\eta , \quad z \in \mathcal {U}_\eta .\end {equation}


$\fun {S}$


${}^\prime $


$(\fun {S},\fun {S}) = \nabla \fun {S} \cdot K \nabla \fun {S}$


${}^\prime $


$z(t) \in \mathcal {U}_\eta $


$t \in [0,+\infty )$


$X$


$z_0 = z(0)$


$\fun {S}\big (z(t)\big ) \to \fun {S}_\eta $


$t \to +\infty $


${}^\prime $


\begin {equation*}\big [\fun {S}\big (z(t)\big ) - \fun {S}_\eta \big ] \leq \big [\fun {S}\big (z_0\big ) - \fun {S}_\eta \big ] e^{-\kappa t},\end {equation*}


$z_e \in \mathcal {U}_\eta $


$\fun {S}|_{\mathcal {U}_\eta }$


$\fun {S}(z_e) = \fun {S}_\eta $


$\nabla \fun {S}(z_e) \cdot K(z_e) \nabla \fun {S}(z_e) = 0$


${}^\prime $


$\fun {S}(z_e) = \fun {S}_\eta $


$\ker K(z)$


$z$


\begin {equation}\label {eq:K-eigenvalues} \begin {aligned} &\text {there is a constant $r > 0$, such that, for any $z \in \mathcal {Z}$,} \\ &\text {zero is the only eigenvalue of $K(z)$ in the interval $[-r,r]$.} \end {aligned}\end {equation}


$z$


$K(z)$


$r>0$


$|z(t)-z(t_1)|$


$X = - K \nabla \fun {S}$


$\mathcal {Z} \subseteq \R ^n$


$K$


$\fun {I}=(\fun {I}^1, \ldots , \fun {I}^k) \in C^\infty (\mathcal {Z},\R ^k)$


$1 \leq k < n$


$K \nabla \fun {I}^\alpha = 0$


$\rank \nabla \fun {I} = k$


$\mathcal {U}$


$\mathcal {O}$


${}^\prime $


$\mathcal {U}$


$z(t)$


$X$


$z(0) = z_0 \in \mathcal {O}$


$z_\eta \in \mathcal {O}$


$\theta _\eta $


$z_0$


$\eta = \fun {I}(z_\eta ) = \fun {I}(z_0)$


$\fun {S}(z_\eta ) = \fun {S}_\eta $


\begin {equation*}|z(t) - z_\eta | \leq \theta _\eta e^{-\kappa _\eta t/2}\,,\quad \big [\fun {S}\big (z(t)\big ) - \fun {S}_\eta \big ] \leq \big [\fun {S}\big (z_0\big ) - \fun {S}_\eta \big ] e^{-\kappa _\eta t}\,,\quad \text {for}\ t\geq 0\,.\end {equation*}


$\nabla \fun {S}$


$(I-\pi _0) \nabla \fun {S}$


$\pi _0$


$\ker K$


$K$


$\fun {S}$


$\mathcal {Z}$


$X$


$\mathcal {U}$


$\mathcal {O} \subseteq \mathcal {U}$


$z_0 \in \mathcal {O}$


$z(t) \in \mathcal {O}$


$X$


$z_0 = z(0)$


$t \geq 0$


$\fun {I}^\alpha \big ( z(t) \big ) = \fun {I}^\alpha (z_0) = \eta ^\alpha $


$\alpha \in \{1,\ldots ,k\}$


$z(t) \in \mathcal {U}_\eta \cap \mathcal {O}$


$z_\eta \in \mathcal {U}_\eta $


$\fun {S}(z_\eta ) = \fun {S}_\eta $


$\fun {S}|_{\mathcal {U}_\eta }$


$\fun {S}$


$K\nabla \fun {I}^\alpha = 0$


$X(z_\eta ) = 0$


$\bar {t} \geq 0$


$\fun {S}\big (z(\bar {t})\big ) = \fun {S}_\eta $


$X\big (z(\bar {t})\big ) = 0$


$z(t) = z(\bar {t}) = z_0$


$t\geq 0$


$\fun {S}\big (z(t)\big ) > \fun {S}_\eta $


$t\geq 0$


$K$


$z \in \mathcal {Z}$


$K_i(z)>0$


$i$


$K(z)$


$\pi _i(z)$


$\ker \big (K(z) - K_i(z) I)$


$K(z)$


$K_i(z)$


\begin {equation*}K(z) = \sum _i K_i(z) \pi _i(z).\end {equation*}


$K(z)$


$r>0$


$0 \in \C $


$K(z)$


$z \in \mathcal {Z}$


$K_i(z) > r$


$\pi _0(z)$


$\ker K(z)$


$z \in \mathcal {Z}$


$Z \in \R ^n$


\begin {align*}Z \cdot K(z) Z &= \sum _i K_i(z) Z \cdot \pi _i(z) Z \\ &\geq r \sum _i Z \cdot \pi _i(z) Z =r Z \cdot (I- \pi _0) Z.\end {align*}


$Z = \nabla \fun {S}(z)$


\begin {equation}\label {eq:K-lower} \nabla \fun {S}(z) \cdot K(z) \nabla \fun {S}(z) \geq r \big |\big (I-\pi _0(z)\big )\nabla \fun {S}(z)\big |^2.\end {equation}


$X =- K \nabla \fun {S} = -K(I-\pi _0)\nabla \fun {S}$


$|X(z)| \leq \|K(z)\|_F \big |\big (I-\pi _0(z)\big ) \nabla \fun {S} (z)\big |$


$\|K(z)\|_F$


$z$


$z$


$\ol {\mathcal {U}}$


$\|K(z)\|_F \leq R = \max \{\|K(z')\|_F \colon z' \in \ol {\mathcal {U}}\}$


\begin {equation}\label {eq:K-upper} |X(z)| \leq R \big |\big (I-\pi _0(z)\big )\nabla \fun {S}(z)\big |.\end {equation}


$\pi _0$


$Y(z) = \big (I-\pi _0(z)\big )\nabla \fun {S}(z)$


$\nabla \fun {S}$


$\ker K$


$Y\big (z(t)\big )\not =0$


${}^\prime $


$\fun {S}\big (z(t)\big ) = \fun {S}_\eta $


$Y$


$\nabla \fun {S}$


$0 \leq t_1 < t_2$


\begin {equation*}\fun {S}\big (z(t_1)\big ) - \fun {S}\big (z(t_2)\big ) \geq r \int _{t_1}^{t_2} \big |Y\big (z(t)\big )\big |^2 dt.\end {equation*}


\begin {equation*}\frac {d}{dt} \big |z(t) - z(t_1)\big | \leq \big |X\big (z(t)\big )\big | \leq R \big |Y\big (z(t)\big )\big |.\end {equation*}


$Y \in C^\infty (\mathcal {Z},\R ^n)$


$\mathcal {O}$


$L > 0$


$Y$


\begin {equation}\label {eq:Y-estimate} \big |Y\big (z(t)\big )\big |^2 \leq \frac {\alpha R L}{r} \big [ \fun {S}\big (z(t)\big ) - \fun {S}\big ],\end {equation}


$\alpha $


\begin {equation*}\varphi _\eta (t) \leq \varphi _{0,\eta } e^{-\kappa _\eta t},\end {equation*}


$\varphi _\eta (t) = \fun {S}\big (z(t)\big ) - \fun {S}_\eta $


$\varphi _{0,\eta } = \varphi _\eta (0)$


$0 \leq t_1 < t_2$


\begin {align*}|z(t_1) - z(t_2)| &\leq R \int _{t_1}^{t_2} \big |Y\big (z(t)\big )\big | dt \\ &\leq R \sqrt {\frac {\alpha R L}{r}} \int _{t_1}^{t_2} \sqrt {\varphi _\eta (t)} dt \\ &\leq \frac {1}{\kappa _\eta } \sqrt {\frac {4\alpha R^3\thinspace L \varphi _{0,\eta }}{r}} \big [e^{-\kappa _\eta t_1/2} - e^{-\kappa _\eta t_2/2}\big ].\end {align*}


$z(t)$


$z_\eta \in \ol {\mathcal {O}}$


$t \to +\infty $


$\fun {S}(z_\eta )=\lim _{t\to +\infty }\fun {S}\big (z(t)\big )=\fun {S}_\eta $


$z_\eta \in \mathcal {O}$


$\fun {I}(z_\eta ) = \lim _{t\to +\infty }\fun {I}\big (z(t)\big ) = \fun {I}(z_0)$


$z_\eta \in \mathcal {U}_\eta \cap \mathcal {O}$


$t_2 \to +\infty $


\begin {equation*}|z(t_1) - z_\eta | \leq \theta _\eta e^{-\kappa _\eta t_1/2},\end {equation*}


\begin {equation*}\theta _\eta = \frac {1}{\kappa _\eta } \sqrt {\frac {4\alpha R^3 L \varphi _{0,\eta }}{r}}.\end {equation*}


$\theta _\eta $


$r$


$\kappa _\eta $


$K$


$\nabla \fun {I}^\alpha $


$K$


$\fun {H}$


${}^\prime $


$\mathcal {Z} = \R ^n$


$n \in \N $


$n \geq 2$


$z = (z^i)_{i=1}^n$


$s = (s_i)_{i=1}^n$


$h = (h_i)_{i=1}^n \in \R ^n$


$K = (K^{ij})$


$\R ^n$


$K^{ij}h_j = 0$


$\sigma = (\sigma _{ij})_{ij}$


$X = - K \nabla \fun {S}$


$\fun {H}(z) = h_i z^i$


$\fun {S}(z) = s_i z^i + \frac {1}{2} \sigma _{ij} z^i z^j$


$K$


$h$


$K\omega = 0$


$\omega = \lambda h$


$\lambda \in \R $


$K$


${}^\prime $


$z \mapsto \tilde {z} = \sigma ^{1/2} z$


$\sigma _{ij}$


$\delta _{ij}$


$h$


$s$


$\sigma ^{-1/2} h$


$\sigma ^{-1/2} s$


$\sigma _{ij} = \delta _{ij}$


$|h|^2 = 1$


$h$


$\eta \in \R $


$\mathcal {U}_\eta = \{z \in \R ^n \colon \fun {H}(z) = \eta \}$


$h_i z^i = \eta $


$z \in \mathcal {U}_\eta $


$z = \eta h + z_\perp $


$z_\perp = z - (h \cdot z)h$


$\eta \in \R $


$\fun {S}_\eta $


$(\lambda , z)$


$\partial _i = \partial /\partial z^i$


$\partial _i \fun {S}(z) = \lambda \partial _i \fun {H}(z)$


$\fun {H}(z) = \eta $


\begin {equation*}\left \{ \begin {aligned} z &= \lambda h - s, \\ h \cdot z &= \eta . \end {aligned}\right .\end {equation*}


$(\lambda _\eta , z_\eta )$


\begin {equation*}\lambda _\eta = \eta + h \cdot s, \quad z_\eta = \lambda _\eta h - s = \eta h - s_\perp ,\end {equation*}


$s_\perp = s-(h\cdot s)h$


$z \in \mathcal {U}_\eta $


\begin {equation*}\fun {S}(z) = s \cdot (\eta h + z_\perp ) + \frac {1}{2} |\eta h + z_\perp |^2 = \fun {S}(z_\eta ) + \frac {1}{2}|z_\perp + s_\perp |^2.\end {equation*}


$Kh=0$


$z \in \mathcal {U}_\eta $


\begin {equation*}\nabla \fun {S}(z) \cdot K \nabla \fun {S}(z) = (z+s) \cdot K (z+s) = (z_\perp + s_\perp ) \cdot K (z_\perp + s_\perp ) \geq K_1 |z_\perp + s_\perp |^2,\end {equation*}


$K_1 > 0$


$K$


$(\ker K)^\perp $


\begin {equation*}\nabla \fun {S}(z) \cdot K \nabla \fun {S}(z) \geq 2 K_1 \big [\fun {S}(z) - \fun {S}_\eta \big ], \quad z \in \mathcal {U}_\eta ,\end {equation*}


$\fun {S}_\eta = \fun {S}(z_\eta )$


${}^\prime $


$\kappa _\eta =2K_1$


$K$


$h' \in \R ^n$


$h$


$K h' = 0$


$(z_\perp + s_\perp ) \cdot K (z_\perp + s_\perp ) = 0$


$z_\perp + s_\perp \propto h'$


$X$


$y = s + z$


$dy/dt = -Ky$


$y_0 = s + z_0$


$\fun {H}(z_0) = h \cdot z_0 = \eta $


$h \cdot y_0 = \eta + h \cdot s$


$y$


$\{e_i\}_{i=0}^{n-1}$


$K$


$e_0 = h$


\begin {equation*}y(t) = (h \cdot y_0) h + \sum _{i \geq 1} e^{-t\lambda _i(K)} c_i e_i,\end {equation*}


$\lambda _i(K) > 0$


$K$


$c_i = e_i \cdot y_0$


\begin {equation*}|z(t) - z_\eta | \leq |z_0 - z_\eta | e^{-t K_1},\end {equation*}


$K_1 = \min _{i\geq 1} \{\lambda _i(K)\}$


${}^\prime $


\begin {equation*}\fun {S}(z) = \frac {|z|^2}{1+|z|^2}, \quad z \in \mathcal {Z}=\R ^n.\end {equation*}


$z=0$


$\fun {H}$


$z\in \mathcal {U}_\eta $


$z = \eta h + z_\perp $


\begin {equation*}\nabla \fun {S}(z) \cdot K \nabla \fun {S}(z) = 4 \frac {z_\perp \cdot K z_\perp }{(1+|z|^2)^4} \geq 4 K_1 \frac {|z_\perp |^2}{(1+|z|^2)^4},\end {equation*}


$K_1$


$\mathcal {U}_\eta $


$z_\eta = \eta h$


\begin {equation*}\fun {S}_\eta = \fun {S}(z_\eta ) = \frac {\eta ^2}{1+\eta ^2}.\end {equation*}


\begin {equation*}\fun {S}(z) - \fun {S}_\eta = \frac {|z_\perp |^2}{(1+\eta ^2)(1+|z|^2)},\end {equation*}


\begin {equation*}\frac {|z_\perp |^2}{(1+|z|^2)^4} = \frac {1+\eta ^2}{(1+|z|^2)^3} \big [\fun {S}(z) - \fun {S}_\eta \big ], \quad z \in \mathcal {U}_\eta ,\end {equation*}


$R>0$


$|z| < R$


\begin {equation*}\nabla \fun {S}(z) \cdot K \nabla \fun {S}(z) \geq \kappa _\eta \big [ \fun {S}(z) - \fun {S}_\eta \big ], \quad z \in \mathcal {U}_\eta \cap B_R(0),\end {equation*}


$\kappa _\eta = 4 K_1 (1+\eta ^2) / (1+R^2)^3$


$R$


$R$


$s \in \R ^n$


$\mathcal {Z} = \{z \in \R ^n \colon z \cdot s < 0\}$


$X(z) = - K(z) \nabla \fun {S}(z)$


\begin {equation*}K(z) := |z|^2 I - z \otimes z, \quad \fun {H}(z) := \tfrac {1}{2} |z|^2, \quad \text {and}\quad \fun {S}(z) := s \cdot z\,.\end {equation*}


$K(z)$


$\nabla \fun {H}(z)$


$K(z) \nabla \fun {H}(z) = 0$


$K(z)$


$X$


$K(z)$


$K(z)$


$\nabla \fun {H}(z)$


$\eta > 0$


\begin {equation*}z \in \mathcal {U}_\eta \iff z = \sqrt {2\eta } \zeta , \quad \zeta \in S^{n-1}, \quad \zeta \cdot s < 0,\end {equation*}


$\zeta $


$(n-1)$


$S^{n-1}$


$\R ^n$


$\mathcal {U}_\eta $


$\fun {S}|_{\mathcal {U}_\eta } (\zeta ) = \sqrt {2\eta } s \cdot \zeta $


$\fun {S}_\eta = - \sqrt {2\eta s^2}$


$\zeta = - s/|s|$


\begin {equation*}\left \{ \begin {aligned} s &= \lambda z, \\ \tfrac {1}{2} |z|^2 &= \eta , \end {aligned} \right . \quad \text {and} \quad z \cdot s < 0.\end {equation*}


$z = \sqrt {2\eta } \zeta \in \mathcal {U}_\eta $


\begin {align*}\nabla \fun {S}(z) \cdot K(z) \nabla \fun {S}(z) &= |z|^2 |s|^2 - (z \cdot s)^2 = \big (\sqrt {2\eta } |s| - \sqrt {2\eta } s \cdot \zeta \big ) \big (\sqrt {2\eta } |s| + \sqrt {2\eta } s \cdot \zeta \big ) \\ &\geq \sqrt {2\eta } |s| \big [\fun {S}(z) - \fun {S}_\eta \big ],\end {align*}


${}^\prime $


$z \cdot s <0$


$\mathcal {Z} = \R ^n$


${}^\prime $


$S|_{\mathcal {U}_\eta }$


$z_\eta ^-$


$z_\eta ^-\cdot s<0$


$z_\eta ^+$


$z_\eta ^+\cdot s > 0$


$(\fun {S}, \fun {S}) = \nabla \fun {S} \cdot K \nabla \fun {S}$


$\fun {S}(z_\eta ^+) - \fun {S}_\eta > 0$


$\R ^n$


${}^{\prime \prime }$


${}^\prime $


$V$


$\fun {I} \in C^\infty (V,\R ^k)$


$\mathcal {U} \subseteq V$


$D\fun {I}(u)$


$u \in \mathcal {U}$


$\mathcal {U}_\eta = \{u \in V \colon \fun {I}(u) = \eta \}$


$\mathcal {U}$


$\eta \in \fun {I}(\mathcal {U})$


$k \geq 1$


${}^{\prime \prime }$


\begin {equation}\label {eq:minimal-degenerate} (\fun {F}, \fun {F})(u) = 0 \;\iff \; D \fun {F}(u) = \sum _\alpha \lambda _\alpha D\fun {I}^\alpha (u),\end {equation}


$\lambda _\alpha \in \R $


$\fun {F}$


$(\fun {F},\fun {F})$


$u_0$


$u_0$


$\fun {F}$


$\fun {I}(u) = \fun {I}(u_0) =$


${}^\prime $


$\fun {S}_\eta := \inf \{\fun {S} \colon z \in \mathcal {U}_\eta \}>-\infty $


$\kappa _\eta >0$


$\eta $


\begin {equation}\label {eq:MpPL-V}\tag {PL${}^{\prime \prime }$} \frac {1}{\kappa _\eta } (\fun {S}, \fun {S}) \geq \fun {S} - \fun {S}_\eta , \quad \text {on}\, \mathcal {U}_\eta .\end {equation}


${}^{\prime \prime }$


$(\fun {S},\fun {S})(u) = 0$


$\mathcal {U}_\eta $


$u$


$\fun {S}$


$\mathcal {U}_\eta $


$\fun {S}(u) = \fun {S}_\eta $


${}^{\prime \prime }$


${}^{\prime \prime }$


$\fun {S}|_{\mathcal {U}_\eta }$


$u \in \mathcal {U}_\eta $


$\fun {S}|_{\mathcal {U}_\eta }$


$D \fun {S}(u) = \sum _\alpha \lambda _\alpha D\fun {I}^\alpha (u)$


$(\fun {S},\fun {S})(u) = 0$


$\fun {S}(u) > \fun {S}_\eta $


${}^{\prime \prime }$


${}^{\prime \prime }$


${}^{\prime \prime }$


$V$


$\T \to \R $


$\T := \R /2\pi \Z $


$\Omega = [0,2\pi ]$


\begin {equation}\label {eq:heateq-bracket} \big (\fun {F},\fun {G}) = \int _0^{2\pi } \left (\frac {\delta \fun {F}(u)}{\delta u} \right )^\prime \left (\frac {\delta \fun {G}(u)}{\delta u} \right )^\prime dx,\end {equation}


$v'(x) = dv(x)/dx$


$v : \T \to \R $


$L^2$


$\fun {F}(u)$


$\fun {G}(u)$


\begin {equation*}\fun {H}(u) = \int _0^{2\pi }\! u(x) dx \quad \text {and}\quad \fun {S}(u) = \frac {1}{2} \int _0^{2\pi }\! |u(x)|^2 dx = \frac {1}{2} \|u\|^2_{L^2(\Omega )}.\end {equation*}


$\delta \fun {H}(u)/\delta u = 1$


\begin {equation}\label {eq:heateq} \left \{ \begin {aligned} \partial _t u &= \partial _x^2 u, && (t,x) \in [0,+\infty ) \times [0,2\pi ],\\ u(t,0) &= u(t,2\pi ), && t\in [0,+\infty ), \\ u(0,x) &= u_0(x), && x \in [0,2\pi ]. \end {aligned} \right .\end {equation}


$\delta \fun {H}(u)/\delta u$


$(\fun {F},\fun {F}) = 0$


$(\delta \fun {F}(u)/\delta u)'=0$


$\delta \fun {F}(u)/\delta u = \lambda $


$\lambda \in \R $


$\delta \fun {F}(u)/\delta u = \lambda \delta \fun {H}(u)/\delta u$


\begin {equation*}\mathcal {U}_\eta = \{u : \fun {H}(u) = \eta \in \R \},\end {equation*}


$[0,2\pi ]$


\begin {equation*}u(x) = \lambda , \quad \int _0^{2\pi } u(x)dx = \eta .\end {equation*}


$\eta \in \R $


\begin {equation*}u_\eta (x) = \eta / (2\pi ).\end {equation*}


$u_\eta $


$\fun {S}_\eta = \fun {S}(u_\eta ) = \eta ^2/(4\pi )$


\begin {equation*}u(x) = \sum _{n \in \Z } u_n e^{i n x}, \quad u_n \in \C ,\end {equation*}


$\fun {H}(u) = \eta $


$u_0 = \eta / (2\pi )$


\begin {equation*}\fun {S}(u) - \fun {S}_\eta = \pi \sum _{n \not = 0} |u_n|^2 \geq 0, \quad u \in \mathcal {U}_\eta ,\end {equation*}


$u=u_\eta $


$u_\eta $


$\fun {S}$


$\mathcal {U}_\eta $


\begin {equation*}\big (\fun {S}, \fun {S}\big )(u) = \|u'\|^2_{L^2(\Omega )} = 2 \pi \sum _{n \not = 0} n^2 |u_n|^2 \geq 2 \pi \sum _{n\not =0} |u_n|^2,\end {equation*}


\begin {equation*}\big (\fun {S}, \fun {S}\big )(u) \geq 2 \big [\fun {S}(u) - \fun {S}_\eta \big ], \quad u \in \mathcal {U}_\eta ,\end {equation*}


${}^{\prime \prime }$


$\kappa _\eta = 2$


\begin {equation*}u(t,x) = \sum _{n \in \Z } e^{inx-n^2 t} u_{0,n},\end {equation*}


$u_{0,n} \in \C $


$\eta = \fun {H}(u_0) = 2 \pi u_{0,0}$


\begin {equation*}\|u(t) - u_\eta \|_{L^2(\Omega )} \leq e^{-t} \|u(0) - u_\eta \|_{L^2(\Omega )},\end {equation*}


$\mathcal {U}_\eta $


$\eta $


${}^{\prime \prime }$


$\kappa _\eta /2$


$\kappa _\eta $


${}^{\prime \prime }$


$\T ^2 := (\R / 2\pi \Z )^2$


$x = (x_1,x_2)$


$V$


$v \colon \T ^2 \to \R $


$\T ^2$


$\Omega = [0,2\pi ]^2$


$\omega = - \Delta \phi $


\begin {equation*}\omega _\Omega := \frac {1}{4\pi ^2} \int _{\Omega } \omega (x) dx = 0.\end {equation*}


$\Omega $


$\Omega $


$V$


\begin {equation*}\omega = u - u_\Omega ,\end {equation*}


\begin {equation*}\fun {M}(u) = \int _\Omega u(x) dx = 4 \pi ^2 u_\Omega = \fun {M}_0 \in \R ,\end {equation*}


$\fun {H}(u) = \fun {H}_0 \in \R $


$u \in V$


$\omega $


$\phi $


\begin {equation}\label {eq:Poisson-eq-periodic} -\Delta \phi = u - u_\Omega , \quad \phi _\Omega = 0.\end {equation}


$u_\Omega =0$


$u=\omega $


$\fun {H}$


$\eta = (\fun {M}_0, \fun {H}_0)$


$\fun {I} = (\fun {I}^1, \fun {I}^2) := (\fun {M},\fun {H})$


\begin {equation}\min \{\fun {S}(u) \colon \fun {I}(u) = \eta \}, \label {Xeqn51-47a}\end {equation}


\begin {equation}\fun {S}(u) = \frac {1}{2} \int _\Omega \omega ^2 dx = \frac {1}{2} \|u-u_\Omega \|^2_{L^2(\Omega )}. \label {Som2}\end {equation}


$h\colon \T ^2 \to \R $


\begin {equation}\label {eq:analytical_H} \fun {H}(u) = \int _\Omega h\, \omega \, dx = (h - h_\Omega , u)_{L^2(\Omega )}.\end {equation}


\begin {equation*}\partial _t u + [h,u] = 0,\end {equation*}


$[f,g] = \partial _1 f \partial _2 g - \partial _1 g \partial _2 f$


$\fun {S}$


\begin {equation}\label {eq:Euler_H_periodic} \fun {H}(u) = \frac {1}{2} \int _\Omega |\nabla \phi |^2 dx = \frac {1}{2} (\phi , u)_{L^2(\Omega )},\end {equation}


$s(y)=y^2/2$


$\phi $


$u$


$\T ^2$


$\mathcal {U}_\eta = \{u \colon \fun {I}(u)=\eta \}$


\begin {equation}\label {eq:Ceta} \mathfrak {C}_\eta := \{ u \colon \; D\fun {S}(u) = \sum _\alpha \lambda _\alpha D\fun {I}^\alpha (u), \; \fun {I}(u) = \eta \}.\end {equation}


$\fun {S}$


$\mathfrak {C}_\eta $


$\mathfrak {C}_\eta $


\begin {equation}\label {eq:complete-relaxation-analytic} \begin {aligned} &u - u_\Omega = \lambda _1 + \lambda _2 (h - h_\Omega ), \quad \fun {I}(u) = \eta . \end {aligned}\end {equation}


$\lambda _1 = 0$


$u_\Omega = \fun {M}_0/(4\pi ^2)$


$h-h_\Omega $


$\Omega $


\begin {equation*}\fun {H}_0 = \lambda _2 \|h-h_\Omega \|^2_{L^2(\Omega )},\end {equation*}


$\lambda _2$


$\mathfrak {C}_\eta $


\begin {equation}\label {eq:u-eta_analytic} u_\eta = \frac {\fun {M}_0}{4\pi ^2} + \frac {\fun {H}_0}{\|h-h_\Omega \|^2_{L^2(\Omega )}} (h-h_\Omega )\end {equation}


\begin {equation}\label {eq:Seta-analytic} \fun {S}_\eta = \min \{\fun {S}(u) \colon \fun {I}(u)=\eta \} = \frac {\fun {H}_0^2/2}{\|h-h_\Omega \|^2_{L^2(\Omega )}}.\end {equation}


$\mathcal {U}_\eta $


$\mathfrak {C}_\eta $


\begin {equation}\label {eq:complete-relaxation-vorticity2d-periodic} \left \{ \begin {aligned} &u - u_\Omega = \lambda _1 + \lambda _2 \phi , \quad \fun {I}(u) = \eta , \\ &\text {with}\; \phi \; \text {solution of}\; (\ref {eq:Poisson-eq-periodic}). \end {aligned} \right .\end {equation}


$\phi _\Omega = 0$


$\lambda _1 = 0$


$u_\Omega = \fun {M}_0/(4\pi ^2)$


$(\phi ,\lambda _2)$


\begin {equation*}-\Delta \phi = \lambda _2 \phi , \qquad \phi _\Omega =0,\end {equation*}


$\mathfrak {C}_\eta $


$u - u_\Omega = \omega = \lambda _2 \phi $


$\phi $


$-\Delta $


$\lambda _2>0$


$\|\phi \|_{L^2(\Omega )}^2 = 2\fun {H}_0/\lambda _2$


$\lambda _2\fun {H}_0$


$\mathcal {U}_\eta $


$\lambda _2 = 1$


\begin {equation*}\phi (x) = a_1 \cos (x_1 + \theta _1) + a_2 \cos (x_2 + \theta _2),\end {equation*}


$\theta _1$


$\theta _2$


$a_1$


$a_2$


$\|\phi \|_{L^2(\Omega )}^2=2\fun {H}_0$


$\lambda _2 = 1$


$a_1^2 + a_2^2 = \fun {H}_0/\pi ^2$


\begin {equation}\label {eq:u-eta_Euler_periodic} \omega (x) = \phi (x) = \frac {\sqrt {\fun {H}_0}}{\pi } \big [ \cos \theta _0 \cos (x_1+\theta _1) + \sin \theta _0 \cos (x_2+\theta _2)\big ],\end {equation}


$\theta _0$


$\theta _1$


$\theta _2$


$[0,2\pi )$


$\fun {I}(u)=\eta $


\begin {equation}\label {eq:Seta-Euler_periodic} \fun {S}_\eta = \min \{\fun {S}(u) \colon \fun {I}(u)=\eta \} = \fun {H}_0,\end {equation}


$\lambda _2 = 1$


$\mathfrak {g}$


$[\cdot ,\cdot ]$


$V$


$V = \mathfrak {g}^*$


$f \in C^\infty (\mathfrak {g}^*)$


$\mathfrak {g}^*$


$\mathfrak {g}$


$\delta f(u) /\delta u \in \mathfrak {g}$


$\mathfrak {g}$


$Df(u) v = \langle \delta f(u) /\delta u, v\rangle $


$v \in V = \mathfrak {g}^*$


$\mathfrak {g}$


$C^\infty (\mathfrak {g}^*)$


$\{f,g\}_\pm = \pm \langle u, [\tfrac {\delta f(u)}{\delta u}, \tfrac {\delta g(u)}{\delta u} ]\rangle $


$(\mathfrak {g}^*,\{\cdot ,\cdot \}_\pm )$


$\mathfrak {g}$


$\gamma : \mathfrak {g} \times \mathfrak {g} \to \R $


$C^\infty (\mathfrak {g}^*)$


\begin {equation*}(f,g) = \gamma \Big ( \Big [ \frac {\delta f(u)}{\delta u}, \frac {\delta h(u)}{\delta u}\Big ], \Big [ \frac {\delta g(u)}{\delta u}, \frac {\delta h(u)}{\delta u}\Big ] \Big ),\end {equation*}


$h \in C^\infty (\mathfrak {g}^*)$


$h$


$V$


$W$


$\langle \cdot , \cdot \rangle _{V \times W} : V \times W \to \R $


$W$


$\gamma : W \times W \to \R $


$[\cdot ,\cdot ] : W \times W \to W$


$[\cdot ,\cdot ]$


$\fun {H} \in C^\infty (V)$


$(\cdot , \cdot ) : C^\infty (V) \times C^\infty (V) \to C^\infty (V)$


\begin {equation}\label {eq:gmdb} (\fun {F}, \fun {G}) := \gamma \big ( \Big [\frac {\delta \fun {F}}{\delta u}, \frac {\delta \fun {H}}{\delta u}\Big ], \Big [\frac {\delta \fun {G}}{\delta u}, \frac {\delta \fun {H}}{\delta u}\Big ] \big ),\end {equation}


$V$


$W$


$W$


$W = V'$


$V$


$V$


$\delta \fun {F}(u)/\delta u$


$D\fun {F}(u)$


$\fun {F} \in C^1(V)$


$u \in V$


$\delta \fun {F}(u)/\delta u$


$\fun {F}$


$V=W$


$\T ^d \to \R $


$\Omega = [0,2\pi ]^d$


$[u,v]_J = \nabla u \cdot J \nabla v$


$\R ^d$


$\fun {H}(u)$


$\gamma $


$L^2(\Omega )$


\begin {equation}\label {eq:paired-bracket-L2} (\fun {F},\fun {G}) := \int _{\Omega } \Big [\frac {\delta \fun {F}}{\delta u},\frac {\delta \fun {H}}{\delta u} \Big ]_{J} \Big [\frac {\delta \fun {G}}{\delta u},\frac {\delta \fun {H}}{\delta u} \Big ]_{J} dx.\end {equation}


$d=2$


$x=(x_1,x_2)\in \Omega = [0,2\pi ]^2 \subset \R ^2$


$J$


$\R ^2$


$[\cdot ,\cdot ]_J = [\cdot ,\cdot ]$


$u \in V$


$u_0$


\begin {equation*}\int _\Omega \frac {\delta \fun {F}}{\delta u} \frac {\partial u}{\partial t} dx = -\int _\Omega \big [\frac {\delta \fun {F}}{\delta u}, h \big ] \big [u, h\big ]dx,\end {equation*}


$\fun {F}$


$\delta \fun {F}/\delta u$


$u$


\begin {equation*}\partial _t u = \big [h,[h,u]\big ].\end {equation*}


$[u,h] = \div (X_h u) = X_h \cdot \nabla u$


$X_h = \transpose {(\partial _2 h, -\partial _1 h)}$


$h$


$\R ^2$


\begin {equation}\label {eq:parallel-diffusion} \partial _t u = \div (X_h \otimes X_h \nabla u),\end {equation}


$X_h$


$h$


$h$


$\nabla h \not =0$


$\xi $


\begin {equation*}[\xi , h] = 1,\end {equation*}


$[\xi ,h] \not =0$


$(\xi ,h)$


$\mathcal {J}^{-1} = [\xi ,h] = 1$


$X^1_h := X_h \cdot \nabla \xi = [\xi ,h] = 1$


$X^2_h := X_h \cdot \nabla h = [h,h] = 0$


$X^i_h$


$i=1,2$


$X_h$


$\mathcal {J}$


$\xi $


$dx/ds = X_h/|X_h|$


$s$


$ds^2 = dx_1^2 + dx_2^2$


$X_h$


$h=$


\begin {equation*}\frac {d\xi }{ds} = \frac {dx}{ds} \cdot \nabla \xi = \frac {X_h \cdot \nabla \xi }{|X_h|} = \frac {1}{|\nabla h|},\end {equation*}


$d\xi = |\nabla h|^{-1} ds$


$x(\xi ,h)$


$(\xi ,h) \mapsto x$


$h$


\begin {equation*}\frac {\partial x(\xi ,h)}{\partial \xi } = \frac {d x}{d s} \frac {d s}{d \xi } = X_h\big (x(\xi ,h)\big ),\end {equation*}


$x(\xi ,h)$


$X_h$


$\partial _\xi x$


$\partial _\xi x \cdot \nabla h = 0$


$\partial _\xi x \cdot \nabla \xi = 1$


$\partial _\xi x = X_h$


$(\xi ,h)$


\begin {equation*}\partial _t \tilde {u} - \partial _\xi ^2 \tilde {u} = 0,\end {equation*}


$u(t,x) = \tilde {u}(t,\xi ,h)$


$h$


$\tilde {u}$


$\xi $


$h$


$\ell _h$


$\tilde {u}(t,\xi +\ell _h,h) = \tilde {u}(t,\xi ,h)$


$\ell _h$


$\xi $


$h$


\begin {equation*}\ell _h = \int _{C_h} d\xi = \int _{C_h} \frac {ds}{|\nabla h|},\end {equation*}


$C_h$


$h$


$\ell _h$


$|\nabla h|$


$C_h$


$\xi $


$\vartheta \in [0,2\pi ]$


$\vartheta = 2\pi \xi /\ell _h$


$\vartheta $


\begin {equation*}\partial _t v - \kappa _h \partial _\vartheta ^2 v = 0,\end {equation*}


$\kappa _h = (2\pi /\ell _h)^2$


$u(t,x) = \tilde {u}(t,\ell _h\vartheta /(2\pi ),h) = v(t,\vartheta ,h)$


$[0,2\pi ]$


\begin {equation*}v(t,\vartheta ,h) = \sum _{n \in \Z } \hat {v}_n(0) e^{-n^2 \kappa _h t + in\vartheta },\end {equation*}


$\hat {v}_n(0)$


$v$


$v(0,\theta ,h) = u_0\big (x(\xi ,h)\big )$


$n \not =0$


$1/(n^2\kappa _h)$


$n = \pm 1$


\begin {equation}\label {eq:relaxation-time} \tau _h = 1/ \kappa _h = (\ell _h / 2\pi )^2, \qquad \ell _h = \int _{C_h} d\xi = \int _{C_h} \frac {ds}{|\nabla h|}.\end {equation}


$h$


$X_h$


$t \to +\infty $


$h$


\begin {equation*}u_\infty (h) := \hat {v}_0(0) = \frac {1}{\ell _h} \int _0^{\ell _h} u_0\big (x(\xi ,h)\big ) d\xi = \frac {1}{\ell _h} \int _{C_h} \frac {u_0 ds}{|\nabla h|}.\end {equation*}


$\fun {H}_0 = \fun {H}(u_0)$


$u_0$


\begin {equation}\label {eq:islands-h} h(x) =\cos ^2(x_1) \sin ^2(x_2).\end {equation}


$h$


$h$


$u$


$(h_{ij},u_{ij})$


$h_{ij}$


$u_{ij}$


$h$


$u$


$(i,j)$


$\tau _h$


$h$


$u$


$u \geq 10^{-4}$


$h$


$h$


$u_0(x) = u_G(x)$


\begin {equation}\label {eq:initial_gaussian} u_G(x) = \frac {1}{N} \exp \Big [ - \frac {(x_1-x_{0,1})^2}{w_1^2} - \frac {(x_2-x_{0,2})^2}{w_2^2}\Big ],\end {equation}


$x_0 = (\pi , \pi +0.1)$


$w_1 = 0.25$


$w_2 = 0.4$


$N = 2\pi w_1 w_2$


$256 \times 256$


$\Delta t = 10^{-4}$


$h$


$X_h$


$h$


$u$


$h\,-\,u$


$(h_{ij},u_{ij})$


$x_{ij}$


$u$


$h$


$u$


$h$


$h$


$h$


$t \to +\infty $


$h$


$u$


$u$


$x_0$


$x_2$


$u$


$u=0$


$h$


$\tau _h$


$h$


$h=0$


$h \to 0$


$\tau _h \to +\infty $


$\nabla h = 0$


$X_h = 0$


$h$


$\phi $


$u$


$\omega = u - u_\Omega $


$s(y) = y^2/2$


$\omega = u - u_\Omega $


$\phi $


$\fun {S}_\eta = \fun {H}_0$


$x_0=(\pi ,\pi )$


$w_1=0.3$


$w_2=1.0$


$N=1$


$[0,2\pi ]^2$


$256 \times 256$


$\Delta t = 10^{-3}$


$\fun {S}_\eta $


$\omega $


$\phi $


$\phi $


$\omega $


$\phi $


$\phi $


$\omega $


$t=0$


$\omega $


$\phi $


$(\phi ,\omega )$


${}^{\prime \prime }$


$\fun {I}^1 = \fun {M}$


$\fun {I}^2 = \fun {H}$


$(\fun {F},\fun {F})(u) = 0$


$u$


$\delta \fun {F}(u)/\delta u = \lambda _1 + \lambda _2 h$


\begin {equation*}(\fun {F}, \fun {F})(u) = 0 \iff \Big [\frac {\delta \fun {F}(u)}{\delta u}, \frac {\delta \fun {H}(u)}{\delta u} \Big ] = \Big [ \frac {\delta \fun {F}(u)}{\delta u}, h \Big ] = 0.\end {equation*}


$u$


\begin {equation*}\fun {F}(u) = (f(h), u)_{L^2(\Omega )},\end {equation*}


$f :\R \to \R $


$\delta \fun {F}(u)/\delta u = \lambda _1 + \lambda _2 h$


$f(h) = \lambda _1 + \lambda _2 h$


$\fun {F}$


$(\fun {F}, \fun {F})(u) = 0$


$\delta \fun {F}(u)/\delta u \not = \lambda _1 + \lambda _2 h$


${}^{\prime \prime }$


\begin {equation*}\big (\fun {S}, \fun {S}\big )(u) = 0 \iff \Big [\frac {\delta \fun {S}(u)}{\delta u}, \frac {\delta \fun {H}(u)}{\delta u} \Big ] = [u, h] = 0.\end {equation*}


$u = f(h)$


$f :\R \to \R $


$(\fun {S}, \fun {S})$


$u - u_\Omega = \lambda _1 + \lambda _2 h$


$\lambda _1$


$\lambda _2$


${}^{\prime \prime }$


$\{u \colon (\fun {S},\fun {S})(u) = 0\}$


$\delta \fun {H}(u)/\delta u = \phi $


$u$


$-\Delta \phi = u - u_\Omega $


$u$


\begin {equation*}-\Delta \phi = u - u_\Omega , \qquad u = f(\phi ),\end {equation*}


$f:\R \to \R $


$f$


$g : \R \to \R $


$\fun {F}(u) = \int _\Omega g(u)dx$


\begin {equation*}(\fun {F}, \fun {F})(u) = \int _\Omega \big [g'(u), \phi \big ] dx = \int _\Omega \big [g' \circ f(\phi ), \phi \big ] dx = 0,\end {equation*}


$u$


$\delta \fun {F}(u) / \delta u = g'\circ f (\phi )$


$\frac {\delta \fun {M}(u)}{\delta u}$


$\frac {\delta \fun {H}(u)}{\delta u}$


\begin {equation*}\frac {\delta \fun {F}(u)}{\delta u} \not = \lambda _1 \frac {\delta \fun {M}(u)}{\delta u} + \lambda _2 \frac {\delta \fun {H}(u)}{\delta u} = \lambda _1 + \lambda _2 \phi ,\end {equation*}


${}^{\prime \prime }$


$\fun {S}$


$g(u) = u^2 / 2$


$u$


$(\fun {S},\fun {S})(u) = 0$


$\delta \fun {S}(u)/\delta u = f(\phi )$


$u$


$f(\phi ) = \phi $


$L^2$


$\Omega = [0,2\pi ]^d$


$V$


$\R ^d$


$2\pi $


$\fun {H}$


$L^2$


$\delta \fun {H}(u)/\delta u$


\begin {equation}\label {eq:L2-projector} \begin {aligned} \Pi _{\fun {H}}(u) v &:= v - c(u,v) \frac {\delta \fun {H}(u)}{\delta u},\\ c(u,v) &:= \Big \| \frac {\delta \fun {H}(u)}{\delta u} \Big \|_{L^2(\Omega )}^{-2} \Big (\frac {\delta \fun {H}(u)}{\delta u}, v \Big )_{L^2(\Omega )}. \end {aligned}\end {equation}


\begin {equation}\label {eq:projector-brackets} (\fun {F},\fun {G}) := \Big (\frac {\delta \fun {F}}{\delta u}, \Pi _{\fun {H}} \frac {\delta \fun {G}}{\delta u} \Big )_{L^2(\Omega )}.\end {equation}


$\Pi _{\fun {H}}$


$\Pi _{\fun {H}} (\delta \fun {H} / \delta u) =0$


$(\fun {F},\fun {H}) = 0$


$\fun {F}$


\begin {equation*}(\fun {F},\fun {F}) = \Big (\frac {\delta \fun {F}}{\delta u}, \Pi _{\fun {H}} \frac {\delta \fun {F}}{\delta u} \Big )_{L^2(\Omega )} \geq 0,\end {equation*}


\begin {equation*}\partial _t u = -\left [u - u_\Omega - \frac {\fun {H}(u)}{\|h-h_\Omega \|^2_{L^2(\Omega )}} (h-h_\Omega ) \right ],\end {equation*}


$u_\Omega = \fun {M}(u)/(4\pi ^2)$


$\fun {M}$


$\fun {H}$


$u \mapsto w = u - \fun {M}_0/(4\pi ^2) - \big [\fun {H}_0 /\|h-h_\Omega \|^2_{L^2(\Omega )} \big ] (h-h_\Omega )$


$\fun {M}_0 = \fun {M}(u_0)$


$\fun {H}_0 = \fun {H}(u_0)$


$u_0$


$\partial _t w = - w$


\begin {equation*}u(t,\cdot ) = \left [ \frac {\fun {M}_0}{4\pi ^2} + \frac {\fun {H}_0}{\|h-h_\Omega \|^2_{L^2(\Omega )}} (h-h_\Omega )\right ] (1-e^{-t}) + u_0 e^{-t}.\end {equation*}


$\mathcal {U}_\eta $


$\eta = (\fun {M}_0,\fun {H}_0)$


$u_0$


\begin {equation*}\partial _t u = - \left [u - u_\Omega - \frac {\fun {H}(u)}{\|\phi \|^2_{L^2(\Omega )}} \phi \right ],\end {equation*}


$\phi $


$u$


$u$


$\phi $


$\omega = u - u_\Omega $


$\phi $


$\omega = u - u_\Omega $


$\phi $


$\omega $


$\theta _0$


$\theta _1$


$\theta _2$


$\fun {F}$


$(\fun {F},\fun {F}) = 0$


$\delta \fun {F}(u) /\delta u \in \ker \Pi _{\fun {H}}(u)$


\begin {equation*}\frac {\delta \fun {F}(u)}{\delta u} = \lambda \phi ,\end {equation*}


$\lambda _\alpha \not =0$


$\fun {I}^\alpha = \fun {H}$


$\fun {F} = \fun {S}$


$\mathfrak {C}_\eta $


${}^{\prime \prime }$


\begin {equation}(\fun {S}, \fun {S})(u) = 2 \fun {S}(u) - \frac {4 \fun {H}_0^2}{\|\phi \|^2_{L^2(\Omega )}}. \label {Xeqn70-65}\end {equation}


$u$


$\fun {H}(u) = \fun {H}_0$


\begin {align}\label {eq:tb1} 2 \fun {S}(u) - \frac {4 \fun {H}_0^2}{\|\phi \|^2_{L^2(\Omega )}} &\geq 0,\\ \label {eq:tb2} \fun {S} &\geq \fun {H}_0, \\ \label {eq:tb3} \|\phi \|^2_{L^2(\Omega )} &\leq \|\nabla \phi \|_{L^2(\Omega )}^2 = 2 \fun {H}_0.\end {align}


$\T ^2$


$\big (\fun {S}(u), 1/\|\phi \|^2_{L^2(\Omega )}\big ) \in \R _+^2$


\begin {equation*}\fun {S}(u) \geq \fun {H}_0 = \fun {S}_\eta , \quad \frac {1}{2\fun {H}_0} \leq \frac {1}{\|\phi \|^2_{L^2(\Omega )}} \leq \frac {1}{2\fun {H}_0} + \frac {\fun {S}(u) - \fun {S}_\eta }{2 \fun {H}_0^2}.\end {equation*}


$\mathfrak {C}_\eta $


\begin {equation*}\frac {1}{\|\phi \|^2_{L^2(\Omega )}} = \frac {1}{2\fun {H}_0} + \frac {\fun {S}(u) - \fun {S}_\eta }{2 \fun {H}_0^2}.\end {equation*}


$a \in (0,1)$


$u \in \mathcal {U}_\eta $


\begin {equation}\label {eq:shrunk-cone} \frac {1}{\|\phi \|^2_{L^2(\Omega )}} = \frac {1}{2\fun {H}_0} + (1-a) \frac {\fun {S}(u)-\fun {S}_\eta }{2 \fun {H}_0^2},\end {equation}


\begin {equation*}\big (\fun {S},\fun {S}\big ) \geq 2 a \big [\fun {S}(u) - \fun {S}_\eta \big ],\end {equation*}


${}^{\prime \prime }$


$\kappa _\eta =2a$


$(\fun {S}(u), 1/\|\phi \|_{L^2(\Omega )})$


$a=1/2$


$\omega (t)$


$\omega $


$t=T$


$\fun {S}\big (u(t)\big )-\fun {S}_\eta $


$\approx 1$


${}^{\prime \prime }$


$\omega $


$\approx 1/2$


$\big (\fun {S}(u), 1/\|\phi \|^2_{L^2(\Omega )} \big )$


$t \approx 5$


\begin {equation}\label {eq:ic-projector2} u_0(x) = \cos (2x_2) + u_G(x),\end {equation}


$\mathfrak {C}_\eta $


$u_G$


$1/N = 1.8$


$x_0 = (\pi , 3\pi /2)$


$w_1 = 0.3$


$w_2 = 1$


$\approx 1$


$u$


$\phi $


$\psi $


$V$


$v : \Omega \to \R ^N$


$\Omega \subset \R ^d$


$N,d \in \N $


$V \subseteq L^2(\Omega ,\mu ;\R ^N) =: W$


$\fun {F} \in C^1(V)$


$W$


$\delta \fun {F}(u)/\delta u \in W$


$\mathcal {O} \subset \R ^n$


$\nu $


$\tilde {W} := L^2(\mathcal {O},\nu ;\R ^{\tilde {N}})$


$n,\tilde {N} \in \N $


$d\nu (z) = \tilde {m}(z)dz$


$\tilde {m} \in C^\infty (\ol {\mathcal {O}})$


$dz$


$\mathcal {O}$


\begin {equation*}P : W \to \tilde {W}, \qquad \dom (P) = \Phi ,\end {equation*}


$\Phi $


$W$


$V \subseteq \Phi \subseteq W \subseteq \Phi '$


$\Phi '$


$\Phi $


$\Phi $


$W$


$\Phi $


$V$


$\fun {F}(u) = \int _\Omega u^2 d\mu $


$\fun {F}(u) = \int _\Omega w \cdot u d\mu $


$w \in \Phi $


$\delta \fun {F}(u) / \delta u \in \Phi $


$\fun {H}$


$\delta \fun {H}(u)/\delta u \in \Phi $


\begin {equation*}\TT : V \to \mathcal {B}(\tilde {W}),\end {equation*}


$\mathcal {B}(\tilde {W})$


$\tilde {W}$


$\tilde {W}$


$T(u)$


\begin {equation}\label {eq:T-energy-cond} \TT (u) P \frac {\delta \fun {H}(u)}{\delta u} = 0.\end {equation}


$P$


$\TT $


$\fun {H}$


\begin {equation}\label {eq:gen-clb} (\fun {F},\fun {G}) := \int _{\mathcal {O}} P \frac {\delta \fun {F}(u)}{\delta u} \cdot \TT (u) P \frac {\delta \fun {G}(u)}{\delta u}\, d\nu .\end {equation}


$\TT (u)$


$(\fun {F},\fun {H}) = 0$


$\fun {F}$


$\fun {F}$


$\delta \fun {F}(u)/\delta u \in \Phi $


$\TT (u)$


$\TT (u;x)$


$\tilde {N} \times \tilde {N}$


$P' \colon \tilde {W} \to \Phi '$


\begin {equation}\label {eq:P-dual} \big \langle w, P'\tilde {w} \big \rangle = \int _{\mathcal {O}} \tilde {w} \cdot Pw \,d\nu , \qquad \text {for all } w \in \Phi ,\end {equation}


$\langle \cdot , \cdot \rangle \colon \Phi \times \Phi ' \to \R $


$\Phi $


$\Phi '$


\begin {equation*}(\fun {F},\fun {G}) = \Big \langle \frac {\delta \fun {F}(u)}{\delta u}, P'\Big [ \TT (u) P \frac {\delta \fun {G}(u)}{\delta u} \Big ]\Big \rangle .\end {equation*}


$u \in C^1([0,T],V)$


$V$


$\fun {F} \in C^1(V)$


$\delta \fun {F}(u)/\delta u$


$\Phi $


$t \mapsto \fun {F}\big (u(t)\big )$


\begin {equation*}\frac {d}{dt} \fun {F} \big ( u(t) \big ) = \Big \langle \frac {\delta \fun {F}\big (u(t)\big )}{\delta u}, \partial _t u\Big \rangle .\end {equation*}


$\fun {S}$


$\delta \fun {S}(u) / \delta u \in \Phi $


$u(t)$


\begin {equation}\label {eq:clb-ev} \partial _t u = - P'\Big [\TT (u) P \frac {\delta \fun {S}(u)}{\delta u} \Big ] \quad \text {in } \Phi '.\end {equation}


$P$


$P'$


$P$


$\R ^N$


$d$


$\Omega $


$\R ^{\tilde {N}}$


$n$


$\mathcal {O}$


$n>d$


$\tilde {N} \geq N$


$\TT $


$P$


$\fun {H}$


$\TT $


\begin {align}\label {eq:PI} \|w\|_W \leq C_{P} \|Pw\|_{\tilde {W}}, \qquad &w \in \dom (P), \\ \label {eq:KC} \tilde {w} \in \ker \TT (u) \cap \rng P \iff \tilde {w} = \lambda P \frac {\delta \fun {H}(u)}{\delta u}, \quad &\text {for $\lambda \in \R $ constant,}\end {align}


$C_P$


$\ker \TT (u)$


$\rng P$


$\TT (u)$


$P$


$\tilde {W}$


$P = \nabla $


$(\fun {F},\fun {F}) = 0$


\begin {equation*}P \frac {\delta \fun {F}(u)}{\delta u} \in \ker \TT (u) \cap \rng (P),\end {equation*}


$\lambda $


\begin {equation*}P \frac {\delta \fun {F}(u)}{\delta u} = \lambda P \frac {\delta \fun {H}(u)}{\delta u}.\end {equation*}


\begin {equation*}\Big \|\frac {\delta \fun {F}(u)}{\delta u} - \lambda \frac {\delta \fun {H}(u)}{\delta u} \Big \|_W \leq C_P \Big \| P \Big [\frac {\delta \fun {F}(u)}{\delta u} - \lambda \frac {\delta \fun {H}(u)}{\delta u}\Big ] \Big \|_{\tilde {W}} = 0,\end {equation*}


$\lambda _\alpha \not = 0$


$\fun {I}^\alpha = \fun {H}$


$P$


$\TT $


$V$


$u(x) = f(\xx ,\vv )$


$\xx $


$\vv $


$\xx \in \Omega _{\xx }$


$\vv \in \Omega _{\vv }$


$\Omega _{\xx },\; \Omega _{\vv } \subset \R ^D$


$D \geq 2$


$f(\xx ,\cdot )$


$\Omega _{\vv }$


$\Omega = \Omega _{\xx } \times \Omega _{\vv }$


$d=2D$


$N=1$


$f$


$\Omega $


$d\mu (x) = d\xx d\vv $


$\mathcal {O} = \Omega \times \Omega _{\vv }$


$n = 3D$


$d\nu (\xx , \vv , \vv ') = d\xx d\vv d\vv '$


\begin {equation*}Pg(\xx ,\vv ,\vv ') = \nabla _{\vv } g(\xx ,\vv ) - \nabla _{\vv '} g(\xx ,\vv '),\end {equation*}


$\dom P$


$g \in L^2(\Omega )$


$\nabla _\vv g \in L^2(\Omega ;\R ^D)$


$Pg(\xx ,\vv ,\vv ') \in \R ^{\tilde {N}}$


$\tilde {N} = D$


\begin {equation*}\fun {H}(f) = \int _{\Omega } \big [\frac {1}{2} m \vv ^2 + \mathrm {V}(\xx )\big ] f(\xx ,\vv ) d\xx d\vv ,\end {equation*}


$m$


$\mathrm {V}$


$P (\delta \fun {H}(f)/\delta f) = m (\vv - \vv ')$


$\TT (u) = \TT (f)$


\begin {equation}\label {eq:Landau-kernel} \TT _{\mathrm {L}}(f; \xx , \vv , \vv ') = \frac {\nu _c}{2} M\big (f(\xx , \vv )\big ) M\big (f(\xx , \vv ')\big ) U_{\mathrm {L}}(\vv -\vv '),\end {equation}


$\nu _c >0$


$M \colon \R _+ \to \R _+$


\begin {equation*}U_{\mathrm {L}}(\vv -\vv ') := \frac {1}{|\vv -\vv '|} \Big (I - \frac {(\vv -\vv ') \otimes (\vv -\vv ')}{|\vv -\vv '|^2}\Big ).\end {equation*}


\begin {align}\label {eq:Landau-bracket} (\fun {F},\fun {G}) =& \frac {\nu _c}{2} \int _{\mathcal {O}} M\big (f(\xx , \vv )\big ) M\big (f(\xx , \vv ')\big ) \Big [ \nabla _{\vv } \frac {\delta \fun {F}(f)}{\delta f} (\xx ,\vv ) - \nabla _{\vv '} \frac {\delta \fun {F}(f)}{\delta f} (\xx ,\vv ') \Big ] \nonumber \\ &\cdot U_{\mathrm {L}}(\vv -\vv ') \Big [ \nabla _{\vv } \frac {\delta \fun {G}(f)}{\delta f} (\xx ,\vv ) - \nabla _{\vv '} \frac {\delta \fun {G}(f)}{\delta f} (\xx ,\vv ') \Big ] d\xx d\vv d\vv ' ,\end {align}


\begin {equation*}m(\vv -\vv ') = \nabla _{\vv } \frac {\delta \fun {H}(f)}{\delta f}(\xx , \vv ) - \nabla _{\vv '} \frac {\delta \fun {H}(f)}{\delta f}(\xx , \vv ')\end {equation*}


$P'$


$\tilde {w}(z) = \tilde {g}(\xx ,\vv ,\vv ')$


\begin {equation*}P'\tilde {g}(\xx ,\vv ) = - \div _{\vv } \Big [ \int _{\Omega _{\vv }} \big ( \tilde {g}(\xx ,\vv ,\mathsf {w}) - \tilde {g}(\xx ,\mathsf {w},\vv ) \big )d\mathsf {w}, \Big ],\end {equation*}


\begin {align*}\partial _t f &= \div _{\vv } \Big [ \nu _c \int _{\Omega _{\vv }} M\big (f(\xx , \vv )\big ) M\big (f(\xx , \mathsf {w})\big ) \\ &\times \ U_{\mathrm {L}}(\vv -\mathsf {w}) \Big ( \nabla _{\vv } \frac {\delta \fun {S}(f)}{\delta f}(\xx ,\vv ) - \nabla _{\mathsf {w}} \frac {\delta \fun {S}(f)}{\delta f}(\xx ,\mathsf {w}) \Big ) d\mathsf {w} \Big ],\end {align*}


$\fun {S}(f) = \int f \log f d\xx d\vv $


$M(f) = f$


$g(\xx ,\vv )$


$P$


\begin {equation*}\int _{\Omega _{\vv }} \nabla _{\vv } g(\xx ,\vv ) d\vv = 0,\end {equation*}


$g(\xx ,\cdot )$


$\Omega _{\vv }$


\begin {equation*}\|Pg\|_{\tilde {W}}^2 = 2 |\Omega _{\vv }| \int _{\Omega } \big |\nabla _{\vv } g(\xx ,\vv )\big |^2 d\xx d\vv ,\end {equation*}


$|\Omega _{\vv }| = \int _{\Omega _{\vv }}d\vv '$


$\|Pg\|_{\tilde {W}}^2$


$\|g\|_W = 1$


\begin {equation*}-\Delta _{\vv } g = \lambda _0 g, \qquad \int _{\Omega } |g(\xx ,\vv )|^2 d\xx d\vv = 1,\end {equation*}


$\lambda _0$


$\Delta _{\vv }$


$\Omega _{\vv }$


\begin {equation*}\|Pg\|_{\tilde {W}}^2 = 2 |\Omega _{\vv }| \int _{\Omega } \big |\nabla _{\vv } g(\xx ,\vv )\big |^2 d\xx d\vv \geq 2 |\Omega _{\vv }| \lambda _0 \|g\|^2_W,\end {equation*}


$g = 0$


$\Omega _\vv $


$P$


$\ker P$


$g \in \dom P$


\begin {equation*}\nabla _\vv g(\xx ,\vv ) - \nabla _{\vv '} g(\xx ,\vv ') = 0.\end {equation*}


$\ker P$


$\vv $


$\xx $


\begin {equation*}g \in \ker P \iff g(\xx ,\vv ) = a(\xx ) + b(\xx ) \cdot \vv ,\end {equation*}


$a : \Omega _\xx \to \R $


$b : \Omega _\xx \to \R ^D$


$\tilde {g}(\xx ,\vv ,\vv ')$


$\ker \TT _{\mathrm {L}}$


\begin {equation*}\tilde {g}(\xx ,\vv ,\vv ') = \Lambda (\xx ,\vv ,\vv ') \big (\vv - \vv '\big ),\end {equation*}


$\mathcal {O}$


$\Lambda (\xx ,\vv ,\vv ') \in \R $


$\tilde {g} \in \rng (P)$


\begin {equation*}\nabla _{\vv } g(\xx ,\vv ) - \nabla _{\vv '} g(\xx ,\vv ') = \Lambda (\xx ,\vv ,\vv ') \big (\vv - \vv '\big ), \quad \text {a.e. in } \mathcal {O}.\end {equation*}


$g$


$\Lambda $


$\Lambda (\xx ,\vv ,\vv ') = \Lambda (\xx ,\vv ',\vv )$


$\vv ' = \mathsf {a} \in \Omega _{\vv }$


\begin {equation*}\nabla _\vv g(\xx ,\vv ) = \nabla _{\vv '} g(\xx ,\mathsf {a}) + \Lambda (\xx ,\vv ,\mathsf {a}) (\vv - \mathsf {a}),\end {equation*}


\begin {align*}\nabla _{\vv } g(\xx ,\vv ) - \nabla _{\vv '} g(\xx ,\vv ') &= \Lambda (\xx ,\vv ,\mathsf {a}) (\vv - \mathsf {a}) -\Lambda (\xx ,\vv ',\mathsf {a}) (\vv ' - \mathsf {a}) \\ & = \Lambda (\xx ,\vv ,\vv ') \big ((\vv - \mathsf {a}) - (\vv '-\mathsf {a})).\end {align*}


\begin {equation*}\big [\Lambda (\xx ,\vv ,\vv ') - \Lambda (\xx ,\vv ,\mathsf {a})\big ] (\vv - \mathsf {a}) - \big [\Lambda (\xx ,\vv ,\vv ') - \Lambda (\xx ,\mathsf {a},\vv ')\big ] (\vv ' - \mathsf {a}) = 0.\end {equation*}


$\vv -\mathsf {a}$


$\vv '-\mathsf {a}$


$\R ^D$


$(\xx ,\vv ,\vv ')$


$\mathcal {O}$


$\Lambda $


\begin {equation*}\left \{ \begin {aligned} \Lambda (\xx ,\vv ,\vv ') - \Lambda (\xx ,\vv ,\mathsf {a}) &= 0, \\ \Lambda (\xx ,\vv ,\vv ') - \Lambda (\xx ,\mathsf {a},\vv ') &= 0, \end {aligned} \right . \quad \text { a.e. in } \mathcal {O},\end {equation*}


$\mathsf {a}$


$m c(\xx )$


$\xx $


$m$


\begin {equation*}\Lambda (\xx ,\vv ,\vv ') = m c(\xx ) = \text { a.e. in } \mathcal {O}.\end {equation*}


$\tilde {g} \in \ker T(f) \cap \rng P$


\begin {equation*}\tilde {g}(\xx ,\vv ,\vv ') = m c(\xx ) (\vv - \vv ') = c(\xx ) P \frac {\delta \fun {H}(f)}{\delta f}(\xx ,\vv ,\vv ').\end {equation*}


$c$


$\mathcal {O}$


$\xx $


$\xx $


$T(f)$


$P$


\begin {equation*}\big (\fun {F},\fun {F}\big )(f) = 0 \iff P \frac {\delta \fun {F}(f)}{\delta f} \in \ker T(f),\end {equation*}


\begin {equation*}P\frac {\delta \fun {F}(f)}{\delta f} = mc(\xx ) (\vv -\vv ') = c(\xx ) P\frac {\delta \fun {H}(f)}{\delta f},\end {equation*}


$c$


$(\vv ,\vv ')$


\begin {equation*}P\Big (\frac {\delta \fun {F}(f)}{\delta f} - c \frac {\delta \fun {H}(f)}{\delta f}\Big ) = 0.\end {equation*}


$P$


\begin {equation*}\big (\fun {F},\fun {F}\big )(f) = 0 \iff \frac {\delta \fun {F}(f)}{\delta f} = a \frac {\delta \fun {N}(f)}{\delta f} + b \cdot \frac {\delta \fun {P}(f)}{\delta f} + c \frac {\delta \fun {H}(f)}{\delta f},\end {equation*}


$a$


$b$


$c$


$\xx $


\begin {equation*}\fun {N}(f) = \int _\Omega f(\xx ,\vv )d\xx d\vv , \quad \fun {P}(f) = \int _\Omega f(\xx ,\vv ) \vv d\xx d\vv ,\end {equation*}


$\fun {H}(f)$


$\xx $


$a$


$b$


$c$


$f(\xx ,\vv )$


$L^2$


$\R ^N$


$\Omega \subset \R ^d$


$N \in \N $


$\mathcal {O} = \Omega \times \Omega $


$\tilde {N} = 2N$


$\Phi = W = L^2(\Omega ,\mu ;\R ^N) = \Phi '$


$\tilde {W} = L^2(\mathcal {O},\nu ;\R ^{\tilde {N}})$


$d\nu (x,x') = d\mu (x) d\mu (x')$


\begin {equation*}P : W \to \tilde {W}, \qquad Pw(x,x') = \begin {pmatrix} w(x) \\ w(x') \end {pmatrix} \in \R ^{2N}.\end {equation*}


$\fun {H}(u)$


$\delta \fun {H}(u)/\delta u \in W$


$\TT (u)$


\begin {equation*}\TT (u;x,x') = \kappa (u) \begin {pmatrix} |h(x')|^2 I_N & -h(x) \otimes h(x') \\ - h(x') \otimes h(x) & |h(x)|^2 I_N \end {pmatrix},\end {equation*}


$I_N$


$N \times N$


$h = \delta \fun {H}(u)/\delta u$


$h$


$u$


\begin {align*}(\fun {F},\fun {G}) &= 2 \kappa (u) \int _{\mathcal {O}} \frac {\delta \fun {F}(u)}{\delta u} (x) \cdot \Big [ \Big | \frac {\delta \fun {H}(u)}{\delta u} (x') \Big |^2 \frac {\delta \fun {G}(u)}{\delta u} (x) \\ & \hspace {40mm} -\frac {\delta \fun {H}(u)}{\delta u} (x) \Big ( \frac {\delta \fun {H}(u)}{\delta u} (x') \cdot \frac {\delta \fun {G}(u)}{\delta u} (x') \Big )\Big ] d\mu (x) d\mu (x') \\ &= 2 \kappa (u) \Big \|\frac {\delta \fun {H}(u)}{\delta u} \Big \|^2_{L^2} \int _{\Omega } \frac {\delta \fun {F}(u)}{\delta u} (x) \cdot \Pi _{\fun {H}} \frac {\delta \fun {G}(u)}{\delta u}(x) d\mu (x),\end {align*}


$\Pi _{\fun {H}}$


$L^2$


$\R ^N$


$2\kappa $


$\|h\|^2_{L^2}$


$N=1$


\begin {equation*}\|Pw\|^2_{L^2(\mathcal {O},\nu ;\R ^{2N})} = \int _{\Omega \times \Omega } \big (|w(x)|^2 + |w(x')|^2 \big ) d\mu (x) d\mu (x') = 2 \mu (\Omega ) \|w\|^2_{L^2(\Omega ,\mu ;\R ^N)},\end {equation*}


$\mu (\Omega ) = \int _{\Omega } d\mu $


$h \not = 0$


$\tilde {w} \in \ker \TT (u) \cap \rng (P)$


$w \in W$


$\tilde {w} = Pw$


\begin {equation*}|h(x')|^2 w(x) - h(x) \big (h(x') \cdot w(x')\big ) = 0 \in \R ^N,\end {equation*}


$(x,x')$


$h(x)$


\begin {equation*}|h(x')|^2 \big (h(x) \cdot w(x)\big ) = |h(x)|^2 \big (h(x') \cdot w(x')\big ).\end {equation*}


$\big (-|h(x')|^2, |h(x)|^2 \big )$


$\big (h(x)\cdot w(x), h(x') \cdot w(x')\big )$


$\R ^2$


\begin {equation*}\begin {pmatrix} h(x)\cdot w(x)\\ h(x') \cdot w(x') \end {pmatrix} = \Lambda (x,x') \begin {pmatrix} |h(x)|^2 \\ |h(x')|^2 \end {pmatrix} ,\end {equation*}


$\Lambda $


$(x,x')$


$(x,x')$


$\Lambda $


$\mathcal {O}$


$\Lambda (x,x') = \lambda $


$(x,x')$


\begin {equation*}\lambda |h(x)|^2 = h(x) \cdot w(x) \iff w(x) = \lambda h(x),\end {equation*}


$L^2$


$N=1$


$\mathcal {O} = \Omega \times \Omega $


$n = 2d$


$z = (x,x') \in \Omega \times \Omega $


$d\nu (x,x') = d\mu (x) d\mu (x')$


$P$


\begin {equation*}Pw(x,x') = P_L w(x,x') = Lw(x) - Lw(x'),\end {equation*}


$L : W \to L^2(\Omega ,\mu ; \R ^{\tilde {N}})$


$\dom (L) = \Phi \subseteq W$


$\R ^{\tilde {N}}$


$\tilde {N} \geq 2$


$\tilde {N}$


$N$


\begin {equation}\label {eq:Q} Q_k(z) := |z|^2 I_k - z \otimes z, \qquad z \in \R ^k,\end {equation}


$k \in \N $


$I_k$


$k \times k$


$\TT (u)$


\begin {equation}\label {eq:T-L} \TT (u;x,x') = \frac {1}{2} \kappa (u;x,x') Q_{\tilde {N}} \Big ( P_L \frac {\delta \fun {H}(u)}{\delta u} (x,x') \Big ),\end {equation}


$\kappa (u;\cdot ,\cdot )$


$\kappa (u;x,x') = \kappa (u;x',x)$


$\tilde {N}=1$


\begin {align}\label {eq:cb-clb1} (\fun {F},\fun {G}) :=& \frac {1}{2} \int _\Omega \int _\Omega \kappa (u;x,x') \Big [P_L \frac {\delta \fun {F}(u)}{\delta u}(x,x') \Big ]\nonumber \\ &\cdot Q_{\tilde {N}} \Big ( P_L \frac {\delta \fun {H}(u)}{\delta u}(x,x')\Big ) \Big [P_L \frac {\delta \fun {G}(u)}{\delta u}(x,x')\Big ] d\mu (x) d\mu (x').\end {align}


$P'$


$L$


$L' : L^2(\Omega ,\mu ;\R ^{\tilde {N}}) \to \Phi '$


$\varpi \in L^2(\Omega ,\mu ;\R ^{\tilde {N}})$


\begin {equation}\label {eq:L-dual} \langle w, L' \varpi \rangle = \int _{\Omega } \varpi (x) \cdot Lw(x) d\mu (x), \qquad \text {for all } w \in \Phi ,\end {equation}


\begin {align*}\int _{\mathcal {O}} \tilde {w}(x,x') \cdot P_Lw(x,x') d\nu (x,x') &= \int _\Omega Lw(x) \int _\Omega \big [\tilde {w}(x,x') - \tilde {w}(x',x)\big ] d\mu (x') d\mu (x) \\ &= \Big \langle w, L'\Big [ \int _\Omega \big [\tilde {w}(\cdot ,x') - \tilde {w}(x',\cdot )\big ] d\mu (x') \Big ] \Big \rangle \\ &= \big \langle w, P_L' \tilde {w}\big \rangle .\end {align*}


$L'$


\begin {equation}\label {eq:old-clb-ev} \partial _t u = -L' \Big [ \mathbb {D}(u) L\frac {\delta \fun {S}(u)}{\delta u} - \mathbb {F}\Big (u,\frac {\delta \fun {S}(u)}{\delta u}\Big )\Big ],\end {equation}


\begin {align}\label {eq:D} \mathbb {D}(u;x) &:= \int _\Omega \kappa (u;x,x') Q_{\tilde {N}} \Big ( P_L \frac {\delta \fun {H}(u)}{\delta u}(x,x')\Big ) d\mu (x'),\\ \label {eq:F} \mathbb {F}(u,v;x) &:= \int _\Omega \kappa (u;x,x') Q_{\tilde {N}} \Big (P_L \frac {\delta \fun {H}(u)}{\delta u}(x,x')\Big ) Lv(x') d\mu (x').\end {align}


$\nabla _\vv $


$L$


$d\mu (x) = m(x) dx$


$m$


$\ol {\Omega }$


$d\nu (x,x') = d\mu (x) d\mu (x')$


\begin {equation*}\|Pw\|^2_{\tilde {W}} = \int _{\mathcal {O}} \big |L w(x) - L w(x')\big |^2 d\nu (x,x') \geq m_0^2 \int _{\mathcal {O}} \big |L w(x) - L w(x')\big |^2 dx dx',\end {equation*}


$m_0 = \min \{m(x) \colon x \in \ol {\Omega }\}$


$L$


\begin {equation}\label {eq:PI-L} \|w\|_W \leq C_L \|Lw\|_{L^2(\Omega )}, \qquad \int _\Omega Lw(x) dx = 0,\end {equation}


\begin {equation*}\int _{\mathcal {O}} \big |L w(x) - L w(x')\big |^2 dx dx' = 2 |\Omega | \int _\Omega \big |Lw(x)|^2 dx - 2 \Big | \int _\Omega Lw(x)dx\Big |^2\geq 2 |\Omega | C_L^{-2} \|w\|^2_W,\end {equation*}


$\tilde {w} \in \tilde {W}$


$\ker \TT (u) \cap \rng (P)$


$w \in W$


$\Lambda : \Omega \times \Omega \to \R $


\begin {equation*}Lw(x) - Lw(x') = \Lambda (x,x') \big [Lh(x) - Lh(x')\big ],\end {equation*}


$h = \delta \fun {H}(u) / \delta u$


$\Lambda (x,x') = \Lambda (x',x)$


$x \not = x'$


$x' = a \in \Omega $


$Lw(x)$


\begin {equation*}Lw(x) = Lw(a) + \Lambda (x,a) X_a(x), \qquad X_a(x) := Lh(x) - Lh(a).\end {equation*}


\begin {align*}Lw(x) - Lw(x') &= \Lambda (x,a) X_a(x) - \Lambda (a,x') X_a(x') \\ &= \Lambda (x,x') \big [X_a(x) - X_a(x')\big ],\end {align*}


\begin {equation*}\big [\Lambda (x,x') - \Lambda (x,a)\big ] X_a(x) - \big [\Lambda (x,x') - \Lambda (a,x')\big ] X_a(x') = 0.\end {equation*}


$X_a(x)$


$X_a(x')$


$(x,x') \in \Omega \times \Omega = \mathcal {O}$


$\Lambda (x,x') = \lambda =$


$L$


$X_a(x)$


$X_a(x')$


$\Omega \times \Omega $


$4$


$\delta \fun {H} / \delta u$


$4$


$L$


$N=1$


\begin {equation*}L w = \nabla w,\end {equation*}


$\dom (L) = H^1_0(\Omega )$


$L^2(\Omega )$


$L^2(\Omega )$


$\partial \Omega $


$\tilde {N} = d$


$H_0^1$


$L'$


$\varpi \in L^2(\Omega ,\mu ; \R ^d)$


\begin {equation*}\langle w, L' \varpi \rangle = \int _\Omega \varpi (x) \cdot \nabla w(x) d\mu (x) = - \int _\Omega w(x) \div _\mu \varpi (x) d\mu (x),\end {equation*}


$-L' \varpi = \div _\mu \varpi = \frac {1}{m} \sum _i \partial _{x_i} \big [m \varpi ^i\big ]$


$d\mu (x) = m(x) dx$


$\varpi $


$L' = -\widetilde {\div _\mu }$


\begin {equation*}\kappa (u;x,x') = M\big (x,u(x)\big ) M\big (x',u(x')\big ),\end {equation*}


$M(x,y) > 0$


$\Omega \times \R $


\begin {equation}\label {eq:entropy-2D} \fun {S}(u) = \int _\Omega s\big (x,u(x)\big ) dx,\end {equation}


$s(x,y)$


$y$


$x$


\begin {equation*}\frac {\delta \fun {S}(u)}{\delta u} (x) = \partial _y s\big (x,u(x)\big ),\end {equation*}


\begin {equation*}\nabla \frac {\delta \fun {S}(u)}{\delta u} (x) = \partial _y^2 s\big (x,u(x)\big ) \nabla u(x) + \partial _x\partial _y s\big (x,u(x)\big ).\end {equation*}


$M$


\begin {equation}\label {eq:M-condition} M(x,y) \partial _y^2s(x,y) = 1,\end {equation}


$\partial _y^2 s(x,y) > 0$


\begin {equation}\label {eq:div-grad-ev} \partial _t u = \widetilde {\div _\mu } \Big [\mathbb {D}_s(u) \big (\nabla u + M(x,u)\partial _x\partial _y s(x,u)\big ) - M(x,u) \mathbb {F}_s(u, \nabla u)\Big ],\end {equation}


\begin {align*}\mathbb {D}_s(u;x) &= \int _\Omega Q_2\Big (\nabla \frac {\delta \fun {H}(u)}{\delta u}(x) - \nabla \frac {\delta \fun {H}(u)}{\delta u}(x')\Big ) M\big (x',u(x')\big )d\mu (x'), \\ \mathbb {F}_s(u;x) &= \int _\Omega Q_2\Big (\nabla \frac {\delta \fun {H}(u)}{\delta u}(x) - \nabla \frac {\delta \fun {H}(u)}{\delta u}(x')\Big ) \\ & \hspace {10mm} \big [\nabla u(x') + M\big (x',u(x')\big ) \partial _x\partial _y s\big (x',u(x')\big ) \big ] d\mu (x').\end {align*}


$\mu $


$s$


$\fun {H}$


$d = \tilde {N} = 2$


$\Omega $


$\R ^3$


$d = N = 3$


$d\mu (x) = dx$


\begin {equation*}L w = \curl w,\end {equation*}


\begin {equation*}\Phi = \{w \in H(\curl ,\Omega ) \cap H(\div ,\Omega ) \colon \text { $\div w = 0$ in $\Omega $, $n \times w = 0$ on $\partial \Omega $}\},\end {equation*}


$H(\curl ,\Omega )$


$H(\div ,\Omega )$


$w \in L^2(\Omega ;\R ^3)$


$\curl w \in L^2(\Omega ;\R ^3)$


$\div w \in L^2(\Omega )$


$w \in \Phi = \dom (L)$


$n \times w$


$n : \partial \Omega \to \R ^3$


$\partial \Omega $


\begin {equation*}\int _\Omega \curl w dx = \int _{\partial \Omega } (n \times w) d\sigma = 0,\end {equation*}


$d\sigma $


$\partial \Omega $


$\varpi \in L^2(\Omega ;\R ^3)$


\begin {equation*}\langle w, L'\varpi \rangle = \int _\Omega \varpi (x) \cdot \curl w(x) dx = \int _\Omega w(x) \cdot \curl \varpi (x) dx,\end {equation*}


$L' \varpi = \curl \varpi $


$\varpi $


$L' = \widetilde {\curl }$


$\kappa = 1$


\begin {equation}\label {eq:curl-curl-ev} \partial _t u = -\widetilde {\curl } \Big [ \mathbb {D}_v(u) \curl \frac {\delta \fun {S}(u)}{\delta u} - \mathbb {F}_v\Big (u, \frac {\delta \fun {S}(u)}{\delta u}\Big ) \Big ],\end {equation}


\begin {align*}\mathbb {D}_v(u;x) &= \int _\Omega Q_3\Big ( \curl \frac {\delta \fun {H}(u)}{\delta u}(x) - \curl \frac {\delta \fun {H}(u)}{\delta u}(x') \Big ) dx', \\ \mathbb {F}_v(u,v;x) &= \int _\Omega Q_3\Big ( \curl \frac {\delta \fun {H}(u)}{\delta u}(x) - \curl \frac {\delta \fun {H}(u)}{\delta u}(x') \Big ) \curl v (x') dx'.\end {align*}


$\kappa $


$\varphi \in H_0^1(\Omega )$


$\fun {F}_\varphi (u) = \int _\Omega u \cdot \nabla \varphi dx = -\int _\Omega \varphi \div u dx$


$\Omega $


$\ol {\Omega } = [0,1] \times [0,1]$


$s(\omega ) = \omega ^2/2$


$\Omega $


\begin {equation*}\phi _{m,n}(x) = \mathcal {N}_{m,n} \sin (m \pi x_1) \sin (n \pi x_2), \qquad \lambda _{m,n} = \pi ^2 (m^2 + n^2),\end {equation*}


$m,n \in \N $


$\mathcal {N}_{m,n}$


$\phi _{1,1}$


$\mathcal {N}_{1,1}$


\begin {equation*}2 \fun {H}_0 = \int _\Omega \phi \omega dx = \lambda _{1,1} \|\phi _{1,1}\|^2_{L^2(\Omega )} = \lambda _{1,1} \mathcal {N}_{1,1}^2 /4,\end {equation*}


\begin {equation}\label {eq:euler-ref-lin} \begin {aligned} \phi (x) &= \big (2\sqrt {\fun {H}_0} / \pi \big ) \sin (\pi x_1) \sin (\pi x_2), \\ \omega (x) = \lambda _{1,1} \phi (x) &= 4\pi \sqrt {\fun {H}_0} \sin (\pi x_1) \sin (\pi x_2), \end {aligned} \qquad \lambda _{1,1} = 2 \pi ^2 \approx 19.7392.\end {equation}


$s(\omega )$


$\lambda $


$\omega $


$\Omega $


\begin {equation*}\int _\Omega \omega s'(\omega ) dx = \lambda \int _\Omega \omega \phi dx = 2 \lambda \fun {H}_0,\end {equation*}


$\lambda $


$s(\omega ) = \omega \log \omega $


\begin {equation}\label {eq:euler-ref-log-lambda} \lambda =\frac {1}{2 \fun {H}_0} \big (\fun {M}(\omega ) + \fun {S}(\omega ) \big ),\end {equation}


$\fun {M}(\omega ) = \int _\Omega \omega dx$


$u(t) \in V \subseteq \Phi $


$u(t,x)=\omega (t,x)$


$\fun {S}$


$\fun {H}$


$H^1$


$u_h(t)$


$H_0^1(\Omega )$


$V$


$\fun {H}(u_h)$


$s(\omega ) = \omega ^2/2$


$\ol {\Omega } = [0,1]^2$


$64 \times 64$


$u = \omega $


$s(\omega ) = \omega ^2/2$


\begin {equation}\label {eq:sv-ic} u_0(x) = u_G(x), \; \text {with}\, u_G\, \text {defined in \linkref [Eq.~]{(\ref {eq:initial_gaussian})}},\end {equation}


$x_{0,1} = x_{0,2} = 1/2$


$w_1^2 = 0.01$


$w_2^2 = 0.07$


$N=1$


$u$


$\omega $


$\omega $


$\phi $


$\omega $


$\phi $


$\omega = \lambda _{1,1} \phi $


$\phi $


$\lambda _{1,1}$


$\phi $


$\omega $


$\fun {H}_0$


\begin {equation}\label {eq:pe-ic} u_0(x) = \sin (6\pi x_1)\sin (4\pi x_2) + u_G(x), \; \text {with}\, u_G\, \text {defined in \linkref [Eq.~]{(\ref {eq:initial_gaussian})}},\end {equation}


$N=100$


$\omega $


$\phi $


$\fun {H}_0$


$s(\omega ) = \omega \log \omega $


\begin {equation}\label {eq:euler-ref-log} 1 + \log \omega = \lambda \phi \quad \iff \quad \omega = e^{\lambda \phi -1},\end {equation}


$\lambda $


$1/N = 10$


$s(\omega ) = \omega \log \omega $


$\phi $


$\lambda $


$\fun {M}(\omega )$


$\fun {S}(\omega )$


$\omega $


$\Omega $


$\ol {\Omega } \subset \R _+ \times \R $


$x = (x_1,x_2) = (r,z)$


$u(t)$


$u(t,r,z) = (4\pi /c) r J_\varphi (t,r,z)$


$\mu $


$\Omega $


\begin {equation}\label {eq:mm-entropy} s(r,y) = \frac {1}{2} \frac {y^2}{C r^2 + D}, \qquad d\mu (r,z) = \frac {1}{r} dr dz,\end {equation}


$r \geq r_0 > 0$


$\ol {\Omega }$


\begin {equation*}\frac {4\pi }{c} J_\varphi = \lambda \Big (Cr + \frac {D}{r}\Big ) \psi ,\end {equation*}


$u = (4\pi /c) rJ_\varphi $


\begin {equation}\label {eq:gs-ref} \frac {u}{Cr^2 +D} = \lambda \psi .\end {equation}


$C = 0.6$


$D = 0.2$


$\ol {\Omega } = [1,7] \times [-9.5,+9.5]$


$x = (x_1,x_2) = (r,z)$


$64 \times 64$


$u_0$


$x_{0,1} = r_0 = 4$


$x_{0,2} = z_0 = 0$


$w_1^2 = 0.5$


$w_2^2 = 3.2$


$N=1$


$J_\varphi = (c/4\pi r) u_0$


$u_0$


$u/(Cr^2 + D)$


$\psi $


$\psi $


$u/(Cr^2 + D)$


$\psi $


$\lambda $


$C = 0.6$


$D = 0.2$


$u$


$u / (Cr^2 + D)$


$\psi $


$u / (Cr^2 + D)$


$\psi $


$u / (Cr^2 + D)$


$\psi $


$\lambda = 0.030302$


$\Omega $


$\{z \in \C \colon |z|<1\}$


\begin {equation}\label {eq:mapping} \begin {aligned} r &= a \Big [b + \frac {1}{\varepsilon } \Big (1 - \sqrt {1 + \varepsilon (\varepsilon + 2~s \cos \theta ) }\Big )\Big ], \\ z &= c \frac {e \xi s\sin \theta }{ 2-\sqrt {1 + \varepsilon (\varepsilon + 2~s \cos \theta )}}, \end {aligned}\end {equation}


$z = s \exp (i\theta )$


$e = 1.4$


$\varepsilon = 0.3$


$a = 4$


$b = 3$


$c=6.3$


$\xi = 1 / \sqrt {1-\varepsilon ^2 / 4}$


$r_0 = 12$


$w_1^2 = 0.6$


$w_2^2 = 6.0$


$u/(Cr^2+D)$


$\lambda = 0.002599$


$u$


$\Omega $


$\mathcal {O} = \Omega $


$n = d$


$n > d$


$\mathcal {O} = \Omega $


$\nu = \mu $


$\tilde {N} \not = N$


$\tilde {W} \not = W$


\begin {equation}\label {eq:gen-dlb} (\fun {F},\fun {G}) := \int _\Omega P \frac {\delta \fun {F}(u)}{\delta u} \cdot \TT (u) P \frac {\delta \fun {G}(u)}{\delta u} d\mu ,\end {equation}


$P : W \to \tilde {W}$


$\TT (u) \in \mathcal {B}(\tilde {W})$


$P'$


$N=1$


$W = L^2(\Omega ,\mu )$


$\Phi = C^\infty (\ol {\Omega })$


\begin {equation*}Pw = \nabla w.\end {equation*}


$\tilde {N} = d$


$\tilde {W} = L^2(\Omega ,\mu ;\R ^d)$


$L^2$


$\Omega $


$J(x)$


$C^\infty (\ol {\Omega })$


$d \times d$


\begin {equation*}[w_1, w_2]_J = \nabla w_1(x) \cdot J(x) \nabla w_2(x).\end {equation*}


$[\cdot ,\cdot ]_J$


$\gamma \colon W \times W \to \R $


$\Gamma \colon W \to W$


\begin {equation*}\gamma (w_1,w_2) = \int _\Omega w_1(x) \cdot \Gamma w_2(x) d\mu (x),\end {equation*}


$w_1, w_2 \in W$


$J$


$\gamma $


\begin {equation*}\TT (u) = X_h(u)\, \circ \, \Gamma \, \circ \, \transpose {X_h(u)},\end {equation*}


$X_h(u)$


$\transpose {X_h(u)}$


\begin {equation*}X_h(u;x) = J(x) \nabla h(x), \quad \transpose {X_h(u;x)} = -\nabla h(x) \cdot J(x),\end {equation*}


$h = \delta \fun {H}(u) / \delta u \in \Phi = C^\infty (\ol {\Omega })$


$J$


$[\cdot ,\cdot ]_J$


$X_h(u;\cdot )$


$d$


$h = \delta \fun {H}(u) / \delta u$


$X_h(u;\cdot ) \in C^\infty (\ol {\Omega };\R ^d)$


$\TT (u)$


$\tilde {W}$


$\Gamma $


$\TT (u)$


$\nabla h \in \ker \TT (u)$


$P$


$\TT (u)$


\begin {align*}\big (\fun {F},\fun {G}) &= \int _\Omega \Big ( \nabla \frac {\delta \fun {F}(u)}{\delta u} \cdot J \nabla \frac {\delta \fun {H}(u)}{\delta u} \Big ) \Gamma \Big ( \nabla \frac {\delta \fun {G}(u)}{\delta u} \cdot J \nabla \frac {\delta \fun {H}(u)}{\delta u} \Big ) d\mu \\ &= \gamma \Big ( \Big [\frac {\delta \fun {F}(u)}{\delta u}, \frac {\delta \fun {H}(u)}{\delta u} \Big ]_J, \Big [\frac {\delta \fun {G}(u)}{\delta u}, \frac {\delta \fun {H}(u)}{\delta u} \Big ]_J\Big ),\end {align*}


$\Omega $


$f : \R \to \R $


$\tilde {w} = \nabla f(h)$


$h = \delta \fun {H}(u){\delta u}$


$\ker \TT (u) \cap \rng (P)$


$N=1$


$\Omega \subset \R ^d$


$d\geq 2$


$P = \nabla $


$\Phi = H_0^1(\Omega )$


$Q_d$


\begin {equation*}\TT (u;x) = \kappa (u;x) Q_d\Big (\nabla \frac {\delta \fun {H}(u)}{\delta u} (x)\Big ),\end {equation*}


$\kappa (u;x)$


$\TT (u)$


$\TT (u;\cdot )$


\begin {equation}\label {eq:d-div-grad} (\fun {F},\fun {G}) = \int _\Omega \kappa (u) \nabla \frac {\delta \fun {F}(u)}{\delta u} \cdot Q_d\Big (\nabla \frac {\delta \fun {H}(u)}{\delta u} \Big ) \nabla \frac {\delta \fun {G}(u)}{\delta u} d\mu ,\end {equation}


\begin {equation*}\partial _t u = \widetilde {\div _\mu } \Big [\kappa (u) Q_d\Big (\nabla \frac {\delta \fun {H}(u)}{\delta u} \Big ) \nabla \frac {\delta \fun {S}(u)}{\delta u}\Big ] \quad \text {in } \Phi ' = H^{-1}(\Omega ).\end {equation*}


$d=2$


\begin {equation*}Q_2(\nabla h) = X_h \otimes X_h = X_h \transpose {X_h}, \qquad h = \delta \fun {H}(u) / \delta u,\end {equation*}


$X_h = J_c \nabla h = (-\partial _2 h, \partial _1 h)$


$h(x)$


$\transpose {X_h}$


$\Gamma = I$


$d>2$


$X_h \not = 0$


$Q_d$


$d$


$X_h \otimes X_h$


$d-1$


$d=2$


$d \geq 3$


$Q_d(\nabla h)$


\begin {equation*}\frac {1}{(d-2)!} \sum _{i_1, \ldots , i_{d-2}} \epsilon _{i_1,\ldots ,i_{d-2}, i, k} \epsilon _{i_1,\ldots ,i_{d-2}, j, l} = \delta _{ij} \delta _{kl} - \delta _{il} \delta _{jk},\end {equation*}


$\epsilon _{i_1,\ldots ,i_d}$


\begin {equation}\label {eq:Levi-Civita-identities} \begin {aligned} [Q_d(\nabla h)]_{ij} &= |\nabla h|^2 \delta _{ij} - \partial _i h \partial _j h = \sum _{kl} \big [\delta _{ij} \delta _{kl} - \delta _{il} \delta _{jk}\big ] \partial _k h \partial _l h \\ &= \frac {1}{(d-2)!} \sum _{i_1, \ldots , i_{d-2}} \sum _{k,l} \epsilon ^{i_1,\ldots ,i_{d-2}, i, k} \epsilon ^{i_1,\ldots ,i_{d-2}, j, l} \partial _k h \partial _l h, \end {aligned}\end {equation}


$\partial _j h = \partial h/\partial x_j$


\begin {equation*}(\fun {F},\fun {G}) = \frac {1}{(d-2)!} \sum _\alpha \int _\Omega \kappa (u)\, \mathcal {E}_d^{\alpha }(\nabla f, \nabla h) \, \mathcal {E}_d^{\alpha }(\nabla g, \nabla h)\, d\mu ,\end {equation*}


$\alpha = (i_1,\ldots ,i_{d-2})$


$f = \delta \fun {F}(u)/\delta u$


$g = \delta \fun {G}(u)/\delta u$


\begin {equation*}\mathcal {E}_d^{\alpha }(\nabla \varphi , \nabla \psi ) = \sum _{i, k} \epsilon ^{i_1,\ldots ,i_{d-2}, i, k} \partial _i \varphi \partial _k \psi , \quad \alpha = (i_1,\ldots ,i_{d-2}).\end {equation*}


$d = 3$


$\mathcal {E}_3$


$\R ^3$


$\R ^3$


$4$


\begin {equation*}\begin {imageonly} \begin {aligned} (\fun {F},\fun {G}) = \frac {1}{2} \sum _{i,j,k,l} \int _\Omega \kappa (u) (\delta \owedge \delta )_{ijkl} \Big [\partial _i \frac {\delta \fun {F}(u)}{\delta u}\Big ] \Big [\partial _j \frac {\delta \fun {H}(u)}{\delta u}\Big ] \Big [\partial _k \frac {\delta \fun {G}(u)}{\delta u}\Big ] \Big [\partial _l \frac {\delta \fun {H}(u)}{\delta u}\Big ] d\mu , \end {aligned} \end {imageonly}\end {equation*}


$(\delta \owedge \delta )_{ijkl}=2(\delta _{ik}\delta _{jl}-\delta _{il}\delta _{jk})$


$\curl \,-\,\curl $


$\Omega \subset \R ^3$


$d\mu (x) = dx$


$d=N=3$


\begin {equation*}Pw = \curl w,\end {equation*}


$\tilde {N} = N = 3$


$\tilde {W} = W$


$\dom (P)$


\begin {equation*}\Phi = \{w \in H(\curl ,\Omega ) \cap H(\div ,\Omega ) \colon \text { $\div w = 0$ in $\Omega $, $n \cdot w = 0$ on $\partial \Omega $}\}.\end {equation*}


$\Phi $


$\curl $


$Q_3$


\begin {equation*}\TT (u;x) = \kappa (u;x) Q_3\Big (\curl \frac {\delta \fun {H}(u)}{\delta u}\Big ),\end {equation*}


$\kappa (u;x)$


$P = \curl $


$\dom (P) = \Phi $


$\tilde {w} \in \ker \TT (u) \cap \rng (P) \subset \tilde {W} = L^2(\Omega ;\R ^3)$


$\tilde {w} = \curl w$


$w \in \Phi $


$\tilde {w}(x) = \Lambda (x) b(x)$


$b = \curl h$


$h = \delta \fun {H}/\delta u$


$(\Lambda , w)$


\begin {equation*}\left \{ \begin {aligned} \curl w &= \Lambda b, && \text {in } \Omega , \\ \div w &= 0, && \text {in } \Omega ,\\ b \cdot \nabla \Lambda &= 0, && \text {in } \Omega , \\ n \cdot w &= 0, && \text {on } \partial \Omega . \end {aligned} \right .\end {equation*}


$b$


$\curl b = \mu b$


$\mu (x)$


$\Lambda = \mu $


$w = b$


\begin {equation}\label {eq:d-curl-curl} (\fun {F},\fun {G}) = \int _\Omega \kappa (u) \curl \frac {\delta \fun {F}(u)}{\delta u} \cdot Q_3\Big (\curl \frac {\delta \fun {H}(u)}{\delta u} \Big ) \curl \frac {\delta \fun {G}(u)}{\delta u} dx,\end {equation}


\begin {equation*}\partial _t u = -\widetilde {\curl } \Big [\kappa (u) Q_3\Big (\curl \frac {\delta \fun {H}(u)}{\delta u} \Big ) \curl \frac {\delta \fun {S}(u)}{\delta u}\Big ] \quad \text {in } \Phi ' = H'(\curl ,\Omega ).\end {equation*}


\begin {equation*}\mathcal {E}_3(X,Y) = [X,Y]_{\R ^3} := X \times Y, \qquad X,Y \in \R ^3,\end {equation*}


$\R ^3$


\begin {equation}\label {eq:d-curl-curl-2} (\fun {F},\fun {G}) = \int _\Omega \Big [\curl \frac {\delta \fun {F}(u)}{\delta u}, \curl \frac {\delta \fun {H}(u)}{\delta u} \Big ]_{\R ^3} \Gamma \Big [\curl \frac {\delta \fun {G}(u)}{\delta u}, \curl \frac {\delta \fun {H}(u)}{\delta u} \Big ]_{\R ^3} dx,\end {equation}


$\Gamma (u) \in \mathcal {B}\big (L^2(\Omega ;\R ^3)\big )$


$\Gamma (u) = \kappa (u)$


$\kappa (u;\cdot )$


$u(t)$


$u(t,x) = B(t,x)$


$\Omega \subset \R ^3$


$B(t) \in V \subset \Phi $


$\Phi $


$B(t)$


$\Gamma = I$


$B \in \Phi $


$(\fun {S},\fun {S})(B) = 0$


$(\curl B) \times B = 0$


\begin {align}\label {eq:CS-bracket-evolution} \partial _t B = \widetilde {\curl } \big [ B \times \big (B \times \curl B \big ) \big ],\end {align}


$\curl [\delta \fun {H}(B) /\delta B] = \curl A = B$


$B$


$\widetilde {\curl }$


$\curl $


\begin {equation}\label {eq:CS-method} \left \{ \begin {aligned} \partial _t B - \curl \big [V \times B\big ] &= 0, && \text { in } \Omega , \\ V - (\curl B) \times B &=0, && \text { in } \Omega , \\ n \cdot B &=0, && \text { on } \partial \Omega \,, \end {aligned} \right .\end {equation}


$B$


$V$


$B$


$2\fun {H}(B)$


$B(t) \in H_0(\div ,\Omega )$


$B \in C^1\big (([0,T]; H_0(\div ,\Omega )\big )$


$E, j, H \in C\big ([0,T]; H_0(\curl ,\Omega )\big )$


\begin {equation}\label {eq:weak-CS-method} \left \{ \begin {aligned} \partial _t B + \curl E &= 0, \qquad \text {in } H_0(\div ,\Omega ), \\ (H, G)_{L^2}-(B, G)_{L^2} &= 0, \qquad \forall G \in H_0(\curl ,\Omega ), \\ (j, k)_{L^2}-(B, \curl k)_{L^2} &= 0, \qquad \forall k \in H_0(\curl ,\Omega ), \\ (E,F)_{L^2} - (H \times j, H \times F)_{L^2} &= 0, \qquad \forall F \in H_0(\curl ,\Omega ), \end {aligned} \right .\end {equation}


$F, G, k \in H_0(\curl ,\Omega )$


$H_0(\div ,\Omega )$


$\div B = 0$


\begin {equation*}\frac {1}{2}\frac {d}{dt} \int _\Omega |B|^2 dx = - \|j \times H \|_{L^2}^2,\end {equation*}


$j \times H = 0$


$\div B = 0$


$\Omega $


$\curl $


$H_m(B) = 2\fun {H}(B)$


\begin {equation}\label {eq:Hm-bound} |H_m(B)| \leq \|A\|_{L^2(\Omega )} \|B\|_{L^2(\Omega )} \leq C_P \|B\|_{L^2(\Omega )}^2.\end {equation}


$B_0$


$H_m(B_0) = 0$


$B \cdot n = 0$


$\partial \Omega $


$|B(t)| \to 0$


$t \to +\infty $


\begin {equation*}B(t,x) = \begin {pmatrix} 0 \\ 0 \\ b(x_1) \end {pmatrix} = \curl \begin {pmatrix} 0 \\ a(x_1) \\ 0 \end {pmatrix},\end {equation*}


$a'(x_1) = b(x_1)$


$x = (x_1,x_2,x_3)$


$(x_2,x_3)$


$A \cdot B = 0$


$H_m(B)=0$


\begin {equation*}\partial _t b - (b^2 b')' = 0,\end {equation*}


$b^2 b' =$


$b(x_1) = (c_1 + c_2 x_1)^{1/3}$


$c_1, c_2$


$b$


$b(x_1) = 0$


$\fun {H}(B) = \frac {1}{2} H_m(B) \not = 0$


\begin {equation*}\tilde {A}(x) := a \begin {pmatrix} (n/\sqrt {m^2+n^2}) \sin (\pi m x_1) \cos (\pi n x_2) \\ -(m/\sqrt {m^2+n^2}) \cos (\pi m x_1) \sin (\pi n x_2) \\ \sin (\pi m x_1) \sin (\pi n x_2) \end {pmatrix},\end {equation*}


$a \in \R $


$m, n \in \N $


$m=n=1$


$\tilde {A}$


$\curl $


$\lambda _{m,n} = \pi (m^2+n^2)^{1/2}$


$\ol {\Omega } = [0,1]^3$


\begin {equation*}\eta (x) := \chi (x_1) \chi (x_2) \chi (x_3), \qquad \chi (y) := y^2 (1-y)^2, \quad y \in [0,1].\end {equation*}


$\eta (x) = 0$


$\nabla \eta (x) = 0$


$x \in \partial \Omega $


$\chi $


$\chi '$


$y=0$


$y=1$


$\ol {\Omega } = [0,1]^3$


\begin {equation}\label {eq:Beltrami-ic} \begin {aligned} A_0 &:= \eta \tilde {A}, \\ B_0 &:= \curl A_0 = \nabla \eta \times \tilde {A} + \eta \curl \tilde {A}, \end {aligned}\end {equation}


$A_0 \in H_0(\curl ,\Omega )$


$B_0 \in H_0(\div ,\Omega )$


$\div B_0=0$


\begin {equation*}H_m(B_0) = 2\fun {H}(B_0) = \int _\Omega A_0 \cdot B_0 dx = \lambda _{m,n} \|A_0\|^2_{L^2(\Omega )} > 0.\end {equation*}


$a \in \R $


$m,n \in \N $


$x_1\,-\,x_2$


$B$


$m=n=1$


$a=1$


$x_1=1/2$


$x_2=1/2$


$x_2=1/2$


$\ol {\Omega } = [0,1]^3$


$32^3$


$10^{-3}$


$B$


$L^2$


$j \times H$


$j = \widetilde {\curl } B$


$\curl $


$H$


$L^2$


$B$


$H_0(\curl ,\Omega )$


$j \times H = 0$


$L^2$


$\div B$


$j \times H$


$j = \widetilde {\curl } B$


$H(t)$


$L^2$


$B(t) \in H_0(\div ,\Omega )$


$H_0(\curl ,\Omega )$


$j \times H = (\curl B) \times B$


$B(t) \in H_0(\div ,\Omega )$


$H(t) \in H_0(\curl ,\Omega )$


$j \times H = 0$


$10^{-10}$


$\div B = 0$


$2 \times 10^{-6}$


$L^2(\Omega )$


$j\times H$


$j \times H = 0$


$\fun {H}$


$\fun {S}$


$u_0$


$\fun {S}$


$\{ u \colon \fun {H}(u) = \fun {H}(u_0)\}$


$\fun {I}^\alpha $


$V \subseteq L^2(\R ^d,\mu ;\R ^N)$


$\Omega \subseteq \R ^d$


$\R ^N$


$C^1(V)$


$L^2(\Omega ,\mu ;\R ^N)$


$L^2$


\begin {equation*}\langle w,v \rangle = \int _\Omega w(x) \cdot v(x) d\mu (x),\end {equation*}


$v \in V$


$w \in L^2(\Omega ,\mu ;\R ^N)$


$\mu $


$\Omega $


$\alpha : C^\infty (V) \times C^\infty (V) \to C^\infty (V)$


\begin {equation}\label {eq:alpha-symmetry} \alpha (\fun {F},\fun {G}) = \sigma \alpha (\fun {G},\fun {F}), \quad \sigma ^2 = 1,\end {equation}


\begin {equation}\label {eq:alpha-Leibniz} \alpha (\fun {F},\fun {G}\fun {H}) = \alpha (\fun {F},\fun {G}) \fun {H} + \fun {G} \alpha (\fun {F},\fun {H}).\end {equation}


$\alpha $


$\sigma = 1$


$\sigma = -1$


$\fun {R}_{x,j}(u) = u_j(x)$


$u$


\begin {equation*}\mathscr {A}_{ij}(u;x,x') := \alpha (\fun {R}_{x,i}, \fun {R}_{x',j})(u),\end {equation*}


\begin {equation*}\mathscr {A}_{ij}(u;x,x') = \sigma \mathscr {A}_{ji}(u;x',x).\end {equation*}


$\alpha $


\begin {equation*}\fun {G}(v) = a \in \R \text { for all $v$} \implies \alpha (\fun {F}, \fun {G}) = 0 \text { for all $\fun {F}$;}\end {equation*}


$\fun {F},\fun {G}$


\begin {equation*}\alpha (\fun {F},\fun {G}) = \sum _{i,j} \int _\Omega \int _\Omega \frac {\delta \fun {F}(u)}{\delta u_i} (x) \mathscr {A}_{ij}(u;x,x') \frac {\delta \fun {F}(u)}{\delta u_j} (x') d\mu (x') d\mu (x).\end {equation*}


$\fun {G}(v) = a$


$\fun {F}$


$\fun {H}$


\begin {align*}a \alpha (\fun {F}, \fun {H}) &= \alpha (\fun {F}, a\fun {H}) = \alpha (\fun {F}, \fun {G} \fun {H}) \\ &= \alpha (\fun {F}, \fun {G} ) \fun {H} + a \alpha (\fun {F}, \fun {H}),\end {align*}


$\alpha (\fun {F}, \fun {G} ) = 0$


$u,u_0 \in V$


\begin {equation*}\fun {F}(u) = \fun {F}(u_0) + \theta _{\fun {F}}(u_0,u)(u-u_0),\end {equation*}


$v = u-u_0$


\begin {align*}\theta _{\fun {F}}(u_0,u)v &= \int _0^1 D\fun {F}\big ((1-t)u_0 + tu\big )v dt \\ &= \int _0^1 \int _\Omega \frac {\delta \fun {F}}{\delta u} \big ((1-t)u_0 + tu\big ) \cdot v d\mu (x) dt \\ &= \sum _{i} \int _0^1 \int _\Omega \frac {\delta \fun {F}}{\delta u_i} \big ((1-t)u_0 + tu\big ) v_i d\mu (x) dt.\end {align*}


$u_0$


$\fun {F}(u_0)$


$\fun {G}(u_0)$


\begin {align*}\alpha (\fun {F},\fun {G}) &= \alpha \big (\fun {F} - \fun {F}(u_0),\fun {G}-\fun {G}(u_0)\big ) \\ &=\alpha \big (\theta _{\fun {F}}(u_0,\cdot )(\cdot -u_0), \theta _{\fun {G}}(u_0,\cdot )(\cdot -u_0) \big ) \\ &= \sum _{i,j} \int _0^1 \int _0^1 \int _\Omega \int _\Omega A_{ij} dt ds d\mu (x) d\mu (x'),\end {align*}


\begin {align*}A_{ij} =& \alpha \Big ( \frac {\delta \fun {F}((1-t)u_0 + tu)}{\delta u_i}(x) (u(x)-u_0(x))_i, \\ &\frac {\delta \fun {G}((1-s)u_0 + su)}{\delta u_j}(x') (u(x')-u_0(x'))_j\Big ).\end {align*}


$\alpha $


$u \mapsto \delta \fun {F}((1-t)u_0 + tu)/\delta u_i|_x$


$u \mapsto (u - u_0)_j|_x$


$u=u_0$


\begin {equation*}A_{ij} = \frac {\delta \fun {F}(u_0)}{\delta u_i}(x) \alpha \big ( \fun {R}_{x,i} , \fun {R}_{x',j} \big )(u_0) \frac {\delta \fun {G}(u_0)}{\delta u_j}(x').\end {equation*}


\begin {equation*}\alpha (\fun {F},\fun {G})(u_0) = \sum _{i,j} \int _\Omega \int _\Omega \frac {\delta \fun {F}(u_0)}{\delta u_i}(x) \mathscr {A}_{ij}(u_0,x,x') \frac {\delta \fun {G}(u_0)}{\delta u_j}(x') d\mu (x') d\mu (x),\end {equation*}


$u_0 \in V$


$\mathcal {R}_{x,j}$


$x$


$L^p$


$p$


$\alpha $


$H$


$(\cdot ,\cdot )$


$\|\cdot \|$


$a : H \times H \to \R $


$C>0$


\begin {equation*}0 \leq a(u,v) \leq C \|u\| \|v\|,\end {equation*}


$u,v \in H$


$A:H\to H$


\begin {equation*}a(u,v) = (u, Av),\end {equation*}


$u,v \in H$


$A$


$u$


$\ell (v) = a(u,v)$


$H \to \R $


$w \in H$


\begin {equation*}\ell (v) = (w, v),\end {equation*}


$v \in H$


$\|w\| = \sup \{\ell (v): v\in H,\; \|v\|=1\} \leq C \|u\|$


$w$


$w = Au$


$A$


$H$


\begin {equation*}a(u,v) = \ell (v) = (Au, v).\end {equation*}


$a$


$\Omega \subset \R ^3$


$B_0 \in V$


$V$


$B \in [L^2(\Omega )]^3$


\begin {equation}\label {eq:B0-psi0-conditions} \begin {aligned} \div B &= 0, &&\text { in } \Omega , \\ n \cdot B &= 0, &&\text { on } \partial \Omega . \end {aligned}\end {equation}


$\Phi : \Omega \to \Omega $


$\mathrm {Diff}(\Omega )$


$\Omega $


\begin {equation}\label {eq:push-forwards} B = \Phi _* B_0 = \frac {D\Phi B_0}{\det D\Phi } \circ \Phi ^{-1},\end {equation}


$D\Phi $


$\Phi $


$(D\Phi )_{ij}=\partial _{x_j}\Phi _i$


$\det D\Phi \not =0$


$B$


$B_0$


$\Phi $


\begin {equation*}(\det D\Phi ) \div B = \div B_0,\end {equation*}


$\div B_0 = 0$


$\div B = 0$


$B_0 \cdot n = 0$


$\partial \Omega $


$x = \Phi (x_0)$


$x_0 \in \partial \Omega $


$x \in \partial \Omega $


\begin {align*}n(x) &= \frac {\transpose {D\Phi ^{-1}(x)} n(x_0)}{|\transpose {D\Phi ^{-1}(x)}n(x_0)|},\\ n(x) \cdot B(x) &= \frac {B_0(x_0) \cdot n(x_0)} {\det D\Phi \cdot |\transpose {D\Phi ^{-1}(x)}n(x_0)|}.\end {align*}


$x_0 \in \partial \Omega $


$f$


$f>0$


$\Omega $


$f=0$


$\partial \Omega $


$n(x_0) \propto \nabla f(x_0)$


$1$


$\Phi $


$B_0 \in V$


$B \in V$


$B_0 \in V$


$\mathrm {Diff}(\Omega )$


$B$


\begin {equation}\label {eq:full-MHD-entropy} \fun {S}(\Phi ) = \fun {S}(\Phi ; B_0) = \int _\Omega \frac {|B|^2}{8\pi } dx,\end {equation}


$B = \Phi _*B_0$


$B_0$


$B_0 \in V$


$\Phi $


$B = \Phi _* B_0 \in V$


\begin {equation}\label {eq:full-MHD-principle} \frac {d}{d\varepsilon } \fun {S}(\Phi ^\varepsilon )\Big |_{\varepsilon = 0} = 0,\end {equation}


$\varepsilon \mapsto \Phi ^\varepsilon \in \mathrm {Diff}(\Omega )$


$\Phi ^\varepsilon |_{\varepsilon =0} = \Phi $


$B = \Phi _* B_0$


$B_0$


$\Phi $


$B^\varepsilon (x) = \Phi ^\varepsilon _* B_0(x)$


\begin {equation}\label {eq:v-epsilon} \xi ^\varepsilon = \partial _\varepsilon \Phi ^\varepsilon \circ (\Phi ^\varepsilon )^{-1}.\end {equation}


\begin {equation*}\partial _\varepsilon \Phi ^\varepsilon (x_0) = \xi ^\varepsilon (x), \quad x = \Phi ^\varepsilon (x_0).\end {equation*}


\begin {equation}\label {eq:dragging-B} \partial _\varepsilon B^\varepsilon = \curl (\xi ^\varepsilon \times B^\varepsilon ), \quad B^\varepsilon |_{\varepsilon =0} = B,\end {equation}


\begin {equation*}\frac {d}{d\varepsilon } \fun {S}(\Phi ^\varepsilon )\Big |_{\varepsilon = 0} = - \int _\Omega \Big [\frac {1}{4\pi } (\curl B)\times B \Big ] \cdot \xi dx + \int _\Omega n\cdot [(\xi \times B)\times B] d\sigma = 0,\end {equation*}


$\xi = \xi ^\varepsilon |_{\varepsilon =0}$


$(\xi \times B)\times B = (B\cdot \xi ) B - B^2 \xi $


$B\cdot n = 0$


$\xi \cdot n=0$


$\Phi $


$\xi |_{\partial \Omega }$


$\partial \Omega $


$\fun {S}(\Phi ^\varepsilon )$


$\Phi ^\varepsilon \in \mathrm {Diff}(\Omega )$


$\xi $


$B$


$B$


$B_0$


$B$


$B_0$
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C. Bressan et al.

In some cases, after providing additional physical constraints, the equilibrium conditions can be reformulated as a well-posed 
mathematical problem. This is the case, for instance, for the Euler equations, axisymmetric MHD equilibria, and linear Beltrami 
fields.

In more complicated situations, such as for nonlinear Beltrami fields and full MHD equations in three dimensions, the problem 
of computing an equilibrium point has no good solution. The difficulties were shown in [6] to be related to the Kolmogorov-Arnold-
Moser (KAM) theorem (see for example [7]). A mathematical perspective on these difficulties can be found in the introduction of 
the paper by Bruno and Laurence [8], cf. also the recent developments by Enciso et al. [9]. A large fraction of MHD equilibrium 
calculations in three dimensions are based on a reformulation of the problem in which one assumes that the magnetic field is tangent 
to a family of nested toroidal surfaces [10,11]. On the one hand, such a configuration is a natural generalization to three-dimensions 
of the confined region in axisymmetric MHD equilibria. In addition, by basic considerations of topology, the confinement of a plasma 
in a volume bounded by a closed orientable pressure isosurface, where the pressure gradient is balanced by the electromagnetic force, 
requires the surface to be a torus in the simplest case [12]. Therefore searching for equilibria with nested toroidal flux surfaces appears 
to be the simplest and most appealing approach to the three-dimensional equilibrium problem. On the other hand, Grad conjectured 
that such equilibria may not exist [13] unless they are axisymmetric or we allow for weak solutions characterized by singular current 
sheets localized on specific flux surfaces, namely the resonant surfaces. The non-existence of smooth non-axisymmetric equilibria with 
nested flux surfaces is referred to as the Grad’s conjecture, and (to the best of our knowledge) it is still an open question. Nevertheless, 
the variational formulation adopted for equilibria with nested flux surfaces [10,11], in principle at least, allows for weak solutions 
[14,15], although usually this possibility is not exploited in state-of-the-art codes such as VMEC [11], DESC [16], and GVEC [17], 
which use a highly regular representation of the magnetic and pressure fields. (For sake of completeness, we note that the GVEC code 
has the built-in possibility of relaxing the regularity of the magnetic field allowing for current sheets on prescribed surfaces, but this 
possibility has not been exploited yet.) The singular current layers that are expected according to the Grad’s conjecture cannot be 
considered physical; these equilibria are regarded as computationally efficient proxies for equilibria that may have a complicated field-
line topology in a neighborhood of some resonant surfaces, but have nested toroidal surfaces elsewhere for good confinement. This 
strategy has been extremely successful for the design of stellarators [18], since it reduces significantly the complexity of the problem. 
While this approach gives an acceptable representation of the magnetic field in the core of a stellarator with modest computational 
cost, it cannot account for more complicated magnetic field configurations, such as those with magnetic islands and chaotic field 
lines, due to the built-in foliation of the domain by toroidal surfaces. Yet magnetic-field islands and chaotic regions are relevant in 
practice and calculations of MHD equilibria beyond the paradigm of nested toroidal surfaces are needed. An iterative procedure for 
the calculation of general MHD equilibria has been outlined by Grad [19], and a similar iterative procedure is implemented in the 
PIES code [20]. Such iteration schemes are purely heuristics: there is no theoretical control on the convergence.

Another approach to the computation of equilibria is based on artificial relaxation. Relaxation methods solve the Cauchy problem 
for a fictitious dissipative evolution law that contains a tailored dissipation mechanism. If the dissipation mechanism is well designed, 
the solution of the Cauchy problem, with a given (well-prepared) initial condition, exists globally in time, has a limit for 𝑡 → +∞, and 
the limit is an equilibrium of the considered physical system. The dynamical evolution itself might not be physical, but the solution 
should converge to a physical equilibrium as fast as possible. Some care may be taken to preserve important properties of the solution. 
For the specific case of MHD, for instance, one can evolve the magnetic field 𝐵 according to Faraday’s equation,

𝜕𝑡𝐵 + 𝑐 curl𝐸 = 0, 𝐵(0, 𝑥) = 𝐵0(𝑥) ,

but with a properly chosen effective electric field 𝐸, which does not need to have physical meaning. (Note, Gaussian units are used 
throughout this paper, with 𝑐 being the speed of light in free space.) If the initial condition 𝐵0 satisfies div𝐵0 = 0, then div𝐵 = 0 for 
all 𝑡 ≥ 0. Probably the most intuitive relaxation method can be obtained by choosing 𝐸 = −(𝑈 × 𝐵)∕𝑐, where the advecting velocity 
field 𝑈 solves the viscous MHD momentum balance equation [21]. The idea of this method is physically intuitive: magnetic energy is 
converted into kinetic energy and dissipated by viscosity. Since there is no resistivity, magnetic helicity is preserved and this provides 
a lower bound for the dissipation of magnetic energy [22,23]. The evolution of the system is not physically consistent (the viscosity 
term is usually very simple and resistivity is zero), but the relaxed state, if it is reached and it is smooth enough, is guaranteed to be 
an ideal MHD equilibrium. However, while a relaxation method in general seeks to find an ideal MHD equilibrium as the long-time 
limit of the evolution of a given initial configuration, in most applications, we ask for the answer to a different question: we seek 
an equilibrium that is compatible with given data. For instance one might need to impose given pressure and current profiles, i.e., 
the constant value of the pressure and the concatenated plasma current on the surfaces tangent to the magnetic field (flux surfaces). 
This raises the question of relaxing to an equilibrium compatible with the given data starting from a suitable initial condition. This 
problem is related to the concept of accessibility of an equilibrium since the relaxation mechanisms usually entail constraints: the 
solution of a relaxation method, formally at least, evolves on the constrained submanifold that contains the initial condition, but this 
submanifold may not contain equilibria compatible with the given data. One therefore needs either to prepare the initial condition 
appropriately (by making assumption on the targeted equilibrium) or to adapt the solution during the evolution, using the available 
data.

For instance, with the choice of electric field 𝐸 = −(𝑈 × 𝐵)∕𝑐 mentioned above, the Faraday’s equation reduces to Lie-dragging 
of the magnetic field and therefore, smooth solutions preserve the magnetic flux and the field-line topology of the initial condition 
(frozen-in law [24], cf. also general MHD textbooks [5,25]). In this case, Moffatt has introduced two different concepts [21,23]:

• Topological equivalence. Two vector fields 𝐵0 and 𝐵1 are topologically equivalent if there is a diffeomorphism that maps one field 
into the other via push-forward. We may think of topologically equivalent fields as one being a smooth deformation of the other.
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• Topological accessibility. A vector field 𝐵1 is topologically accessible from the vector field 𝐵0 if 𝐵1(𝑥) = 𝐵(𝑡, 𝑥) for some 𝑡 ≥ 0, where 
𝐵 is the solution of the Faraday’s equation with 𝐸 = −(𝑈 × 𝐵)∕𝑐 and some velocity field 𝑈 , i.e., the MHD induction equation. We 
note that in its original definition, Moffatt restricted 𝑈 to be solenoidal [21].

If 𝐵1 is topologically accessible from 𝐵0 with 𝑈 sufficiently smooth (e.g., of class 𝐶1 with a 𝐶2 flow, as functions of (𝑡, 𝑥)), then 𝐵0 and 
𝐵1 are also topologically equivalent. In general however, the solution 𝐵 of the induction equation may develop a singularity in finite 
time. More precisely, the magnetic field may develop tangential discontinuities at certain surfaces that correspond to current sheets. 
In fact, according to an argument put forward by Parker [26], the formation of current sheets is a general occurrence for braided 
fields, i.e., “most” braided initial conditions should develop current sheets. This is known as the Parker’s conjecture. Recently, Enciso 
and Peralta-Salas [27] have proven that, on axisymmetric toroidal domains, there exists a set of smooth braided solenoidal vector 
fields that are not topologically equivalent to any MHD equilibrium. Furthermore, this set is rather large, in the sense that it is dense 
in a nonempty open subset of the space of smooth braided solenoidal fields (equipped with the 𝐶∞ topology). This suggests that a 
relaxation method based on the MHD induction equation should either allow for low-regularity solutions with the possible formation 
of current sheets, as conjectured by Parker, or be complemented with a way to prepare a suitable initial condition. We note that 
equilibria with current sheets can be acceptable in some applications as discussed above in relation to the Grad’s conjecture.

In summary, from the applications point of view, relaxation methods constructed in this way are not fully satisfactory because of 
the following drawbacks: (1) not all equilibrium points are accessible from a given initial condition. (2) The method does not offer 
any mechanism to control important properties of the equilibrium such as the pressure profile and current profiles. (3) The relaxation 
mechanisms based solely on viscosity do not necessarily lead to the shortest path from the initial condition down to an equilibrium 
point.

An example of a relaxation method based on viscosity is implemented in the HINT code [28,29]. In HINT, pressure is relaxed with 
an ad hoc algorithm, in a separate step, during the magnetic field relaxation. If resistivity is accounted for in the relaxation of the 
magnetic field, then the topology of the magnetic field lines can change, but with finite resistivity helicity is no longer preserved and 
there is no lower bound for the magnetic energy.

Another relaxation method that seeks a faster way to relax the magnetic energy is based on the variational principle for the 
equilibrium conditions (reviewed in Appendix C for the case of Beltrami fields). This method has been proposed by Chodura and 
Schlüter [30], cf. also Moffatt [23, sec. 8.2], and it can be specialized to the case of nonlinear Beltrami fields [31]. The idea is to Lie 
drag both the magnetic field and the pressure with an advecting velocity field 𝑈 chosen to guarantee the maximum decay rate of the 
magnetic energy. These ideas are strictly related to the modern theory of optimal transport of differential forms [32].

The idea of Lie dragging both the magnetic field and the pressure has been exploited in the SIESTA code as well [33], where each 
displacement of both magnetic field and pressure is generated by an infinitesimal “Lie dragging step”.

1.2.  Overview of metriplectic relaxation

Metriplectic dynamics is a class of dynamical systems. Its mathematical structure has associated relaxation methods with desirable 
properties for calculating equilibria. Metriplectic dynamics and its concomitant variational principles for equilibria will be thoroughly 
reviewed in Section 2. In this subsection we give a overview of the paper while describing the usage in this work, where we explore 
using artificially constructed metriplectic dynamical systems in order to construct relaxation methods for the calculation of equilibrium 
points. Metriplectic dynamics was introduced by Morrison [1–3] as a generalization of noncanonical Hamiltonian dynamics with 
the aim of including dissipative phenomena. (See [34–39] for recent developments.) The equation of evolution is constructed in 
terms of two algebraic structures: a Poisson bracket [4], which is antisymmetric and defines the Hamiltonian part of the equation, 
and a metric bracket, which is symmetric and accounts for dissipation. In addition to the brackets, a Hamiltonian function  and 
an entropy function  are given, satisfying appropriate compatibility conditions. As a direct consequence of the construction, the 
Hamiltonian  is conserved and the entropy  is dissipated (more precisely, it is nonincreasing). The fact that entropy is a monotonic 
function of time quantifies the dissipation in the system. Defining entropy to be nonincreasing is inconsistent with its usual physical 
interpretation as a measure of uncertainty or “disorder”, which would require it to be nondecreasing. In this work however, entropy is 
treated as a Lyapunov function [40], and thus we prefer to reverse the sign and work with a nonincreasing entropy. Many physically 
relevant mathematical models have been found to possess a metriplectic structure. For instance the Vlasov-Maxwell-Landau system 
[3], various fluid mechanical systems [2,36,39,41], visco-resistive MHD [42], and dissipative extended MHD [34]. This structure can 
also be exploited in order to design numerical schemes that preserve the key features of the physical model [43,44]. Here instead we 
shall use metric brackets as equilibrium solvers.

Not to be confused with metriplectic relaxation is a relaxation method that uses the Hamiltonian structure. This method, which is 
based on squaring the Poisson bracket, was introduced in [45,46] for two-dimensional vortical motion of neutral fluids; it was later 
generalized so as to make it more effective and work in a broader context in Flierl and Morrison [47] and it was applied to reduced 
MHD problems by Furukawa and coworkers [48–51] (see [52] for recent review). This approach, which has been named “double 
bracket” dynamics or simulated annealing, has different properties as compared to metriplectic dynamics: with double brackets, the 
Hamiltonian is dissipated while the system evolves on the a specific hypersurface (a symplectic leaf) determined by the constants 
of motion built into the Poisson brackets (Casimir invariants). Another early approach is that of Brockett who used a version of the 
double bracket for matrices constructed out of the commutator [53] (see also the work of Bloch and coauthors [54,55]).

Since metriplectic dynamics dissipates entropy but preserves the Hamiltonian, one might expect that a global solution, if it exists, 
will approach a minimum of the entropy function restricted to the level set of the Hamiltonian that contains the initial condition. 
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Specifically, if we denote by 𝑢 a point in the phase space 𝑉  of the system, we might expect that the solution of a generic metriplectic 
system with Hamiltonian (𝑢), entropy (𝑢), and initial condition 𝑢(0) = 𝑢0 ∈ 𝑉  would converge to a solution of the variational 
principle

min{(𝑢)∶ 𝑢 ∈ 𝑉 , (𝑢) = (𝑢0)}. (1)

Variational principles of the form (1) are physically relevant since, the resulting state of a physical relaxation mechanism can, in 
certain cases, be well approximated by the solution of such a minimum entropy principle. Typically one envisages a situation where 
the physical evolution of the system is nearly ideal, that is, dissipation mechanisms are very small, but such small nonideal effects are 
sufficient to dissipate one of the ideal constant of motion, while causing negligible variations in the other constants of motion. This 
is referred to as selective decay and plays an important role in the relaxation of fluids and plasmas to a self-organized state [56,57]. 
In MHD for instance, linear Beltrami fields are found as a result of processes that dissipate magnetic energy, while (approximately) 
preserving magnetic helicity as argued by Woltjer [58]. The precise physical relaxation mechanism has been discussed in detail by 
Taylor and it is referred to as Woltjer-Taylor relaxation [59–61]. In Section 2.2 we shall see that equilibrium problems can often 
be reformulated as a variational principle of the form (1): among the many possible solutions of the equilibrium conditions, the 
variational principle (1) selects only those that minimize entropy on a constant energy hypersurface, and thus reduces significantly 
the issue of nonuniqueness of the equilibrium. If the equilibrium problem of interest is formulated as a variational principle of the 
form (1), then a relaxation method for such a problem should converge to a minimum of entropy on the constant-energy surface. A 
significant part of this work is dedicated to understanding when metriplectic systems have this long-time convergence property.

When the solution of a metriplectic system has a limit for 𝑡 → +∞ and the limit is a solution of (1), we say that the system has 
completely relaxed. Unfortunately, complete relaxation does not always happen. It depends on the null space of the metric brackets, 
which is defined precisely in Section 2.1. We shall demonstrate complete relaxation (or lack thereof) by means of numerical exper-
iments. We shall propose and test a particular class of brackets modeled upon Morrison’s brackets for the Landau collision operator 
[1,3] and show by means of numerical experiments that these new brackets completely relax an initial condition. These new brackets 
are referred to as collision-like metric bracket.

Collision-like brackets have the disadvantage of generating integro-differential evolution equations, that are usually computation-
ally expensive (although efficient methods exist [62]). In an attempt to reduce the computational cost of the relaxation methods, 
we have introduced a simplified version of the collision brackets that are local and thus lead to pure partial differential equations 
that have the structure of diffusion equations. We refer to these simplified brackets as diffusion-like. We are able to recover known 
relaxation methods, such as the metriplectic bracket based on Nambu dynamics of [55], which was also obtained and proposed in 
the context of vortex dynamics in [63,64], and the method of Chodura and Schlüter [30], as special cases of diffusion-like brackets. 
All of the brackets used in this paper follow naturally from the inclusive 4-bracket construction given in [35].

The remainder of the paper is structured as follows. As noted above, in Section 2 we cover review material: we recall the precise 
definition of metriplectic systems in Section 2.1 and describe the equilibrium problems that we consider as test cases together with 
corresponding variational principles in Section 2.2. Section 3 presents some mathematical results on relaxation and the relaxation 
rate for metriplectic systems, including results that we are unable to find in the literature. In Sections 3.1 and 3.2 we prove extensions 
of the Lyapunov stability theorem and the Polyak–Łojasiewicz condition for the rate of relaxation, for finite-dimensional systems with 
the inclusion of constraints, respectively, while in Section 3.3 we make some comments on the extension of these results to infinite-
dimensional systems. In Section 4, we address simple examples of metric brackets and study the issue of complete relaxation, both 
analytically and numerically. Section 4.1 describes brackets, which we refer to as metric double brackets, that fail to completely relax, 
while Section 4.2 describes projection based brackets that do completely relax. Collision-like brackets are introduced in Section 5 with 
theory presented in Sections 5.1–5.3 and numerical experiments in Sections 5.4 and 5.5 for the Euler equations in vorticity form and 
for the Grad-Shafranov MHD equilibria, respectively. For these applications complete relaxation of the solution is critical. Section 6 
is dedicated to diffusion-like brackets, with their general construction and various forms given in Sections 6.1–6.3. We shall see that 
their properties make them most suitable for applications such as the calculation of nonlinear Beltrami fields, which are considered 
in Section 6.4, for which the property of complete relaxation is not needed. Finally, we conclude in Section 7.

2.  Metriplectic dynamics and variational principles for equilibria of fluids and plasmas

In this section, we review the necessary background material. First we briefly recall the definition and basic properties of metriplec-
tic dynamics. Then we formulate and discuss examples of equilibrium problems, and their variational formulations. These problems 
will be used as a test bed for the metriplectic relaxation method proposed in this work.

2.1.  Metriplectic dynamics

Metriplectic dynamics, being a special kind of continuous-time dynamical system, is determined by a phase space and a law 
governing the evolution in time of a point in the phase space. In this work, we are mainly concerned with infinite-dimensional 
metriplectic systems with a phase space given by a Banach space 𝑉  of functions over a domain Ω ⊂ ℝ𝑑 with values in ℝ𝑁 , where 
𝑑,𝑁 ∈ ℕ. (We use “domain” as a shorthand for “open, connected set”.) We shall however briefly discuss finite-dimensional examples 
for the sake of clarity and simplicity. In the finite-dimensional case the phase space is chosen to be an open connected subset  ⊆ ℝ𝑛, 
𝑛 ∈ ℕ, with coordinates 𝑧 = (𝑧𝑖)𝑛𝑖=1.
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For any  ∈ 𝐶1(𝑉 ), we denote by 𝐷 (𝑢) its Fréchet derivative [65] at the point 𝑢 ∈ 𝑉 . We shall also need the functional derivative 
of  . If 𝑊  is another Banach space with a nondegenerate pairing ⟨⋅, ⋅⟩𝑉 ×𝑊 ∶ 𝑉 ×𝑊 → ℝ, we can define the functional derivative 
𝛿∕𝛿𝑢 of  in 𝑊  as the unique element of 𝑊 , if it exists, such that [66]

𝐷 (𝑢)𝑣 =
⟨

𝑣,
𝛿 (𝑢)
𝛿𝑢

⟩

𝑉 ×𝑊
, ∀𝑣 ∈ 𝑉 . (2)

Unless otherwise stated, in this work we assume 𝑉 ⊆ 𝐿2(Ω, 𝜇;ℝ𝑁 ), 𝑊 = 𝐿2(Ω, 𝜇;ℝ𝑁 ), and the pairing is the 𝐿2 product with respect 
to a given measure 𝑑𝜇 = 𝑚(𝑥)𝑑𝑥, where 𝑚 is a smooth and integrable function and 𝑑𝑥 the Lebesgue measure (volume element) on Ω,

(𝑢, 𝑣)𝐿2 = ∫Ω
𝑢(𝑥) ⋅ 𝑣(𝑥)𝑑𝜇(𝑥), 𝑢, 𝑣 ∈ 𝐿2(Ω, 𝜇;ℝ𝑁 ).

(The nontrivial measure is needed in order to accommodate cases such as Grad-Shafranov equilibria discussed below.)
A metriplectic dynamical system is specified by giving two functions , ∈ 𝐶∞(𝑉 ), namely the Hamiltonian and the entropy, 

respectively, together with compatible Poisson and metric brackets on 𝑉 . We recall the definitions [1,3,4,66,67].
A Poisson bracket on 𝑉  is a bilinear antisymmetric map

{⋅, ⋅}∶ 𝐶∞(𝑉 ) × 𝐶∞(𝑉 ) → 𝐶∞(𝑉 ),

such that, for any  , , and  in 𝐶∞(𝑉 ), 
{ ,} = { ,} + { ,}, (3a)
{

 , {,}
}

+
{

, {,}
}

+
{

, { ,}
}

= 0. (3b)

Eqs. (3a) and (3b) are referred to as the Leibniz identity and the Jacobi identity, respectively. Then a Poisson bracket defines a Lie 
algebra structure on 𝐶∞(𝑉 ) which in addition is a derivation in each argument.

A metric bracket on 𝑉  is a bilinear symmetric map
(⋅, ⋅)∶ 𝐶∞(𝑉 ) × 𝐶∞(𝑉 ) → 𝐶∞(𝑉 ),

such that, for any  in 𝐶∞(𝑉 ),

( , ) ≥ 0.

By definition, the Poisson bracket must satisfy Leibniz and Jacobi identities. Leibniz identity, in particular, implies at least formally 
that the bracket can be written in term of the functional derivatives of its arguments, cf. Appendix A for a precise definition. Usually, 
the symmetric bracket does not need to satisfy any condition other then bilinearity, symmetry, and positive semidefiniteness. However, 
if one requires the symmetric bracket to satisfy Leibniz identity,

( ,) = ( ,) + ( ,), (4)

then both the Poisson and the symmetric brackets have a similar representation, i.e., 

{ ,} =
𝑁
∑

𝑖,𝑗=1
∫Ω ∫Ω

𝛿 (𝑢)
𝛿𝑢𝑖

(𝑥)𝒥𝑖𝑗 (𝑢; 𝑥, 𝑥′)
𝛿(𝑢)
𝛿𝑢𝑗

(𝑥′) 𝑑𝜇(𝑥′) 𝑑𝜇(𝑥), (5a)

and analogously

( ,) =
𝑁
∑

𝑖,𝑗=1
∫Ω ∫Ω

𝛿 (𝑢)
𝛿𝑢𝑖

(𝑥)𝒦𝑖𝑗 (𝑢; 𝑥, 𝑥′)
𝛿(𝑢)
𝛿𝑢𝑗

(𝑥′) 𝑑𝜇(𝑥′) 𝑑𝜇(𝑥), (5b)

where the functional derivatives are computed with respect to the 𝐿2 product with a given measure 𝜇 on Ω. The kernels 𝒥 (𝑢) and 
𝒦 (𝑢) define an anti-symmetric and a symmetric, positive semidefinite operator, 𝐽 (𝑢) and 𝐾(𝑢), respectively. In finite dimensions, 
Eqs.  (5) take the form

{ ,} = 𝐽 𝑖𝑗 (𝑧)
𝜕 (𝑧)
𝜕𝑧𝑖

𝜕(𝑧)
𝜕𝑧𝑗

,

( ,) = 𝐾 𝑖𝑗 (𝑧)
𝜕 (𝑧)
𝜕𝑧𝑖

𝜕(𝑧)
𝜕𝑧𝑗

,

where here the sum over repeated indices ranges to 𝑛, 𝐽 (𝑧) is an antisymmetric contravariant tensor, and 𝐾(𝑧) is a symmetric positive 
semidefinite contravariant tensor over the domain  ⊆ ℝ𝑛. In particular 𝐽 is referred to as the Poisson tensor.

The evolution equation for a metriplectic system 𝑢(𝑡) ∈ 𝑉  is formulated as an evolution equation for arbitrary functions of 𝑢(𝑡), 
that is, 

𝑑
𝑑𝑡

= { ,} − ( ,),  for all  ∈ 𝐶∞(𝑉 ), (6a)

where , ∈ 𝐶∞(𝑉 ) are the Hamiltonian and entropy functions, respectively, whereas {⋅, ⋅} and (⋅, ⋅) are the Poisson and metric 
bracket on 𝑉 , respectively, satisfying the compatibility conditions

{ ,} = 0, ( ,) = 0,  for all  ∈ 𝐶∞(𝑉 ). (6b)
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If both brackets satisfy the Leibniz identity, the evolution equation then reads

𝜕𝑡𝑢 = 𝐽 (𝑢)
𝛿(𝑢)
𝛿𝑢

−𝐾(𝑢)
𝛿(𝑢)
𝛿𝑢

.

In general, both 𝐽 (𝑢) and 𝐾(𝑢) have nontrivial null spaces. Per definition, the null space of a bracket is identified with that the 
corresponding operators 𝐽 (𝑢) and 𝐾(𝑢). We note that, in general, the null space of a bracket depends on the phase-space point 𝑢, 
since 𝐽 and 𝐾 depend on 𝑢. The null space of the Poisson bracket is due to the noncanonical form that often originates from a 
reduction procedure based on the symmetries of the system [68,69] (see for example the texts [70,71]), while the null space of the 
metric bracket is due to the requirement that at least energy is preserved, cf. Eq. (6b). In finite dimensions, the null space of 𝐽 (𝑧)
is spanned by the gradients of Casimir invariants and equilibria from the variational principle align with those of the equations of 
motion [4]. We note, however, that there are subtleties at points where the rank of 𝐽 (𝑧) changes [72] and equilibria at such points 
can possess nearby behavior that is not Hamiltonian [73,74]. The null space of 𝐾(𝑧) contains at least the gradient of the Hamiltonian, 
due to the compatibility condition (6b); similar remarks on rank changing could apply. For a metric bracket defined on a Banach 
space 𝑉 ⊆ 𝐿2(Ω, 𝜇;ℝ𝑁 ) and corresponding to a bounded operator 𝐾(𝑢) on 𝐿2(Ω, 𝜇;ℝ𝑁 ), the null space at 𝑢 ∈ 𝑉  can be equivalently 
characterized as the space of functions  over 𝑉  such that ( ,)

(𝑢) = 0, since this is equivalent to 𝛿 (𝑢)∕𝛿𝑢 ∈ ker𝐾(𝑢).
In general, the vector field 𝐽 (𝑢)𝛿∕𝛿𝑢 can be viewed as a generalization of Hamiltonian flow 𝜔(𝑢)−1𝛿∕𝛿𝑢 where the inverse 

of the symplectic operator 𝜔(𝑢) is replaced by a possibly noninvertible Poisson operator 𝐽 (𝑢). On the other hand, the vector field 
−𝐾(𝑢)𝛿∕𝛿𝑢 can be viewed as generalization of a gradient flow −𝐺(𝑢)−1𝛿∕𝛿𝑢 where the inverse of the metric operator 𝐺(𝑢) is replaced 
by a symmetric, positive semidefinite operator. Metriplectic dynamics combines the (generalized) symplectic and gradient flows. 
Typically, the symplectic part describes the ideal dynamics, while the gradient flow accounts for a nonideal relaxation mechanism. 
For this reason, accepting a slight abuse of terminology, we refer to symmetric brackets (⋅, ⋅) with the Leibniz property as metric 
brackets. We shall always tacitly assume that  and  are not functionally dependent, i.e., 𝛿(𝑢)∕𝛿𝑢 is not everywhere parallel to 
𝛿(𝑢)∕𝛿𝑢, otherwise the metric bracket part vanishes identically.

We are mostly interested in the dynamical systems generated by metric brackets, i.e., we shall drop the Poisson bracket part, 
𝑑
𝑑𝑡

= −( ,),  for all  ∈ 𝐶∞(𝑉 ), (7a)

where  is the entropy function and the metric bracket satisfies the compatibility condition

( ,) = 0,  for all  ∈ 𝐶∞(𝑉 ), (7b)

where  is the Hamiltonian.
A solution of either (6) or (7) satisfies

𝑑(𝑢)
𝑑𝑡

= 0,
𝑑(𝑢)
𝑑𝑡

≤ 0, (8)

that is, both system (6) and (7) dissipate entropy on the surface of constant energy (Hamiltonian).
Because of (8) one may expect that solutions of the variational principle (1) are necessarily equilibria of a metriplectic system. 

Indeed this is the case and it follows from the method of Lagrange multipliers [66], which gives a necessary condition for (1): if 𝑢 is 
a solution of (1), then there is a constant 𝜆 ∈ ℝ (the Lagrange multiplier) such that

𝐷(𝑢) − 𝜆𝐷(𝑢) = 0, (𝑢) = 0 . (9)

Alternatively, one can write the Lagrange condition using the functional derivative, if they exist,
𝛿(𝑢)
𝛿𝑢

− 𝜆
𝛿(𝑢)
𝛿𝑢

= 0, (𝑢) = 0 .

Eq. (9) constitute a system of two equations for the pair (𝑢, 𝜆) ∈ 𝑉 ×ℝ. Let us assume that the set of solutions

ℭ0
∶= {𝑢 ∈ 𝑉 ∶ ∃𝜆 ∈ ℝ such that (𝑢, 𝜆) solves (9)},

is nonempty (ℭ0
≠ ∅), the restriction  to ℭ0

 is bounded from below, and the minimum is attained, that is, there are points 𝑢𝑒 ∈ ℭ0
where (𝑢𝑒) = min{(𝑢)∶ 𝑢 ∈ ℭ0

}. Then, the solutions of (1) correspond to those points 𝑢𝑒 of ℭ0
 where  attains its minimum. The 

set ℭ0
 is the set of constrained critical points of , that is, of critical points of  restricted to the energy surface (𝑢) = 0.

If the symmetric bracket satisfies the Leibniz identity, the Lagrange condition together with either the compatibility condition (6a) 
or (7b) imply that any point in ℭ0

, i.e., any constrained critical point of , is an equilibrium point of the metriplectic system, and 
thus, in particular, any solution 𝑢𝑒 of (1) is necessarily an equilibrium point [55, sec. 4.1]. The converse, however, is not true, since 
all constrained critical points are equilibria, not just the minima. In addition, there can be equilibrium points of either (6) or (7) that 
are not constrained critical points of . One example is given in Section 4.1 below.

The fact that the set of equilibrium points of a metriplectic system can, in general, be (much) larger than the set ℭ0
 of constrained 

critical points of  can be an obstruction to convergence of an orbit 𝑢(𝑡) to a solution of (1), and this is important in some (but not all) 
applications. In the next section, we review a few physically relevant equilibrium problems and discuss their relation to variational 
principles of the form (1). The main result of the paper is the construction of appropriate metric brackets that relax a given initial 
condition to a solution of such equilibrium problems.
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2.2.  Examples of equilibrium problems

In this section, we review the examples of equilibrium problems that we shall use as test cases for metriplectic relaxation. All 
considered test problems are mathematically ill-posed, because they admit multiple solutions. In some cases, the ill-posedness can 
be mitigated by adding additional physics constraints. We shall also discuss the variational principles for the considered equilibrium 
problems.

2.2.1.  Reduced Euler equations
We begin with the Euler equations reduced to two dimensions [4, p.488 and references therein], which is the simplest of a 

hierarchy of models including the reduced MHD model [75]. Let 𝑥 = (𝑥1, 𝑥2) be Cartesian coordinates in a bounded domain Ω ⊂ ℝ2

with a sufficiently regular boundary 𝜕Ω. In Ω, we consider an incompressible flow 𝑈 = (𝑈1, 𝑈2) =
(

𝜕2𝜙,−𝜕1𝜙
)

, given in terms of a 
stream function 𝜙(𝑥) with 𝜕𝑖 = 𝜕∕𝜕𝑥𝑖. Then div𝑈 = 0 and from the definition of the scalar vorticity 𝜔 ∶= 𝜕1𝑈2 − 𝜕2𝑈1 one obtains the 
Poisson equation

−Δ𝜙 = 𝜔 in Ω , 𝜙 = 0 on 𝜕Ω , (10)

where Δ is the Laplace operator in ℝ2. Vice versa, given 𝜔, we can solve (10) for 𝜙 and reconstruct the flow 𝑈 . Hence, the incom-
pressible Euler equations in two-dimensions

𝜕𝑡𝑈 + 𝑈 ⋅ ∇𝑈 = −∇𝑝, div𝑈 = 0,

with 𝑝 being the pressure field, amount to an evolution equation for the scalar vorticity 𝜔,
⎧

⎪

⎨

⎪

⎩

𝜕𝑡𝜔 + [𝜔,𝜙] = 0,  in Ω,
−Δ𝜙 − 𝜔 = 0,  in Ω,

𝜙 = 0,  on 𝜕Ω,
where [𝜔,𝜙] ∶= 𝜕1𝜔𝜕2𝜙 − 𝜕2𝜔𝜕1𝜙 is the canonical Poisson bracket in ℝ2. This model is referred to as the reduced Euler equations.

The phase space 𝑉  of the reduced Euler equations is the space of vorticity fields, i.e., 𝑢 = 𝜔, and 𝜙 = −Δ−1
Ω,0 𝜔 is regarded as a 

function of 𝜔, given by the inverse of the Laplacian on Ω with homogeneous Dirichlet boundary conditions.
The equilibrium problem for the reduced Euler equations then reads

⎧

⎪

⎨

⎪

⎩

[𝜔,𝜙] = 0,  in Ω,
−Δ𝜙 − 𝜔 = 0,  in Ω,

𝜙 = 0,  on 𝜕Ω.
(11)

Problem (11) admits many solutions and therefore is mathematically ill-posed. One can in fact construct a large class of solutions upon 
noticing that [𝜔,𝜙] = 0 implies that 𝜔 is constant on the isolines (contours) of the potential 𝜙. The contours may have many connected 
components, each one with a possibly different topology (i.e., homeomorphic to a different model space) and the constant value of 𝜔
on different connected components may be different. Given a function 𝑓 ∈ 𝐶1(ℝ), we may set 𝜔 = 𝜆𝑓 (𝜙) with a normalization factor 
𝜆 ∈ ℝ to be determined; in this way we assign the same value of 𝜔 to all connected components of the same contour of 𝜙. This is a 
special case which is considered here for sake of simplicity. Then we consider the problem: find (𝜙, 𝜆), with 𝜆 ≠ 0, such that

{

−Δ𝜙 = 𝜆𝑓 (𝜙),  in Ω,
𝜙 = 0,  on 𝜕Ω.

(12)

Any solution (𝜙, 𝜆) of (12) yields a solution 𝜔 = 𝜆𝑓 (𝜙) of the equilibrium problem (11). The case 𝜆 = 0 leads to the trivial equilibrium 
𝜔 = 0 and it is not considered.

Problem (12) is a “eigenvalue problem” for a semilinear elliptic equation. If 𝑓 ′(𝑦) ≤ 0 (respectively, 𝑓 ′(𝑦) ≥ 0) for all 𝑦, the equation 
has a unique solution for any 𝜆 ≥ 0 (respectively, 𝜆 ≤ 0) [76]. In the other cases, the solution may not exist for all 𝜆; if a solution exists, 
uniqueness is not guaranteed, e.g., for degenerate eigenvalues. For instance, when 𝑓 (𝑦) = 𝑦, problem (12) reduces to the standard 
eigenvalue problem for the Laplace operator with Dirichlet boundary conditions; then, we have discrete, possibly degenerate, positive 
eigenvalues 𝜆𝑛 > 0, 𝑛 ∈ ℕ, each with a corresponding finite set of eigenfunctions 𝜙𝑛,𝑘 depending on the multiplicity of 𝜆𝑛. For 𝜆 ≤ 0, 
the trivial solution 𝜙 = 0 is the unique solution.

This, in particular, shows that problem (11) is ill-posed, since there is a rich set of solutions for each choice of 𝑓 , and many 
choices of 𝑓 are possible. In order to mitigate the nonuniqueness problem, in practice the function 𝑓 , which will be referred to as 
the equilibrium profile, is prescribed, and among the solutions of (12), the one with the lowest 𝜆 is considered. The reformulation of 
the equilibrium problem (11) into the nonlinear eigenvalue problem (12) with fixed 𝑓 is good enough in practice. There are efficient 
iterative algorithms [77] for the solution of this type of eigenvalue problem with the lowest 𝜆.

An alternative reformulation of the equilibrium problem (11) is possible, based on a variational principle of the form (1). For 
0 > 0 and 𝑠 ∈ 𝐶2(ℝ) satisfying 𝑠′′(𝑦) ≠ 0, 𝑦 ∈ ℝ, let us consider the problem

min{(𝜔)∶ (𝜔) = 0}. (13)

where

(𝜔) = ∫Ω
𝑠(𝜔)𝑑𝑥, (𝜔) = 1

2 ∫Ω
|∇𝜙|2𝑑𝑥, (14)
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are the entropy and Hamiltonian functions, respectively, with 𝜙 depending on 𝜔 via the Poisson Eq. (10). The condition on the 
entropy profile 𝑠(𝑦) implies that 𝑠′(𝑦) is a strictly monotonic function, either decreasing or increasing. In general, 𝑠(𝑦) will be chosen 
ad hoc and does not necessarily have a physical meaning. The Hamiltonian  is the kinetic energy of the incompressible fluid, since 
|∇𝜙|2 = |𝑈 |

2, where 𝑈 is the flow velocity.
Problem (9) in this case reads: Find (𝜔, 𝜆), such that

{

𝑠′(𝜔) − 𝜆𝜙 = 0, (𝜔) = 0,

with 𝜙 solution of (10).
(15)

The set ℭ0
 of constrained critical points, cf. Section 2.1, amounts to

ℭ0
= {𝜔∶ (𝜔, 𝜆) solves (15) for some 𝜆 ∈ ℝ}.

All elements of the set ℭ0
 are solutions of the original equilibrium problem (11). In fact, for 𝜆 ≠ 0, we have [𝜔,𝜙] = 𝜆−1[𝜔, 𝑠′(𝜔)] = 0. 

The case 𝜆 = 0 is somewhat special, since 𝑠′(𝜔) = 0 with 𝑠′′(𝑦) ≠ 0 implies that 𝜔(𝑥) = 𝜔𝑐 (𝑥) = 𝑦𝑐 = constant, where 𝑦𝑐 is the unique 
zero of 𝑠′(𝑦); the corresponding potential 𝜙𝑐 is given by the solution of problem (10) with constant right-hand side. There is therefore 
only one solution for 𝜆 = 0 and this carries the energy 12‖∇𝜙𝑐‖2𝐿2 = 𝑐 and it is always an equilibrium, since 𝜔𝑐 is constant. If 0 = 𝑐 , 
this solution belongs to ℭ0

, otherwise 𝜆 = 0 is not a possible value for the Lagrange multiplier.
Under the hypothesis 𝑠′′(𝑦) ≠ 0, 𝑠′(𝑦) is monotonic, and thus an invertible function of 𝑦 ∈ ℝ. Problem (15) is related to the eigen-

value problem (12) with equilibrium profile given by 𝑓 (𝑦) = (𝑠′)−1(𝑦). Precisely, if (𝜔, 𝜆) is a solution of (15) with 𝜆 ≠ 0, we can define 
𝜔̃ = 𝜆𝜔 and 𝜙̃ = 𝜆𝜙, and obtain from (15)

−Δ𝜙̃ = 𝜆𝜔 = 𝜆(𝑠′)−1(𝜆𝜙) = 𝜆𝑓 (𝜙̃),

which shows that 𝜙̃ solves (12) with the eigenvalue being the same as the Lagrange multiplier 𝜆.
Among all these equilibria, the minimization in (13) selects those with minimum entropy, thus mitigating the nonuniqueness 

problem, as shown in the following special case. As in Yoshida and Mahajan [57], we choose 𝑠(𝑦) = 𝑦2∕2, hence 𝑠′(𝑦) = 𝑦 and solutions 
of (15) must necessarily solve the eigenvalue problem for the Laplace operator on Ω with homogeneous Dirichlet boundary conditions. 
From standard theory [78], we know that there is an orthonormal basis {𝜙𝑗,𝑘} in 𝐿2(Ω) of eigenfunctions, −Δ𝜙𝑗,𝑘 = 𝜆𝑗𝜙𝑗,𝑘, labeled 
by 𝑗 ∈ ℕ0 with 𝑘 = 1,… , 𝑑𝑗 counting the multiplicity and 𝑑𝑗 being the dimension of the eigenspace corresponding to the eigenvalue 
𝜆𝑗 > 0. Then, the set ℭ0

 comprises all and only the vorticity fields of the form

𝜔𝑗 = 𝜆𝑗𝜙𝑗 , 𝜙𝑗 =
𝑑𝑗
∑

𝑘=1
𝑎𝑗,𝑘𝜙𝑗,𝑘,

for any 𝑗 ∈ ℕ0 and 𝑎𝑗 = (𝑎𝑗,𝑘) ∈ ℝ𝑑𝑗  satisfying the energy constraint
𝜆𝑗𝑎

2
𝑗 = 20.

The energy constraint fixes the length of the vector 𝑎𝑗 but not its direction. The function  restricted to ℭ0
 is given by

(𝜔𝑗 ) = 0𝜆𝑗 ,

which is bounded from below, since the spectrum of −Δ is bounded from below and 0 is a constant. The solutions of (13) correspond 
to the eigenfunctions with minimum eigenvalue (the ground states). Usually the eigenspace corresponding to the lowest eigenvalue is 
one-dimensional hence we have two solutions that differ only by the sign of the vorticity. In this example, the variational principle (13) 
picks the solution of (12) with the lowest 𝜆.

In this paper, we use metriplectic dynamics in order to solve the variational principle (13). For this particular application it is 
essential that the orbit of the chosen metriplectic dynamical system relaxes completely to a constrained entropy minimum.

2.2.2.  Axisymmetric MHD equilibria
A similar equilibrium problem arises from axisymmetric ideal magnetohydrodynamic (MHD) equilibria of electrically conducting 

fluids. For MHD, the general equilibrium condition with zero flow amounts to [5,8,12,19,79]
𝐽 × 𝐵 = 𝑐∇𝑝, curl𝐵 = 4𝜋𝐽∕𝑐, div𝐵 = 0, (16)

where 𝐵 and 𝐽 are vector fields and 𝑝 is a scalar field. Physically 𝐵 and 𝐽 are the magnetic field and the electric current density, 
respectively, while 𝑝 is the fluid pressure. As noted above, Gaussian units are used with 𝑐 being the speed of light in free space. The 
first equation expresses the force balance between the Lorentz force 𝐽 × 𝐵∕𝑐 and the pressure gradient ∇𝑝. The force balance implies 
the necessary conditions

𝐵 ⋅ ∇𝑝 = 0, 𝐽 ⋅ ∇𝑝 = 0, (17)

that is, 𝑝 is constant on the field lines of both 𝐵 and 𝐽 .
For axisymmetric solutions, i.e., solutions that have rotational symmetry around an axis, we introduce cylindrical coordinates 

(𝑟, 𝜑, 𝑧) around the symmetry axis 𝑧, and from div𝐵 = 0 it follows that [5], 
𝐵 = 𝜒∇𝜑 + ∇𝜓 × ∇𝜑 ,
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4𝜋𝐽∕𝑐 = curl𝐵 = −Δ∗𝜓∇𝜑 + ∇𝜒 × ∇𝜑,

where Δ∗ = 𝑟[𝜕𝑟(𝑟−1𝜕𝑟)] + 𝜕2𝑧 is a linear elliptic second-order differential operator in (𝑟, 𝑧) coordinates, the Grad-Shafranov opera-
tor, whereas 𝜒(𝑟, 𝑧), 𝑝(𝑟, 𝑧), and 𝜓(𝑟, 𝑧) are real-valued scalar functions. The operator ∇ is the full three-dimensional gradient. Then 
axisymmetric equilibria with zero flow must satisfy the conditions

− Δ∗𝜓∇𝜓 − 𝜒∇𝜒 − 4𝜋𝑟2∇𝑝 = [𝜓, 𝜒]𝑟∇𝜑,

[𝜓, 𝑝] = 0, [𝜒, 𝑝] = 0,

where the brackets [⋅, ⋅] are the canonical Poisson brackets in the (𝑟, 𝑧)-plane, e.g., [𝜒, 𝜓] = 𝑟∇𝜑 ⋅ (∇𝜓 × ∇𝜒) = 𝜕𝑟𝜒𝜕𝑧𝜓 − 𝜕𝑟𝜓𝜕𝑧𝜒 . The 
first equilibrium condition expresses the force balance of (16), while the latter two follow from the necessary conditions (17), respec-
tively. With homogeneous Dirichlet boundary conditions, we can formulate the problem

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑢∇𝜓 − 𝜒∇𝜒 − 4𝜋𝑟2∇𝑝 = 0, in Ω,

[𝜓, 𝑝] = 0, [𝜓, 𝜒] = 0, in Ω,

−Δ∗𝜓 − 𝑢 = 0, in Ω,

𝜓 = 0, on 𝜕Ω,

(18)

where Ω ⊂ ℝ+ ×ℝ is a domain in the (𝑟, 𝑧) plane satisfying 𝑟 > 0 in the closure Ω (so that Ω is bounded away from the singularity of 
cylindrical coordinates at 𝑟 = 0). The auxiliary variable 𝑢 is related to the 𝜑 component of the current density, since 𝐽𝜑 = 𝐽 ⋅ ∇𝜑∕|∇𝜑| =
−𝑐Δ∗𝜓∕(4𝜋𝑟) = 𝑐𝑢∕(4𝜋𝑟). Without specifying other constraints this problem is ill-posed in the same way as problem (11): the vanishing 
of the two Poisson brackets in (18) implies that, if ∇𝜓 , ∇𝑝, and ∇𝜒 are all nonzero, both 𝜒 and 𝑝 are constant on the level sets of 𝜓 . 
However, the functional relation between 𝜒 , 𝑝 and 𝜓 is undetermined. Fortunately, providing such information is straightforward. 
If we prescribe 𝜒 =

√

𝜆𝐹 (𝜓) and 𝑝 = 𝜆𝐺(𝜓) for given functions 𝐹 ,𝐺 ∈ 𝐶1(ℝ) and 𝜆 > 0, we obtain 𝑢 = 𝜆[(𝐹 2∕2)′(𝜓) + 4𝜋𝑟2𝐺′(𝜓)] =
𝜆𝑓 (𝑟, 𝜓) and the equilibrium problem reduces to

{

−Δ∗𝜓 = 𝜆𝑓 (𝑟, 𝜓),  in Ω,
𝜓 = 0,  on 𝜕Ω,

(19)

which is referred to as the Grad-Shafranov equation, and is the analog of (12). (We remark that in realistic applications proper care 
must be taken to assign physically meaningful values of 𝜒 and 𝑝 to different connected components of the 𝜓-contours.) Eq. (19) is 
an “eigenvalue problem” for a semilinear elliptic equation and thus the same remarks about the well-posedness of Eq.  (12) are valid 
here. Solving this eigenvalue problem is the standard way of computing axisymmetric MHD equilibria in tokamaks [77,80,81]. As 
for the Euler equations, the Grad-Shafranov problem can be considered solved, and it is used in this work as a benchmark problem.

As for the case of reduced Euler equilibria, solutions of the axisymmetric MHD equilibrium conditions (18) can be characterized 
by a variational principle of the form (1). For a state variable we choose 𝑢(𝑟, 𝑧) = (4𝜋∕𝑐)𝑟𝐽𝜑(𝑟, 𝑧) defined over the bounded domain 
Ω ⊂ ℝ+ ×ℝ, with 𝑟 > 0 on Ω, and we consider the measure 𝑑𝜇 = 𝑟−1𝑑𝑟𝑑𝑧 on Ω. We assume that the profiles 𝐹 ,𝐺 ∈ 𝐶2(ℝ) are given so 
that 𝑓 (𝑟, 𝑦) ∶= (𝐹 2∕2)′(𝑦) + 4𝜋𝑟2𝐺′(𝑦) satisfies 𝜕𝑦𝑓 (𝑟, 𝑦) ≠ 0. Therefore the map 𝑦↦ 𝑓 (𝑟, 𝑦) is monotonic and has an inverse 𝑦↦ 𝜕𝑦𝑠(𝑟, 𝑦)
for any fixed 𝑟. After integration in 𝑦 we find a function 𝑠 ∈ 𝐶2(ℝ+ ×ℝ), with 𝜕2𝑦𝑠(𝑟, 𝑦) ≠ 0 and such that 𝜕𝑦𝑠(𝑟, ⋅)−1 = 𝑓 (𝑟, ⋅). Then we 
consider the problem

min{(𝑢)∶ (𝑢) = 0}, (20)

with entropy and Hamiltonian

(𝑢) = ∫Ω
𝑠(𝑟, 𝑢)𝑑𝜇, (𝑢) = 1

2 ∫Ω
|∇𝑟,𝑧𝜓|2𝑑𝜇, (21)

where 𝜓 is regarded as a function of 𝑢 given by the solution of the linear elliptic problem
−Δ∗𝜓 = 𝑢, 𝜓|𝜕Ω = 0. (22)

Here  amounts to the magnetic energy stored in the poloidal component ∇𝜓 × ∇𝜑 of the magnetic field.
The functional derivatives are defined with respect to the 𝐿2-product with the measure 𝜇 on Ω, so that

𝛿(𝑢)
𝛿𝑢

= 𝜕𝑦𝑠(𝑟, 𝑢),
𝛿(𝑢)
𝛿𝑢

= 𝜓.

Eq. (9) gives
{

𝜕𝑦𝑠(𝑟, 𝑢) − 𝜆𝜓 = 0, (𝑢) = 0,

with 𝜓 solution of (22).
(23)

The set ℭ0
 of constrained critical points is then

ℭ0
= {𝑢∶ (𝑢, 𝜆) solves (23) for some 𝜆 > 0},

and among the elements of ℭ0
, those with minimum entropy are solutions of the entropy principle (1).
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Under the assumption on 𝑠(𝑟, 𝑦), each element 𝑢 ∈ ℭ0
 with 𝜆 ≠ 0 corresponds to an axisymmetric equilibrium. In order to see 

this, we have to find the fields 𝑝 and 𝜒 corresponding to 𝑢. Given the profiles 𝐹  and 𝐺 from which 𝑠 has been derived, let us define

𝜒 =
√

𝜆𝐹 (𝜆𝜓), 𝑝 = 𝜆𝐺(𝜆𝜓),

together with the scaled variables ̃𝑢 = 𝜆𝑢 and 𝜓̃ = 𝜆𝜓 . One can check that ̃𝑢, 𝜓̃ together with 𝜒 and 𝑝 given above solve conditions (18). 
We also have that 𝜓̃ is a solution of the Grad-Shafranov equation.

We remark that in general, the variational principle (20) can be formulated for generic profiles 𝑠(𝑟, 𝑦) and as long as 𝜕2𝑦𝑠(𝑟, 𝑦) ≠ 0, 
we can still find 𝑓 (𝑟, ⋅) = 𝜕𝑦𝑠(𝑟, ⋅)−1 and a correspondence between (23) and (19). However, for general profiles, 𝑓 (𝑟, 𝑦) cannot be 
written in terms of 𝐹 (𝑦) and 𝐺(𝑦), since 𝑓 may not be a quadratic function of 𝑟; therefore, one cannot always find 𝜒 and 𝑝 and thus 
an equilibrium in the sense of (18).

As in the case of the reduced Euler equations, for the application of metriplectic dynamics to the solution of (20) it is essential 
that the orbits of the metriplectic system completely relax to a constrained entropy minimum.

2.2.3.  Beltrami fields
Let Ω ⊂ ℝ3 be a bounded simply connected domain, with sufficiently regular boundary 𝜕Ω, and let 𝑛∶ 𝜕Ω → ℝ3 be the outward 

unit normal to Ω. A vector field 𝐵∶ Ω → ℝ3 is called a Beltrami field (also known as nonlinear or weak Beltrami field) if it satisfies the 
Beltrami conditions

(curl𝐵) × 𝐵 = 0, div𝐵 = 0,

which, with the addition of the natural homogeneous boundary condition for a divergence-free field, lead to [82,83]
{

(curl𝐵) × 𝐵 = 0, div𝐵 = 0, in Ω,
𝑛 ⋅ 𝐵 = 0, on 𝜕Ω.

(24)

Solutions of (24) satisfy the ideal MHD equilibrium conditions (16) with constant pressure, hence Beltrami fields are force-free MHD 
equilibria [31]. The force-free condition can be equivalently rewritten as curl𝐵 = 𝑓𝐵 for a real scalar function 𝑓 , referred to as the 
proportionality factor. From the divergence-free condition, div𝐵 = 0, it follows that 𝐵 ⋅ ∇𝑓 = 0, i.e., if 𝐵 is a smooth nonlinear Beltrami 
field corresponding to a smooth non-constant scalar multiplier 𝑓 , then 𝑓 is a first integral of 𝐵. Enciso and Peralta-Salas have shown 
that the Beltrami conditions constrain the field in such a way that nontrivial solutions with a sufficiently regular proportionality 
factor 𝑓 exist only if 𝑓 satisfies a very restrictive condition, so that smooth nonlinear Beltrami fields are “rare” [84]. On the other 
hand, one can search for solutions with low regularity requirements, e.g., 𝐵 ∈ 𝐻1(Ω)3, the Sobolev space of fields 𝐵 ∶ Ω → ℝ3 such 
that 𝐵 ∈ 𝐿2 and ∇𝐵 ∈ 𝐿2 componentwise. With the nonhomogeneous boundary condition 𝑛 ⋅ 𝐵 = 𝑔 on 𝜕Ω, an existence result has 
been proven for 𝐵 ∈ 𝐻1(Ω)3 and 𝑓 ∈ 𝐿∞(Ω) by using a fixed-point argument [82], but on a simply connected domain this solution 
reduces to 𝐵 = 0 if 𝑔 = 0. For the purposes of this work, we are interested in a weaker formulation of the Beltrami condition, which 
will become relevant in Section 6.4. For this formulation, we need to introduce the Sobolev space 𝐻0(div,Ω) of 𝐿2 vector fields 𝑤
with div𝑤 in 𝐿2 and 𝑤 ⋅ 𝑛 = 0 on 𝜕Ω. We also need the space 𝐻(curl,Ω) of 𝐿2 vector fields 𝑤 with curl𝑤 in 𝐿2, and its subspace 
𝐻0(curl,Ω) of vector fields 𝑤 ∈ 𝐻(curl,Ω) satisfying the homogeneous boundary condition 𝑤 × 𝑛 = 0 on 𝜕Ω. Specifically, we consider 
the problem of finding 𝐵 ∈ 𝐻0(div,Ω) ∩𝐻(curl,Ω), such that

(curl𝐵) × 𝐵 = 0, div𝐵 = 0.

In this formulation the current 𝐽 = (4𝜋∕𝑐) curl𝐵 is only required to be in 𝐿2; thus, it can have singularities as long as they are 
squared-integrable. Since the space 𝐻0(div,Ω) ∩𝐻(curl,Ω) is not convenient for the purposes of a finite element discretization, in our 
numerical experiment in Section 6.4, we consider an even weaker formulation: find 𝐵 ∈ 𝐻0(div,Ω), such that

𝑗 ×𝐻 = 0, div𝐵 = 0,

where the current 𝑗 (different than 𝐽 = (4𝜋∕𝑐) curl𝐵) and 𝐻 are the unique elements in 𝐻0(curl,Ω) such that (𝑗, 𝑘)𝐿2 = (𝐵, curl 𝑘)𝐿2

and (𝐻,𝐺)𝐿2 = (𝐵,𝐺)𝐿2  for any 𝑘,𝐺 ∈ 𝐻0(curl,Ω). This formulation, in principle allows for even stronger current singularities. We are 
not aware of any existence result for either of these two formulations of the Beltrami problem. While looking for solutions with low 
regularity might appear physically obscure, there are two reasons to consider them. The first is that existence of smooth equilibria is 
an issue, and equilibria with singular currents are acceptable in some applications as discussed in Section 1.1 in the context of the 
Grad’s conjecture. The second reason is that these spaces of functions are natural for modern numerical methods in MHD [85,86, and 
references therein].

A special class of Beltrami fields is given by the solutions of the eigenvalue problem for the curl operator: find (𝐵, 𝜆), 𝜆 ∈ ℝ, such 
that

{

curl𝐵 = 𝜆𝐵,  in Ω,
𝑛 ⋅ 𝐵 = 0  on 𝜕Ω.

(25)

The eigenfunctions of this problem will be referred to as linear Beltrami fields and they are necessarily divergence-free. Since there 
is a countable family of eigenvalues of the curl operator, each corresponding to a finite-dimensional space of eigenfunctions [87,88], 
both problem (24) and (25) are mathematically ill-posed due to nonuniqueness of the solution (although for (25), this is standard, 
since it is an eigenvalue problem).
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Linear Beltrami fields can be characterized by a variational principle of the form (1), which has been proposed by Woltjer [58] 
and later applied to self-organized states in fusion plasmas by Taylor [59]. This variational principle is also central in multi-region 
relaxed MHD [89,90]. Generalizations of Woltjer’s variational principle have been proposed by Dixon and co-workers, including the 
free-boundary case [91].

For the formulation of the variational principle, let 0 ∈ ℝ, and let 𝑉  be the space of 𝐿2 vector fields 𝑢 = 𝐵 on Ω such div𝐵 = 0
and 𝑛 ⋅ 𝐵 = 0 on 𝜕Ω. Then we consider the problem

min{(𝐵)∶ (𝐵) = 0}, (26)

with the entropy and Hamiltonian functions given by

(𝐵) = 1
2 ∫Ω

|𝐵|2𝑑𝑥, (𝐵) = 1
2
𝐻𝑚(𝐵) ∶=

1
2 ∫Ω

𝐴 ⋅ 𝐵𝑑𝑥, (27)

where 𝐴 is the vector potential for 𝐵 defined as the unique solution of the problem
⎧

⎪

⎨

⎪

⎩

curl𝐴 = 𝐵,  in Ω,
div𝐴 = 0,  in Ω,
𝑛 × 𝐴 = 0,  on 𝜕Ω.

(28)

The necessary condition for solutions of (26) reads
{

𝐵 − 𝜆𝐴 = 0, (𝐵) = 0,

with 𝐴 given by (28),
(29)

where 𝜆 ∈ ℝ is the Lagrange multiplier. The set of constrained critical points of the entropy function is
ℭ0

= {𝐵∶ (𝐵, 𝜆) solves (29) for some 𝜆 ∈ ℝ}.

From (28) and (29), one has that each constrained critical point 𝐵 ∈ ℭ0
 is a linear Beltrami field since curl𝐵 = 𝜆 curl𝐴 = 𝜆𝐵, and 

the same holds true for the corresponding potential, curl𝐴 = 𝜆𝐴.
The formal analysis of the variational problem proceeds as in the example of the reduced Euler equations with a linear profile 

𝑠′(𝑦). Condition (29) implies that 𝐵 ∈ 𝑉  satisfies the eigenvalue problem (25). From the theory of this eigenvalue problem [87], we 
know that there is an orthonormal basis of eigenfunctions corresponding to the eigenvalue 𝜆 = 𝜆𝑗 ∈ ℝ ⧵ {0} labeled by 𝑗 ∈ ℕ0 and 
with 𝑘 = 1,… , 𝑑𝑗 counting the multiplicity. As in the case of the Euler equations, the set ℭ0

 comprises all and only the vector fields 
𝐵𝑗 = 𝜆𝑗𝐴𝑗 with 𝐴𝑗 =

∑

𝑘 𝑎𝑗,𝑘𝐴𝑗,𝑘, 𝑎𝑗 = (𝑎𝑗,𝑘)𝑘 ∈ ℝ𝑑𝑗 , and that satisfy the constraint (𝐵) = 0, which is 20𝜆𝑗 = |𝑎𝑗 |2. Different from 
the case of the reduced Euler equations, both 0 and the eigenvalues of the curl operator can be negative. Since |𝑎𝑗 |2 > 0, if 0 < 0
(resp. 0 > 0), only the eigenfunctions 𝐵𝑗 with 𝜆𝑗 < 0 (resp. 𝜆𝑗 > 0) belong to ℭ0

. The entropy function restricted to ℭ0
 amounts 

to

(𝐵𝑗 ) = 0𝜆𝑗 > 0,

and it is always positive even if 0 and 𝜆𝑗 can be negative. It is possible to show that the minimum is attained [92]. Hence the 
solutions of (26) are the ground states for the curl operator.

The variational principle (26) asks for divergence-free fields 𝐵 with minimum energy (1∕2)‖𝐵‖2
𝐿2 = (𝐵) subject to the constraint 

that magnetic helicity 𝐻𝑚(𝐵) = 2(𝐵) is held constant. Since magnetic helicity is a global constraint, i.e. (𝐵) takes values in ℝ, 𝜆
is a constant in ℝ and thus the variational principle selects linear Beltrami fields. Magnetic helicity 𝐻𝑚 is related to the topology of 
the field lines of 𝐵 [93]. Specifically magnetic helicity is the average asymptotic linking number of the field lines [94,95]. Nonlinear 
Beltrami fields (24) on the other hand can be obtained from a variational principle with a much stronger constraint, i.e., Beltrami 
fields are energy minima constrained to configurations of the field 𝐵 that are continuous deformation of a prescribed field 𝐵0. This 
constraint preserves the topology of the field lines, and thus magnetic helicity as well [96]. An overview of this variational principle 
is given in Appendix C for sake of completeness.

In this work, we discuss metriplectic dynamical systems on the space 𝑉  of divergence-free fields. We address in particular conver-
gence of an orbit to nonlinear Beltrami fields. This is an example for which complete relaxation of the orbit is not a desired property, 
since complete relaxation would leads to linear Beltrami fields. We shall address instead brackets that have a class of invariants much 
richer than just the Hamiltonian.

From a computational point of view, the direct numerical solution for Beltrami fields is possible by a variety of techniques 
[83,90,97]. Here, we shall not attempt to compare the performance of these methods with that of the metriplectic relaxation. Our 
aim is rather to study the convergence of metriplectic systems on a physically relevant problem. We note however that relaxation 
methods for force-free equilibria are common in several applications [31] and our study eventually aims at improving the rate of 
convergence of such methods.

3.  On the relaxation of metriplectic systems

In this section, we present some remarks and mathematical results pertaining to equilibrium points of metriplectic systems, their 
stability, and sufficient conditions for convergence of nearby orbits.
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As described above, metriplectic dynamical systems dissipate entropy at constant energy, cf. (8). It is therefore central to ask 
whether a solution 𝑢(𝑡) of a metriplectic system, defined for 𝑡 ∈ [0,+∞), has a limit for 𝑡 → +∞, and whether the limit, when it 
exists, is a minimum of entropy on the surface of constant Hamiltonian (𝑢) = 0 = (𝑢0), 𝑢0 = 𝑢(0) being the initial state. This is 
the variational principle (1). For some applications, e.g., the equilibrium problems introduced in Sections 2.2.1 and 2.2.2, complete 
relaxation of the orbit is essential. Recall, this means that the solution of the metriplectic system has a limit as 𝑡→ +∞ and the limit 
is a solution of (1). In general for applications it is also useful to know the rate of convergence to the limit.

In this section we address implications of general metriplectic structure, i.e., properties (8), for the complete relaxation of the 
orbit. A first implication is that, since  is monotonically nonincreasing along an orbit, it is a candidate for a Lyapunov function 
[40,98,99]. This argument is standard for nondegenerate gradient flows, but adaptation is needed for metriplectic systems, which 
have degeneracy. In Section 3.1 we first recall some standard arguments for Lyapunov stability, and then discuss their adaptation 
to metriplectic systems. Then, in Section 3.2, we consider another classical tool in the theory of nondegenerate gradient flows, the 
Polyak–Łojasiewicz condition. We develop the details in the finite-dimensional setting, but make some comments on extension to 
infinite dimensions in Section 3.3.

3.1.  Finite-dimensional systems: Lyapunov stability

Let us start by recalling the Lyapunov stability theorem for finite-dimensional dynamical systems. Consider a generic vector field 
𝑋 ∶  → ℝ𝑛 on a domain  ⊆ ℝ𝑛, 𝑛 ∈ ℕ. We only assume that 𝑋 is locally Lipschitz continuous (locally Lipschitz for short), that is, 
every point 𝑧0 ∈  has a neighborhood 𝑧0  where

|𝑋(𝑧) −𝑋(𝑧′)| ≤ 𝐿𝑧0 |𝑧 − 𝑧
′
|, 𝑧, 𝑧′ ∈ 𝑧0 ,

for a constant 𝐿𝑧0 > 0, possibly depending on 𝑧0, thus we have existence and uniqueness for the ordinary differential equation system 
𝑑𝑧∕𝑑𝑡 = 𝑋(𝑧).

Let 𝑧∗ ∈  be an equilibrium point, i.e., 𝑋(𝑧∗) = 0. A continuous function ∶  → ℝ defined on an open subset  ⊆  containing 
𝑧∗, and differentiable in  ⧵ {𝑧∗} is a Lyapunov function for 𝑋, if

𝑋(𝑧) ⋅ ∇(𝑧) ≤ 0, 𝑧 ∈  ⧵ {𝑧∗}; (L1)

(𝑧∗) = 0 and (𝑧) > 0, 𝑧 ≠ 𝑧∗. (L2)

Such an  is a strict Lyapunov function for 𝑋, if it is a Lyapunov function and satisfies
𝑋(𝑧) ⋅ ∇(𝑧) < 0, 𝑧 ∈  ⧵ {𝑧∗}. (L3)

Condition (L2) in particular implies that 𝑧∗ is an isolated minimum of  in .
The Lyapunov stability theorem [40,66,100,101] states that, if a Lyapunov function exists, then 𝑧∗ ∈  is a stable equilibrium 

point. By definition this means that for any 𝜀 > 0 there is 𝛿 > 0, such that |𝑧0 − 𝑧∗| < 𝛿 implies |𝑧(𝑡) − 𝑧∗| < 𝜀 for all 𝑡 ≥ 0, with 𝑧(𝑡)
being an integral curve of 𝑋 with initial condition 𝑧(0) = 𝑧0. In addition, if the Lyapunov function is strict, 𝑧∗ is an asymptotically stable
equilibrium point, that is, 𝑧∗ is a stable equilibrium point, in the sense defined above, and 𝛿 > 0 can be chosen so that lim𝑡→+∞ 𝑧(𝑡) = 𝑧∗, 
for all initial conditions 𝑧0 satisfying |𝑧0 − 𝑧∗| < 𝛿.

Although the Lyapunov stability theorem is well known [40,66,100,101], we recall the proof for sake of completeness, since the 
other results in Section 3 rely on the same ideas. The various arguments available in the literature differ essentially only in the final 
step in the proof of asymptotic stability. Here we follow Moretti [101], which we find particularly clear. Recall that 𝐵𝑟(𝑧) = {𝑧′ ∈
ℝ𝑛 ∶ |𝑧′ − 𝑧| < 𝑟} denotes the open ball of radius 𝑟 > 0 in ℝ𝑛.

Theorem 1  (Lyapunov stability). Let 𝑋 ∶  → ℝ𝑛 be a locally Lipschitz vector field, 𝑧∗ ∈  an equilibrium point of 𝑋,  ⊆  an open 
subset containing 𝑧∗, and ∶  → ℝ continuous in  and differentiable in  ⧵ {𝑧∗}.

(i) If  is a Lyapunov function for 𝑋, then 𝑧∗ is a stable equilibrium point.
(ii) If  is a strict Lyapunov function for 𝑋, then 𝑧∗ is an asymptotically stable equilibrium point.

Proof.  (i) Stability. Since  is open, we can choose 𝜀 > 0 so small that the ball 𝐵𝜀(𝑧∗) is contained in the neighborhood . On 
the boundary 𝜕𝐵𝜀, (𝑧) > 0 because of (L2). Let 𝜀 ∶= min𝑧∈𝜕𝐵𝜀(𝑧∗) (𝑧). The minimum exists since 𝜕𝐵𝜀(𝑧∗) is compact. Let us now 
choose 𝛿 > 0 so small that (𝑧) < 𝜀 for 𝑧 ∈ 𝐵𝛿(𝑧∗). This is possible since  is continuous and (𝑧∗) = 0. For any 𝑧0 ∈ 𝐵𝛿(𝑧∗), let 𝑧(𝑡), 
𝑡 ∈ [−𝜏0,+𝜏0] be an integral curve of the vector field 𝑋 with initial condition 𝑧(0) = 𝑧0. Assumption (L1) implies that,


(

𝑧(𝑡)
)

≤ (𝑧0) < 𝜀, for all 𝑡 ∈ [0, 𝜏0].

The function 𝑡 ↦ |𝑧(𝑡) − 𝑧∗| is continuous; hence, if there is a time 𝑡𝑜 ∈ [0, 𝜏0] at which |𝑧(𝑡𝑜) − 𝑧∗| ≥ 𝜀, the intermediate value theorem 
implies that there is 𝑡𝑒 ∈ (0, 𝑡𝑜] at which |𝑧(𝑡𝑒) − 𝑧∗| = 𝜀 and thus (𝑧(𝑡𝑒)

)

≥ 𝜀, and this is a contradiction. Therefore |𝑧(𝑡) − 𝑧∗| < 𝜀
for all 𝑡 ∈ [0, 𝜏0]. Since the integral curve stays in a bounded subdomain, the solution can be extended to the interval [−𝜏0,+∞) and 
|𝑧(𝑡) − 𝑧∗| < 𝜀 for all 𝑡 ∈ [0,+∞).

(ii) Asymptotic stability. If  is a strict Lyapunov function, then in particular, it is a Lyapunov function and thus 𝑧∗ is a stable 
equilibrium point. We can choose 𝜀0 > 0 and a 𝛿0 > 0 such that any integral curve 𝑧(𝑡) with 𝑧(0) ∈ 𝐵𝛿0 (𝑧∗) stays in 𝐵𝜀0 (𝑧∗).

We want to show that for any 𝑧0 ∈ 𝐵𝛿0 (𝑧∗) and for any 𝜀 ∈ (0, 𝜀0) there is a time 𝑇𝜀 > 0 such that the integral curve 𝑧(𝑡) with initial 
condition 𝑧(0) = 𝑧0 satisfies |𝑧(𝑡) − 𝑧∗| < 𝜀 for all 𝑡 > 𝑇𝜀.
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Uniqueness of the orbit passing through a given point implies that, if 𝑧0 ≠ 𝑧∗, then |𝑧(𝑡) − 𝑧∗| > 0 (since 𝑧(𝑡) = 𝑧∗ is a solution) and 
thus 𝑑(𝑧(𝑡))∕𝑑𝑡 < 0 for all 𝑡 > 0. Therefore function 𝑡 ↦ 

(

𝑧(𝑡)
) is strictly monotonically decreasing, and it is bounded form below, 

hence it has a limit

(

𝑧(𝑡)
)

→ 𝓁 = inf
𝑡≥0


(

𝑧(𝑡)
)

≥ 0,

The limit must be 𝓁 = 0. If not, (𝑧(𝑡)) ≥ 𝓁 > 0 for all 𝑡 > 0, and continuity of  implies that there a radius 𝑟 ∈ (0, 𝜀0) such that 
|𝑧(𝑡) − 𝑧∗| > 𝑟. This leads to a contradiction, since, if 𝑧(𝑡) stays in the compact region ℛ = {𝑧∶ 𝑟 ≤ |𝑧 − 𝑧∗| ≤ 𝜀} for all 𝑡 ≥ 0, then with 
−𝑀 = max𝑧∈ℛ 𝑋(𝑧) ⋅ ∇(𝑧) < 0,


(

𝑧(𝑡)
)

= (𝑧0) + ∫

𝑡

0
𝑋
(

𝑧(𝑠)
)

⋅ ∇
(

𝑧(𝑠)
)

𝑑𝑠 ≤ (𝑧0) −𝑀𝑡.

For 𝑡 > (𝑧0)∕𝑀 > 0, we have (𝑧(𝑡)) < 0, which is impossible. Hence, the limit must be 𝓁 = 0, that is, for every 𝜆 > 0 there is 𝑇𝜆 > 0
such that (𝑧(𝑡)) < 𝜆 for 𝑡 > 𝑇𝜆.

We claim that for any 𝜀 > 0 we can find 𝜆 = 𝜆𝜀 > 0 such that
𝐴𝜆 ∶= {𝑧 ∈ 𝐵𝜀0 (𝑧∗)∶ (𝑧) < 𝜆},

is contained in the ball 𝐵𝜀(𝑧∗), i.e. 𝐴𝜆 ⊂ 𝐵𝜀(𝑧∗). If this is the case, corresponding to 𝜆𝜀, there is a time 𝑇𝜀 > 0 such that, for all 𝑡 > 𝑇𝜀, 
𝑧(𝑡) ∈ 𝐴𝜆𝜀 ⊂ 𝐵𝜀(𝑧∗), which is the thesis. Therefore it remains to prove the claim. Let us assume that the claim is false, i.e. there is 
a value 𝜀∗ > 0 such that, for all 𝜆, there is at least one point 𝑧̃𝜆 that satisfies the conditions (𝑧̃𝜆) < 𝜆 and 𝜀∗ ≤ |𝑧̃𝜆 − 𝑧∗| ≤ 𝜀0. Upon 
choosing 𝜆 = 1∕𝑛 for 𝑛 ∈ ℕ we obtain a sequence 𝑧𝑛 = 𝑧̃1∕𝑛, which belongs to a compact set. Hence there is a converging subsequence 
𝑧𝑛𝑘 → 𝑧̃∗, and 𝜀∗ ≤ |𝑧̃∗ − 𝑧∗| ≤ 𝜀0 so that necessarily (𝑧̃∗) > 0. On the other hand, we have (𝑧𝑛𝑘 ) < 1∕𝑛𝑘 → 0 and, by continuity of 
, (𝑧̃∗) = 0, which is a contradiction. ∎

We want to apply Theorem 1 to metriplectic vector fields of the following form:
𝑋(𝑧) = 𝐽 (𝑧)∇(𝑧) −𝐾(𝑧)∇(𝑧). (30)

For comparison, we also address the case of a standard nondegenerate gradient flow
𝑋(𝑧) = −∇(𝑧), (31)

with entropy  ∈ 𝐶2().
First, recall that in the case of nondegenerate gradient flows (31), with  ∈ 𝐶2(), the function (𝑧) = (𝑧) − (𝑧∗) is a strict 

Lyapunov function in a neighborhood of any isolated, local minimum 𝑧∗ of  [100, Proposition 15.0.2]. Therefore, the Lyapunov 
stability theorem implies that any integral curve of the gradient flow with initial condition near an isolated entropy minimum 
converges to that entropy minimum for 𝑡 → +∞ (asymptotic stability). This result is a local version of the property we called complete 
relaxation.

Now, consider the case of a metriplectic vector field (30). If 𝑧∗ ∈  is an equilibrium point, the function (𝑧) = (𝑧) − (𝑧∗)
satisfies condition (L1), because of the general properties of metriplectic systems, cf. (8). If the entropy function  has an isolated 
minimum at 𝑧∗ ∈ , (𝑧) is a Lyapunov function of the system in a neighborhood  of 𝑧∗. Therefore 𝑧∗ is a stable equilibrium. 
However, an orbit 𝑧(𝑡) can converge to 𝑧∗ only if the initial condition 𝑧0 = 𝑧(0) and the local entropy minimum 𝑧∗ belong to the same 
energy isosurface, i.e., (𝑧0) = (𝑧∗). This is a necessary condition that follows from the continuity of : if 𝑧(𝑡) → 𝑧∗, passing to the 
limit in (𝑧0) = (𝑧(𝑡)) yields (𝑧0) = (𝑧∗). This observation leads to the following conclusion:
Proposition 1. Let 𝑋 ∶  → ℝ𝑛 be a locally Lipschitz vector field on a domain  ⊆ ℝ𝑛, 𝑧∗ ∈  an equilibrium point of 𝑋, and , ∈ 𝐶1()
such that

1. 𝑋(𝑧) ⋅ ∇(𝑧) = 0 and 𝑋(𝑧) ⋅ ∇(𝑧) ≤ 0, 𝑧 ∈ ;
2. ∇(𝑧∗) ≠ 0.

Then, if  =  − (𝑧∗) satisfies (L2) in a neighborhood  ⊆  of 𝑧∗, there is at least one point 𝑧′ ∈  ⧵ {𝑧∗} such that 𝑋(𝑧′) ⋅ ∇(𝑧′) = 0. 
Proof.  By contradiction, let us assume that 𝑋 ⋅ ∇ < 0 in  ⧵ {𝑧∗}. Then hypothesis 1 implies that (𝑧) = (𝑧) − (𝑧∗) satisfies the 
conditions for a strict Lyapunov function for 𝑋. For the Lyapunov stability theorem, there exists 𝛿′ > 0 such that for any 𝑧0 with 
|𝑧0 − 𝑧∗| < 𝛿′ the orbit 𝑧(𝑡) of the dynamical system 𝑑𝑧∕𝑑𝑡 = 𝑋(𝑧) with initial condition 𝑧(0) = 𝑧0 exists for all 𝑡 ≥ 0 and 𝑧(𝑡) → 𝑧∗ as 
𝑡 → +∞. Hypothesis 1 also implies that  is a constant of motion and it is continuous, therefore (𝑧0) = (𝑧∗).

From hypothesis 2 and the continuity of the derivative ∇ we can find a ball of radius 𝛿′′ > 0 around 𝑧∗ where ∇ ≠ 0.
We choose 𝛿 < min{𝛿′, 𝛿′′}. In the ball of radius 𝛿 centered at 𝑧∗ there is at least one point 𝑧0 such that (𝑧0) ≠ (𝑧∗). If not, then 

is constant in the ball, and this is not possible since ∇ ≠ 0. On the other hand, since |𝑧0 − 𝑧∗| < 𝛿 < 𝛿′ we must have (𝑧0) = (𝑧∗), 
which is a contradiction. ∎

For metriplectic systems, hypothesis 1 is verified, cf. (8). Hypothesis 2 holds away from critical points of , which are usually 
isolated. Therefore, this proposition implies that the entropy  of a metriplectic system in most cases (specifically under hypothesis 
2) cannot be used as a strict Lyapunov function, since it is not strictly decaying everywhere in  ⧵ {𝑧∗}. Without a strict Lyapunov 
function, asymptotic stability of local entropy minima does not follows directly from the usual Lyapunov theorem. This is in stark 
contrast with the case of pure gradient flows (31) discussed above.
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Asymptotic stability with Lyapunov functions that are not strictly dissipated have been addressed by De Salle and Lefschetz [102], 
who showed that any integral curve, defined for 𝑡 ≥ 0, in a bounded strict sublevel set of the Lyapunov function must approach 
the largest invariant set contained in the region where 𝑋(𝑧) ⋅ ∇(𝑧) = 0. More specific results for systems with a conserved energy 
and a dissipated entropy were considered by Beretta [103] with applications to quantum thermodynamics. Here we apply similar 
ideas to metriplectic systems. Suppose a locally Lipschitz vector field 𝑋 ∶  → ℝ𝑛 on a domain  ⊆ ℝ𝑛 has 𝑘 constants of motion 
1,… ,𝑘 ∈ 𝐶∞(), for 1 ≤ 𝑘 < 𝑛, which means 𝑋(𝑧) ⋅ ∇𝛼(𝑧) = 0, for 𝛼 ∈ {1,… , 𝑘}. The functions 𝛼 are independent at 𝑧 ∈  if

∇1(𝑧),… ,∇𝑘(𝑧) are linearly independent in ℝ𝑘. (32)

It is convenient to define the function  ∶=
(

1,… ,𝑘
)

∈ 𝐶∞(,ℝ𝑘). Then (32) is equivalent to rank ∇(𝑧) = 𝑘.
If the constants of motion are independent at an equilibrium point 𝑧∗ ∈ , where 𝑋(𝑧∗) = 0, then the local submersion theorem 

[66, Theorem 2.5.13] allows us to find a neighborhood   of 𝑧∗ where the level sets
𝜂 ∶= {𝑧 ∈  ∶ (𝑧) = 𝜂},

are closed submanifolds of  , for 𝜂 is a neighborhood of 𝜂∗ ∶= (𝑧∗). Since 𝛼 are constants of motion, 𝑋 is tangent to 𝜂 , so that 
the dynamical system can be reduced locally to each submanifold 𝜂 . This leads to the following straightforward result, which is 
essentially a finite-dimensional version of Theorem 2 in [103].
Proposition 2. Let 𝑋 ∶  → ℝ𝑛 be a locally Lipschitz vector field on a domain  ⊆ ℝ𝑛,  = (1,… ,𝑘) ∈ 𝐶∞(,ℝ𝑘) be constants of 
motion with 1 ≤ 𝑘 < 𝑛, 𝑧∗ ∈  be an equilibrium point of 𝑋, rank ∇(𝑧∗) = 𝑘, 𝜂∗ ∶= (𝑧∗), and let 𝜂∗ = {𝑧 ∈  ∶ (𝑧) = 𝜂∗}, where   is 
the neighborhood of 𝑧∗ given by the local submersion theorem. If there is  ∈ 𝐶1( ) satisfying

𝑋(𝑧) ⋅ ∇(𝑧) ≤ 0, 𝑧 ∈  , (L1′)

(𝑧∗) = 0 and (𝑧) > 0, 𝑧 ∈ 𝜂∗ ⧵ {𝑧∗}, (L2′)

then for any sufficiently small 𝜀 > 0, there is a 𝛿 > 0 such that the integral curve 𝑧(𝑡) of 𝑋 with initial condition 𝑧(0) = 𝑧0 ∈ 𝐵𝛿(𝑧∗) ∩𝜂∗  is 
defined for all 𝑡 ≥ 0, and 𝑧(𝑡) ∈ 𝐵𝜀(𝑧∗) ∩𝜂∗ . If in addition

𝑋(𝑧) ⋅ ∇(𝑧) < 0, 𝑧 ∈ 𝜂∗ ⧵ {𝑧∗}, (L3′)

then 𝑧(𝑡) → 𝑧∗ for 𝑡 → +∞. 
Proof.  Since rank ∇(𝑧∗) = 𝑘, the local submersion theorem [66] allows us to find open subsets  ⊆ () and ′ ⊆ ℝ𝑛−𝑘 ≅ ker ∇(𝑧∗), 
together with local coordinates (𝜂, 𝜁 ) ∈  ×′, defined in an open, connected subset  ⊆  containing the point 𝑧∗, such that the 
inverse coordinate map 𝜑∶  ×′ →   is a 𝐶∞-diffeomorphism and satisfies


(

𝜑(𝜂, 𝜁 )
)

= 𝜂.

Therefore, the sets 𝜂 = {𝑧 ∈  ∶ (𝑧) = 𝜂}, with 𝜂 ∈  , are closed submanifolds parameterized by 𝜁 ↦ 𝜑(𝜂, 𝜁 ). Let us denote by 
(𝜂∗, 𝜁∗) ∈  ×′ the point corresponding to 𝑧∗ = 𝜑(𝜂∗, 𝜁∗).

In this local coordinate system the integral curves of the vector field 𝑋 in   solve
𝑑𝜂
𝑑𝑡

= 𝑋 ⋅ ∇𝜂 = 0,
𝑑𝜁
𝑑𝑡

= 𝑋𝜂(𝜁 ) ∶= (𝑋 ⋅ ∇𝜁 )◦𝜑(𝜂, 𝜁 ),

since 𝑋 ⋅ ∇𝜂 = 𝑋 ⋅ ∇ = 0. The field 𝑋𝜂 defines a tangent vector on 𝜂 for any 𝜂 ∈  . Since ∇𝜁 is 𝐶∞, one can check that 𝑋𝜂 is a 
locally Lipschitz continuous function of 𝜁 . Then, with 𝜂 ∶= ◦𝜑(𝜂, ⋅), one has

(𝑋 ⋅ ∇)◦𝜑 = 𝑋𝑎
𝜂

𝜕𝜂
𝜕𝜁𝑎

,

where the sum over 𝑎 ∈ {1,… , 𝑛 − 𝑘} is implied. Hence hypotheses (L1′)–(L3′) are equivalent to Lyapunov conditions (L1)–(L3) for 
the function 𝜂∗  and for the dynamical system 𝑑𝜁∕𝑑𝑡 = 𝑋𝜂∗  on 𝜂∗ , and the claim follows from Theorem 1. ∎

Proposition 2 establishes stability and asymptotic stability for orbits with initial conditions in 𝜂∗ , which being a lower dimensional 
set has zero Lebesgue measure in the phase space. This issue was addressed in [103] by assuming 𝑧∗ is part of a continuous family of 
equilibria.

At last, we address metriplectic vector fields. We know that there is at least one constant of motion, the Hamiltonian . More 
generally, let 𝑋 be a metriplectic vector field with 𝑘 constants of motion 1,… ,𝑘, 1 ≤ 𝑘 < 𝑛, and for definiteness 𝑘 = . Unlike 
the case of Proposition 2, we assume that (32) holds in a whole subdomain  . Under these conditions, the submersion theorem [66, 
Theorem 3.5.4] establishes that the set

𝜂 ∶= {𝑧 ∈  ∶ (𝑧) = 𝜂}, (33)

is a closed submanifold of   for any 𝜂 ∈ ( ), and the restriction of the entropy to such submanifolds, i.e., |𝜂
, is smooth.

We make the following hypothesis on the entropy in  :

 is bounded,  ⊂ , ∃ 𝑧𝑚 ∈  ,  where (𝑧𝑚) < inf{(𝑧)∶ 𝑧 ∈ 𝜕 }. (34)

This ensures that there is a minimum of the entropy in the interior of the subdomain  .
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Lemma 1. Let 𝑋 ∶  → ℝ𝑑 be a vector field on a domain  ⊆ ℝ𝑑 , and let  ⊂  and  ∈ 𝐶1() satisfy (34). If in the subdomain  , 𝑋 is 
locally Lipschitz and 𝑋 ⋅ ∇ ≤ 0, then there is an open, non-empty subset  ⊆   such that, for any 𝑧0 ∈  the integral curve 𝑧(𝑡) of 𝑋 with 
initial condition 𝑧(0) = 𝑧0 can be prolonged to the interval 𝑡 ∈ [0,+∞) and 𝑧(𝑡) ∈  for all 𝑡 ≥ 0. 
Proof.  Per hypotheses  ∈ 𝐶1(), therefore  ∈ 𝐶1( ), and we have 𝑏 ∶= inf𝜕  > (𝑧𝑚) > −∞. The set

 ∶= {𝑧 ∈  ∶ (𝑧) < 𝑏}

is non-empty, since 𝑧𝑚 ∈ , and open, since (𝑧) is continuous. Let 𝑧 ∶ (𝜏1, 𝜏2) →  , 𝜏1 < 0 < 𝜏2, be the maximal solution of the initial 
value problem

𝑑𝑧∕𝑑𝑡 = 𝑋(𝑧), 𝑧(0) = 𝑧0 ∈ .

The solution exists given that 𝑋 is locally Lipschitz continuous in  . Since 𝑋 ⋅ ∇ ≤ 0, the function 𝑡↦ 
(

𝑧(𝑡)
) is 𝐶1 and non-

increasing, hence (𝑧(𝑡)) ≤ (𝑧0) < 𝑏, and thus 𝑧(𝑡) ∈  for all 𝑡 ∈ [0, 𝜏2).
We show that 𝜏2 = +∞. With this aim we rely on a standard argument from the theory of ordinary differential equations, which 

we report in full for sake of completeness. If 𝜏2 is finite, let {𝑡𝑛}𝑛∈ℕ be a sequence, 𝑡𝑛 ∈ (𝜏1, 𝜏2), and 𝑡𝑛 → 𝜏2 as 𝑛→ +∞. Then
|𝑧(𝑡𝑛) − 𝑧(𝑡𝑚)| ≤ max

𝑧∈𝑈
|𝑋(𝑧)||𝑡𝑛 − 𝑡𝑚|,

for all 𝑚, 𝑛 ∈ ℕ. Since {𝑡𝑛} is a convergent sequence, {𝑧(𝑡𝑛)} ⊂  is a Cauchy sequence and must have a limit 𝑧̄ ∈  as 𝑛→ ∞. Passing 
to the limit in the inequality (𝑧(𝑡𝑛)

)

≤ (𝑧0) < 𝑏 yields (𝑧̄) ≤ (𝑧0) < 𝑏, hence 𝑧̄ ∈ . We can use the limit point 𝑧̄ as an initial 
condition, and we can extend the solution 𝑧(𝑡) beyond 𝜏2 contradicting the fact that 𝑧(𝑡) is the maximal solution. Therefore 𝜏2 = +∞
as claimed. ∎

The set  is given by
 =

{

𝑧 ∈  ∶ (𝑧) < inf
𝜕


}

.

This lemma shows that, if  and   satisfy (34) and  is non-increasing along the integral curves of a vector field 𝑋, then we can 
find a positively invariant subset . This lemma can be applied directly to both standard gradient flows and metriplectic systems.
Proposition 3. Let 𝑋 = 𝐽∇ −𝐾∇ be a metriplectic vector field on a domain  ⊆ ℝ𝑛, with 1 ≤ 𝑘 < 𝑛 constants of motion  =
(1,… ,𝑘) ∈ 𝐶∞(,ℝ𝑘), rank ∇ = 𝑘 in a subdomain   satisfying (34), and let  be the open set given by Lemma 1. If in addition it 
holds that 

∀𝜂 ∈ (), on 𝜂 ∶= {𝑧 ∈  ∶ (𝑧) = 𝜂}, |𝜂
has a unique critical point 𝑧𝜂 ,

which is a strict local minimum,
(L2′′)

and

ker𝐾 = span{∇1,… ,∇𝑘}  in  . (L3′′)

then for any integral curve 𝑧(𝑡) of 𝑋 with 𝑧(0) = 𝑧0 ∈ , lim𝑡→+∞ 𝑧(𝑡) = 𝑧𝜂 ∈ , where 𝜂 = (𝑧0). 
Proof.  First we show that 𝑧𝜂 ∈ 𝜂 ∩ . Given that 𝜂 ∈ (), the set 𝜂 ∩  is non-empty. If 𝑧𝜂 ∉ 𝜂 ∩ , there cannot be any extremum 
of |𝜂

 in 𝜂 ∩  since 𝑧𝜂 is the only critical point in 𝜂 . This implies that both the minimum and the maximum of  restricted to 
𝜂 ∩  are attained on the boundary 𝜂 ∩ 𝜕, where we have  = 𝑏 = inf{(𝑧)∶ 𝑧 ∈ 𝜕 }. We deduce that 𝑆|𝜂

 is constant and 
equal to 𝑏 in 𝜂 ∩ , but per definition, points in  satisfy  < 𝑏. Therefore, the only critical point 𝑧𝜂 of |𝜂

 must be in 𝜂 ∩ .
The function |𝜂

 is smooth and its critical points necessarily satisfy the Lagrange condition

∇(𝑧) =
𝑘
∑

𝛼=1
𝜆𝛼∇𝛼(𝑧), (𝑧) = 𝜂, (35)

for 𝜆𝛼 ∈ ℝ [66, Theorem 3.5.27]. Hypothesis (L2′′), states, in particular, that this can only happen at the point 𝑧𝜂 .
Condition (L2′′) also requires 𝑧𝜂 to be a strict local minimum of |𝜂

. Then, 𝑧𝜂 must be an equilibrium point of 𝑋. In order to see 
this, let us consider the integral line 𝑧̂𝜂(𝑡) ∈  of the vector field 𝑋 with initial condition 𝑧̂𝜂(0) = 𝑧𝜂 . Given that 𝑧𝜂 ∈ , 𝑧̂𝜂(𝑡) is defined 
for 𝑡 ≥ 0 (Lemma 1). Since  is a constant of motion, 𝑧̂𝜂(𝑡) ∈ 𝜂 , and continuity implies that for any 𝜀 > 0, there is 𝛿 > 0 such that 
|𝑡| ≤ 𝛿 implies |𝑧̂𝜂(𝑡) − 𝑧𝜂| < 𝜀. If 𝑧̂𝜂 is not identically equal to 𝑧𝜂 when 𝑡 ∈ [0, 𝛿), then at some 𝑡′ ∈ (0, 𝛿), 𝑧̂𝜂(𝑡′) ≠ 𝑧𝜂 and 

(

𝑧̂𝜂(𝑡′)
)

> (𝑧𝜂)
since 𝑧𝜂 is an entropy local minimum. On the other hand, dissipation of entropy requires 

(

𝑧̂𝜂(𝑡′)
)

≤ 
(

𝑧̂𝜂(0)
)

= (𝑧𝜂). Therefore, it 
must be 𝑧̂𝜂(𝑡) = 𝑧𝜂 identically for 𝑡 ∈ [0, 𝛿), which implies 𝑋(𝑧𝜂) = 0 and 𝑧𝜂 is an equilibrium.

Given 𝑧0 ∈ , the integral curve of 𝑋 with initial condition 𝑧(0) = 𝑧0 exists for all 𝑡 ≥ 0 (Lemma 1). Let us define the function
(𝑧) = (𝑧) − (𝑧𝜂),

where 𝜂 = (𝑧0). Then ∇(𝑧) = ∇(𝑧) and
𝑋(𝑧) ⋅ ∇(𝑧) = −∇(𝑧) ⋅𝐾(𝑧)(𝑧) ≤ 0, (36)
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so that  satisfies condition (L1′) of Proposition 2 in the open set  defined above.
Since 𝑧𝜂 is a local minimum of |𝜂

 there is a neighborhood of 𝑧𝜂 on 𝜂 where (𝑧) > (𝑧𝜂) for 𝑧 ≠ 𝑧𝜂 . But by definition of the 
submanifold topology, this neighborhood has the form 𝜂 ∩  with  an open subset of  . Then, condition (L2′) holds true with 
replaced by  .

At last we show that condition (L3′) is also satisfied. If not, one could find a point 𝑧̃𝜂 ∈ 𝜂 such that 𝑧̃𝜂 ≠ 𝑧𝜂 and ∇(𝑧̃𝜂) ∈ ker𝐾(𝑧̃𝜂), 
but then assumption (L3′′) implies that 𝑧̃𝜂 satisfies the Lagrange conditions (35) and this contradicts the uniqueness of the critical 
point 𝑧𝜂 . Therefore, inequality (36) must be strict, which is condition (L3′).

In summary, the point 𝑧∗ = 𝑧𝜂 , 𝜂 = (𝑧0), and the function (𝑧) = (𝑧) − (𝑧𝜂) on the neighborhood  satisfy all the hypotheses 
of Proposition 2, including (L3′). Therefore, there is a 𝛿 > 0 such that any integral curve of 𝑋 with initial condition in 𝜂 ∩ 𝐵𝛿(𝑧𝜂)
converges to 𝑧𝜂 as 𝑡→ +∞.

We claim that, for any integral curve, 𝑧(𝑡) ∈ , 𝑡 ≥ 0 and 𝑧(0) = 𝑧0 ∈ 𝜂 ∩ , there must be a time 𝑡𝛿 such that 𝑧(𝑡𝛿) ∈ 𝜂 ∩ 𝐵𝛿(𝑧𝜂). 
If this is the case, then necessarily 𝑧(𝑡) → 𝑧𝜂 , which is the thesis. Therefore it remains to prove this last claim.

The sets 𝜂 and 𝜂 ⧵ 𝐵𝛿(𝑧𝜂) are compact in ℝ𝑛. In view of conditions (L2′′) and (L3′′), on the set 𝜂 ⧵ 𝐵𝛿(𝑧𝜂) we have 𝑋 ⋅ ∇ < 0. 
Let −𝑀 ∶= sup{𝑋(𝑧) ⋅ ∇(𝑧)∶ 𝑧 ∈ 𝜂 ⧵ 𝐵𝛿(𝑧𝜂)}. Then 𝑀 > 0 since the supremum is attained, and if the integral curve 𝑧(𝑡) is such that 
𝑧(𝑡) ∈ 𝜂 ⧵ 𝐵𝛿(𝑧𝜂) for all 𝑡 ≥ 0,


(

𝑧(𝑡)
)

= 
(

𝑧0
)

+ ∫

𝑡

0
(𝑋 ⋅ ∇)

(

𝑧(𝑠)
)

𝑑𝑠 ≤ 
(

𝑧0
)

−𝑀𝑡.

This leads to a contradiction as in the proof of the classical Lyapunov stability theorem. Hence there must be a time 𝑡𝛿 at which 
𝑧(𝑡𝛿) ∈ 𝜂 ∩ 𝐵𝛿(𝑧𝜂). ∎

Condition (L2′′) ensures that (L2′) holds for the function (𝑧) = (𝑧) − (𝑧𝜂) on 𝜂 . The uniqueness of the critical point of 
together with (L3′′) ensures that entropy is strictly dissipated by requiring that the metric bracket generated by the tensor 𝐾 is 
“specifically degenerate”, by which we mean it preserves the invariants 𝛼 only. Recall we use the terminology “minimally degenerate” 
to mean that the only degeneracy is that associated with .

We remark that the limit point 𝑧𝜂 ∈ 𝜂 is the unique solution of the optimization problem
min{(𝑧)∶ 𝑧 ∈ , (𝑧) = (𝑧0)};

hence Proposition 3 establishes a local version of the desired complete-relaxation property for all orbits starting in the set .

3.2.  Finite-dimensional systems: the Polyak–Łojasiewicz inequality

Nondegenerate gradient flows and gradient descent methods have been studied under the assumptions that the entropy function 
 satisfies the classical Polyak–Łojasiewicz (PL) condition [104,105] and ∇ is Lipschitz continuous, the latter being a natural 
hypothesis.

A function  ∈ 𝐶1() satisfies the PL condition in a non-empty subset 𝑄 ⊆  if ∗ ∶= inf{(𝑧)∶ 𝑧 ∈ 𝑄} > −∞ and there exists a 
constant 𝜅 > 0 such that

1
𝜅
|∇(𝑧)|2 ≥ (𝑧) − ∗, 𝑧 ∈ 𝑄. (PL)

If  satisfies the PL inequality, the associated gradient flow has the following properties:

• If 𝑧(𝑡) ∈ 𝑄, 𝑡 ∈ [0,+∞), is an integral curve of the gradient flow (31), then (𝑧(𝑡)) converges exponentially to ∗ as 𝑡 → +∞. This 
follows from

𝑑
𝑑𝑡

[


(

𝑧(𝑡)
)

− ∗
]

= −|∇
(

𝑧(𝑡)
)

|

2 ≤ −𝜅
[


(

𝑧(𝑡)
)

− ∗
]

,

which implies
[


(

𝑧(𝑡)
)

− ∗
]

≤
[


(

𝑧0
)

− ∗
]

𝑒−𝜅𝑡,

where 𝑧0 ∈ 𝑄 is the initial condition at 𝑡 = 0. The exponential rate of convergence is given by the constant 𝜅 in the inequality. 
Unfortunately convergence of the entropy values alone does not directly imply convergence of the orbit 𝑧(𝑡) to a limit for 𝑡 → +∞
(cf. the counterexample of Palis and de Melo [106]).

• All equilibrium points of the gradient flow (31) are global minima of  (not just critical points). In fact, if 𝑧𝑒 ∈ 𝑄 is an equilibrium 
point, ∇(𝑧𝑒) = 0 and the PL condition implies 0 = |∇(𝑧𝑒)|2 ≥ 𝜅

(

(𝑧𝑒) − ∗
)

≥ 0, hence (𝑧𝑒) = ∗.

Any strongly convex function satisfies condition (PL), cf. the short proof reported below, and thus are included as a special case. 
In general, (PL) is weaker than strong convexity. In fact, it has been shown that the classical PL condition is weaker than several other 
conditions introduced in order to address the convergence of gradient descent methods [107]. In addition, no assumption is made 
on the global minimum of , which, in particular, does not need to be an isolated point. For instance, the function (𝑧) = (|𝑧|2 − 1)2

satisfies the PL condition with 𝜅 = 16𝑟20 in the domain 𝑆 = {𝑧∶ |𝑧| > 𝑟0} for any 𝑟0 ∈ (0, 1∕2), and attains its minimum on the sphere 
|𝑧| = 1; hence there is no isolated minimum. On the other hand, this function does not satisfy the PL condition on the whole space 
ℝ𝑛, because of the critical point at 𝑧 = 0, which is a local maximum.
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Polyak [104] under the additional (natural) hypothesis that the vector field 𝑋 = −∇ is Lipschitz continuous (not just locally 
Lipschitz), established convergence of the gradient flow trajectories to the global entropy minimum. Specifically, Polyak’s result in 
the notation used here amounts to the following.
Theorem 2  (Polyak 1963, Theorem 9 [104]). Let 𝑧0 ∈ , 𝜌, 𝜅, 𝐿 > 0, and  ∈ 𝐶1() be such that (PL) is satisfied and ∇ is Lipschitz 
continuous in the closed ball 𝐵𝜌(𝑧0) ⊂  with Lipschitz constant 𝐿, and 𝛾 = √

8𝐿𝜑0∕(𝜌𝜅) ≤ 1, where 𝜑0 = (𝑧0) − ∗. Then there is 𝑧∗ ∈
𝐵𝛾𝜌(𝑧0) such that the integral curve 𝑧(𝑡) of the gradient flow (31) with 𝑧(0) = 𝑧0 is defined for all 𝑡 ≥ 0 and ||

|

𝑧(𝑡) − 𝑧∗
|

|

|

≤ 𝛾𝜌𝑒−𝜅𝑡∕2. 
We shall now give the details concerning the Polyak–Łojasiewicz condition. Although well-known, we recall for convenience of 

the reader the short proof of the fact that a strongly convex entropy satisfies inequality (PL).
Proof: Strongly convex imply PL.  A strongly convex function  ∈ 𝐶1(),  ⊆ ℝ𝑛 with parameter 𝛼 > 0 satisfies

(𝑧′) ≥ (𝑧) + (𝑧′ − 𝑧) ⋅ ∇(𝑧) + 𝛼
2
|𝑧′ − 𝑧|2,

for any 𝑧, 𝑧′ ∈ . The right-hand side is bounded from below by its infimum over 𝑧′, which is attained at 𝑧′ = 𝑧 − 𝛼−1∇(𝑧) and thus

(𝑧′) ≥ (𝑧) − 1
2𝛼

|∇(𝑧)|2.

This inequality holds for any 𝑧′, and thus implies that ∗ = inf{(𝑧)∶ 𝑧 ∈ } > −∞. Taking the infimum over 𝑧′ yields

∗ ≥ (𝑧) − 1
2𝛼

|∇(𝑧)|2.

This can be rearranged to give the PL inequality with constant 𝜅 = 2𝛼. ∎
In Polyak’s original formulation of the theorem, the size 𝜌 of the ball is determined by the condition 𝛾 ≤ 1 in terms of the entropy at 

the initial position 𝑧0. For instance, (𝑧) = 𝑧2∕2 satisfies the hypothesis with 𝜅 = 2 and 𝐿 = 1; given any 𝑧0 ∈ ℝ𝑛, 𝛾 ≤ 1 is equivalent to 
𝜌 ≥ |𝑧0|, hence 𝐵𝜌(𝑧0) is large enough to contain the unique global minimum 𝑧∗ = 0. We give a slightly different statement of Polyak’s 
result.

Proposition 4. Let  ∈ 𝐶1(), 𝑋 = −∇ Lipschitz continuous in a subdomain  ⊂  satisfying (34), and let  be the open, non-empty 
subset given by Lemma 1. If  satisfies (PL) in  , then for any integral curve 𝑧(𝑡) of 𝑋 with initial condition 𝑧(0) = 𝑧0 ∈  there is 𝑧∗ ∈ 
and a constant 𝜃 > 0 depending on 𝑧0 such that (𝑧∗) = ∗,

|𝑧(𝑡) − 𝑧∗| ≤ 𝜃𝑒−𝜅𝑡∕2 ,
[


(

𝑧(𝑡)
)

− ∗
]

≤
[


(

𝑧0
)

− ∗
]

𝑒−𝜅𝑡 , for 𝑡 ≥ 0 .

Next we give a proof of Proposition 4, which is based on the original argument due to Polyak [104]. The only difference consists 
in the use of Lemma 1 to establish the existence of a global solution. We give the proof in details since similar ideas are then needed 
below for the metriplectic case.
Proof of Proposition 4. Lemma 1 ensures that for any 𝑧0 ∈  there is an integral curve 𝑧(𝑡) ∈  of the gradient flow 𝑋 = −∇
passing through 𝑧(0) = 𝑧0 and this is defined for all 𝑡 ≥ 0. As a consequence of (PL), 𝜑(𝑡) = 

(

𝑧(𝑡)
)

− ∗ decays to zero exponentially, 
i.e., 𝜑(𝑡) ≤ 𝜑0𝑒−𝜅𝑡, with 𝜑0 = 𝜑(0).

If there is a finite time 0 ≤ 𝑡 < +∞ at which 𝜑(𝑡) = 0, then 𝑧(𝑡) is a minimum for the entropy  and thus ∇(𝑧(𝑡)) = 0 so that 𝑧(𝑡)
is an equilibrium point. We deduce 𝑧(𝑡) = 𝑧(𝑡) = 𝑧0 for all 𝑡 ≥ 0 and the thesis holds true with 𝑧∗ = 𝑧0.

As for the non-trivial case 𝜑(𝑡) > 0 for all 𝑡 ≥ 0, we distinguish two key steps.
Step 1. For any 𝑡1, 𝑡2 ≥ 0, 𝑡1 < 𝑡2, we have


(

𝑧(𝑡1)
)

− 
(

𝑧(𝑡2)
)

= ∫

𝑡2

𝑡1
|∇

(

𝑧(𝑡)
)

|

2𝑑𝑡.

Following Polyak, we estimate the right-hand side from below. First the triangular inequality gives
|

|

|

∇
(

𝑧(𝑡)
)

|

|

|

≥ |

|

|

|

|

|

∇
(

𝑧(𝑡1)
)

|

|

|

− |

|

|

∇
(

𝑧(𝑡)
)

− ∇
(

𝑧(𝑡1)
)

|

|

|

|

|

|

.

The second term on the right-hand side is bounded by
|

|

|

∇
(

𝑧(𝑡)
)

− ∇
(

𝑧(𝑡1)
)

|

|

|

≤ 𝐿||
|

𝑧(𝑡) − 𝑧(𝑡1)
|

|

|

,

where 𝐿 > 0 is the Lipschitz constant of ∇. In addition,
𝑑
𝑑𝑡

|

|

|

𝑧(𝑡) − 𝑧(𝑡1)
|

|

|

≤ |

|

|

𝑑
𝑑𝑡

|

|

|

𝑧(𝑡) − 𝑧(𝑡1)
|

|

|

|

|

|

≤ |

|

|

∇
(

𝑧(𝑡)
)

|

|

|

≤ |

|

|

∇
(

𝑧(𝑡1)
)

|

|

|

+ |

|

|

∇
(

𝑧(𝑡)
)

− ∇
(

𝑧(𝑡1)
)

|

|

|

≤ |

|

|

∇
(

𝑧(𝑡1)
)

|

|

|

+ 𝐿||
|

𝑧(𝑡) − 𝑧(𝑡1)
|

|

|

.

Grönwall’s inequality then gives
|

|

|

𝑧(𝑡) − 𝑧(𝑡1)
|

|

|

≤ 1
𝐿
|

|

|

∇
(

𝑧(𝑡1)
)

|

|

|

[

𝑒𝐿(𝑡−𝑡1) − 1
]

,
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and thus
|

|

|

∇
(

𝑧(𝑡)
)

− ∇
(

𝑧(𝑡1)
)

|

|

|

≤ |

|

|

∇
(

𝑧(𝑡1)
)

|

|

|

[

𝑒𝐿(𝑡−𝑡1) − 1
]

.

If 𝐿(𝑡2 − 𝑡1) ≤ log 2, the term on the right-hand side is ≤ |

|

|

∇
(

𝑧(𝑡1)
)

|

|

|

 and thus
|

|

|

∇
(

𝑧(𝑡)
)

|

|

|

≥ |

|

|

∇
(

𝑧(𝑡1)
)

|

|

|

[

2 − 𝑒𝐿(𝑡−𝑡1)
]

.

With 𝑡2 = 𝑡1 + (log 2)∕𝐿 and 𝑡1 arbitrary, we obtain


(

𝑧(𝑡1)
)

− 
(

𝑧(𝑡2)
)

≥ 1
𝛼𝐿

|

|

|

∇
(

𝑧(𝑡)
)

|

|

|

2
,

where

1
𝛼
∶= ∫

log 2

0

[

2 − 𝑒𝑠
]2𝑑𝑠

is a positive numerical constant. At last, we use the fact that (𝑧(𝑡)) is non-increasing and 𝑡1 < 𝑡2 so that

(

𝑧(𝑡1)
)

− 
(

𝑧(𝑡2)
)

=
[


(

𝑧(𝑡1)
)

− ∗
]

−
[


(

𝑧(𝑡2)
)

− ∗
]

≤
[


(

𝑧(𝑡1)
)

− ∗
]

,

and deduce that, for any 𝑡1 ≥ 0,

|

|

|

∇
(

𝑧(𝑡1)
)

|

|

|

2
≤ 𝛼𝐿

[


(

𝑧(𝑡1)
)

− ∗
]

= 𝛼𝐿𝜑(𝑡1). (37)

We have established that, under the hypotheses, ∇ along the orbit is controlled by the entropy decay.
Step 2. Given arbitrary points in time 𝑡1, 𝑡2 ≥ 0, 𝑡1 < 𝑡2,

|𝑧(𝑡1) − 𝑧(𝑡2)| ≤ ∫

𝑡2

𝑡1

|

|

|

∇
(

𝑧(𝑡)
)

|

|

|

𝑑𝑡,

and (37) together with 𝜑(𝑡) ≤ 𝜑0𝑒−𝜅𝑡 yields

|𝑧(𝑡1) − 𝑧(𝑡2)| ≤
√

4𝛼𝐿𝜑0

𝜅
[

𝑒−𝜅𝑡1∕2 − 𝑒−𝜅𝑡2∕2
]

. (38)

This inequality can be used to show that for any sequence {𝑡𝑛}𝑛∈ℕ with 𝑡𝑛 → +∞ as 𝑛→ +∞, 𝑧(𝑡𝑛) is a Cauchy sequence on . 
Therefore there is a point 𝑧∗ ∈  such that 𝑧(𝑡) → 𝑧∗ as 𝑡 → +∞. Continuity of  implies (𝑧∗) = ∗ as claimed. At last, 𝑧∗ ∈ , for, if 
not, then 𝑧∗ ∈ 𝜕 and (𝑧∗) > (𝑧0) ≥ (𝑧∗), which is a contradiction (the first inequality is strict). Passing to the limit 𝑡2 → +∞ in 
inequality (38) yields

|𝑧(𝑡1) − 𝑧∗| ≤ 𝜃𝑒−𝜅𝑡1∕2,

with 𝜃 =
√

4𝛼𝐿𝜑0∕𝜅 and any 𝑡1 ≥ 0. ∎
We now generalize this result to the case of finite-dimensional metriplectic systems. Under the same conditions as in Proposition 3, 

a simple generalization of (PL) for metriplectic vector fields reads: for any 𝜂 ∈ ( ), inf{(𝑧)∶ 𝑧 ∈ 𝜂} =∶ 𝜂 > −∞ and there is a 
constant 𝜅𝜂 > 0, depending on 𝜂, such that

1
𝜅𝜂

∇(𝑧) ⋅𝐾(𝑧)∇(𝑧) ≥ (𝑧) − 𝜂 , 𝑧 ∈ 𝜂 . (PL′)

Differently from (PL), which is a condition on , inequality (PL′) involves both the entropy function and the bracket ( ,) =
∇ ⋅𝐾∇, which gives the entropy decay rate. Similarly to (PL), if inequality (PL′) holds, then the metriplectic vector field has the 
following properties:

• If 𝑧(𝑡) ∈ 𝜂 , 𝑡 ∈ [0,+∞), is an integral curve of 𝑋 with initial condition 𝑧0 = 𝑧(0), then (𝑧(𝑡)) → 𝜂 as 𝑡 → +∞, with exponential 
convergence. In fact, (PL′) implies

[


(

𝑧(𝑡)
)

− 𝜂
]

≤
[


(

𝑧0
)

− 𝜂
]

𝑒−𝜅𝑡,

which follows as in the case of standard gradient flows.
• If 𝑧𝑒 ∈ 𝜂 is an equilibrium point, then it is necessarily a global minimum of |𝜂

 that is, (𝑧𝑒) = 𝜂 . This follows from the fact 
that at an equilibrium point necessarily ∇(𝑧𝑒) ⋅𝐾(𝑧𝑒)∇(𝑧𝑒) = 0, and (PL′) implies (𝑧𝑒) = 𝜂 .

We can now state the analog of Proposition 4 for the case of metriplectic vector fields. However, we consider only the dissipative 
part, that is, a metriplectic vector field of the form (7), without the symplectic part, and make an additional assumption that is 
sufficient to ensure that the orthogonal projection onto ker𝐾(𝑧) is smooth in 𝑧. Specifically, we assume that

there is a constant 𝑟 > 0, such that, for any 𝑧 ∈ ,

zero is the only eigenvalue of 𝐾(𝑧) in the interval [−𝑟, 𝑟].
(39)
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Hypothesis (39) implies that, for any 𝑧, only one eigenvalue of 𝐾(𝑧), the zero eigenvalue, belongs in the disk of radius 𝑟 > 0 centered 
at zero in the complex plane.

Concerning the application of metriplectic dynamics to the calculation of equilibria of fluids and plasmas, the restriction to systems 
of the form (7) is not a significant limitation, since we often construct the relaxation method from the metric bracket only, as we 
do in the examples of Sections 4–6 below. In general however, it could be convenient to account for the ideal dynamics of the 
considered system. In that case Polyak’s argument fails since the entropy gradient alone is not sufficient to control the time derivative 
of |𝑧(𝑡) − 𝑧(𝑡1)| in the first step of the proof. We are not aware of any generalization of the PL inequality to completely general 
metriplectic fields.
Proposition 5. Let 𝑋 = −𝐾∇ be a vector field of the form (7) on a domain  ⊆ ℝ𝑛, with 𝐾 satisfying (39) and let  = (1,… ,𝑘) ∈
𝐶∞(,ℝ𝑘), 1 ≤ 𝑘 < 𝑛, be such that 𝐾∇𝛼 = 0. Assume that rank ∇ = 𝑘 in a subdomain   satisfying (34) and let  be the open set given 
by Lemma 1. If (PL′) holds in  , then for any integral curve 𝑧(𝑡) of 𝑋 with initial condition 𝑧(0) = 𝑧0 ∈  there is a point 𝑧𝜂 ∈  and a 
constant 𝜃𝜂 depending on 𝑧0, such that 𝜂 = (𝑧𝜂) = (𝑧0), (𝑧𝜂) = 𝜂 and

|𝑧(𝑡) − 𝑧𝜂| ≤ 𝜃𝜂𝑒
−𝜅𝜂 𝑡∕2 ,

[


(

𝑧(𝑡)
)

− 𝜂
]

≤
[


(

𝑧0
)

− 𝜂
]

𝑒−𝜅𝜂 𝑡 , for 𝑡 ≥ 0 .

The proof of Proposition 4 can be adapted to this case. The key point is replacing ∇ with (𝐼 − 𝜋0)∇, where 𝜋0 is the orthogonal 
projector onto the ker𝐾.
Proof of Proposition 5.  Per hypothesis, both 𝐾 and  are smooth on  and thus 𝑋 is Lipschitz continuous on any bounded subset 
and in particular on  . Then Lemma 1 gives an open subset of  ⊆   such that for any point 𝑧0 ∈  there is an integral curve 𝑧(𝑡) ∈ 
of 𝑋 through the point 𝑧0 = 𝑧(0), defined for all 𝑡 ≥ 0. Along the orbit 𝛼(𝑧(𝑡)) = 𝛼(𝑧0) = 𝜂𝛼 , 𝛼 ∈ {1,… , 𝑘}, and thus 𝑧(𝑡) ∈ 𝜂 ∩ .

At a point 𝑧𝜂 ∈ 𝜂 where (𝑧𝜂) = 𝜂 the function |𝜂
 attains its minimum and thus  must satisfy (35). It follows from the 

assumption 𝐾∇𝛼 = 0 that 𝑋(𝑧𝜂) = 0. Therefore, if there is 𝑡 ≥ 0 such that (𝑧(𝑡)) = 𝜂 , then 𝑋
(

𝑧(𝑡)
)

= 0 and 𝑧(𝑡) = 𝑧(𝑡) = 𝑧0 for all 
𝑡 ≥ 0. In this case the statement of the proposition is trivially true.

Let us now consider the non-trivial case (𝑧(𝑡)) > 𝜂 , 𝑡 ≥ 0. We shall follow the same two steps as in Polyak original proof, with 
the necessary changes to account for the degeneracy of the metriplectic flow. This requires a preliminary step in which we establish 
the needed properties of the matrix 𝐾.

Step 0. For any point 𝑧 ∈ , let 𝐾𝑖(𝑧) > 0 be the 𝑖-th non-zero eigenvalue of 𝐾(𝑧) and 𝜋𝑖(𝑧) the orthogonal projector on ker
(

𝐾(𝑧) −
𝐾𝑖(𝑧)𝐼), i.e. on the eigenspace of 𝐾(𝑧) corresponding to the eigenvalue 𝐾𝑖(𝑧). Then

𝐾(𝑧) =
∑

𝑖
𝐾𝑖(𝑧)𝜋𝑖(𝑧).

Since 𝐾(𝑧) is symmetric any eigenvalue (including zero) is semisimple [108, Appendix 3.I]. We assumed that the closed disk of radius 
𝑟 > 0 centered in 0 ∈ ℂ contains only the zero eigenvalue of 𝐾(𝑧) for all 𝑧 ∈ , hence 𝐾𝑖(𝑧) > 𝑟. It follows that [108, Theorem 3.I.1] 
the orthogonal projector 𝜋0(𝑧) onto ker𝐾(𝑧) is a smooth function of 𝑧 ∈ . In addition we have that, for any vector 𝑍 ∈ ℝ𝑛,

𝑍 ⋅𝐾(𝑧)𝑍 =
∑

𝑖
𝐾𝑖(𝑧)𝑍 ⋅ 𝜋𝑖(𝑧)𝑍

≥ 𝑟
∑

𝑖
𝑍 ⋅ 𝜋𝑖(𝑧)𝑍 = 𝑟𝑍 ⋅ (𝐼 − 𝜋0)𝑍.

If 𝑍 = ∇(𝑧), we deduce

∇(𝑧) ⋅𝐾(𝑧)∇(𝑧) ≥ 𝑟||
|

(

𝐼 − 𝜋0(𝑧)
)

∇(𝑧)||
|

2
. (40)

We also have 𝑋 = −𝐾∇ = −𝐾(𝐼 − 𝜋0)∇, and |𝑋(𝑧)| ≤ ‖𝐾(𝑧)‖𝐹
|

|

|

(

𝐼 − 𝜋0(𝑧)
)

∇(𝑧)||
|

, where ‖𝐾(𝑧)‖𝐹  is the Frobenius norm, which is 
a continuous function of 𝑧. For any 𝑧 in the compact set  , ‖𝐾(𝑧)‖𝐹 ≤ 𝑅 = max{‖𝐾(𝑧′)‖𝐹 ∶ 𝑧′ ∈  }, so that

|𝑋(𝑧)| ≤ 𝑅||
|

(

𝐼 − 𝜋0(𝑧)
)

∇(𝑧)||
|

. (41)

Since 𝜋0 is smooth, 𝑌 (𝑧) =
(

𝐼 − 𝜋0(𝑧)
)

∇(𝑧) is smooth. This is the component of ∇ orthogonal to ker𝐾.
From (41) we can also deduce that 𝑌 (𝑧(𝑡)) ≠ 0 for, if not, then (PL′) implies (𝑧(𝑡)) = 𝜂 , which is the trivial case.
We shall show that Polyak’s argument can be repeated with 𝑌  instead of ∇.
Step 1. Upon using (40), given 0 ≤ 𝑡1 < 𝑡2,


(

𝑧(𝑡1)
)

− 
(

𝑧(𝑡2)
)

≥ 𝑟∫

𝑡2

𝑡1

|

|

|

𝑌
(

𝑧(𝑡)
)

|

|

|

2
𝑑𝑡.

On the other end, (41) yields
𝑑
𝑑𝑡

|

|

|

𝑧(𝑡) − 𝑧(𝑡1)
|

|

|

≤ |

|

|

𝑋
(

𝑧(𝑡)
)

|

|

|

≤ 𝑅||
|

𝑌
(

𝑧(𝑡)
)

|

|

|

.

Since 𝑌 ∈ 𝐶∞(,ℝ𝑛), it is in particular Lipschitz continuous on . Let 𝐿 > 0 be the Lipschitz constant of 𝑌 . The same argument of 
step 1 in the proof of Proposition 4 can be repeated leading to

|

|

|

𝑌
(

𝑧(𝑡)
)

|

|

|

2
≤ 𝛼𝑅𝐿

𝑟
[


(

𝑧(𝑡)
)

− 
]

, (42)
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where 𝛼 is the same constant defined in the proof of Proposition 4.
Step 2. We have already shown that

𝜑𝜂(𝑡) ≤ 𝜑0,𝜂𝑒
−𝜅𝜂 𝑡,

where 𝜑𝜂(𝑡) = 
(

𝑧(𝑡)
)

− 𝜂 , and 𝜑0,𝜂 = 𝜑𝜂(0). For any 0 ≤ 𝑡1 < 𝑡2, inequality (42) gives

|𝑧(𝑡1) − 𝑧(𝑡2)| ≤ 𝑅∫

𝑡2

𝑡1

|

|

|

𝑌
(

𝑧(𝑡)
)

|

|

|

𝑑𝑡

≤ 𝑅
√

𝛼𝑅𝐿
𝑟 ∫

𝑡2

𝑡1

√

𝜑𝜂(𝑡)𝑑𝑡

≤ 1
𝜅𝜂

√

4𝛼𝑅3 𝐿𝜑0,𝜂

𝑟
[

𝑒−𝜅𝜂 𝑡1∕2 − 𝑒−𝜅𝜂 𝑡2∕2
]

.

It follows that 𝑧(𝑡) has a limit 𝑧𝜂 ∈  for 𝑡→ +∞ and the limit satisfies (𝑧𝜂) = lim𝑡→+∞ 
(

𝑧(𝑡)
)

= 𝜂 , hence 𝑧𝜂 ∈ . In addition, 
(𝑧𝜂) = lim𝑡→+∞ 

(

𝑧(𝑡)
)

= (𝑧0), hence 𝑧𝜂 ∈ 𝜂 ∩ . At last, passing to the limit 𝑡2 → +∞ yields
|𝑧(𝑡1) − 𝑧𝜂| ≤ 𝜃𝜂𝑒

−𝜅𝜂 𝑡1∕2,

with constant

𝜃𝜂 =
1
𝜅𝜂

√

4𝛼𝑅3𝐿𝜑0,𝜂

𝑟
.

This is the claimed inequality. ∎
This exponential convergence result becomes less useful when the constant 𝜃𝜂 is large, which can happen when either 𝑟 or 𝜅𝜂

are small. In the former case, an eigenvalue of 𝐾 becomes small at least in some region of the domain. In the latter case, the metric 
bracket is small even where entropy is far from the minimum.

This result follows from a minimal modification of Polyak’s argument for standard gradient flows. One should note that here ∇𝛼
are assumed to be in the kernel of 𝐾, and this assumption is consistent with the requirement (7b) for .

Unlike the results of Section 3.1, convergence results based on Polyak inequalities do not require the uniqueness of the minimum 
entropy state. On the other hand, the precise point on the set of minima at which each orbit converges depends on the specific orbit. 
We illustrate inequality (PL′) with a few examples.
Example 1. 

Let the phase space be  = ℝ𝑛, 𝑛 ∈ ℕ and 𝑛 ≥ 2, with coordinates 𝑧 = (𝑧𝑖)𝑛𝑖=1, 𝑠 = (𝑠𝑖)𝑛𝑖=1 and ℎ = (ℎ𝑖)𝑛𝑖=1 ∈ ℝ𝑛 be covariant vectors, 
𝐾 = (𝐾 𝑖𝑗 ) be a symmetric, positive-semidefinite, contravariant tensor on ℝ𝑛 such that 𝐾 𝑖𝑗ℎ𝑗 = 0, and let 𝜎 = (𝜎𝑖𝑗 )𝑖𝑗 be a symmetric 
positive definite, covariant tensor. We define the dissipative part of the metriplectic vector field 𝑋 = −𝐾∇, with Hamiltonian 
(𝑧) = ℎ𝑖𝑧𝑖, and entropy (𝑧) = 𝑠𝑖𝑧𝑖 +

1
2𝜎𝑖𝑗𝑧

𝑖𝑧𝑗 . We further assume that the null space of 𝐾 coincides with the line spanned by ℎ, i.e., 
𝐾𝜔 = 0 implies 𝜔 = 𝜆ℎ for some 𝜆 ∈ ℝ. Then the metric bracket defined by 𝐾 is “minimally degenerate”, in the sense defined above.

We claim that this metriplectic system satisfies condition (PL′), and thus Proposition 5 applies.
In order to show this, let us first observe that the change of variables 𝑧↦ 𝑧̃ = 𝜎1∕2𝑧 transforms the system into an analogous one 

with 𝜎𝑖𝑗 replaced by 𝛿𝑖𝑗 and with ℎ and 𝑠 replaced by 𝜎−1∕2ℎ and 𝜎−1∕2𝑠, respectively. Hence it is enough to discuss the case 𝜎𝑖𝑗 = 𝛿𝑖𝑗 . 
We can also assume |ℎ|2 = 1, because the normalization of ℎ only changes the value of the Hamiltonian but not its isosurfaces. 
Then, for any 𝜂 ∈ ℝ, 𝜂 = {𝑧 ∈ ℝ𝑛 ∶ (𝑧) = 𝜂} is the plane given by ℎ𝑖𝑧𝑖 = 𝜂. A point 𝑧 ∈ 𝜂 can be written as 𝑧 = 𝜂ℎ + 𝑧⟂, with 
𝑧⟂ = 𝑧 − (ℎ ⋅ 𝑧)ℎ. Given 𝜂 ∈ ℝ, we can use Lagrange multipliers to compute the constrained entropy minima 𝜂 : we search for (𝜆, 𝑧)
such that (with 𝜕𝑖 = 𝜕∕𝜕𝑧𝑖) 𝜕𝑖(𝑧) = 𝜆𝜕𝑖(𝑧) with (𝑧) = 𝜂, which is equivalent to

{

𝑧 = 𝜆ℎ − 𝑠,

ℎ ⋅ 𝑧 = 𝜂.

The solution (𝜆𝜂 , 𝑧𝜂) is readily found,
𝜆𝜂 = 𝜂 + ℎ ⋅ 𝑠, 𝑧𝜂 = 𝜆𝜂ℎ − 𝑠 = 𝜂ℎ − 𝑠⟂,

where 𝑠⟂ = 𝑠 − (ℎ ⋅ 𝑠)ℎ. Therefore, if 𝑧 ∈ 𝜂 ,

(𝑧) = 𝑠 ⋅ (𝜂ℎ + 𝑧⟂) +
1
2
|𝜂ℎ + 𝑧⟂|2 = (𝑧𝜂) +

1
2
|𝑧⟂ + 𝑠⟂|2.

On the other hand, since 𝐾ℎ = 0, for any 𝑧 ∈ 𝜂 ,

∇(𝑧) ⋅𝐾∇(𝑧) = (𝑧 + 𝑠) ⋅𝐾(𝑧 + 𝑠) = (𝑧⟂ + 𝑠⟂) ⋅𝐾(𝑧⟂ + 𝑠⟂) ≥ 𝐾1|𝑧⟂ + 𝑠⟂|2,

where 𝐾1 > 0 is the smallest eigenvalue of 𝐾 restricted to (ker𝐾)⟂, the orthogonal of its kernel. We deduce
∇(𝑧) ⋅𝐾∇(𝑧) ≥ 2𝐾1

[

(𝑧) − 𝜂
]

, 𝑧 ∈ 𝜂 ,

Communications in Nonlinear Science and Numerical Simulation 161 (2026) 110076 

20 



C. Bressan et al.

where 𝜂 = (𝑧𝜂) is the constrained minimum of the entropy. This is condition (PL′) with 𝜅𝜂 = 2𝐾1.
We remark that, at least in this case, the condition on the kernel of 𝐾 being “minimal” is crucial for the modified PL condition. In 

fact, if there is a vector ℎ′ ∈ ℝ𝑛, orthogonal to ℎ, and such that 𝐾ℎ′ = 0, then (𝑧⟂ + 𝑠⟂) ⋅𝐾(𝑧⟂ + 𝑠⟂) = 0 for any non-zero 𝑧⟂ + 𝑠⟂ ∝ ℎ′.
This example is simple enough that an analytical solution of the integral curves of 𝑋 can be obtained. In fact, the equation for 

the new variable 𝑦 = 𝑠 + 𝑧 amounts to the linear system 𝑑𝑦∕𝑑𝑡 = −𝐾𝑦 with initial condition 𝑦0 = 𝑠 + 𝑧0. If (𝑧0) = ℎ ⋅ 𝑧0 = 𝜂, we must 
have ℎ ⋅ 𝑦0 = 𝜂 + ℎ ⋅ 𝑠. Upon representing 𝑦 on the basis of the unit eigenvectors {𝑒𝑖}𝑛−1𝑖=0  of 𝐾, with 𝑒0 = ℎ being the eigenvector that 
corresponds to the zero eigenvalue, we obtain

𝑦(𝑡) = (ℎ ⋅ 𝑦0)ℎ +
∑

𝑖≥1
𝑒−𝑡𝜆𝑖(𝐾)𝑐𝑖𝑒𝑖,

where 𝜆𝑖(𝐾) > 0 are the positive eigenvalues of 𝐾 and 𝑐𝑖 = 𝑒𝑖 ⋅ 𝑦0. We deduce
|𝑧(𝑡) − 𝑧𝜂| ≤ |𝑧0 − 𝑧𝜂|𝑒−𝑡𝐾1 ,

with 𝐾1 = min𝑖≥1{𝜆𝑖(𝐾)}.
Hence, in this case we have exponential convergence to the equilibrium point, with convergence rate being half of the constant 

in (PL′). 
Example 2. 

With the same metric bracket and Hamiltonian as in Example 1, let us consider the entropy function

(𝑧) = |𝑧|2

1 + |𝑧|2
, 𝑧 ∈  = ℝ𝑛.

As before, this entropy is rotationally symmetric, with a global minimum at 𝑧 = 0, but it is not a convex function.
Since  is the same as in Example 1, 𝑧 ∈ 𝜂 if and only if 𝑧 = 𝜂ℎ + 𝑧⟂ and we compute

∇(𝑧) ⋅𝐾∇(𝑧) = 4
𝑧⟂ ⋅𝐾𝑧⟂
(1 + |𝑧|2)4

≥ 4𝐾1
|𝑧⟂|2

(1 + |𝑧|2)4
,

where 𝐾1 is defined in Example 1. We can use Lagrange multipliers in order to compute minima of the entropy constrained to 𝜂
with the result that there is a unique minimum at 𝑧𝜂 = 𝜂ℎ and

𝜂 = (𝑧𝜂) =
𝜂2

1 + 𝜂2
.

Then, we compute

(𝑧) − 𝜂 =
|𝑧⟂|2

(1 + 𝜂2)(1 + |𝑧|2)
,

from which we deduce
|𝑧⟂|2

(1 + |𝑧|2)4
=

1 + 𝜂2

(1 + |𝑧|2)3
[

(𝑧) − 𝜂
]

, 𝑧 ∈ 𝜂 ,

hence, for any 𝑅 > 0, on the ball |𝑧| < 𝑅, we have
∇(𝑧) ⋅𝐾∇(𝑧) ≥ 𝜅𝜂

[

(𝑧) − 𝜂
]

, 𝑧 ∈ 𝜂 ∩ 𝐵𝑅(0),

with constant 𝜅𝜂 = 4𝐾1(1 + 𝜂2)∕(1 + 𝑅2)3. Therefore the modified PL condition is satisfied on balls of arbitrary large radius 𝑅, even 
though the entropy is not convex, but the constant as a function of the radius 𝑅 is not uniformly bounded away from zero. 
Example 3. 

As a last example, we consider a strongly nonlinear case with a bracket built from an orthogonal projection onto the hyper-plane 
perpendicular to the gradient of the Hamiltonian. This particular metric structure will play a key role in the following, even in the 
infinite-dimensional cases in fluid and plasma dynamics.

Given 𝑠 ∈ ℝ𝑛, on the open half-space  = {𝑧 ∈ ℝ𝑛 ∶ 𝑧 ⋅ 𝑠 < 0}, let us consider the field 𝑋(𝑧) = −𝐾(𝑧)∇(𝑧), with
𝐾(𝑧) ∶= |𝑧|2𝐼 − 𝑧 ⊗ 𝑧, (𝑧) ∶= 1

2 |𝑧|
2, and (𝑧) ∶= 𝑠 ⋅ 𝑧 .

Since 𝐾(𝑧) is proportional to the projector onto the subspace normal to ∇(𝑧), we have 𝐾(𝑧)∇(𝑧) = 0 and 𝐾(𝑧) is a symmetric 
positive semidefinite tensor; hence, 𝑋 is metriplectic with a trivial symplectic part. We also stress that 𝐾(𝑧) is minimally degenerate 
since 𝐾(𝑧) is strictly positive definite on the subspace normal to ∇(𝑧).

The constant-energy surfaces are spheres, for any 𝜂 > 0,

𝑧 ∈ 𝜂 ⟺ 𝑧 =
√

2𝜂𝜁, 𝜁 ∈ 𝑆𝑛−1, 𝜁 ⋅ 𝑠 < 0,

where points 𝜁 on the (𝑛 − 1)-dimensional sphere 𝑆𝑛−1 are identified with unit vectors in ℝ𝑛. The entropy restricted to 𝜂 amounts 
to |𝜂

(𝜁 ) =
√

2𝜂𝑠 ⋅ 𝜁 and the minimum 𝜂 = −
√

2𝜂𝑠2 is attained at 𝜁 = −𝑠∕|𝑠|. The same result is of course obtained by means of 
Lagrange multipliers that lead to the system

{

𝑠 = 𝜆𝑧,
1
2 |𝑧|

2 = 𝜂,
and 𝑧 ⋅ 𝑠 < 0.
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Then we compute, for 𝑧 =
√

2𝜂𝜁 ∈ 𝜂 ,

∇(𝑧) ⋅𝐾(𝑧)∇(𝑧) = |𝑧|2|𝑠|2 − (𝑧 ⋅ 𝑠)2 =
(
√

2𝜂|𝑠| −
√

2𝜂𝑠 ⋅ 𝜁
)(
√

2𝜂|𝑠| +
√

2𝜂𝑠 ⋅ 𝜁
)

≥
√

2𝜂|𝑠|
[

(𝑧) − 𝜂
]

,

which is inequality (PL′).
It should be noted that, if one drops the condition 𝑧 ⋅ 𝑠 < 0, so that  = ℝ𝑛, then the metric system cannot satisfy (PL′) since 

𝑆|𝜂
 has two critical points: a minimum 𝑧−𝜂  with 𝑧−𝜂 ⋅ 𝑠 < 0 and a maximum 𝑧+𝜂  with 𝑧+𝜂 ⋅ 𝑠 > 0. The metric bracket ( ,) = ∇ ⋅𝐾∇

vanishes at both points, but (𝑧+𝜂 ) − 𝜂 > 0. 

3.3.  Infinite-dimensional systems: tentative generalizations

A version of the Lyapunov stability theorem, valid for the case of infinite-dimensional systems, is available under suitable coercivity 
assumptions on the Lyapunov function [66]. Such assumptions are needed to compensate for the lack of compactness. For instance, 
the closed unit ball is not compact in a Banach space. Compactness of closed and bounded sets in ℝ𝑛 is used repeatedly in the 
classical proofs in finite dimensions (cf. Sections 3 and 3.2). Analogously, the (PL) condition can be extended to infinite-dimensional 
systems. A more difficult point is the existence of a global-in-time solution to the equation defining the dynamical system, under 
reasonable hypothesis [99]. In the infinite-dimensional setting, this means proving the existence of a global solution for highly 
nonlinear partial differential equations, which is often difficult and requires special treatment for each individual case. Nonetheless, 
under the assumption that a global-in-time solution exists, one can think of extending Propositions 3 and 5 to infinite dimensions, but 
we leave the details for future work. Here we merely state the infinite-dimensional version of condition (L3′′) and inequality (PL′).

Consider a metriplectic system on a Banach space 𝑉  as introduced in Section 2.1. We assume that this system has a finite (for 
simplicity) family of constants of motion  ∈ 𝐶∞(𝑉 ,ℝ𝑘), that satisfies the hypotheses of the submersion theorem [66, Theorem 3.5.4] 
in an open set  ⊆ 𝑉 . In particular, the operator 𝐷(𝑢) must be surjective with split kernel for any 𝑢 ∈  . Then 𝜂 = {𝑢 ∈ 𝑉 ∶ (𝑢) = 𝜂}
are closed submanifolds of   for any 𝜂 ∈ ( ), as in the finite-dimensional case. Since we consider systems of the form (7), satisfying 
in particular condition (7b), there is at least one invariant, namely the Hamiltonian, and thus we have 𝑘 ≥ 1. Then condition (L3′′) 
can be generalized by

( , )(𝑢) = 0 ⟺ 𝐷 (𝑢) =
∑

𝛼
𝜆𝛼𝐷𝛼(𝑢), (43)

for some constant 𝜆𝛼 ∈ ℝ. This means that if, for a given function  , the bracket ( , ) vanishes at a point 𝑢0, then 𝑢0 must be a critical 
point of  restricted to the manifold (𝑢) = (𝑢0) = constant. We referred to brackets with this property as specifically degenerate 
brackets. If the only invariant is the Hamiltonian, then we called them minimally degenerate.

The equivalent of condition (PL′) reads: 𝜂 ∶= inf{ ∶ 𝑧 ∈ 𝜂} > −∞ and there exists a constant 𝜅𝜂 > 0 depending on 𝜂, such that
1
𝜅𝜂

( ,) ≥  − 𝜂 , on𝜂 . (PL′′)

If inequality (PL′′) is fulfilled, the exponential convergence of the entropy follows as in the finite-dimensional case. Also, ( ,)(𝑢) = 0
on 𝜂 only if 𝑢 is a global minimum of  restricted to 𝜂 , i.e. (𝑢) = 𝜂 .

A necessary condition for (PL′′) can be stated for the special class of specifically degenerate metric brackets, i.e., when (43) 
is satisfied. Then condition (PL′′) is satisfied only if critical points of |𝜂

 are global minima. In fact, if 𝑢 ∈ 𝜂 is a critical point 
of |𝜂

, the theory of Lagrange multiplier [66, Theorem 3.5.27] gives 𝐷(𝑢) =
∑

𝛼 𝜆𝛼𝐷𝛼(𝑢), hence ( ,)(𝑢) = 0. But if (𝑢) > 𝜂 , 
inequality (PL′′) is violated.

Beyond these preliminary considerations, the mathematical analysis of (PL′′) exceeds the scope of this paper. We conclude with an 
example of a infinite-dimensional metric bracket that is specifically degenerate and satisfies (PL′′). We shall give physically relevant 
examples in Section 4.
Example 4. 

In this example (cf. [35]) we proceed formally. On the space 𝑉  of smooth functions from 𝕋 → ℝ, where the torus 𝕋 ∶= ℝ∕2𝜋ℤ is 
identified with the interval Ω = [0, 2𝜋] with periodic boundary conditions, we consider the metric bracket given by

(

 ,) = ∫

2𝜋

0

(

𝛿 (𝑢)
𝛿𝑢

)′( 𝛿(𝑢)
𝛿𝑢

)′
𝑑𝑥, (44)

where 𝑣′(𝑥) = 𝑑𝑣(𝑥)∕𝑑𝑥 denotes the derivative of 𝑣 ∶ 𝕋 → ℝ, and the functional derivatives are computed with respect to the standard 
𝐿2 product (cf. Section 2.1). We assume that the functions  (𝑢) and (𝑢) are regular enough for their functional derivative to exist 
and be sufficiently smooth. The Hamiltonian and entropy functions are given by

(𝑢) = ∫

2𝜋

0
𝑢(𝑥)𝑑𝑥 and (𝑢) = 1

2 ∫

2𝜋

0
|𝑢(𝑥)|2𝑑𝑥 = 1

2
‖𝑢‖2

𝐿2(Ω)
.

Condition (7b) is satisfied since 𝛿(𝑢)∕𝛿𝑢 = 1. After integration by parts, the strong form of (7a) amounts to the heat equation
⎧

⎪

⎨

⎪

⎩

𝜕𝑡𝑢 = 𝜕2𝑥𝑢, (𝑡, 𝑥) ∈ [0,+∞) × [0, 2𝜋],

𝑢(𝑡, 0) = 𝑢(𝑡, 2𝜋), 𝑡 ∈ [0,+∞),

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑥 ∈ [0, 2𝜋].

(45)
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First we show that (44) is a minimally degenerate bracket, i.e., the null space is spanned by 𝛿(𝑢)∕𝛿𝑢. In fact, ( , ) = 0 implies 
(𝛿 (𝑢)∕𝛿𝑢)′ = 0 and thus 𝛿 (𝑢)∕𝛿𝑢 = 𝜆 where 𝜆 ∈ ℝ is constant. Hence, 𝛿 (𝑢)∕𝛿𝑢 = 𝜆𝛿(𝑢)∕𝛿𝑢, which proves property (43), with the 
Hamiltonian being the only invariant.

The manifolds of constant Hamiltonian,
𝜂 = {𝑢 ∶ (𝑢) = 𝜂 ∈ ℝ},

consist of functions with the same average over [0, 2𝜋]. They are affine spaces, rather than generic manifolds. The critical points of 
entropy restricted to the constant-Hamiltonian spaces are determined by

𝑢(𝑥) = 𝜆, ∫

2𝜋

0
𝑢(𝑥)𝑑𝑥 = 𝜂.

Therefore, for any 𝜂 ∈ ℝ there is only one critical point, that is, the constant function
𝑢𝜂(𝑥) = 𝜂∕(2𝜋).

The entropy of 𝑢𝜂 is 𝜂 = (𝑢𝜂) = 𝜂2∕(4𝜋). The Fourier series representation,

𝑢(𝑥) =
∑

𝑛∈ℤ
𝑢𝑛𝑒

𝑖𝑛𝑥, 𝑢𝑛 ∈ ℂ,

yields that (𝑢) = 𝜂 if and only if 𝑢0 = 𝜂∕(2𝜋), hence
(𝑢) − 𝜂 = 𝜋

∑

𝑛≠0
|𝑢𝑛|

2 ≥ 0, 𝑢 ∈ 𝜂 ,

with equality only if 𝑢 = 𝑢𝜂 . This shows that 𝑢𝜂 is a global minimum of  restricted to 𝜂 . Upon using again the Fourier series 
representation, one finds

(

 ,
)

(𝑢) = ‖𝑢′‖2
𝐿2(Ω)

= 2𝜋
∑

𝑛≠0
𝑛2|𝑢𝑛|

2 ≥ 2𝜋
∑

𝑛≠0
|𝑢𝑛|

2,

and
(

 ,
)

(𝑢) ≥ 2
[

(𝑢) − 𝜂
]

, 𝑢 ∈ 𝜂 ,

which is condition (PL′′) with 𝜅𝜂 = 2.
In fact, the solution of (45) can be readily written in terms of a Fourier series as

𝑢(𝑡, 𝑥) =
∑

𝑛∈ℤ
𝑒𝑖𝑛𝑥−𝑛

2𝑡𝑢0,𝑛,

where 𝑢0,𝑛 ∈ ℂ are the Fourier coefficients of the initial condition. With 𝜂 = (𝑢0) = 2𝜋𝑢0,0, we deduce
‖𝑢(𝑡) − 𝑢𝜂‖𝐿2(Ω) ≤ 𝑒−𝑡‖𝑢(0) − 𝑢𝜂‖𝐿2(Ω),

which shows exponential relaxation toward the entropy minimum on 𝜂 , with the energy 𝜂 being determined by the initial condition.
In conclusion, this metric system satisfies the generalized Polyak–Łojasiewicz condition (PL′′) and all orbits completely relax 

exponentially to a solution of (1) with exponential convergence rate given by 𝜅𝜂∕2, where 𝜅𝜂 is the constant in (PL′′). We observe 
that the convergence rate is the same as the one predicted in Proposition 5 for finite-dimensional systems. 

4.  Two examples: metric double brackets and projectors

In this section, we discuss two special cases of metriplectic systems of the form (7), which we call metric double bracket and 
projector bracket systems. We shall see that for the metric double brackets treated in Section 4.1, the dissipation mechanism does not 
completely relax the state of the system (in the sense of Section 3), while for the projector brackets of Section 4.2 complete relaxation 
is achieved. We shall discuss and compare the properties of these two metric brackets on the basis of the insights gained in Section 3.

We select two benchmark equilibrium problems, and we attempt to construct a relaxation method to solve them by using the 
two considered metric brackets. The benchmark problems are: the reduced Euler equations (cf. Section 2.2.1), but with Dirichlet 
boundary conditions replaced by periodic boundary conditions, and an analytically solvable model derived from the reduced Euler 
equations. In both cases periodic boundary conditions give rise to an additional invariant other than the Hamiltonian, and this allows 
us to examine cases where specifically degenerate brackets are not minimally degenerate. We shall return to the original problem 
with Dirichlet boundary conditions later.

Therefore in both cases, the domain is 𝕋 2 ∶= (ℝ∕2𝜋ℤ)2 with coordinates 𝑥 = (𝑥1, 𝑥2), and the phase space 𝑉  is the space of smooth 
functions 𝑣∶ 𝕋 2 → ℝ. As usual, 𝕋 2 is identified with the square Ω = [0, 2𝜋]2 with periodic boundary conditions. On such a periodic 
domain, the scalar vorticity 𝜔 = −Δ𝜙 (cf. Section 2.2.1 for the definitions) must have zero average, i.e.,

𝜔Ω ∶= 1
4𝜋2 ∫Ω

𝜔(𝑥)𝑑𝑥 = 0.
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We use systematically the subscript Ω to denote the average over the domain Ω. We choose the whole space 𝑉  as the phase space 
and define the vorticity by

𝜔 = 𝑢 − 𝑢Ω,

but we impose the additional constraint

(𝑢) = ∫Ω
𝑢(𝑥)𝑑𝑥 = 4𝜋2𝑢Ω = 0 ∈ ℝ,

as well as energy conservation (𝑢) = 0 ∈ ℝ. Given 𝑢 ∈ 𝑉 , and thus 𝜔, the Poisson equation determines the stream function 𝜙
modulo a constant, which we set to zero; hence (10) is replaced by

−Δ𝜙 = 𝑢 − 𝑢Ω, 𝜙Ω = 0. (46)

(Equivalently, we could have chosen the phase space to be the subspace of functions satisfying 𝑢Ω = 0 and 𝑢 = 𝜔.)
Both the considered benchmark problems can be formulated as variational problems: given a Hamiltonian function , and a 

regular value 𝜂 = (0,0) for the two invariants  = (1,2) ∶= (,), find 
min{(𝑢)∶ (𝑢) = 𝜂}, (47a)

with entropy

(𝑢) = 1
2 ∫Ω

𝜔2𝑑𝑥 = 1
2
‖𝑢 − 𝑢Ω‖2𝐿2(Ω)

. (47b)

The two test cases differ by the choice of the Hamiltonian. In summary,

• Analytical test case: Given a function ℎ∶ 𝕋 2 → ℝ, let

(𝑢) = ∫Ω
ℎ𝜔𝑑𝑥 = (ℎ − ℎΩ, 𝑢)𝐿2(Ω). (48)

The solutions of (47) with (48) are equilibria of the linear advection equation
𝜕𝑡𝑢 + [ℎ, 𝑢] = 0,

with [𝑓, 𝑔] = 𝜕1𝑓𝜕2𝑔 − 𝜕1𝑔𝜕2𝑓 .
• Reduced Euler test case: We again use  as in (47b), but now

(𝑢) = 1
2 ∫Ω

|∇𝜙|2𝑑𝑥 = 1
2
(𝜙, 𝑢)𝐿2(Ω), (49)

i.e., we assume (14) with 𝑠(𝑦) = 𝑦2∕2, and we assume 𝜙 depends on 𝑢 via (46). Solutions of (47) with (49) are equilibria of the 
reduced Euler equations on the flat torus 𝕋 2.

In both cases, problem (47) can be solved analytically. In order to compute the solutions, we first find the set of critical points of 
entropy restricted to 𝜂 = {𝑢∶ (𝑢) = 𝜂}, i.e.,

ℭ𝜂 ∶= {𝑢∶ 𝐷(𝑢) =
∑

𝛼
𝜆𝛼𝐷𝛼(𝑢), (𝑢) = 𝜂}. (50)

Then we find the minimum of  on ℭ𝜂 . We summarize here the results, which will be used to assess the metriplectic relaxation 
methods.

Solution for the analytical test case: For the case of Eq.  (48), the set ℭ𝜂 is given by
𝑢 − 𝑢Ω = 𝜆1 + 𝜆2(ℎ − ℎΩ), (𝑢) = 𝜂. (51)

Then 𝜆1 = 0 and 𝑢Ω = 0∕(4𝜋2). Upon multiplying by ℎ − ℎΩ and integrating over Ω, we deduce
0 = 𝜆2‖ℎ − ℎΩ‖2𝐿2(Ω)

,

from which we can compute 𝜆2. Hence, the set ℭ𝜂 contains the following single point:

𝑢𝜂 =
0

4𝜋2
+

0

‖ℎ − ℎΩ‖2𝐿2(Ω)

(ℎ − ℎΩ) (52)

and the value of entropy on this unique critical point is

𝜂 = min{(𝑢)∶ (𝑢) = 𝜂} =
2

0∕2

‖ℎ − ℎΩ‖2𝐿2(Ω)

. (53)

One can check that this is the minimum of the entropy on 𝜂 .
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Solution for the reduced Euler equations: For the case of (49), elements of ℭ𝜂 satisfy
{

𝑢 − 𝑢Ω = 𝜆1 + 𝜆2𝜙, (𝑢) = 𝜂,

with 𝜙 solution of (46).
(54)

Since 𝜙Ω = 0, we have 𝜆1 = 0 and 𝑢Ω = 0∕(4𝜋2), as before. Then (𝜙, 𝜆2) must be a solution of the eigenvalue problem
−Δ𝜙 = 𝜆2𝜙, 𝜙Ω = 0,

which is readily solved in terms of Fourier series. We find that the set ℭ𝜂 consists of vorticity fields 𝑢 − 𝑢Ω = 𝜔 = 𝜆2𝜙, with 𝜙 being 
an eigenfunction of −Δ corresponding to the eigenvalue 𝜆2 > 0, and with norm ‖𝜙‖2

𝐿2(Ω)
= 20∕𝜆2. Then the entropy evaluated on 

the constrained critical points amounts to 𝜆20. It follows that the entropy minimum on 𝜂 corresponds to the lowest non-trivial 
eigenvalue, which is 𝜆2 = 1. The corresponding stream function must be of the form

𝜙(𝑥) = 𝑎1 cos(𝑥1 + 𝜃1) + 𝑎2 cos(𝑥2 + 𝜃2),

with arbitrary phase shifts 𝜃1, 𝜃2, and with coefficient 𝑎1, 𝑎2 determined by the condition ‖𝜙‖2𝐿2(Ω)
= 20. Since 𝜆2 = 1, this amounts 

to 𝑎21 + 𝑎22 = 0∕𝜋2. Thus,

𝜔(𝑥) = 𝜙(𝑥) =

√

0

𝜋
[

cos 𝜃0 cos(𝑥1 + 𝜃1) + sin 𝜃0 cos(𝑥2 + 𝜃2)
]

, (55)

with arbitrary phases 𝜃0, 𝜃1, and 𝜃2 in [0, 2𝜋).
From the analytical solution, (55), we deduce that the entropy minimum constrained to (𝑢) = 𝜂 is not attained at an isolated 

point, but on a family of points parameterized by three phases. The constrained minimum value of the entropy is given by
𝜂 = min{(𝑢)∶ (𝑢) = 𝜂} = 0, (56)

since 𝜆2 = 1.

4.1.  Metric double brackets

The first example is given by the metric double bracket [55,63,64] (not to be confused with the double bracket of Flierl and 
Morrison [47] discussed in the introduction). We recall the general definition first, but quickly restrict the discussion to the examples.

In general, metric double brackets originate from a Lie algebra. If 𝔤 is a Lie algebra with Lie brackets [⋅, ⋅], let the vector space 𝑉
be its dual, 𝑉 = 𝔤∗. The functional derivative of a function 𝑓 ∈ 𝐶∞(𝔤∗) is computed with respect to the duality pairing between 𝔤∗
and 𝔤, that is, 𝛿𝑓 (𝑢)∕𝛿𝑢 ∈ 𝔤 is the unique element of 𝔤 such that 𝐷𝑓 (𝑢)𝑣 = ⟨𝛿𝑓 (𝑢)∕𝛿𝑢, 𝑣⟩ for all 𝑣 ∈ 𝑉 = 𝔤∗. Under these conditions, it is 
well-known [66] that the Lie bracket in 𝔤 induces two Poisson brackets in 𝐶∞(𝔤∗), namely, {𝑓, 𝑔}± = ±⟨𝑢, [ 𝛿𝑓 (𝑢)𝛿𝑢 , 𝛿𝑔(𝑢)𝛿𝑢 ]⟩, so that both 
(𝔤∗, {⋅, ⋅}±) are Poisson manifolds. However, if in addition 𝔤 is equipped with a positive definite bilinear form 𝛾 ∶ 𝔤 × 𝔤 → ℝ, on the 
space of smooth functions 𝐶∞(𝔤∗), we can also define the symmetric bracket

(𝑓, 𝑔) = 𝛾
([ 𝛿𝑓 (𝑢)

𝛿𝑢
,
𝛿ℎ(𝑢)
𝛿𝑢

]

,
[ 𝛿𝑔(𝑢)
𝛿𝑢

,
𝛿ℎ(𝑢)
𝛿𝑢

])

,

for any fixed function ℎ ∈ 𝐶∞(𝔤∗). One can readily check that this is a metric bracket preserving the Hamiltonian function ℎ.
Formally at least, this construction can be extended to infinite-dimensional systems. Let 𝑉  and 𝑊  be Banach spaces, with a 

nondegenerate duality pairing ⟨⋅, ⋅⟩𝑉 ×𝑊 ∶ 𝑉 ×𝑊 → ℝ, and let 𝑊  be equipped with (i) a symmetric positive definite bilinear form 
𝛾 ∶ 𝑊 ×𝑊 → ℝ and (ii) a bilinear antisymmetric operation [⋅, ⋅] ∶ 𝑊 ×𝑊 → 𝑊 . (For the purpose of defining the metric bracket we 
do not need to require [⋅, ⋅] to be a Lie bracket, that is, we can relax the Jacobi identity.) Then, given a fixed Hamiltonian  ∈ 𝐶∞(𝑉 ), 
we can construct the bilinear form (⋅, ⋅) ∶ 𝐶∞(𝑉 ) × 𝐶∞(𝑉 ) → 𝐶∞(𝑉 ) given by [63, Eq. (2.9)]

( ,) ∶= 𝛾
(

[ 𝛿
𝛿𝑢
, 𝛿
𝛿𝑢

]

,
[ 𝛿
𝛿𝑢
, 𝛿
𝛿𝑢

]

)

, (57)

where the functional derivative are evaluated with respect to the duality pairing between 𝑉  and 𝑊 , and thus are elements of 𝑊 . We 
remark that when 𝑊 = 𝑉 ′ is the (topological) dual of 𝑉 , that is, the space of continuous linear functionals on 𝑉 , 𝛿 (𝑢)∕𝛿𝑢 exists and 
it is equal to 𝐷 (𝑢) for any  ∈ 𝐶1(𝑉 ) and for all 𝑢 ∈ 𝑉 . In general, however, 𝛿 (𝑢)∕𝛿𝑢 does not always exists for all  .

As an example, let 𝑉 = 𝑊  be the space of smooth functions from 𝕋 𝑑 → ℝ, identified with functions over Ω = [0, 2𝜋]𝑑 with periodic 
boundary conditions. If [𝑢, 𝑣]𝐽 = ∇𝑢 ⋅ 𝐽∇𝑣 is a Poisson bracket on ℝ𝑑 (not necessarily canonical), (𝑢) is a given Hamiltonian function, 
and 𝛾 is given by the standard product in 𝐿2(Ω), then (57) reduces to

( ,) ∶= ∫Ω

[ 𝛿
𝛿𝑢
, 𝛿
𝛿𝑢

]

𝐽

[ 𝛿
𝛿𝑢
, 𝛿
𝛿𝑢

]

𝐽
𝑑𝑥. (58)

In the following, let 𝑑 = 2, 𝑥 = (𝑥1, 𝑥2) ∈ Ω = [0, 2𝜋]2 ⊂ ℝ2 with periodic boundary conditions, and for 𝐽 , we choose the canonical 
Poisson tensor in ℝ2, so that [⋅, ⋅]𝐽 = [⋅, ⋅] is the canonical bracket defined after Eq.  (11).

We construct a relaxation method based on this bracket for the solution of the two test problems introduced at the beginning of 
this section. In both cases we consider a field 𝑢 ∈ 𝑉  evolving from an initial condition 𝑢0 according to Eqs.  (7) and with bracket given 
by (58).
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We start from problem (47) with (48) for the linear advection equation. With those choices of bracket, Hamiltonian and entropy, 
Eq.  (7a) amounts to

∫Ω
𝛿
𝛿𝑢

𝜕𝑢
𝜕𝑡
𝑑𝑥 = −∫Ω

[ 𝛿
𝛿𝑢
, ℎ
][

𝑢, ℎ
]

𝑑𝑥,

for all  . This can be viewed as the weak form of the evolution equation, with 𝛿∕𝛿𝑢 being the test function. After integration by 
parts, one obtains the evolution equation for 𝑢 in strong form, namely,

𝜕𝑡𝑢 =
[

ℎ, [ℎ, 𝑢]
]

.

We observe that [𝑢, ℎ] = div(𝑋ℎ𝑢) = 𝑋ℎ ⋅ ∇𝑢, where 𝑋ℎ = 𝑡(𝜕2ℎ,−𝜕1ℎ) is the Hamiltonian vector field generated by ℎ with canonical 
Poisson bracket in ℝ2. Hence

𝜕𝑡𝑢 = div(𝑋ℎ ⊗𝑋ℎ∇𝑢), (59)

which shows that this particular combination of metric bracket and entropy describes anisotropic diffusion, parallel to the field lines 
of 𝑋ℎ, or equivalently along the contours of the function ℎ.

The Cauchy problem associated to (59) with periodic boundary conditions can be solved analytically, at least under suitable 
conditions. We consider the equation in a region of the domain where the contours of ℎ are closed simple curves and ∇ℎ ≠ 0 (as 
relevant in the example discussed below). Let 𝜉 be a function such that

[𝜉, ℎ] = 1,

in the considered subdomain. Since [𝜉, ℎ] ≠ 0, the pair of functions (𝜉, ℎ) defines a local coordinate system with inverse Jacobian 
determinant  −1 = [𝜉, ℎ] = 1 and such that 𝑋1

ℎ ∶= 𝑋ℎ ⋅ ∇𝜉 = [𝜉, ℎ] = 1 and 𝑋2
ℎ ∶= 𝑋ℎ ⋅ ∇ℎ = [ℎ, ℎ] = 0. Then, in these coordinates the 

contravariant components 𝑋𝑖
ℎ, 𝑖 = 1, 2, of the vector field 𝑋ℎ as well as the Jacobian determinant   are constant. In order to compute 𝜉, 

we observe that, along a contour we must have 𝑑𝑥∕𝑑𝑠 = 𝑋ℎ∕|𝑋ℎ| where 𝑠 is the arclength (with the Euclidean metric, 𝑑𝑠2 = 𝑑𝑥21 + 𝑑𝑥
2
2), 

because the field 𝑋ℎ is tangent to ℎ = constant contours. Hence
𝑑𝜉
𝑑𝑠

= 𝑑𝑥
𝑑𝑠

⋅ ∇𝜉 =
𝑋ℎ ⋅ ∇𝜉
|𝑋ℎ|

= 1
|∇ℎ|

,

so that 𝑑𝜉 = |∇ℎ|−1𝑑𝑠. With some abuse of notation, let 𝑥(𝜉, ℎ) be the coordinate map (𝜉, ℎ) ↦ 𝑥. Then we also have, with ℎ fixed,
𝜕𝑥(𝜉, ℎ)
𝜕𝜉

= 𝑑𝑥
𝑑𝑠

𝑑𝑠
𝑑𝜉

= 𝑋ℎ
(

𝑥(𝜉, ℎ)
)

,

hence the coordinate map 𝑥(𝜉, ℎ) is essentially related to the flow of the vector field 𝑋ℎ. This conclusion also follows from the fact 
that 𝜕𝜉𝑥 is a vector of the covariant basis, hence it must hold that 𝜕𝜉𝑥 ⋅ ∇ℎ = 0 and 𝜕𝜉𝑥 ⋅ ∇𝜉 = 1, which imply 𝜕𝜉𝑥 = 𝑋ℎ.

Eq. (59) in the coordinates (𝜉, ℎ) takes the form of a heat equation,
𝜕𝑡𝑢̃ − 𝜕2𝜉 𝑢̃ = 0,

where the new unknown is given by 𝑢(𝑡, 𝑥) = 𝑢̃(𝑡, 𝜉, ℎ). Since, per assumption, the contours of ℎ are closed, the function 𝑢̃ must be 
periodic in 𝜉 with period possibly depending on ℎ, i.e., there is 𝓁ℎ such that 𝑢̃(𝑡, 𝜉 + 𝓁ℎ, ℎ) = 𝑢̃(𝑡, 𝜉, ℎ). The period 𝓁ℎ is given by the 
variation of 𝜉 over a full loop around the considered contour of ℎ, that is,

𝓁ℎ = ∫𝐶ℎ
𝑑𝜉 = ∫𝐶ℎ

𝑑𝑠
|∇ℎ|

,

where 𝐶ℎ is the considered contour of ℎ. This gives a way to compute 𝓁ℎ from |∇ℎ| on a contour 𝐶ℎ.
We rescale the variable 𝜉 to an angle 𝜗 ∈ [0, 2𝜋], i.e. 𝜗 = 2𝜋𝜉∕𝓁ℎ. In terms of the angle 𝜗, Eq. (59) amounts to

𝜕𝑡𝑣 − 𝜅ℎ𝜕2𝜗𝑣 = 0,

where 𝜅ℎ = (2𝜋∕𝓁ℎ)2, and the rescaled unknown is given by 𝑢(𝑡, 𝑥) = 𝑢̃(𝑡,𝓁ℎ𝜗∕(2𝜋), ℎ) = 𝑣(𝑡, 𝜗, ℎ). This is the classic heat equation on 
[0, 2𝜋] with periodic boundary conditions, and it can be readily solved by Fourier series. The solution is

𝑣(𝑡, 𝜗, ℎ) =
∑

𝑛∈ℤ
𝑣̂𝑛(0)𝑒−𝑛

2𝜅ℎ𝑡+𝑖𝑛𝜗,

where 𝑣̂𝑛(0) are the Fourier coefficients of the initial condition for 𝑣, which is explicitly given by 𝑣(0, 𝜃, ℎ) = 𝑢0
(

𝑥(𝜉, ℎ)
)

. Each Fourier 
mode with 𝑛 ≠ 0 decays exponentially with exponential decay time given by 1∕(𝑛2𝜅ℎ). The relaxation time is identified with the decay 
time of the slowest modes (𝑛 = ±1),

𝜏ℎ = 1∕𝜅ℎ = (𝓁ℎ∕2𝜋)2, 𝓁ℎ = ∫𝐶ℎ
𝑑𝜉 = ∫𝐶ℎ

𝑑𝑠
|∇ℎ|

. (60)

This expression allows us to estimate numerically the relaxation time from a sample of points on the considered contour of ℎ, which 
can be obtained by integrating the ordinary differential equation for the flow of 𝑋ℎ. The limit for 𝑡→ +∞ of the solution exists and 
is equal to the average of the initial condition on the contours of ℎ. Explicitly this can be computed as

𝑢∞(ℎ) ∶= 𝑣̂0(0) =
1
𝓁ℎ ∫

𝓁ℎ

0
𝑢0
(

𝑥(𝜉, ℎ)
)

𝑑𝜉 = 1
𝓁ℎ ∫𝐶ℎ

𝑢0𝑑𝑠
|∇ℎ|

.
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Fig. 1. Example of solution of Eq.  (59) with Hamiltonian (61). Upper panels: initial condition and final state, compared to the contours of ℎ (black 
circular curves). Middle panel: visualization of the functional relation between ℎ and 𝑢 obtained by plotting the points (ℎ𝑖𝑗 , 𝑢𝑖𝑗 ), with ℎ𝑖𝑗 and 𝑢𝑖𝑗
being the values of ℎ and 𝑢, at the node (𝑖, 𝑗) of the computational grid. Lower panel: relaxation time 𝜏ℎ, computed from Eq.  (60) on the contours 
of the two central (full) islands, as a function of ℎ. (For clarity, in the color maps we display the solution 𝑢 only where 𝑢 ≥ 10−4).

Therefore, in general the limit of the solution retains some information of the initial condition, while the completely relaxed solu-
tions (52) only depends on the energy 0 = (𝑢0) of the initial condition 𝑢0. This implies that for generic initial conditions, the limit 
of the solution of a metric dynamical system is in general not a solution of the variational principle (47).

Fig. 1 shows the result of the numerical solution of (59) with Hamiltonian

ℎ(𝑥) = cos2(𝑥1) sin
2(𝑥2). (61)

The contours of ℎ form a periodic array of islands, cf. the black contours in the upper panels of Fig. 1. In each island, ℎ takes the same 
values. The initial condition, represented as a color map, is an anisotropic Gaussian centered between two islands, i.e., 𝑢0(𝑥) = 𝑢𝐺(𝑥)
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with

𝑢𝐺(𝑥) =
1
𝑁

exp
[

−
(𝑥1 − 𝑥0,1)2

𝑤2
1

−
(𝑥2 − 𝑥0,2)2

𝑤2
2

]

, (62)

with center 𝑥0 = (𝜋, 𝜋 + 0.1), 𝑤1 = 0.25, 𝑤2 = 0.4, and 𝑁 = 2𝜋𝑤1𝑤2. The solution is obtained with a standard spectral method with 
Fourier basis, on a 256 × 256 uniform grid. The time integrator is the standard 4th order explicit Runge-Kutta method with time step 
Δ𝑡 = 10−4. The parallel diffusion Eq. (59) tends to equalize the solution on the contours of ℎ, but the dynamics at the boundary of 
the islands is very slow: the Hamiltonian vector field 𝑋ℎ at the boundary of the islands is zero and the solution remains constant on 
those boundary contours (referred to as separatrices). The color map of the relaxed state is shown in Fig. 1 upper panel, while the 
middle panel represents the functional relation between ℎ and the solution 𝑢 by marking on the ℎ − 𝑢 plane a point (ℎ𝑖𝑗 , 𝑢𝑖𝑗 ) for each 
grid node 𝑥𝑖𝑗 . At the initial time, (black markers) there is no relation between the values of 𝑢 and those of ℎ, showing that the initial 
condition (62) is far from an equilibrium. As the solution evolves, all values of 𝑢 sampled on the same contour of ℎ tend to a common 
value, but the “condensation” of points on a line is slower for ℎ small, that is, near the separatrices. Blue markers show the average of 
the initial condition on each contour of ℎ: one can see that the solution tends to the averages as predicted by the analytical solution. 
In the limit 𝑡→ +∞ the relation between ℎ and 𝑢 is multi-valued with a countable set of branches, one for each island. In Fig. 1 one 
can distinguish the upper branch (larger values of 𝑢), corresponding to the island that contains the maximum of the initial condition. 
(In order to separate the two branches the center 𝑥0 of the Gaussian has been shifted up in the direction 𝑥2.) A second branch with 
lower values of 𝑢 corresponds to the neighboring island. All the other islands do not overlap with the initial condition significantly 
and therefore appear as a line of points 𝑢 = 0 for all ℎ. In Fig. 1 the analytical solution (52) for the completely relaxed state is also 
shown (green crosses), and it is clearly different from the obtained equilibrium. Fig. 1, lower panel, shows the relaxation time 𝜏ℎ
computed according to Eq.  (60). This result confirms that the relaxation becomes progressively slower as ℎ approaches ℎ = 0, that 
is, near the separatrices of the islands. In the limit ℎ→ 0 we have 𝜏ℎ → +∞ consistently with the fact that ∇ℎ = 0 and 𝑋ℎ = 0 on the 
separatrices, cf. the denominator in Eq.  (60).

We now consider problem (47) with (49) for the Euler equations. For this choice of entropy and Hamiltonian, Eq.  (7a) with (58) 
amounts to the anisotropic diffusion Eq. (59), but with ℎ replaced by 𝜙, which depends on the state variable 𝑢, and thus on the 
vorticity 𝜔 = 𝑢 − 𝑢Ω, via Eq. (46). Hence the problem is nonlinear with a cubic nonlinearity, and in general no analytical solution is 
known (to the best of our knowledge).

Fig. 2 shows an example of relaxation of an initially anisotropic vortex. The initial state is again given by (62), but now with 
𝑥0 = (𝜋, 𝜋), 𝑤1 = 0.3, 𝑤2 = 1.0, and 𝑁 = 1, on [0, 2𝜋]2 with a uniform mesh of 256 × 256 nodes. The time integrator is the standard 
4th-order explicit Runge-Kutta method with time step Δ𝑡 = 10−3. The solution relaxes to a symmetric vortex, which is an equilibrium 
of the Euler equations. During the evolution, the Hamiltonian is constant and the entropy is monotonically dissipated, consistently 
with (8). However, the entropy appears to converge to a value that is higher than its constrained minimum 𝜂 , given in Eq.  (56), 
and indicated by the thick horizontal line in Fig. 2. The fact that the final state is (a numerical approximation of) an equilibrium of 
the Euler equations can be deduced from the plot of the final state: the solution for the vorticity 𝜔 appears to be constant on the 
contours of the potential 𝜙. A more quantitative indication is provided in Fig. 3, where the relation between 𝜙 and 𝜔 is represented. 
At the initial time 𝑡 = 0, there is no functional relation between 𝜔 and 𝜙: the values (𝜙,𝜔) on the computational grid do not belong 
to a curve. As the state relaxes, the scatter of points is reduced, and at the final time, one finds a clear functional relation.

For a completely relaxed state, we expect a linear relation between the potential and the vorticity, Eq.  (55), and this is indicated by 
green crosses in Fig. 3. The obtained relationship is however very different, proving that the dynamical system reaches an equilibrium 
that does not satisfy the variational principle of minimum constrained entropy (1). From the numerical experiments in Fig. 3, one 
can see that the relaxed state is close to the average of the initial condition on the contours of the initial potential. The average of 
the initial condition gives the exact long-time limit of the solution in the case of the linear problem (59), and it is not expected to 
give an accurate prediction of the relaxed state in general. Yet we observe that the solution converges to a state close to the average 
of the initial condition.

We conclude that the relaxation mechanism of (58) fails to capture the linear profile encoded in the choice of the entropy function. 
The relaxed state is an equilibrium of the reduced Euler equations, but corresponding to a profile that differs from the target one and 
that depends on the initial condition in a complicated way.

We can try to understand the behavior of this metric system in terms of the ideas put forward in Section 3.3. Specifically, for both 
the analytical case of Fig. 1 and the reduced Euler case of Figs. 2 and 3, we shall show that the metric bracket is not specifically 
degenerate, and the generalization of the PL inequality, Eq. (PL′′), is not satisfied. We recall that in both cases the bracket is given 
by the metric double bracket defined in Eq. (58), but the Hamiltonian is different, and thus the null space of the bracket is different. 
Therefore we treat the two cases separately even though there are some similarities.

• Analytical test case. We begin by showing that the bracket is not specifically degenerate. With mass 1 =  and the energy 2 = 
as the only two invariants, we want to show that ( , )(𝑢) = 0 at a point 𝑢 does not imply 𝛿 (𝑢)∕𝛿𝑢 = 𝜆1 + 𝜆2ℎ. With this aim, we 
observe that

( , )(𝑢) = 0 ⟺

[ 𝛿 (𝑢)
𝛿𝑢

,
𝛿(𝑢)
𝛿𝑢

]

=
[ 𝛿 (𝑢)
𝛿𝑢

, ℎ
]

= 0.

This condition is satisfied at any point 𝑢 for functions of the form
 (𝑢) = (𝑓 (ℎ), 𝑢)𝐿2(Ω),
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Fig. 2. Metriplectic relaxation of a vortex toward an equilibrium of the reduced Euler equations, using (58) with (14) and 𝑠(𝑦) = 𝑦2∕2. Top row: 
initial and final state of the system; the color scheme represents the vorticity 𝜔 = 𝑢 − 𝑢Ω; white lines represent the contours of the potential 𝜙. Bottom 
row: relative error of the Hamiltonian and the value of entropy during the evolution. The thick horizontal line indicates the constrained entropy 
minimum 𝜂 = 0, cf. Eq.  (56). 

Fig. 3. Visualization of the relation between the potential 𝜙 and the vorticity 𝜔, for the initial and final state of the calculation. The green crosses 
mark the linear relation for a minimum entropy state, Eq.  (55). The data marked “averages” represent the average of the initial condition on the 
contours of the corresponding potential 𝜙.

Communications in Nonlinear Science and Numerical Simulation 161 (2026) 110076 

29 



C. Bressan et al.

for any sufficiently regular function 𝑓 ∶ ℝ → ℝ. We see that the condition 𝛿 (𝑢)∕𝛿𝑢 = 𝜆1 + 𝜆2ℎ, corresponds to the special case 
𝑓 (ℎ) = 𝜆1 + 𝜆2ℎ. Therefore there are functions  for which ( , )(𝑢) = 0, but 𝛿 (𝑢)∕𝛿𝑢 ≠ 𝜆1 + 𝜆2ℎ, and thus the bracket is not
specifically degenerate, in the sense of Eq.  (43).

As for inequality (PL′′), we have that
(

 ,
)

(𝑢) = 0 ⟺

[ 𝛿(𝑢)
𝛿𝑢

,
𝛿(𝑢)
𝛿𝑢

]

= [𝑢, ℎ] = 0.

Therefore any phase-space point of the form 𝑢 = 𝑓 (ℎ), with 𝑓 ∶ ℝ → ℝ a sufficiently regular function, is a zero of the bracket ( ,). 
Constrained entropy minima, on the other hand, are affine functions 𝑢 − 𝑢Ω = 𝜆1 + 𝜆2ℎ with specific values of the multiplier 𝜆1
and 𝜆2 (the exact formula has been given in Eq. (52) but it is not needed here); hence condition (PL′′) is false.

Therefore, neither one of the conditions of Section 3.3 holds true in this case. In fact the analytical solution and the numerical 
experiment show that the relaxation method finds a point of the (rather large) set {𝑢∶ ( ,)(𝑢) = 0}, instead of the unique entropy 
minimum (52).

• Reduced Euler test case. We first show that the bracket is not specifically degenerate. With this aim we construct a similar 
counterexample to the one used in the analytical case above, the only difference being that now 𝛿(𝑢)∕𝛿𝑢 = 𝜙 is related to 𝑢 via 
the Poisson equation −Δ𝜙 = 𝑢 − 𝑢Ω, Eq.  (46). We consider a point 𝑢 in phase space given by a solution of the problem

−Δ𝜙 = 𝑢 − 𝑢Ω, 𝑢 = 𝑓 (𝜙),

for a given smooth function 𝑓 ∶ ℝ → ℝ. The existence of nontrivial solutions is guaranteed for a large class for functions 𝑓 [109]. 
Then, for any smooth function 𝑔 ∶ ℝ → ℝ, and for  (𝑢) = ∫Ω 𝑔(𝑢)𝑑𝑥, we have that

( , )(𝑢) = ∫Ω

[

𝑔′(𝑢), 𝜙
]

𝑑𝑥 = ∫Ω

[

𝑔′◦𝑓 (𝜙), 𝜙
]

𝑑𝑥 = 0,

where 𝑢 is the phase-space point defined above. On the other hand, 𝛿 (𝑢)∕𝛿𝑢 = 𝑔′◦𝑓 (𝜙) in general is not a linear combination of 
the derivatives 𝛿(𝑢)

𝛿𝑢  and 𝛿(𝑢)
𝛿𝑢  of the two invariants, i.e.,

𝛿 (𝑢)
𝛿𝑢

≠ 𝜆1
𝛿(𝑢)
𝛿𝑢

+ 𝜆2
𝛿(𝑢)
𝛿𝑢

= 𝜆1 + 𝜆2𝜙,

therefore the bracket is not specifically degenerate.
As for condition (PL′′), we observe that the entropy  is a special case of the class of functions discussed above, corresponding 

the choice 𝑔(𝑢) = 𝑢2∕2, and, if 𝑢 is the same phase-space point used above, we have ( ,)(𝑢) = 0, but 𝛿(𝑢)∕𝛿𝑢 = 𝑓 (𝜙), which shows 
that in general 𝑢 is not a constrained entropy minimum, since for a constrained entropy minimum we should have 𝑓 (𝜙) = 𝜙, cf. 
Eq.  (54).

While we have rigorous results in the finite-dimensional case only, these observations show that, at least in these two cases, failure 
to relax the system to a (local) constrained entropy minimum occurs for a bracket that is neither specifically degenerate, nor satisfies 
the generalized PL inequality. This supports the idea that the convergence results obtained in Section 3.2 for finite-dimensional 
systems may also hold in general. For comparison, below in Section 4.2, we shall discuss a bracket that is specifically degenerate, 
and for this bracket we observe complete relaxation.

It is worth noting that in both the analytical case and the reduced Euler case the bracket defined in Eq.  (58) does find a valid 
equilibrium of the system, but this equilibrium, in general, is not a constrained critical point of the entropy function, and in particular 
it cannot be a local constrained minimum of entropy. This implies that the bracket (58) could not be used to solve problems like 
the Grad-Shafranov equation as the resulting equilibrium would not be consistent with the imposed profiles that are encoded in the 
entropy function, cf. Section 2.2.2. Yet they can be useful in another way as we shall see below for the Beltrami fields.

4.2.  Projector-based metric bracket

We address now a construction of metric brackets based on 𝐿2-orthogonal projectors, which are patterned after that given for 
finite-dimensional systems in [3]. As before let Ω = [0, 2𝜋]𝑑 and 𝑉  be the space of functions on ℝ𝑑 , 2𝜋-periodic in each direction. 
Given a Hamiltonian function , the 𝐿2 orthogonal projector onto the direction of 𝛿(𝑢)∕𝛿𝑢 is

Π (𝑢)𝑣 ∶= 𝑣 − 𝑐(𝑢, 𝑣)
𝛿(𝑢)
𝛿𝑢

,

𝑐(𝑢, 𝑣) ∶= ‖

‖

‖

𝛿(𝑢)
𝛿𝑢

‖

‖

‖

−2

𝐿2(Ω)

( 𝛿(𝑢)
𝛿𝑢

, 𝑣
)

𝐿2(Ω)
.

(63)

With the projector, let us define

( ,) ∶=
( 𝛿
𝛿𝑢
,Π

𝛿
𝛿𝑢

)

𝐿2(Ω)
. (64)

We claim that the symmetric bi-linear form (64) satisfies (7b) and the Leibniz identity. Since Π is a projector Π (𝛿∕𝛿𝑢) = 0, hence 
( ,) = 0 for all  ; in addition,

( , ) =
( 𝛿
𝛿𝑢
,Π

𝛿
𝛿𝑢

)

𝐿2(Ω)
≥ 0,
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since projectors are symmetric and nonnegative definite. The Leibniz identity is straightforward.
We utilize bracket (64) in (7) in order to obtain a relaxation method for the variational problems (47). For the case of the linear 

advection equation, energy (48) yields the evolution equation

𝜕𝑡𝑢 = −
⎡

⎢

⎢

⎣

𝑢 − 𝑢Ω −
(𝑢)

‖ℎ − ℎΩ‖2𝐿2(Ω)

(ℎ − ℎΩ)
⎤

⎥

⎥

⎦

,

where 𝑢Ω = (𝑢)∕(4𝜋2). Since both  and  are constants of motion, the affine transformation 𝑢 ↦ 𝑤 = 𝑢 −0∕(4𝜋2) −
[

0∕‖ℎ −
ℎΩ‖2𝐿2(Ω)

]

(ℎ − ℎΩ) with 0 = (𝑢0) and 0 = (𝑢0), 𝑢0 being the initial condition, transforms the equation into 𝜕𝑡𝑤 = −𝑤, which 
leads to the analytical solution

𝑢(𝑡, ⋅) =
⎡

⎢

⎢

⎣

0

4𝜋2
+

0

‖ℎ − ℎΩ‖2𝐿2(Ω)

(ℎ − ℎΩ)
⎤

⎥

⎥

⎦

(1 − 𝑒−𝑡) + 𝑢0𝑒−𝑡.

The term in square brackets is exactly the unique entropy minimum (52) on the manifold 𝜂 with 𝜂 = (0,0) being determined 
by the initial condition. Therefore for any initial condition 𝑢0, this metriplectic system relaxes completely to the accessible entropy 
minimum and with exponential convergence rate. This is the desired behavior. From the analytical solution one can see how the 
initial condition is quickly “forgotten”, leaving only the fully relaxed state.

Let us now move to the test case of the reduced Euler equations. Bracket (64) with Hamiltonian (49) and Eq.  (7) yields the 
evolution equation

𝜕𝑡𝑢 = −
⎡

⎢

⎢

⎣

𝑢 − 𝑢Ω −
(𝑢)

‖𝜙‖2
𝐿2(Ω)

𝜙
⎤

⎥

⎥

⎦

,

with 𝜙 depending on 𝑢 via the Poisson Eq. (46). The evolution of 𝑢 is therefore governed by a nonlinear integral operator with a 
nonpolynomial nonlinearity. We begin by considering a numerical experiment. Fig. 4 shows the initial and final state of a solution 
of the initial value problem for this equation, and Fig. 5 gives the representation of the functional relation between the potential 𝜙
and the vorticity 𝜔 = 𝑢 − 𝑢Ω. The initial condition as well as the numerical method and the numerical parameters (grid size and time 
steps) are the same as in Fig. 2.

Fig. 4 shows the relative error in energy conservation and the entropy as a function of time. The thick horizontal line denotes the 
minimum entropy value in Eq.  (56). This time the minimum entropy value is quickly reached by the system.

From the scatter plot in Fig. 5 one can see that the final state is characterized by a linear relation between 𝜙 and 𝜔. This suggests 
that the projector-based metric bracket (64) relaxes the state of the system completely. This nice property comes at the price of a 
larger dissipation of entropy, cf. Fig. 4. As a consequence, the vorticity of the final state is significantly lower than in the initial 
condition. The scatter plot in Fig. 5 also shows the average of the initial condition on the contours of the initial potential (which is 
the same as in Fig. 3); in this case, the relaxed state bears little or no similarity to the initial condition.

In order to check if the relaxed vorticity is in agreement with the analytical solution (55), we have computed the best fit of the 
analytical solution (55) to the final state in Fig. 4, varying the three phases 𝜃0, 𝜃1, and 𝜃2. The difference between the best fit and 
the relaxed state gives an estimate of the distance of the latter from the entropy minimum and it is shown in Fig. 5, right-hand-side 
panel.

In the terminology of Section 3.3, we claim that bracket (64) is minimally degenerate. In fact, for any function  , we have ( , ) = 0
if and only if 𝛿 (𝑢)∕𝛿𝑢 ∈ ker Π (𝑢), or equivalently

𝛿 (𝑢)
𝛿𝑢

= 𝜆𝜙,

which is condition (43) with 𝜆𝛼 ≠ 0 only if 𝛼 = .
If  = , this condition is satisfied at any point of the set ℭ𝜂 defined in Eq. (50), i.e., for any constrained critical point of the 

entropy, not just at the minimum. It follows that the generalization (PL′′) of the PL condition cannot be true on the whole phase 
space. Nonetheless, with (58) we have

( ,)(𝑢) = 2(𝑢) −
42

0

‖𝜙‖2
𝐿2(Ω)

. (65)

We claim that for any 𝑢 such that (𝑢) = 0, the following inequalities hold true: 

2(𝑢) −
42

0

‖𝜙‖2
𝐿2(Ω)

≥ 0, (66a)

 ≥ 0, (66b)

‖𝜙‖2
𝐿2(Ω)

≤ ‖∇𝜙‖2
𝐿2(Ω)

= 20. (66c)

Specifically, Eq.  (66a) follows from the Cauchy-Schwarz inequality (which also ensure the positivity of the projector). Eq. (66b) is a 
consequence of (56), while (66c) is a Poincaré inequality on 𝕋 2, obtained from the solution of the Poisson problem (46) via Fourier 
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Fig. 4. The same as in Fig. 2 but for the metric bracket (64).

Fig. 5. Left-hand-side panel: the relation between 𝜙 and 𝜔 = 𝑢 − 𝑢Ω for the case of Fig. 4. Right-hand-side panel: difference between the best fit of 
the exact solution (55) and the relaxed state.

series. Inequalities (66) imply that the evolution of the solution of the metriplectic system must be such that ((𝑢), 1∕‖𝜙‖2
𝐿2(Ω)

)

∈ ℝ2
+

remains within the cone

(𝑢) ≥ 0 = 𝜂 ,
1

20
≤ 1

‖𝜙‖2
𝐿2(Ω)

≤ 1
20

+
(𝑢) − 𝜂

22
0

.

We observe that the set ℭ𝜂 is contained in the “upper boundary” of this cone, i.e., it satisfies

1
‖𝜙‖2

𝐿2(Ω)

= 1
20

+
(𝑢) − 𝜂

22
0

.
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Fig. 6. Left-hand-side panel: trajectory in the plane ((𝑢), 1∕‖𝜙‖𝐿2(Ω)) for the case of Fig. 4; the shaded area indicates the region of the plane excluded 
by inequalities (66). The dashed line indicates the upper boundary of the shrunk cone (67) with 𝑎 = 1∕2. The minimum entropy state corresponds 
to the vertex of the cone. Right-hand-side panel: evolution of the norm of the distance of 𝜔(𝑡) from the relaxed state, using the vorticity 𝜔 at the 
last point in time 𝑡 = 𝑇  as an approximation of the latter, and the “excess entropy” (𝑢(𝑡)) − 𝜂 . The semi-log scale shows exponential relaxation 
of entropy with exponential rate ≈ 1. This is consistent with the inequality (PL′′). The fact that 𝜔 has relaxation rate ≈ 1∕2 is a consequence of the 
simple choice of the entropy function, cf. Eq.  (47).

Fig. 7. The same as in Fig. 6, but for the initial condition (68). The black dots marked on the boundary of the cone correspond to the points of the 
set ℭ𝜂 .

For any 𝑎 ∈ (0, 1), and for any 𝑢 ∈ 𝜂 such that

1
‖𝜙‖2

𝐿2(Ω)

= 1
20

+ (1 − 𝑎)
(𝑢) − 𝜂

22
0

, (67)

we have
(

 ,
)

≥ 2𝑎
[

(𝑢) − 𝜂
]

,

which is inequality (PL′′) with constant 𝜅𝜂 = 2𝑎. Hence, if the solution stays within the shrunk cone (67), we expect exponential 
convergence with exponent related the angle of the cone (67).

Fig. 6 shows the trajectory of the solution in the plane ((𝑢), 1∕‖𝜙‖2
𝐿2(Ω)

) for the case of Fig. 4. The solution indeed stays within 
the cone defined by (66). The figure also demonstrates exponential convergence of both entropy and vorticity with exponential rate 
consistent with the generalized PL condition. We note that, cf. Fig. 4, the system traverses most of the trajectory in Fig. 6 quickly, 
and reaches the vertex of the cone already at 𝑡 ≈ 5.

Fig. 7 shows the same trajectory for a different initial condition, viz.,

𝑢0(𝑥) = cos(2𝑥2) + 𝑢𝐺(𝑥), (68)

where 𝑢𝐺 is the Gaussian defined in (62) with 1∕𝑁 = 1.8, 𝑥0 = (𝜋, 3𝜋∕2), 𝑤1 = 0.3, and 𝑤2 = 1. The cosine terms shift the initial 
condition closer to the boundary. As a consequence the initial entropy relaxation rate is slower, but approaches ≈ 1 as the trajectory 
approaches the vertex of the cone.
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5.  Collision-like metric brackets

The specific structure of the metric bracket for the Landau collision operator was introduced and generalized in [1,3]. Here we 
propose a further generalization that we use as a “template” for the construction of relaxation methods. This generalized bracket will 
be referred to as the collision-like metric bracket [110], as it originates from Morrison’s bracket for the Landau collision operator. The 
resulting evolution equation is integro-differential. We demonstrate the use of collision-like brackets for the solution of the variational 
principles in Eqs.  (13) and (20) for equilibria of the reduced Euler equations and axisymmetric MHD, respectively. In both these 
applications the specification of equilibrium profiles, i.e., the relation between the state variable 𝑢 and the corresponding potential 
(either 𝜙 for the Euler equations or 𝜓 for axisymmetric MHD), is essential. In the variational principle, the profile is encoded in the 
choice of the entropy; therefore, for the result of metriplectic relaxation to be consistent with the imposed profile, the metric bracket 
must completely relax the state of the system, in the sense made precise in Section 3. Preliminary, numerical results on these two 
problems have been reported in the proceedings of the joint Varenna-Lausanne workshop on “The Theory of Fusion Plasmas” [111] 
and in the Ph.D. thesis by Bressan [110].

5.1.  General construction of collision-like brackets

We introduce the class of collision-like metric brackets in a fairly abstract way, but we make no attempt to give a mathematically 
rigorous definition, except for a few basic considerations. The construction given here is somewhat more general than the one proposed 
earlier [110,111].

As in Section 2.1, the phase space 𝑉  is a space of sufficiently regular functions 𝑣 ∶ Ω → ℝ𝑁  over a bounded domain Ω ⊂ ℝ𝑑 with 
𝑁, 𝑑 ∈ ℕ. We always assume 𝑉 ⊆ 𝐿2(Ω, 𝜇;ℝ𝑁 ) =∶ 𝑊 , and the functional derivative of a function  ∈ 𝐶1(𝑉 ) is computed with respect 
to the standard inner product in 𝑊 , hence 𝛿 (𝑢)∕𝛿𝑢 ∈ 𝑊 , when it exists.

For the construction of the bracket, we consider a bounded domain  ⊂ ℝ𝑛 equipped with a measure 𝜈, and the space 𝑊̃ ∶=
𝐿2(, 𝜈;ℝ𝑁̃ ) with 𝑛, 𝑁̃ ∈ ℕ. For our purposes it is sufficient to assume that 𝑑𝜈(𝑧) = 𝑚̃(𝑧)𝑑𝑧 with 𝑚̃ ∈ 𝐶∞(), 𝑑𝑧 being the Lebesgue 
measure on . Next, we choose a (possibly unbounded) linear operator

𝑃 ∶ 𝑊 → 𝑊̃ , dom(𝑃 ) = Φ,

where the domain Φ is a subspace of 𝑊  with a finer topology, so that 𝑉 ⊆ Φ ⊆ 𝑊 ⊆ Φ′, with Φ′ being the dual of Φ (the space of 
continuous linear functionals on Φ), and with continuous inclusions. Then, 𝑊  has the structure of a rigged Hilbert space, with the 
finer space Φ containing the phase space 𝑉 . In this way, both quadratic functionals like  (𝑢) = ∫Ω 𝑢

2𝑑𝜇 and linear functionals like 
 (𝑢) = ∫Ω𝑤 ⋅ 𝑢𝑑𝜇 for 𝑤 ∈ Φ are such that 𝛿 (𝑢)∕𝛿𝑢 ∈ Φ. In addition, given a Hamiltonian  such that 𝛿(𝑢)∕𝛿𝑢 ∈ Φ, we choose

𝖳 ∶ 𝑉 → (𝑊̃ ),

with values in the space (𝑊̃ ) of bounded linear operators from 𝑊̃  into 𝑊̃ , such that 𝑇 (𝑢) is symmetric, positive semidefinite, and

𝖳(𝑢)𝑃
𝛿(𝑢)
𝛿𝑢

= 0. (69)

In terms of the operator 𝑃  and the function 𝖳, collision-like brackets that preserve  are defined by

( ,) ∶= ∫
𝑃
𝛿 (𝑢)
𝛿𝑢

⋅ 𝖳(𝑢)𝑃
𝛿(𝑢)
𝛿𝑢

𝑑𝜈. (70)

Symmetry and positive semidefiniteness of the bracket is ensured by the fact that 𝖳(𝑢) is symmetric and positive semidefinite, while 
Eq.  (69) implies ( ,) = 0 for any  . Hence, Eq.  (70) defines a metric bracket on the class of functions  such that 𝛿 (𝑢)∕𝛿𝑢 ∈ Φ. In 
most cases, 𝖳(𝑢) is the operator of multiplication by a function 𝖳(𝑢; 𝑥) with values in the space of real symmetric, positive semidefinite 
𝑁̃ × 𝑁̃ matrices.

Upon introducing the dual operator 𝑃 ′ ∶ 𝑊̃ → Φ′ defined by
⟨

𝑤, 𝑃 ′𝑤̃
⟩

= ∫
𝑤̃ ⋅ 𝑃𝑤𝑑𝜈, for all 𝑤 ∈ Φ, (71)

where ⟨⋅, ⋅⟩∶ Φ × Φ′ → ℝ is the duality pairing between Φ and Φ′, bracket (70) can be equivalently written as

( ,) =
⟨ 𝛿 (𝑢)

𝛿𝑢
, 𝑃 ′

[

𝖳(𝑢)𝑃
𝛿(𝑢)
𝛿𝑢

]⟩

.

If 𝑢 ∈ 𝐶1([0, 𝑇 ], 𝑉 ) is a trajectory in 𝑉  and  ∈ 𝐶1(𝑉 ) has a functional derivative 𝛿 (𝑢)∕𝛿𝑢 in Φ, then 𝑡 ↦ 
(

𝑢(𝑡)
) is differentiable and

𝑑
𝑑𝑡


(

𝑢(𝑡)
)

=
⟨ 𝛿

(

𝑢(𝑡)
)

𝛿𝑢
, 𝜕𝑡𝑢

⟩

.

Therefore, given an entropy  such that 𝛿(𝑢)∕𝛿𝑢 ∈ Φ, Eq.  (7a) for 𝑢(𝑡) amounts to

𝜕𝑡𝑢 = −𝑃 ′
[

𝖳(𝑢)𝑃
𝛿(𝑢)
𝛿𝑢

]

in Φ′. (72)

This construction is summarized in Fig. 8.
The operator 𝑃  maps an ℝ𝑁 -valued function over the 𝑑-dimensional domain Ω into an ℝ𝑁̃ -valued function over the 𝑛-dimensional 

domain , and we are particularly interested in the case 𝑛 > 𝑑, 𝑁̃ ≥ 𝑁 . As we shall see, increasing the number of dimensions has 
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Fig. 8. Construction of the operators 𝑃  and 𝑃 ′ in Eqs.  (70) and (72).

some advantages that, however, come at the price of a higher computational cost. The function 𝖳 will be referred to as the kernel of 
the bracket and, in general, it depends on both 𝑃  and , because of (69), but for simplicity, this dependence is not explicitly indicated 
in the notation.

There are of course many ways to choose 𝖳 such that condition (69) is satisfied and we give two particularly relevant examples 
below. Among the various choices, we are interested in those that satisfy: 

‖𝑤‖𝑊 ≤ 𝐶𝑃 ‖𝑃𝑤‖𝑊̃ , 𝑤 ∈ dom(𝑃 ), (73a)

𝑤̃ ∈ ker 𝖳(𝑢) ∩ ran𝑃 ⟺ 𝑤̃ = 𝜆𝑃
𝛿(𝑢)
𝛿𝑢

, for 𝜆 ∈ ℝ constant, (73b)

for a constant 𝐶𝑃 . Here ker 𝖳(𝑢) and ran𝑃  denote the null space of the operator 𝖳(𝑢) and the range of the operator 𝑃 , respectively, 
and they are both subspaces of 𝑊̃ . When 𝑃 = ∇, Eq.  (73a) is the Poincaré inequality [112].

Formally at least, conditions (73) imply that the bracket defined in Eq.  (70) is minimally degenerate in the sense of Eq.  (43). In 
fact, ( , ) = 0 is equivalent to

𝑃
𝛿 (𝑢)
𝛿𝑢

∈ ker 𝖳(𝑢) ∩ ran(𝑃 ),

and condition (73b) implies that there is a constant 𝜆 such that

𝑃
𝛿 (𝑢)
𝛿𝑢

= 𝜆𝑃
𝛿(𝑢)
𝛿𝑢

.

Then condition (73a) yields
‖

‖

‖

𝛿 (𝑢)
𝛿𝑢

− 𝜆
𝛿(𝑢)
𝛿𝑢

‖

‖

‖𝑊
≤ 𝐶𝑃

‖

‖

‖

𝑃
[ 𝛿 (𝑢)
𝛿𝑢

− 𝜆
𝛿(𝑢)
𝛿𝑢

]

‖

‖

‖𝑊̃
= 0,

which implies condition (43) with 𝜆𝛼 ≠ 0 only if 𝛼 = .
It follows that metric brackets of the form (70), with the defining operator 𝑃  and the kernel 𝖳 satisfying (73) could be used to 

construct a relaxation method for variational problems of the form (1).
We now give examples of (70) for which conditions (73) are, at least formally, satisfied.

Example 5. Morrison’s brackets for the Landau collision operator [1] and its generalization [3] can be obtained as special cases of 
(70). This motivates our choice of the name collision-like.

The configuration space 𝑉  is the space of particle distribution functions 𝑢(𝑥) = 𝑓 (𝗑, 𝗏), where 𝗑 is the spatial position and 𝗏 is 
the velocity of the particles. We assume that 𝗑 ∈ Ω𝗑 and 𝗏 ∈ Ω𝗏, with both domains Ω𝗑, Ω𝗏 ⊂ ℝ𝐷 being bounded, 𝐷 ≥ 2, and 𝑓 (𝗑, ⋅)
compactly supported in Ω𝗏, i.e., the velocity-space domain is large enough to contain all particle velocities. Then, Ω = Ω𝗑 × Ω𝗏, 𝑑 = 2𝐷, 
and 𝑁 = 1, since 𝑓 is a scalar field. The measure on Ω is the Lebesgue measure 𝑑𝜇(𝑥) = 𝑑𝗑𝑑𝗏.

We choose  = Ω × Ω𝗏, 𝑛 = 3𝐷, 𝑑𝜈(𝗑, 𝗏, 𝗏′) = 𝑑𝗑𝑑𝗏𝑑𝗏′,

𝑃𝑔(𝗑, 𝗏, 𝗏′) = ∇𝗏𝑔(𝗑, 𝗏) − ∇𝗏′𝑔(𝗑, 𝗏′),

with dom𝑃  given by the functions 𝑔 ∈ 𝐿2(Ω) such that ∇𝗏𝑔 ∈ 𝐿2(Ω;ℝ𝐷); hence 𝑃𝑔(𝗑, 𝗏, 𝗏′) ∈ ℝ𝑁̃  with 𝑁̃ = 𝐷. The Hamiltonian is

(𝑓 ) = ∫Ω

[ 1
2
𝑚𝗏2 + V(𝗑)

]

𝑓 (𝗑, 𝗏)𝑑𝗑𝑑𝗏,

where 𝑚 is the mass of the considered particle species and V is a potential energy. We have 𝑃 (𝛿(𝑓 )∕𝛿𝑓 ) = 𝑚(𝗏 − 𝗏′). Therefore, a 
possible choice of the operator 𝖳(𝑢) = 𝖳(𝑓 ) is the multiplication by the matrix-valued kernel

𝖳L(𝑓 ; 𝗑, 𝗏, 𝗏′) =
𝜈𝑐
2
𝑀

(

𝑓 (𝗑, 𝗏)
)

𝑀
(

𝑓 (𝗑, 𝗏′)
)

𝑈L(𝗏 − 𝗏′), (74)

where 𝜈𝑐 > 0 is a constant collision frequency, 𝑀 ∶ ℝ+ → ℝ+ is arbitrary, and

𝑈L(𝗏 − 𝗏′) ∶= 1
|𝗏 − 𝗏′|

(

𝐼 −
(𝗏 − 𝗏′)⊗ (𝗏 − 𝗏′)

|𝗏 − 𝗏′|2

)

.
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Condition (69) holds, and bracket (70) reduces to

( ,) =
𝜈𝑐
2 ∫

𝑀
(

𝑓 (𝗑, 𝗏)
)

𝑀
(

𝑓 (𝗑, 𝗏′)
)

[

∇𝗏
𝛿 (𝑓 )
𝛿𝑓

(𝗑, 𝗏) − ∇𝗏′
𝛿 (𝑓 )
𝛿𝑓

(𝗑, 𝗏′)
]

⋅ 𝑈L(𝗏 − 𝗏′)
[

∇𝗏
𝛿(𝑓 )
𝛿𝑓

(𝗑, 𝗏) − ∇𝗏′
𝛿(𝑓 )
𝛿𝑓

(𝗑, 𝗏′)
]

𝑑𝗑𝑑𝗏𝑑𝗏′, (75)

which is the bracket of Eq.  (44) in Morrison’s paper [3]. One can notice that in Eq.  (74) the orthogonal projection onto the direction 
of

𝑚(𝗏 − 𝗏′) = ∇𝗏
𝛿(𝑓 )
𝛿𝑓

(𝗑, 𝗏) − ∇𝗏′
𝛿(𝑓 )
𝛿𝑓

(𝗑, 𝗏′)

ensures property (69). In most examples considered in this paper, the kernel of the bracket is constructed from a similar projector. We 
also note that, in the construction given here, there is no need to use a singular distributional kernel, cf. the Dirac’s delta in Eq.  (45) 
of [3].

The operator 𝑃 ′ defined in Eq.  (71) acting on a function 𝑤̃(𝑧) = 𝑔̃(𝗑, 𝗏, 𝗏′) can be formally computed after integration by parts, 
with the result that

𝑃 ′𝑔̃(𝗑, 𝗏) = − div𝗏
[

∫Ω𝗏

(

𝑔̃(𝗑, 𝗏,𝗐) − 𝑔̃(𝗑,𝗐, 𝗏)
)

𝑑𝗐,
]

,

and the evolution Eq. (72) takes the form

𝜕𝑡𝑓 = div𝗏
[

𝜈𝑐 ∫Ω𝗏

𝑀
(

𝑓 (𝗑, 𝗏)
)

𝑀
(

𝑓 (𝗑,𝗐)
)

× 𝑈L(𝗏 − 𝗐)
(

∇𝗏
𝛿(𝑓 )
𝛿𝑓

(𝗑, 𝗏) − ∇𝗐
𝛿(𝑓 )
𝛿𝑓

(𝗑,𝗐)
)

𝑑𝗐
]

,

which reduces to the Landau operator for Coulomb collisions when (𝑓 ) = ∫ 𝑓 log 𝑓𝑑𝗑𝑑𝗏 and 𝑀(𝑓 ) = 𝑓 .
As for conditions (73), given 𝑔(𝗑, 𝗏) in the domain of the operator 𝑃 , we have

∫Ω𝗏

∇𝗏𝑔(𝗑, 𝗏)𝑑𝗏 = 0,

provided that 𝑔(𝗑, ⋅) vanishes near the boundary of Ω𝗏. Then,

‖𝑃𝑔‖2
𝑊̃

= 2|Ω𝗏|∫Ω
|

|

|

∇𝗏𝑔(𝗑, 𝗏)
|

|

|

2
𝑑𝗑𝑑𝗏,

where |Ω𝗏| = ∫Ω𝗏
𝑑𝗏′. The minimum of ‖𝑃𝑔‖2

𝑊̃
 subject to the constraint ‖𝑔‖𝑊 = 1 is attained for

−Δ𝗏𝑔 = 𝜆0𝑔, ∫Ω
|𝑔(𝗑, 𝗏)|2𝑑𝗑𝑑𝗏 = 1,

where 𝜆0 is the minimum eigenvalue of the Laplace operator Δ𝗏 on the velocity domain Ω𝗏 with homogeneous Dirichlet boundary 
conditions. Hence

‖𝑃𝑔‖2
𝑊̃

= 2|Ω𝗏|∫Ω
|

|

|

∇𝗏𝑔(𝗑, 𝗏)
|

|

|

2
𝑑𝗑𝑑𝗏 ≥ 2|Ω𝗏|𝜆0‖𝑔‖

2
𝑊 ,

which shows (formally) that condition (73a) holds. We shall use this type of argument to study the brackets considered below, 
for which assuming homogeneous Dirichlet boundary conditions is natural. For the Landau collision operator, however, there is 
no physical reason to assume that 𝑔 = 0 on the boundary of Ω𝗏. If we drop this unphysical requirement, then 𝑃  no longer satisfies 
condition (73a) as it has a nontrivial null space, ker 𝑃 , given by the functions 𝑔 ∈ dom𝑃  such that

∇𝗏𝑔(𝗑, 𝗏) − ∇𝗏′𝑔(𝗑, 𝗏′) = 0.

More specifically, the velocity gradient of an element of ker 𝑃  is necessarily constant in velocity 𝗏 for almost all 𝗑, and thus
𝑔 ∈ ker 𝑃 ⟺ 𝑔(𝗑, 𝗏) = 𝑎(𝗑) + 𝑏(𝗑) ⋅ 𝗏,

where 𝑎 ∶ Ω𝗑 → ℝ and 𝑏 ∶ Ω𝗑 → ℝ𝐷 are arbitrary functions. As for condition (73b), a function 𝑔̃(𝗑, 𝗏, 𝗏′) belongs to ker 𝖳L when
𝑔̃(𝗑, 𝗏, 𝗏′) = Λ(𝗑, 𝗏, 𝗏′)

(

𝗏 − 𝗏′
)

,

almost everywhere (a.e.) in , where Λ(𝗑, 𝗏, 𝗏′) ∈ ℝ. If, in addition, 𝑔̃ ∈ ran(𝑃 ), we must have
∇𝗏𝑔(𝗑, 𝗏) − ∇𝗏′𝑔(𝗑, 𝗏′) = Λ(𝗑, 𝗏, 𝗏′)

(

𝗏 − 𝗏′
)

, a.e. in .
If 𝑔 and Λ satisfying this condition exist, then necessarily Λ(𝗑, 𝗏, 𝗏′) = Λ(𝗑, 𝗏′, 𝗏) and, upon fixing a point 𝗏′ = 𝖺 ∈ Ω𝗏,

∇𝗏𝑔(𝗑, 𝗏) = ∇𝗏′𝑔(𝗑, 𝖺) + Λ(𝗑, 𝗏, 𝖺)(𝗏 − 𝖺),

and

∇𝗏𝑔(𝗑, 𝗏) − ∇𝗏′𝑔(𝗑, 𝗏′) = Λ(𝗑, 𝗏, 𝖺)(𝗏 − 𝖺) − Λ(𝗑, 𝗏′, 𝖺)(𝗏′ − 𝖺)
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= Λ(𝗑, 𝗏, 𝗏′)
(

(𝗏 − 𝖺) − (𝗏′ − 𝖺)).

Then we must have
[

Λ(𝗑, 𝗏, 𝗏′) − Λ(𝗑, 𝗏, 𝖺)
]

(𝗏 − 𝖺) −
[

Λ(𝗑, 𝗏, 𝗏′) − Λ(𝗑, 𝖺, 𝗏′)
]

(𝗏′ − 𝖺) = 0.

The two vectors 𝗏 − 𝖺 and 𝗏′ − 𝖺 in ℝ𝐷 are linearly dependent only if they are proportional, which can only happen for a set of points 
(𝗑, 𝗏, 𝗏′) of measure zero in . Hence, we deduce that Λ must satisfy the necessary conditions

{

Λ(𝗑, 𝗏, 𝗏′) − Λ(𝗑, 𝗏, 𝖺) = 0,

Λ(𝗑, 𝗏, 𝗏′) − Λ(𝗑, 𝖺, 𝗏′) = 0,
 a.e. in ,

and this must hold for almost any choice of the arbitrary point 𝖺. This is possible only if there is a function 𝑚𝑐(𝗑) of position 𝗑 only 
(we factor out the mass 𝑚 for convenience) such that

Λ(𝗑, 𝗏, 𝗏′) = 𝑚𝑐(𝗑) =  a.e. in .
We deduce that a function 𝑔̃ ∈ ker 𝑇 (𝑓 ) ∩ ran𝑃  must be of the form

𝑔̃(𝗑, 𝗏, 𝗏′) = 𝑚𝑐(𝗑)(𝗏 − 𝗏′) = 𝑐(𝗑)𝑃
𝛿(𝑓 )
𝛿𝑓

(𝗑, 𝗏, 𝗏′).

This in not exactly Eq.  (73b), since 𝑐 is not a constant on the whole extended domain , but only in velocity space. This residual 
dependence of 𝗑 should be expected since the collision operator only acts in velocity space, pointwise in 𝗑. Therefore, conditions (73) 
are not satisfied for this bracket. We can however obtain a complete characterization of the null space of this bracket by using the 
results on 𝑇 (𝑓 ) and 𝑃  obtained above. In fact, we have

(

 ,
)

(𝑓 ) = 0 ⟺ 𝑃
𝛿 (𝑓 )
𝛿𝑓

∈ ker 𝑇 (𝑓 ),

hence

𝑃
𝛿 (𝑓 )
𝛿𝑓

= 𝑚𝑐(𝗑)(𝗏 − 𝗏′) = 𝑐(𝗑)𝑃
𝛿(𝑓 )
𝛿𝑓

,

and, since 𝑐 is independent on (𝗏, 𝗏′), we have

𝑃
( 𝛿 (𝑓 )

𝛿𝑓
− 𝑐

𝛿(𝑓 )
𝛿𝑓

)

= 0.

The elements of the null space of 𝑃  have been computed above, and can conclude that
(

 ,
)

(𝑓 ) = 0 ⟺
𝛿 (𝑓 )
𝛿𝑓

= 𝑎
𝛿 (𝑓 )
𝛿𝑓

+ 𝑏 ⋅
𝛿(𝑓 )
𝛿𝑓

+ 𝑐
𝛿(𝑓 )
𝛿𝑓

,

where 𝑎, 𝑏, and 𝑐 are functions of 𝗑 only and

 (𝑓 ) = ∫Ω
𝑓 (𝗑, 𝗏)𝑑𝗑𝑑𝗏, (𝑓 ) = ∫Ω

𝑓 (𝗑, 𝗏)𝗏𝑑𝗑𝑑𝗏,

together with (𝑓 ) constitute the three collision invariants [113,114], namely, the total particle number, momentum (per unit 
mass), and energy. In summary, the null space of Morrison’s bracket is spanned by a linear combination of the derivatives of the three 
collision invariants, but with coefficients depending on 𝗑. Therefore the bracket is not minimally degenerate, since energy is not the 
only invariant, and it is not even specifically degenerate since the coefficients 𝑎, 𝑏, and 𝑐 are functions of space. This is due to the 
well known fact that the collision operator acts on velocity space only, and the relaxation of the full distribution function 𝑓 (𝗑, 𝗏) in 
both space and velocity requires the interaction of the collision operator with the ideal phase-space transport dynamics [115]. This 
bracket does become specifically degenerate with respect to the three invariants if we restrict the phase space to functions of velocity 
only.

Example 6. The bracket based on the 𝐿2-orthogonal projector discussed in Section 4.2 can be obtained as a special case of (70). In 
fact, we can utilize Eq.  (70) in order to generalize (64) to the case of ℝ𝑁 -valued fields.

With this aim, let Ω ⊂ ℝ𝑑 , 𝑁 ∈ ℕ,  = Ω × Ω, and 𝑁̃ = 2𝑁 , that is, we double both the dimension of the domain and of the field. 
Then, with Φ = 𝑊 = 𝐿2(Ω, 𝜇;ℝ𝑁 ) = Φ′, 𝑊̃ = 𝐿2(, 𝜈;ℝ𝑁̃ ), and 𝑑𝜈(𝑥, 𝑥′) = 𝑑𝜇(𝑥)𝑑𝜇(𝑥′), we define

𝑃 ∶ 𝑊 → 𝑊̃ , 𝑃𝑤(𝑥, 𝑥′) =
(

𝑤(𝑥)
𝑤(𝑥′)

)

∈ ℝ2𝑁 .

Given a Hamiltonian function (𝑢) with 𝛿(𝑢)∕𝛿𝑢 ∈ 𝑊 , we choose 𝖳(𝑢) to be the multiplication operator by the kernel

𝖳(𝑢; 𝑥, 𝑥′) = 𝜅(𝑢)
(

|ℎ(𝑥′)|2𝐼𝑁 −ℎ(𝑥)⊗ ℎ(𝑥′)
−ℎ(𝑥′)⊗ ℎ(𝑥) |ℎ(𝑥)|2𝐼𝑁

)

,

where 𝐼𝑁  is the 𝑁 ×𝑁 identity block, and ℎ = 𝛿(𝑢)∕𝛿𝑢 is a short-hand notation for the functional derivative (ℎ may still depend on 
𝑢). One can check that condition (69) is satisfied. Inserting these choices into Eq.  (70) yields

( ,) = 2𝜅(𝑢)∫
𝛿 (𝑢)
𝛿𝑢

(𝑥) ⋅
[

|

|

|

𝛿(𝑢)
𝛿𝑢

(𝑥′)||
|

2 𝛿(𝑢)
𝛿𝑢

(𝑥)
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−
𝛿(𝑢)
𝛿𝑢

(𝑥)
( 𝛿(𝑢)

𝛿𝑢
(𝑥′) ⋅

𝛿(𝑢)
𝛿𝑢

(𝑥′)
)]

𝑑𝜇(𝑥)𝑑𝜇(𝑥′)

= 2𝜅(𝑢)‖‖
‖

𝛿(𝑢)
𝛿𝑢

‖

‖

‖

2

𝐿2 ∫Ω
𝛿 (𝑢)
𝛿𝑢

(𝑥) ⋅ Π
𝛿(𝑢)
𝛿𝑢

(𝑥)𝑑𝜇(𝑥),

where Π is the 𝐿2-orthogonal projector defined in Eq.  (63), but generalized to the case of ℝ𝑁 -valued fields. If 2𝜅 is set to the inverse 
of ‖ℎ‖2

𝐿2 , this reduces to (64) when 𝑁 = 1.
Condition (73a) follows from

‖𝑃𝑤‖2
𝐿2(,𝜈;ℝ2𝑁 )

= ∫Ω×Ω

(

|𝑤(𝑥)|2 + |𝑤(𝑥′)|2
)

𝑑𝜇(𝑥)𝑑𝜇(𝑥′) = 2𝜇(Ω)‖𝑤‖2
𝐿2(Ω,𝜇;ℝ𝑁 )

,

where 𝜇(Ω) = ∫Ω 𝑑𝜇. As for condition (73b), if ℎ ≠ 0, 𝑤̃ ∈ ker 𝖳(𝑢) ∩ ran(𝑃 ) implies that there is 𝑤 ∈ 𝑊  such that 𝑤̃ = 𝑃𝑤, and
|ℎ(𝑥′)|2𝑤(𝑥) − ℎ(𝑥)

(

ℎ(𝑥′) ⋅𝑤(𝑥′)
)

= 0 ∈ ℝ𝑁 ,

for almost all (𝑥, 𝑥′). Upon multiplying by ℎ(𝑥), we have
|ℎ(𝑥′)|2

(

ℎ(𝑥) ⋅𝑤(𝑥)
)

= |ℎ(𝑥)|2
(

ℎ(𝑥′) ⋅𝑤(𝑥′)
)

.

This is equivalent to saying that ( − |ℎ(𝑥′)|2, |ℎ(𝑥)|2
) and (ℎ(𝑥) ⋅𝑤(𝑥), ℎ(𝑥′) ⋅𝑤(𝑥′)) are orthogonal in ℝ2, or that

(

ℎ(𝑥) ⋅𝑤(𝑥)
ℎ(𝑥′) ⋅𝑤(𝑥′)

)

= Λ(𝑥, 𝑥′)
(

|ℎ(𝑥)|2

|ℎ(𝑥′)|2

)

,

for a function Λ, which in general depends on (𝑥, 𝑥′) and this holds for almost all (𝑥, 𝑥′). We deduce that Λ must be constant almost 
everywhere in , i.e. Λ(𝑥, 𝑥′) = 𝜆 for almost all (𝑥, 𝑥′) and thus

𝜆|ℎ(𝑥)|2 = ℎ(𝑥) ⋅𝑤(𝑥) ⟺ 𝑤(𝑥) = 𝜆ℎ(𝑥),

which implies condition (73b). Hence, metriplectic brackets constructed by means of an 𝐿2-orthogonal projection are minimally 
degenerate as already shown in Section 4.2 for the scalar case (𝑁 = 1). 
Example 7. As in Example 6, let  = Ω × Ω, 𝑛 = 2𝑑, with coordinates 𝑧 = (𝑥, 𝑥′) ∈ Ω × Ω, and 𝑑𝜈(𝑥, 𝑥′) = 𝑑𝜇(𝑥)𝑑𝜇(𝑥′). The operator 
𝑃  is given by

𝑃𝑤(𝑥, 𝑥′) = 𝑃𝐿𝑤(𝑥, 𝑥′) = 𝐿𝑤(𝑥) − 𝐿𝑤(𝑥′),

where 𝐿 ∶ 𝑊 → 𝐿2(Ω, 𝜇;ℝ𝑁̃ ) is possibly an unbounded linear operator with domain dom(𝐿) = Φ ⊆ 𝑊  and taking values in the space 
of ℝ𝑁̃ -valued, squared-integral functions, with 𝑁̃ ≥ 2. In general, we allow 𝑁̃ to be different from 𝑁 . Specific cases will be considered 
in Sections 5.2 and 5.3 below.

As for the kernel, a way to satisfy condition (69) utilizes the matrix
𝑄𝑘(𝑧) ∶= |𝑧|2𝐼𝑘 − 𝑧 ⊗ 𝑧, 𝑧 ∈ ℝ𝑘, (76)

where 𝑘 ∈ ℕ and 𝐼𝑘 is the 𝑘 × 𝑘 identity block. Specifically, let 𝖳(𝑢) be the multiplication operator by the matrix

𝖳(𝑢; 𝑥, 𝑥′) = 1
2
𝜅(𝑢; 𝑥, 𝑥′)𝑄𝑁̃

(

𝑃𝐿
𝛿(𝑢)
𝛿𝑢

(𝑥, 𝑥′)
)

, (77)

where 𝜅(𝑢; ⋅, ⋅) is a positive scalar weight function satisfying the symmetry condition 𝜅(𝑢; 𝑥, 𝑥′) = 𝜅(𝑢; 𝑥′, 𝑥). (This choice of the kernel 
is trivial if 𝑁̃ = 1, which is excluded.) With the foregoing choices, Eq.  (70) becomes

( ,) ∶=1
2 ∫Ω ∫Ω

𝜅(𝑢; 𝑥, 𝑥′)
[

𝑃𝐿
𝛿 (𝑢)
𝛿𝑢

(𝑥, 𝑥′)
]

⋅𝑄𝑁̃
(

𝑃𝐿
𝛿(𝑢)
𝛿𝑢

(𝑥, 𝑥′)
)[

𝑃𝐿
𝛿(𝑢)
𝛿𝑢

(𝑥, 𝑥′)
]

𝑑𝜇(𝑥)𝑑𝜇(𝑥′). (78)

This is the form of collision-like bracket as originally formulated by Bressan et al. [110,111]. The dual operator 𝑃 ′ can be determined 
in terms of the dual of 𝐿, which is the linear operator 𝐿′ ∶ 𝐿2(Ω, 𝜇;ℝ𝑁̃ ) → Φ′ defined for all 𝜛 ∈ 𝐿2(Ω, 𝜇;ℝ𝑁̃ ) by

⟨𝑤,𝐿′𝜛⟩ = ∫Ω
𝜛(𝑥) ⋅ 𝐿𝑤(𝑥)𝑑𝜇(𝑥), for all 𝑤 ∈ Φ, (79)

and we find

∫
𝑤̃(𝑥, 𝑥′) ⋅ 𝑃𝐿𝑤(𝑥, 𝑥′)𝑑𝜈(𝑥, 𝑥′) = ∫Ω

𝐿𝑤(𝑥)∫Ω

[

𝑤̃(𝑥, 𝑥′) − 𝑤̃(𝑥′, 𝑥)
]

𝑑𝜇(𝑥′)𝑑𝜇(𝑥)

=
⟨

𝑤,𝐿′
[

∫Ω

[

𝑤̃(⋅, 𝑥′) − 𝑤̃(𝑥′, ⋅)
]

𝑑𝜇(𝑥′)
]⟩

=
⟨

𝑤, 𝑃 ′
𝐿𝑤̃

⟩

.

In terms of the operator 𝐿′, the evolution Eq. (72) reads

𝜕𝑡𝑢 = −𝐿′
[

𝔻(𝑢)𝐿𝛿(𝑢)
𝛿𝑢

− 𝔽
(

𝑢,
𝛿(𝑢)
𝛿𝑢

)]

, (80)
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where we have defined 

𝔻(𝑢; 𝑥) ∶= ∫Ω
𝜅(𝑢; 𝑥, 𝑥′)𝑄𝑁̃

(

𝑃𝐿
𝛿(𝑢)
𝛿𝑢

(𝑥, 𝑥′)
)

𝑑𝜇(𝑥′), (81a)

𝔽 (𝑢, 𝑣; 𝑥) ∶= ∫Ω
𝜅(𝑢; 𝑥, 𝑥′)𝑄𝑁̃

(

𝑃𝐿
𝛿(𝑢)
𝛿𝑢

(𝑥, 𝑥′)
)

𝐿𝑣(𝑥′)𝑑𝜇(𝑥′). (81b)

Eq.  (80) has the same structure as the Landau operator for Coulomb collisions discussed in Example 5, with ∇𝗏 being replaced by 𝐿.
At last, we check conditions (73). Since 𝑑𝜇(𝑥) = 𝑚(𝑥)𝑑𝑥, with 𝑚 continuous on the closed domain Ω, and 𝑑𝜈(𝑥, 𝑥′) = 𝑑𝜇(𝑥)𝑑𝜇(𝑥′), 

we have

‖𝑃𝑤‖2
𝑊̃

= ∫
|

|

|

𝐿𝑤(𝑥) − 𝐿𝑤(𝑥′)||
|

2
𝑑𝜈(𝑥, 𝑥′) ≥ 𝑚2

0 ∫
|

|

|

𝐿𝑤(𝑥) − 𝐿𝑤(𝑥′)||
|

2
𝑑𝑥𝑑𝑥′,

where 𝑚0 = min{𝑚(𝑥)∶ 𝑥 ∈ Ω}. For condition (73a) to hold, it is therefore sufficient that 𝐿 satisfies

‖𝑤‖𝑊 ≤ 𝐶𝐿‖𝐿𝑤‖𝐿2(Ω), ∫Ω
𝐿𝑤(𝑥)𝑑𝑥 = 0, (82)

so that

∫
|

|

|

𝐿𝑤(𝑥) − 𝐿𝑤(𝑥′)||
|

2
𝑑𝑥𝑑𝑥′ = 2|Ω|∫Ω

|

|

|

𝐿𝑤(𝑥)|2𝑑𝑥 − 2||
|∫Ω

𝐿𝑤(𝑥)𝑑𝑥||
|

2
≥ 2|Ω|𝐶−2

𝐿 ‖𝑤‖2𝑊 ,

which give Eq.  (73a). All considered cases in the applications below satisfy condition (82).
As for the kernel of the bracket, we argue as in the case of Example 5. With the kernel given in Eq.  (77), a function 𝑤̃ ∈ 𝑊̃  belongs 

to ker 𝖳(𝑢) ∩ ran(𝑃 ) only if there is a function 𝑤 ∈ 𝑊  and Λ ∶ Ω × Ω → ℝ, such that
𝐿𝑤(𝑥) − 𝐿𝑤(𝑥′) = Λ(𝑥, 𝑥′)

[

𝐿ℎ(𝑥) − 𝐿ℎ(𝑥′)
]

,

where ℎ = 𝛿(𝑢)∕𝛿𝑢 and necessarily Λ(𝑥, 𝑥′) = Λ(𝑥′, 𝑥) for 𝑥 ≠ 𝑥′. If we fix an arbitrary point 𝑥′ = 𝑎 ∈ Ω, we obtain an explicit expres-
sion for 𝐿𝑤(𝑥),

𝐿𝑤(𝑥) = 𝐿𝑤(𝑎) + Λ(𝑥, 𝑎)𝑋𝑎(𝑥), 𝑋𝑎(𝑥) ∶= 𝐿ℎ(𝑥) − 𝐿ℎ(𝑎).

Therefore

𝐿𝑤(𝑥) − 𝐿𝑤(𝑥′) = Λ(𝑥, 𝑎)𝑋𝑎(𝑥) − Λ(𝑎, 𝑥′)𝑋𝑎(𝑥′)

= Λ(𝑥, 𝑥′)
[

𝑋𝑎(𝑥) −𝑋𝑎(𝑥′)
]

,

or equivalently
[

Λ(𝑥, 𝑥′) − Λ(𝑥, 𝑎)
]

𝑋𝑎(𝑥) −
[

Λ(𝑥, 𝑥′) − Λ(𝑎, 𝑥′)
]

𝑋𝑎(𝑥′) = 0.

Under the assumption that 𝑋𝑎(𝑥) and 𝑋𝑎(𝑥′) are linearly independent for almost all (𝑥, 𝑥′) ∈ Ω × Ω = , we deduce Λ(𝑥, 𝑥′) = 𝜆 =
constant as in Example 5. Hence, if the operator 𝐿 satisfies (82) and the Hamiltonian is such that 𝑋𝑎(𝑥) and 𝑋𝑎(𝑥′) are linearly 
independent almost everywhere in Ω × Ω, the bracket (78) is minimally degenerate. 

In general we observe that the brackets of the form discussed in Example 7 are all special cases of the metriplectic 4-bracket 
introduced recently by Morrison and Updike [35], since the kernel depends quadratically on 𝛿∕𝛿𝑢. Specifically, they can be obtained 
from the metriplectic 4-bracket constructed by utilizing the Kulkarni-Nomizu product as discussed in Section III.D.1 of Ref. [35].

Example 7 will be used as a template for the construction of dissipative operators for the solution of some of the variational 
problems introduced in Section 2.2. Before addressing the applications, we specialize bracket (78) for two relevant choices of the 
operator 𝐿.

5.2.  Collision-like brackets based on div–grad operators

In Eq.  (78), let us consider the case of a scalar field (𝑁 = 1) and choose
𝐿𝑤 = ∇𝑤,

with domain dom(𝐿) = 𝐻1
0 (Ω), the space of functions in 𝐿2(Ω) with weak derivatives also in 𝐿2(Ω) and satisfying homogeneous 

Dirichlet boundary conditions on 𝜕Ω. This operator satisfies condition (82), and 𝑁̃ = 𝑑 (the inequality, in particular, is the classical 
Poincaré inequality for 𝐻1

0 , cf. Theorem 3 in Section 5.6.1 of Ref. [112]). The dual operator 𝐿′ can be obtained from Eq.  (79). Given 
𝜛 ∈ 𝐿2(Ω, 𝜇;ℝ𝑑 ), sufficiently regular, we have

⟨𝑤,𝐿′𝜛⟩ = ∫Ω
𝜛(𝑥) ⋅ ∇𝑤(𝑥)𝑑𝜇(𝑥) = −∫Ω

𝑤(𝑥) div𝜇𝜛(𝑥)𝑑𝜇(𝑥),

and thus −𝐿′𝜛 = div𝜇𝜛 = 1
𝑚
∑

𝑖 𝜕𝑥𝑖
[

𝑚𝜛𝑖] is the divergence operator associated to the volume form 𝑑𝜇(𝑥) = 𝑚(𝑥)𝑑𝑥. For a generic 𝜛, 
we write 𝐿′ = −d̃iv𝜇 to denote that the divergence is defined weakly. As for the kernel, we choose

𝜅(𝑢; 𝑥, 𝑥′) =𝑀
(

𝑥, 𝑢(𝑥)
)

𝑀
(

𝑥′, 𝑢(𝑥′)
)

,
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where 𝑀(𝑥, 𝑦) > 0 is a positive function over Ω ×ℝ, which can be used to simplify the bracket [3] as in Example 5.
As for the entropy, we shall restrict to functions of the form

(𝑢) = ∫Ω
𝑠
(

𝑥, 𝑢(𝑥)
)

𝑑𝑥, (83)

where 𝑠(𝑥, 𝑦) is a given profile, convex in 𝑦, and possibly depending on position 𝑥. Then
𝛿(𝑢)
𝛿𝑢

(𝑥) = 𝜕𝑦𝑠
(

𝑥, 𝑢(𝑥)
)

,

and

∇
𝛿(𝑢)
𝛿𝑢

(𝑥) = 𝜕2𝑦𝑠
(

𝑥, 𝑢(𝑥)
)

∇𝑢(𝑥) + 𝜕𝑥𝜕𝑦𝑠
(

𝑥, 𝑢(𝑥)
)

.

The arbitrary function 𝑀 can be chosen so that [3]
𝑀(𝑥, 𝑦)𝜕2𝑦𝑠(𝑥, 𝑦) = 1, (84)

under the condition 𝜕2𝑦𝑠(𝑥, 𝑦) > 0, consistently with the convexity assumption for the profile. Eq.  (84) introduces a dependence of the 
kernel of the bracket on the entropy function. With this choice, Eq.  (80) becomes

𝜕𝑡𝑢 = d̃iv𝜇
[

𝔻𝑠(𝑢)
(

∇𝑢 +𝑀(𝑥, 𝑢)𝜕𝑥𝜕𝑦𝑠(𝑥, 𝑢)
)

−𝑀(𝑥, 𝑢)𝔽𝑠(𝑢,∇𝑢)
]

, (85)

and

𝔻𝑠(𝑢; 𝑥) = ∫Ω
𝑄2

(

∇
𝛿(𝑢)
𝛿𝑢

(𝑥) − ∇
𝛿(𝑢)
𝛿𝑢

(𝑥′)
)

𝑀
(

𝑥′, 𝑢(𝑥′)
)

𝑑𝜇(𝑥′),

𝔽𝑠(𝑢; 𝑥) = ∫Ω
𝑄2

(

∇
𝛿(𝑢)
𝛿𝑢

(𝑥) − ∇
𝛿(𝑢)
𝛿𝑢

(𝑥′)
)

[

∇𝑢(𝑥′) +𝑀
(

𝑥′, 𝑢(𝑥′)
)

𝜕𝑥𝜕𝑦𝑠
(

𝑥′, 𝑢(𝑥′)
)]

𝑑𝜇(𝑥′).

Eq.  (85) still depends on the choice of the measure 𝜇, the entropy profile 𝑠, and the Hamiltonian function . This choices will be 
specified below separately for the cases of the reduced Euler and Grad-Shafranov equations in two-dimensions (𝑑 = 𝑁̃ = 2).

5.3.  Collision-like brackets based on curl–curl operators

With magnetic fields in mind, we consider an example of bracket (70) for divergence-free fields. Then, Ω is bounded, simply 
connected domain in ℝ3 with sufficiently regular connected boundary, 𝑑 = 𝑁 = 3, and 𝑑𝜇(𝑥) = 𝑑𝑥. We choose

𝐿𝑤 = curl𝑤,

with domain
Φ = {𝑤 ∈ 𝐻(curl,Ω) ∩𝐻(div,Ω)∶ div𝑤 = 0 in Ω, 𝑛 ×𝑤 = 0 on 𝜕Ω},

where 𝐻(curl,Ω) and 𝐻(div,Ω) are the spaces of vector fields 𝑤 ∈ 𝐿2(Ω;ℝ3) such that curl𝑤 ∈ 𝐿2(Ω;ℝ3) and div𝑤 ∈ 𝐿2(Ω), respec-
tively. Specifically, 𝑤 ∈ Φ = dom(𝐿) is a divergence-free field with zero tangential component 𝑛 ×𝑤 on the boundary, and 𝑛 ∶ 𝜕Ω → ℝ3

is the outward unit normal on 𝜕Ω. It follows that condition (82) is satisfied: the inequality amounts to the Poincaré inequality for 
divergence-free fields on a simply connected domain with connected boundary (cf. Corollary 3.51 in Ref. [116]), while

∫Ω
curl𝑤𝑑𝑥 = ∫𝜕Ω

(𝑛 ×𝑤)𝑑𝜎 = 0,

where 𝑑𝜎 is the surface element on 𝜕Ω.
If 𝜛 ∈ 𝐿2(Ω;ℝ3) is sufficiently regular, Eq.  (79) and integration by parts gives

⟨𝑤,𝐿′𝜛⟩ = ∫Ω
𝜛(𝑥) ⋅ curl𝑤(𝑥)𝑑𝑥 = ∫Ω

𝑤(𝑥) ⋅ curl𝜛(𝑥)𝑑𝑥,

hence 𝐿′𝜛 = curl𝜛, while for a generic 𝜛, 𝐿′ = c̃url is the weak curl operator.
For the kernel (77), we choose 𝜅 = 1, and the corresponding evolution equation can be written as

𝜕𝑡𝑢 = −c̃url
[

𝔻𝑣(𝑢) curl
𝛿(𝑢)
𝛿𝑢

− 𝔽𝑣
(

𝑢,
𝛿(𝑢)
𝛿𝑢

)]

, (86)

where

𝔻𝑣(𝑢; 𝑥) = ∫Ω
𝑄3

(

curl
𝛿(𝑢)
𝛿𝑢

(𝑥) − curl
𝛿(𝑢)
𝛿𝑢

(𝑥′)
)

𝑑𝑥′,

𝔽𝑣(𝑢, 𝑣; 𝑥) = ∫Ω
𝑄3

(

curl
𝛿(𝑢)
𝛿𝑢

(𝑥) − curl
𝛿(𝑢)
𝛿𝑢

(𝑥′)
)

curl 𝑣(𝑥′)𝑑𝑥′.

A non-trivial factor 𝜅 of the form used in Section 5.2 can easily be accounted for [110].
The evolution Eq. (86) preserves the divergence-free constraint. In fact, for any 𝜑 ∈ 𝐻1

0 (Ω) the function 𝜑(𝑢) = ∫Ω 𝑢 ⋅ ∇𝜑𝑑𝑥 =
− ∫Ω 𝜑 div 𝑢𝑑𝑥 is a constant of motion.
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5.4.  Application to the reduced Euler equations

In order to demonstrate the properties of the collision-like brackets, we construct a relaxation method for the solution of the 
variational principle (13) for equilibria of the reduced Euler equations, with entropy and Hamiltonian functions given in Eq.  (14).

This is the same problem addressed in Section 4, with the difference here being we consider a bounded domain Ω with homoge-
neous Dirichlet boundary conditions as discussed in Section 2.2.1. Specifically, the domain is the unit square Ω = [0, 1] × [0, 1].

When, in Eq.  (14), 𝑠(𝜔) = 𝜔2∕2, we known from Section 2.2.1 that the solution of the variational principle (13) is related to 
the eigenfunction of the Laplacian operator on Ω corresponding to the smallest eigenvalue. On the unit square with homogeneous 
Dirichlet boundary conditions, the eigenfunctions and the corresponding eigenvalues are given by

𝜙𝑚,𝑛(𝑥) = 𝑚,𝑛 sin(𝑚𝜋𝑥1) sin(𝑛𝜋𝑥2), 𝜆𝑚,𝑛 = 𝜋2(𝑚2 + 𝑛2),

labeled by two non-zero integers 𝑚, 𝑛 ∈ ℕ and normalized by a non-zero constant 𝑚,𝑛. The smallest eigenvalue corresponds to the 
function 𝜙1,1, and energy conservation allows us to determine the normalization constant 1,1, that is

20 = ∫Ω
𝜙𝜔𝑑𝑥 = 𝜆1,1‖𝜙1,1‖

2
𝐿2(Ω)

= 𝜆1,1 2
1,1∕4,

from which we deduce the unique solution of (13) with this entropy, that is

𝜙(𝑥) =
(

2
√

0∕𝜋
)

sin(𝜋𝑥1) sin(𝜋𝑥2),

𝜔(𝑥) = 𝜆1,1𝜙(𝑥) = 4𝜋
√

0 sin(𝜋𝑥1) sin(𝜋𝑥2),
𝜆1,1 = 2𝜋2 ≈ 19.7392. (87)

More general choices of the entropy density 𝑠(𝜔) lead to the nonlinear eigenvalue problems of the form (15). Then no analytical 
solution is known, but an estimate of the eigenvalue 𝜆 can be found from energy conservation in a similar way. Upon multiplying by 
𝜔 Eq.  (15) and integrating over Ω, we find

∫Ω
𝜔𝑠′(𝜔)𝑑𝑥 = 𝜆∫Ω

𝜔𝜙𝑑𝑥 = 2𝜆0,

from which we can obtain 𝜆, provided that the integral on the left-hand side can be evaluated, e.g. from the numerical solution. 
Specifically, if 𝑠(𝜔) = 𝜔 log𝜔 we have

𝜆 = 1
20

(

(𝜔) + (𝜔)
)

, (88)

where, in particular, (𝜔) = ∫Ω 𝜔𝑑𝑥. These analytical results can be used to assess the result of the proposed relaxation method.
As for the construction of the method itself, we consider the collision-like metriplectic system of Section 5.2. The state variable 

𝑢(𝑡) ∈ 𝑉 ⊆ Φ is identified with vorticity, 𝑢(𝑡, 𝑥) = 𝜔(𝑡, 𝑥), and evolved according to Eq.  (85) with  and  given in Eq.  (14).
The numerical scheme for the solution of Eq.  (85) is based on 𝐻1-conforming finite elements, i.e., the discrete solution 𝑢ℎ(𝑡)

belongs to the same space 𝐻1
0 (Ω) that contains the phase space 𝑉 . The scheme preserves the discrete Hamiltonian (𝑢ℎ) (modulo 

round-off errors) and we use the Crank-Nicolson scheme in time, which preserves the property of monotonic dissipation of entropy 
in the quadratic case (𝑠(𝜔) = 𝜔2∕2). More details on the derivation of the scheme can be found in Ref. [110].

The obtained numerical method has been implemented in the finite-element library FEniCS [117,118], in which the weak form 
of the operator in Eq.  (85) can be directly specified by means of the domain-specific language UFL [119], and discretized by the 
finite-element component DOLFIN [120,121]. Among the various tests [110], here we discuss in details three cases only.

Single vortex. In the simplest example, the domain Ω = [0, 1]2 is discretized by a uniform grid of 64 × 64 nodes. The vorticity field 
𝑢 = 𝜔 is approximated in the space of second-order Lagrange elements that are available in FEniCS [118]. The entropy density is 
quadratic, i.e. 𝑠(𝜔) = 𝜔2∕2, hence the analytical solution of the variational principle is given in Eq.  (87). The initial condition is

𝑢0(𝑥) = 𝑢𝐺(𝑥), with 𝑢𝐺 defined in Eq.  (62), (89)

and with parameters 𝑥0,1 = 𝑥0,2 = 1∕2, 𝑤2
1 = 0.01, 𝑤2

2 = 0.07, and 𝑁 = 1. The numerical scheme provably preserves the Hamiltonian, 
which in this case is the kinetic energy of the fluid, and dissipates monotonically the entropy, independently of the magnitude of the 
time step.

Fig. 9 shows the initial condition, the final state, and the “scatter plot”, which we use to identify functional relations between 
different fields, cf. the analysis in Section 4. Qualitatively, we see that the initial condition is quite far from an equilibrium of the Euler 
equations as the contours of the streaming function 𝜙 and those of vorticity 𝜔 are misaligned. Metriplectic relaxation with collision-
like brackets yields a solution that appears to be an equilibrium, and from the scatter plot (right-hand-side panel in Fig. 9), one can 
see that the relaxed state is indeed an equilibrium characterized by the same linear relation of the exact solution (87). Therefore, the 
collision-like metric bracket appears to have completely relaxed the initial solution in the sense discussed in Section 3. From Fig. 10, 
one can verify energy conservation and entropy monotonic dissipation.

For this test case, the exact solution of the variational problem (13) has been computed analytically, Eq.  (87), and we can evaluate 
the difference between the relaxed state of the metriplectic system and the solution of the variational problem. Fig. 11 shows that 
the relaxed state appears to be close to the expected solution of the variational principle.
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Fig. 9. Relaxation of an initial vortex with initial vorticity given in Eq.  (89), according to the metriplectic system (85) with the state variable 𝑢
being the fluid scalar vorticity 𝜔. The initial condition is shown in the left-hand-side panel: the color map represents the vorticity field 𝜔 and the 
dashed (white) lines the contours of the corresponding streaming function 𝜙, cf. Eq.  (10). The relaxed state is displayed in the middle panel. The 
right-hand-side panel represents the functional relation between 𝜔 and 𝜙 for the initial condition (black dots), the final state (red bullets), and the 
expected linear relation 𝜔 = 𝜆1,1𝜙, cf. Eq.  (87), plotted using the numerical solution for 𝜙 and the analytical value of 𝜆1,1 (green crosses).

Fig. 10. Evolution of entropy (left-hand-side panel) and of the variation of the Hamiltonian relative to its initial value (right-hand-side panel), for 
the case in Fig. 9.

Fig. 11. Difference between the relaxed state and the exact analytical solution (87) of the variational principle (13) for the case in Fig. 9. The 
difference of the vorticity fields is shown in the left-hand-side panel, while the difference of the corresponding potentials is shown in the right-had-
side panel. For the evaluation of the analytical solution (87), the initial energy 0 has been computed numerically. 

Perturbed equilibrium. We repeat the experiment of Fig. 9 with an initial condition close to a critical point of entropy restricted to the 
constant-Hamiltonian surface. Specifically, the initial condition is

𝑢0(𝑥) = sin(6𝜋𝑥1) sin(4𝜋𝑥2) + 𝑢𝐺(𝑥), with 𝑢𝐺 defined in Eq.  (62), (90)

and with the same parameters as in Eq.  (89) except for 𝑁 = 100.
Fig. 12 shows the initial condition, the final state, and the usual scatter plot, which visualizes the relationship between 𝜔 and 

𝜙. The initial condition (Fig. 12, left-hand-side panel) is basically an eigenfunction of the Laplace operator corresponding to a large 
eigenvalue, the perturbation being hardly visible. This is confirmed by the scatter plot (Fig. 12 right-hand-side panel, black dots) in 
which the initial state is concentrated on a straight line, with a small spread due to the Gaussian perturbation. Therefore the initial 
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Fig. 12. The same as Fig. 9, but for the initial condition (90). 

Fig. 13. Evolution of entropy (left-hand-side panel) and of the variation of the Hamiltonian relative to its initial value (right-hand-side panel), for 
the case in Fig. 12.

Fig. 14. The same as Fig. 11, but for the initial condition (90). 

condition is close to an equilibrium. The relaxed state (Fig. 12, middle panel) is not exactly the same as in Fig. 9, since the initial 
value 0 of the Hamiltonian is different, but is it consistent with the exact solution (87) as shown in the scatter plot. Therefore, the 
initial condition has been completely relaxed to a solution of variational principle (13). In Fig. 13, one can see that the Hamiltonian 
function is preserved to machine accuracy, while entropy decays monotonically as expected. However, initially entropy appears to 
remain constant, due to the proximity of the initial condition to an equilibrium point. The difference between the relaxed state and 
the analytical solution of the variational principle (13) is shown in Fig. 14.

Gibbs entropy density. We consider now a more complicated entropy function, namely, the Gibbs entropy, which is given by the 
entropy density 𝑠(𝜔) = 𝜔 log𝜔. In this case the expected relaxed state is determined by, cf. Eq.  (15),

1 + log𝜔 = 𝜆𝜙 ⟺ 𝜔 = 𝑒𝜆𝜙−1, (91)

where the eigenvalue 𝜆 could be numerically estimated by means of Eq.  (88). The initial condition is the same as the one in Eq.  (89) 
except for the amplitude, which here is increased to 1∕𝑁 = 10.

Fig. 15 shows the initial condition, the final state after the relaxation and the usual scatter plot. In this case the solution of the 
variational principle (green crosses) is computed using the numerically computed values of (𝜔) and (𝜔) in Eq.  (88). Again we see 
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Fig. 15. The same as Fig. 9, but with the entropy density 𝑠(𝜔) = 𝜔 log𝜔. For the reference solution (green crosses) we used Eq.  (91) with 𝜙 given 
by the numerical solution and 𝜆 computed from Eq.  (88).

Fig. 16. Evolution of entropy (left-hand-side panel) and of the variation of the Hamiltonian relative to its initial value (right-hand-side panel), for 
the case in Fig. 15.

evidence of complete relaxation of the system toward the solution of the variational principle. Fig. 16 shows the expected behavior 
of entropy and Hamiltonian functions. It is worth noting that since the entropy is not quadratic in 𝜔, the numerical scheme does not 
preserve the property of monotonic entropy dissipation, hence sufficiently small time steps must be used to ensure the evolution of 
the system is approximated with sufficient accuracy.

5.5.  Application to Grad-Shafranov equilibria

As a second example, we construct a relaxation method for axisymmetric MHD equilibria, cf. Section 2.2.2. Essentially, this 
amounts to a different iterative method for the solution of the Grad-Shafranov equation. The metriplectic relaxation method ensures 
conservation of the poloidal magnetic energy and monotonic dissipation of an “ad hoc” entropy, but at a higher computational cost.

Specifically, we construct a relaxation method for the variational principle (20). On a bounded domain Ω, satisfying Ω ⊂ ℝ+ ×ℝ
with coordinates 𝑥 = (𝑥1, 𝑥2) = (𝑟, 𝑧), cf. Section 2.2.2, the state variable is a scalar field 𝑢(𝑡) proportional to the toroidal component 
of the plasma current, 𝑢(𝑡, 𝑟, 𝑧) = (4𝜋∕𝑐)𝑟𝐽𝜑(𝑡, 𝑟, 𝑧), and it is evolved in time according to Eq.  (85) as in the case of the reduced Euler 
equations.

The entropy and Hamiltonian functions are chosen as in Eq.  (21), with entropy density and measure 𝜇 on Ω given by

𝑠(𝑟, 𝑦) = 1
2

𝑦2

𝐶𝑟2 +𝐷
, 𝑑𝜇(𝑟, 𝑧) = 1

𝑟
𝑑𝑟𝑑𝑧, (92)

and the assumptions on the domain imply 𝑟 ≥ 𝑟0 > 0 in Ω. Then, the first condition in Eq.  (23) defines the toroidal current
4𝜋
𝑐
𝐽𝜑 = 𝜆

(

𝐶𝑟 + 𝐷
𝑟

)

𝜓,

which is the current of the equilibrium found by Herrnegger [122] and Maschke [123], cf. also Mc Carthy [124, Section II.B]. 
Equivalently, since the state variable is 𝑢 = (4𝜋∕𝑐)𝑟𝐽𝜑, the condition in Eq.  (23) can be written as

𝑢
𝐶𝑟2 +𝐷

= 𝜆𝜓. (93)

In order to have a reference solution, we resort to the direct numerical solution of the Grad-Shafranov equation by using the classical 
iterative scheme [77, pp. 22–23, Eqs. (2.111) and (2.112)]. In the following experiments 𝐶 = 0.6 and 𝐷 = 0.2.
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Fig. 17. Relaxation of an initial current 𝐽𝜑 = (𝑐∕4𝜋𝑟)𝑢0, with 𝑢0 Gaussian, according to the evolution Eq. (85) applied to the Grad-Shafranov 
problem (20) with entropy (92) on a rectangular domain. The initial condition and the final state of the system are given in left-hand-side and 
middle panels, respectively, while the right-hand side panel shows the scatter plot, with the same color/symbol code as in Fig. 9. The color map 
represents the field 𝑢∕(𝐶𝑟2 +𝐷), and the white contours are the flux function 𝜓 , so that condition (93) is easily checked. Analogously the axes in 
the scatter plot refer to the values of the flux function 𝜓 and the field 𝑢∕(𝐶𝑟2 +𝐷). The reference solution (green crosses) is computed using relation 
(93), with 𝜓 being given by the numerical solution and with the eigenvalue 𝜆 computed by a standard Grad-Shafranov solver. Here, 𝐶 = 0.6 and 
𝐷 = 0.2.

Fig. 18. Evolution of entropy (left-hand-side panel) and of the variation of the Hamiltonian relative to its initial value (right-hand-side panel), for 
the case in Fig. 17.

Rectangular domain. We start with a rectangular domain Ω = [1, 7] × [−9.5,+9.5], with coordinates 𝑥 = (𝑥1, 𝑥2) = (𝑟, 𝑧), discretized by 
a uniform grid of 64 × 64 nodes. The initial condition 𝑢0 for the state variable is the same as in Eq.  (89) with parameters 𝑥0,1 = 𝑟0 = 4, 
𝑥0,2 = 𝑧0 = 0, 𝑤2

1 = 0.5, 𝑤2
2 = 3.2, and 𝑁 = 1.

Fig. 17 shows the results of this numerical experiment. Instead of plotting the state variable 𝑢 directly, the color plot represents the 
field 𝑢∕(𝐶𝑟2 +𝐷), which should be proportional to 𝜓 if the system reaches a state consistent with Eq.  (93). Qualitatively the results 
are similar to those of Fig. 9 for the reduced Euler equations: the initial condition evolves toward an equilibrium state consistent 
with Eq.  (93). The scatter plot in Fig. 17 shows that the functional relation between 𝑢∕(𝐶𝑟2 +𝐷) and the potential 𝜓 is linear. The 
reference solution (green cross) is obtained computing the field 𝑢∕(𝐶𝑟2 +𝐷) from Eq.  (93), with 𝜓 being the numerical solution and 
with the eigenvalue 𝜆 = 0.030302 being obtained from the standard iterative solver of the Grad-Shafranov equation, which has also 
been implemented in FEniCS. Fig. 18 confirms the expected behavior of the entropy and Hamiltonian functions.

Mapped domain. At last, we give an example of the relaxation method for the Grad-Shafranov equation on a non-trivial mapped 
domain with a smooth boundary. The domain Ω is obtained by mapping the unit disk {𝑧 ∈ ℂ∶ |𝑧| < 1} with the map defined by

𝑟 = 𝑎
[

𝑏 + 1
𝜀

(

1 −
√

1 + 𝜀(𝜀 + 2 𝑠 cos 𝜃)
)]

,

𝑧 = 𝑐
𝑒𝜉𝑠 sin 𝜃

2 −
√

1 + 𝜀(𝜀 + 2 𝑠 cos 𝜃)
,

(94)

where 𝑧 = 𝑠 exp(𝑖𝜃) is a point in the unit disk, and the parameters are 𝑒 = 1.4, 𝜀 = 0.3, 𝑎 = 4, 𝑏 = 3, and 𝑐 = 6.3, with 𝜉 = 1∕
√

1 − 𝜀2∕4. 
This map is a slightly modified version of the one used by Zoni and Güclü [125, Eq. (3) and dummyTXdummy-[ references therein]. 
The initial condition is the same as for the rectangular domain, except for 𝑟0 = 12, 𝑤2

1 = 0.6, and 𝑤2
2 = 6.0.

The results for the mapped domain are shown in Fig. 19. The color map represents the field 𝑢∕(𝐶𝑟2 +𝐷), as in the previous case. 
The relaxed state is again consistent with Eq.  (93), with the eigenvalue 𝜆 = 0.002599 computed by a standard Grad-Shafranov solver. 
Fig. 20 shows the expected monotonic entropy dissipation and the conservation of the Hamiltonian to machine precision.
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Fig. 19. The same as in Fig. 17, but on the domain obtained mapping the unit disk with Eq.  (94).

Fig. 20. Evolution of entropy (left-hand-side panel) and of the variation of the Hamiltonian relative to its initial value (right-hand-side panel), for 
the case in Fig. 19. 

6.  Diffusion-like metric brackets

A feature of the general collision-like bracket is that the generalized diffusion tensor and friction flux (81) are nonlocal functions 
of the unknown 𝑢. Therefore, their evaluation requires an integration over the whole domain Ω. This poses an issue of computational 
complexity even harder than that of the standard Landau collision operator, which is local in half of the variables (cf. Example 5). 
In order to mitigate the computational cost of a relaxation method based on these brackets, we have studied the special case of 
brackets (70) that corresponds to choosing  = Ω, i.e., we do not increase the size of the domain (𝑛 = 𝑑). We will refer to this case 
as a diffusion-like bracket, and reserve the name “collision-like” for the case 𝑛 > 𝑑. As we shall see, in general, one cannot expect 
complete relaxation (in the sense defined in Section 3) from the diffusion-like brackets. The metric double bracket (57) is a special 
case of a diffusion-like bracket.

6.1.  General construction of the brackets

With the same setup of Section 5.1, which is summarized in Fig. 8, let us consider the case  = Ω, 𝜈 = 𝜇, but allow 𝑁̃ ≠ 𝑁 , so that 
in general 𝑊̃ ≠ 𝑊 .

Then bracket (70) reduces to

( ,) ∶= ∫Ω
𝑃
𝛿 (𝑢)
𝛿𝑢

⋅ 𝖳(𝑢)𝑃
𝛿(𝑢)
𝛿𝑢

𝑑𝜇, (95)

where 𝑃 ∶ 𝑊 → 𝑊̃  is a linear (possibly unbounded) operator, and 𝖳(𝑢) ∈ (𝑊̃ ) is symmetric, positive semidefinite, bounded linear 
operator that satisfies (69). The evolution equation generated by the bracket (95) is formally the same as Eq.  (72), but we shall see 
in the examples that the dual operator 𝑃 ′ does not involve any integral operator.

Conditions (73) are of course still sufficient conditions for brackets of the form (95) to be minimally degenerate, but we shall see 
that condition (73b) is usually not satisfied in this case.
Example 8. 

Brackets of the form (57), i.e., metriplectic double brackets acting on scalar fields, are special cases of diffusion-like brackets (95). 
In order to see this, let 𝑁 = 1, thus 𝑊 = 𝐿2(Ω, 𝜇), Φ = 𝐶∞(Ω), and

𝑃𝑤 = ∇𝑤.

Hence, 𝑁̃ = 𝑑 and 𝑊̃ = 𝐿2(Ω, 𝜇;ℝ𝑑 ) is the space of 𝐿2 vector fields over Ω. Given a function 𝐽 (𝑥) of class 𝐶∞(Ω) taking values in the 
space of antisymmetric 𝑑 × 𝑑 matrices, we can define the antisymmetric bilinear operation

[𝑤1, 𝑤2]𝐽 = ∇𝑤1(𝑥) ⋅ 𝐽 (𝑥)∇𝑤2(𝑥).
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As in Section 4.1, it is not necessary that [⋅, ⋅]𝐽  satisfies the Jacobi identity. In addition let us consider a symmetric, positive-definite 
bi-linear form 𝛾 ∶ 𝑊 ×𝑊 → ℝ, together with the associated linear bounded, symmetric positive definite operator Γ∶ 𝑊 → 𝑊 , that 
is, cf. Appendix B,

𝛾(𝑤1, 𝑤2) = ∫Ω
𝑤1(𝑥) ⋅ Γ𝑤2(𝑥)𝑑𝜇(𝑥),

for all 𝑤1, 𝑤2 ∈ 𝑊 . In terms of 𝐽 and 𝛾, we define the kernel
𝖳(𝑢) = 𝑋ℎ(𝑢) ◦Γ ◦ 𝑡𝑋ℎ(𝑢),

where 𝑋ℎ(𝑢) and 𝑡𝑋ℎ(𝑢) are the operators of multiplication by the vector fields
𝑋ℎ(𝑢; 𝑥) = 𝐽 (𝑥)∇ℎ(𝑥), 𝑡𝑋ℎ(𝑢; 𝑥) = −∇ℎ(𝑥) ⋅ 𝐽 (𝑥),

respectively, and ℎ = 𝛿(𝑢)∕𝛿𝑢 ∈ Φ = 𝐶∞(Ω). If 𝐽 is a Poisson tensor, i.e., [⋅, ⋅]𝐽  satisfies the Jacobi identity, 𝑋ℎ(𝑢; ⋅) is the 𝑑-
dimensional Hamiltonian vector field generated by the Hamiltonian function ℎ = 𝛿(𝑢)∕𝛿𝑢. Since 𝑋ℎ(𝑢; ⋅) ∈ 𝐶∞(Ω;ℝ𝑑 ), 𝖳(𝑢) maps 
𝑊̃  into itself. The operator Γ is symmetric and positive definite, hence 𝖳(𝑢) is symmetric and positive semidefinite, and we have 
∇ℎ ∈ ker 𝖳(𝑢) as required by condition (69).

With the foregoing choices of 𝑃  and 𝖳(𝑢), Eq.  (95) becomes
(

 ,) = ∫Ω

(

∇
𝛿 (𝑢)
𝛿𝑢

⋅ 𝐽∇
𝛿(𝑢)
𝛿𝑢

)

Γ
(

∇
𝛿(𝑢)
𝛿𝑢

⋅ 𝐽∇
𝛿(𝑢)
𝛿𝑢

)

𝑑𝜇

= 𝛾
([ 𝛿 (𝑢)

𝛿𝑢
,
𝛿(𝑢)
𝛿𝑢

]

𝐽
,
[ 𝛿(𝑢)
𝛿𝑢

,
𝛿(𝑢)
𝛿𝑢

]

𝐽

)

,

which is Eq.  (57). As discussed in Section 4.1, this bracket is in general not minimally degenerate. In fact, while condition (73a) 
amounts to the Poincaré inequality and holds true on a bounded domain Ω, condition (73b) fails since for any sufficiently regular 
function 𝑓 ∶ ℝ → ℝ, any function of the form 𝑤̃ = ∇𝑓 (ℎ), with ℎ = 𝛿(𝑢)𝛿𝑢, belongs to ker 𝖳(𝑢) ∩ ran(𝑃 ). 

6.2.  Diffusion-like brackets based on div–grad operators

We address the diffusion-like version of the bracket introduced in Section 5.2. For scalar fields (𝑁 = 1) on a bounded domain 
Ω ⊂ ℝ𝑑 , 𝑑 ≥ 2, let 𝑃 = ∇ with domain Φ = 𝐻1

0 (Ω). The kernel of the bracket is constructed from the matrix 𝑄𝑑 , cf. Eq.  (76),

𝖳(𝑢; 𝑥) = 𝜅(𝑢; 𝑥)𝑄𝑑
(

∇
𝛿(𝑢)
𝛿𝑢

(𝑥)
)

,

where 𝜅(𝑢; 𝑥) is a positive scalar function, and 𝖳(𝑢) is defined as the operator of multiplication by 𝖳(𝑢; ⋅). Then, bracket (95) becomes 
[110]

( ,) = ∫Ω
𝜅(𝑢)∇

𝛿 (𝑢)
𝛿𝑢

⋅𝑄𝑑
(

∇
𝛿(𝑢)
𝛿𝑢

)

∇
𝛿(𝑢)
𝛿𝑢

𝑑𝜇, (96)

and the corresponding evolution equation is

𝜕𝑡𝑢 = d̃iv𝜇
[

𝜅(𝑢)𝑄𝑑
(

∇
𝛿(𝑢)
𝛿𝑢

)

∇
𝛿(𝑢)
𝛿𝑢

]

in Φ′ = 𝐻−1(Ω).

This is a “local version” of Eq.  (85) which justifies the name “diffusion-like” for this bracket. Condition (73b) fails in the same way 
as in Example 8.

It is worth noting that in two spatial dimensions, 𝑑 = 2, one has
𝑄2(∇ℎ) = 𝑋ℎ ⊗𝑋ℎ = 𝑋ℎ

𝑡𝑋ℎ, ℎ = 𝛿(𝑢)∕𝛿𝑢,

where 𝑋ℎ = 𝐽𝑐∇ℎ = (−𝜕2ℎ, 𝜕1ℎ) is the canonical Hamiltonian vector field generated by ℎ(𝑥) and 𝑡𝑋ℎ denotes its transpose. This means 
that the diffusion-like bracket (96) in a two dimensional domain amounts to the metric double bracket addressed in Example 8, with 
Γ = 𝐼 being the identity operator. For 𝑑 > 2 the bracket (96) is however different from the metric double brackets in Example 8. In 
fact, if 𝑋ℎ ≠ 0, the null space of the matrix 𝑄𝑑 is always one dimensional for any dimension 𝑑, while the null space of 𝑋ℎ ⊗𝑋ℎ is 
𝑑 − 1 dimensional, hence the two matrices have the same null space only if 𝑑 = 2.

Nonetheless, for 𝑑 ≥ 3, one can write the matrix 𝑄𝑑 (∇ℎ) in terms of suitable pairing of two antisymmetric operations by using the 
identity

1
(𝑑 − 2)!

∑

𝑖1 ,…,𝑖𝑑−2

𝜖𝑖1 ,…,𝑖𝑑−2 ,𝑖,𝑘𝜖𝑖1 ,…,𝑖𝑑−2 ,𝑗,𝑙 = 𝛿𝑖𝑗𝛿𝑘𝑙 − 𝛿𝑖𝑙𝛿𝑗𝑘,

with 𝜖𝑖1 ,…,𝑖𝑑  being the completely antisymmetric symbol. We obtain

[𝑄𝑑 (∇ℎ)]𝑖𝑗 = |∇ℎ|2𝛿𝑖𝑗 − 𝜕𝑖ℎ𝜕𝑗ℎ =
∑

𝑘𝑙

[

𝛿𝑖𝑗𝛿𝑘𝑙 − 𝛿𝑖𝑙𝛿𝑗𝑘
]

𝜕𝑘ℎ𝜕𝑙ℎ

= 1
(𝑑 − 2)!

∑

𝑖1 ,…,𝑖𝑑−2

∑

𝑘,𝑙
𝜖𝑖1 ,…,𝑖𝑑−2 ,𝑖,𝑘𝜖𝑖1 ,…,𝑖𝑑−2 ,𝑗,𝑙𝜕𝑘ℎ𝜕𝑙ℎ,

(97)
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where 𝜕𝑗ℎ = 𝜕ℎ∕𝜕𝑥𝑗 , and thus, Eq.  (96) can be written equivalently as

( ,) = 1
(𝑑 − 2)!

∑

𝛼 ∫Ω
𝜅(𝑢) 𝛼𝑑 (∇𝑓,∇ℎ) 

𝛼
𝑑 (∇𝑔,∇ℎ) 𝑑𝜇,

where 𝛼 = (𝑖1,… , 𝑖𝑑−2) is a multi-index, 𝑓 = 𝛿 (𝑢)∕𝛿𝑢, 𝑔 = 𝛿(𝑢)∕𝛿𝑢, and
𝛼𝑑 (∇𝜑,∇𝜓) =

∑

𝑖,𝑘
𝜖𝑖1 ,…,𝑖𝑑−2 ,𝑖,𝑘𝜕𝑖𝜑𝜕𝑘𝜓, 𝛼 = (𝑖1,… , 𝑖𝑑−2).

In dimension 𝑑 = 3, 3 defines a Lie bracket in ℝ3. This is the standard Lie algebra structure on ℝ3 given by the cross product arising 
in the case of rigid body rotation [3].

Yet another form of this bracket makes use of the Kulkarni-Nomizu (K-N) product and the metriplectic 4-bracket structure [35]. 
Using the first identity in (97), we can write

( ,) = 1
2

∑

𝑖,𝑗,𝑘,𝑙
∫Ω

𝜅(𝑢)(𝛿 ? 𝛿)𝑖𝑗𝑘𝑙
[

𝜕𝑖
𝛿 (𝑢)
𝛿𝑢

][

𝜕𝑗
𝛿(𝑢)
𝛿𝑢

][

𝜕𝑘
𝛿(𝑢)
𝛿𝑢

][

𝜕𝑙
𝛿(𝑢)
𝛿𝑢

]

𝑑𝜇,

where (𝛿 ? 𝛿)𝑖𝑗𝑘𝑙 = 2(𝛿𝑖𝑘𝛿𝑗𝑙 − 𝛿𝑖𝑙𝛿𝑗𝑘) is the K-N product of two identity tensors.

6.3.  Diffusion-like brackets based on curl–curl operators

As a last example, we address the diffusion-like version of the curl − curl brackets of Section 5.3. We consider a vector field over 
a bounded domain Ω ⊂ ℝ3 with Lebesgue measure 𝑑𝜇(𝑥) = 𝑑𝑥, hence 𝑑 = 𝑁 = 3. We choose

𝑃𝑤 = curl𝑤,

so that 𝑁̃ = 𝑁 = 3 and 𝑊̃ = 𝑊 , with dom(𝑃 ) given by
Φ = {𝑤 ∈ 𝐻(curl,Ω) ∩𝐻(div,Ω)∶ div𝑤 = 0 in Ω, 𝑛 ⋅𝑤 = 0 on 𝜕Ω}.

This differs from the space Φ considered in Section 5.3 by the “opposite” choice of boundary conditions: the normal component is set 
to zero instead of the tangential component. The Poincaré inequality for the operator curl holds for this space as well [116, Corollary 
3.51], so that condition (73a) holds true. (Here, we have the choice of the boundary condition since we do not need to satisfy the 
second identity in Eq.  (82).)

As an example, let the kernel be once again constructed from 𝑄3, defined in Eq.  (76),

𝖳(𝑢; 𝑥) = 𝜅(𝑢; 𝑥)𝑄3

(

curl
𝛿(𝑢)
𝛿𝑢

)

,

where 𝜅(𝑢; 𝑥) is a positive function. Even though the operator 𝑃 = curl with domain dom(𝑃 ) = Φ satisfies a Poincaré inequality, in 
general, the kernel fails to satisfy condition (73b): a function 𝑤̃ ∈ ker 𝖳(𝑢) ∩ ran(𝑃 ) ⊂ 𝑊̃ = 𝐿2(Ω;ℝ3) must satisfy 𝑤̃ = curl𝑤, with 
𝑤 ∈ Φ and 𝑤̃(𝑥) = Λ(𝑥)𝑏(𝑥), 𝑏 = curlℎ, ℎ = 𝛿∕𝛿𝑢, and thus the pair (Λ, 𝑤) must solve

⎧

⎪

⎪

⎨

⎪

⎪

⎩

curl𝑤 = Λ𝑏, in Ω,
div𝑤 = 0, in Ω,
𝑏 ⋅ ∇Λ = 0, in Ω,
𝑛 ⋅𝑤 = 0, on 𝜕Ω.

As a special case let 𝑏 be a nonlinear Beltrami field, i.e., a solution of (24) such that curl 𝑏 = 𝜇𝑏 with 𝜇(𝑥) not a constant, then Λ = 𝜇
and 𝑤 = 𝑏 is a solution that violates condition (73b).

With the foregoing choices, Eq.  (95) amounts to

( ,) = ∫Ω
𝜅(𝑢) curl

𝛿 (𝑢)
𝛿𝑢

⋅𝑄3

(

curl
𝛿(𝑢)
𝛿𝑢

)

curl
𝛿(𝑢)
𝛿𝑢

𝑑𝑥, (98)

and the corresponding evolution equation becomes

𝜕𝑡𝑢 = −c̃url
[

𝜅(𝑢)𝑄3

(

curl
𝛿(𝑢)
𝛿𝑢

)

curl
𝛿(𝑢)
𝛿𝑢

]

in Φ′ = 𝐻 ′(curl,Ω).

This bracket can be written in terms of the antisymmetric bilinear operator
3(𝑋, 𝑌 ) = [𝑋, 𝑌 ]ℝ3 ∶= 𝑋 × 𝑌 , 𝑋, 𝑌 ∈ ℝ3,

which is the standard Lie bracket in ℝ3. In fact Eq.  (98) can be shown to be a special case of the following (cf. [3,64]):

( ,) = ∫Ω

[

curl
𝛿 (𝑢)
𝛿𝑢

, curl
𝛿(𝑢)
𝛿𝑢

]

ℝ3
Γ
[

curl
𝛿(𝑢)
𝛿𝑢

, curl
𝛿(𝑢)
𝛿𝑢

]

ℝ3
𝑑𝑥, (99)

where Γ(𝑢) ∈ 
(

𝐿2(Ω;ℝ3)
) is a symmetric, positive definite operator; Eq.  (98) is obtained for Γ(𝑢) = 𝜅(𝑢), the multiplication operator 

by the function 𝜅(𝑢; ⋅). Eq. (99) is a metric double bracket of the form (57). Applied to magnetic fields this gives a generalization of 
the relaxation method of Chodura and Schlüter [30] with constant pressure, cf. also Moffatt [23]. An explicit example will be briefly 
reported in Section 6.4 below.
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Fig. 21. Poincaré plot in the plane 𝑥1 − 𝑥2 and selected field lines of the magnetic field 𝐵, for the initial condition (top row) and the final state 
(bottom row), after the relaxation process. The initial condition is given in Eq.  (104) with 𝑚 = 𝑛 = 1 and 𝑎 = 1, while the evolution equation is 
the magneto-frictional method (101). The selected field lines correspond to the four large islands visible in the Poincaré plot around 𝑥1 = 1∕2. The 
Poincaré section is defined by 𝑥2 = 1∕2 and it is shown in light gray in the panels on the right-hand side. The initial points of the field lines are 
sampled differently for the initial and finals state of the field, hence they are not exactly the evolution of one another.

6.4.  Application to nonlinear Beltrami fields

So far we have focused on examples of equilibrium problems for which complete relaxation of the solution is essential. We have 
shown that a metriplectic relaxation method for such problems should be based on metric brackets that are minimally degenerate (or 
specifically degenerate if more than one constraint is considered), cf. Section 3. Diffusion-like brackets do not appear to be appropriate 
for those problems.

For sake of completeness, we address an example of equilibrium problems that are characterized as minima of a function subject 
to topological constraints. This is the case of nonlinear Beltrami fields, for which the variational principle is given in Lagrangian rep-
resentation, cf. Section 2.2.3 and Appendix C. Full three-dimensional MHD equilibria satisfy the same type of Lagrangian variational 
principle.

Because of their larger null space, metric double brackets of the form (99) allow us to obtain an evolution equation that preserves 
the necessary constraints. To this end, we identify the state variable 𝑢(𝑡) with a magnetic field 𝑢(𝑡, 𝑥) = 𝐵(𝑡, 𝑥) on a simply connected, 
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Fig. 22. From top to bottom, time evolution of the entropy (magnetic energy), the relative variation of the Hamiltonian (magnetic helicity), the 
𝐿2 norm of the divergence, and of the vector 𝑗 ×𝐻 , where 𝑗 = c̃url𝐵 is the current density (computed with the weak curl operator), and 𝐻 is the 
𝐿2-orthogonal projection of 𝐵 onto 𝐻0(curl,Ω). The equilibrium condition for the considered numerical scheme reads 𝑗 ×𝐻 = 0. Corners and jumps 
in the time traces corresponds to restarts with larger time steps.

bounded domain Ω ⊂ ℝ3. More specifically, we assume that 𝐵(𝑡) ∈ 𝑉 ⊂ Φ, where Φ is the same space defined in Section 5.3. The 
evolution equation for 𝐵(𝑡) is given by Eq.  (7a) and bracket (99), with Γ = 𝐼 , the identity operator, for simplicity, and with entropy 
and Hamiltonian given in Eq.  (27). Therefore, if an orbit of this metriplectic system completely relaxes, it would converge in time 
to a linear Beltrami field, cf. Section 2.2.3. In fact, this bracket has a much larger null space. The equilibrium points, given by 𝐵 ∈ Φ
such that ( ,)(𝐵) = 0, satisfy the Beltrami condition (curl𝐵) × 𝐵 = 0, in the weak formulation discussed in Section 2.2.3.

The resulting evolution equation amounts to 

𝜕𝑡𝐵 = c̃url
[

𝐵 ×
(

𝐵 × curl𝐵
)]

, (100)
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where we have accounted for the identity curl[𝛿(𝐵)∕𝛿𝐵] = curl𝐴 = 𝐵. If 𝐵 is sufficiently regular, we can replace c̃url by curl and 
write

⎧

⎪

⎨

⎪

⎩

𝜕𝑡𝐵 − curl
[

𝑉 × 𝐵
]

= 0,  in Ω,
𝑉 − (curl𝐵) × 𝐵 = 0,  in Ω,

𝑛 ⋅ 𝐵 = 0,  on 𝜕Ω ,
(101)

which shows that the magnetic field 𝐵 is advected by the flow of the effective “velocity” field 𝑉 . Hence, so long as the solution 
remains smooth, the field lines of 𝐵 are frozen into the flow (actually flux), i.e., they cannot change their topological properties. This 
is a much stronger constraint than just preservation of magnetic helicity 2(𝐵). As anticipated, Eq.  (101) is exactly the relaxation 
method of Chodura and Schlüter [30] with constant pressure. The method itself is therefore not new. In solar physics this relaxation 
method is known as the magneto-frictional method [126–129], and it has been applied to the computation of force-free magnetic 
fields in coronal active regions [31]. The bracket formalism, however, opens the way to possible generalizations by means of different 
choices of the kernel. This possibility will be explored in future work. Since this relaxation method is based on the MHD induction 
equation, smoothness of the solution may be lost in a finite time due to the formation of current sheets, as conjectured by Parker 
and discussed in Section 1.1. In this work we allow for weak solutions. In fact, Eq.  (100) is reformulated with 𝐵(𝑡) ∈ 𝐻0(div,Ω) only. 
More precisely, we search for 𝐵 ∈ 𝐶1(([0, 𝑇 ];𝐻0(div,Ω)

) and auxiliary variables 𝐸, 𝑗,𝐻 ∈ 𝐶
(

[0, 𝑇 ];𝐻0(curl,Ω)
) satisfying

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕𝑡𝐵 + curl𝐸 = 0, in 𝐻0(div,Ω),

(𝐻,𝐺)𝐿2 − (𝐵,𝐺)𝐿2 = 0, ∀𝐺 ∈ 𝐻0(curl,Ω),

(𝑗, 𝑘)𝐿2 − (𝐵, curl 𝑘)𝐿2 = 0, ∀𝑘 ∈ 𝐻0(curl,Ω),

(𝐸, 𝐹 )𝐿2 − (𝐻 × 𝑗,𝐻 × 𝐹 )𝐿2 = 0, ∀𝐹 ∈ 𝐻0(curl,Ω),

(102)

pointwise in time, with 𝐹 ,𝐺, 𝑘 ∈ 𝐻0(curl,Ω) being test functions. Faraday’s equation is posed strongly as an identity in 𝐻0(div,Ω). As 
a result the condition div𝐵 = 0 is preserved. One can also show directly that a solution of this system preserves magnetic helicity and 
dissipate magnetic energy, that is, the properties of the bracket hold for this reformulation. In particular, we observe that

1
2
𝑑
𝑑𝑡 ∫Ω

|𝐵|2𝑑𝑥 = −‖𝑗 ×𝐻‖

2
𝐿2 ,

and the equilibrium condition is 𝑗 ×𝐻 = 0, which is the weak formulation of the Beltrami condition anticipated in Section 2.2.3. Here 
we present a single numerical experiment obtained by a structure-preserving numerical scheme [110], which we derived by adapting 
the finite-element exterior calculus (FEEC) scheme of Hu et al. [86] for incompressible MHD. The scheme provably preserves the 
Hamiltonian (magnetic helicity), the constraint div𝐵 = 0, and the monotonic behavior of entropy (magnetic energy), but it does not
preserve the topology of the field lines exactly. Similar work has been recently published by He et al. [130]. Previously, the magnetic 
relaxation problem has been dealt with by means of Lagrangian [131] and finite difference [132] methods. More recently, a different 
kind of Lagrangian numerical scheme has been proposed [133,134], which is based on the discretization of the domain in narrow 
flux tubes, each one being relaxed by a curve-shortening flow in a modified metric. This interesting scheme therefore preserves the 
topological properties of the field lines. Yet with the domain discretized by a finite set of lines, the reconstruction of the magnetic 
field at arbitrary points of the domain, needs to be addressed.

Before describing the considered test case, let us address the role of magnetic-helicity conservation. In a domain Ω where the 
Poincaré inequality for the curl operator holds true, magnetic helicity 𝐻𝑚(𝐵) = 2(𝐵) provides a lower bound for magnetic energy. 
In fact, one has [22]

|𝐻𝑚(𝐵)| ≤ ‖𝐴‖𝐿2(Ω)‖𝐵‖𝐿2(Ω) ≤ 𝐶𝑃 ‖𝐵‖
2
𝐿2(Ω)

. (103)

For an initial condition 𝐵0 with 𝐻𝑚(𝐵0) = 0, it is possible that the solution of (101) with the chosen boundary conditions (𝐵 ⋅ 𝑛 = 0
on 𝜕Ω) relaxes to a trivial field, i.e., |𝐵(𝑡)| → 0 for 𝑡 → +∞, even if the topology of the field lines is preserved. This is the case for the 
class of one-dimensional solutions of (101), which are obtained, for instance, by assuming

𝐵(𝑡, 𝑥) =
⎛

⎜

⎜

⎝

0
0

𝑏(𝑥1)

⎞

⎟

⎟

⎠

= curl
⎛

⎜

⎜

⎝

0
𝑎(𝑥1)
0

⎞

⎟

⎟

⎠

,

where 𝑎′(𝑥1) = 𝑏(𝑥1), 𝑥 = (𝑥1, 𝑥2, 𝑥3) and the field is constant in (𝑥2, 𝑥3). We have 𝐴 ⋅ 𝐵 = 0 and thus 𝐻𝑚(𝐵) = 0. Correspondingly, 
Eq. (101) reduce to

𝜕𝑡𝑏 − (𝑏2𝑏′)′ = 0,

where a prime denotes spatial differentiation. This is a standard heat equation. The steady states are solution to 𝑏2𝑏′ = constant, 
which gives 𝑏(𝑥1) = (𝑐1 + 𝑐2𝑥1)1∕3, with 𝑐1, 𝑐2 being integration constants. For instance homogeneous boundary conditions for 𝑏 on an 
interval yields the unique solution 𝑏(𝑥1) = 0. Magnetic relaxation in one dimension has been recently considered by Yeates [135] and 
compared to the corresponding full MHD relaxation, thus exposing the limitations of the magneto-frictional method.
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It is therefore meaningful to consider initial conditions with non-trivial magnetic helicity (𝐵) = 1
2𝐻𝑚(𝐵) ≠ 0. We construct such 

an initial condition from the vector potential

𝐴̃(𝑥) ∶= 𝑎

⎛

⎜

⎜

⎜

⎝

(𝑛∕
√

𝑚2 + 𝑛2) sin(𝜋𝑚𝑥1) cos(𝜋𝑛𝑥2)
−(𝑚∕

√

𝑚2 + 𝑛2) cos(𝜋𝑚𝑥1) sin(𝜋𝑛𝑥2)
sin(𝜋𝑚𝑥1) sin(𝜋𝑛𝑥2)

⎞

⎟

⎟

⎟

⎠

,

with 𝑎 ∈ ℝ and 𝑚, 𝑛 ∈ ℕ being parameters (we shall choose 𝑚 = 𝑛 = 1). For any choice of the parameters, 𝐴̃ is divergence-free and 
a linear Beltrami field, periodic is all variables; it is an eigenvalue of curl corresponding to the eigenvalue 𝜆𝑚,𝑛 = 𝜋(𝑚2 + 𝑛2)1∕2. We 
localize this field in the unit cube Ω = [0, 1]3 by means of the cut-off function

𝜂(𝑥) ∶= 𝜒(𝑥1)𝜒(𝑥2)𝜒(𝑥3), 𝜒(𝑦) ∶= 𝑦2(1 − 𝑦)2, 𝑦 ∈ [0, 1].

We have 𝜂(𝑥) = 0 and ∇𝜂(𝑥) = 0 for 𝑥 ∈ 𝜕Ω since both 𝜒 and its derivative 𝜒 ′ vanish for 𝑦 = 0 and 𝑦 = 1. We construct the initial 
condition on the domain Ω = [0, 1]3 as

𝐴0 ∶= 𝜂𝐴̃,

𝐵0 ∶= curl𝐴0 = ∇𝜂 × 𝐴̃ + 𝜂 curl 𝐴̃,
(104)

and 𝐴0 ∈ 𝐻0(curl,Ω), 𝐵0 ∈ 𝐻0(div,Ω) with div𝐵0 = 0. As for magnetic helicity,

𝐻𝑚(𝐵0) = 2(𝐵0) = ∫Ω
𝐴0 ⋅ 𝐵0𝑑𝑥 = 𝜆𝑚,𝑛‖𝐴0‖

2
𝐿2(Ω)

> 0.

We can control the initial helicity by means of the parameters 𝑎 ∈ ℝ and 𝑚, 𝑛 ∈ ℕ. The magnetic field (104) is represented in Fig. 21 
(top row), by means of a Poincaré plot using the plane 𝑥2 = 1∕2 as a Poincaré section. From the plot (Fig. 21, top-left panel), one can 
identify a rather complex topology of the field lines, with, in particular, four large islands of period two that are rendered in three 
dimensions in Fig. 21, top-right panel, by tracing a few selected field lines for each island.

The time evolution of the initial condition (104) is obtained numerically by means of the FEEC scheme, which has been imple-
mented in FEniCS as in the case of the tests reported in Section 5. Here, we use a relatively course resolution: the domain Ω = [0, 1]3

has been discretized by a uniform grid of 323 nodes. The time step is adapted, but limited to a maximum of 10−3. The obtained final 
state is represented in Fig. 21 (bottom row), again by means of a Poincaré plot, Fig. 21, bottom-left panel. The four large islands 
appear to have been preserved by the relaxation process and are rendered in Fig. 21, bottom-right panel. Other large islands appear 
to have been preserved, but a closer analysis shows that the field line topology is not exactly preserved [110]. Indeed the numer-
ical scheme preserves magnetic helicity only, and this alone does not completely guarantee the exact preservation of the field line 
topology.

When using Poincaré plots for the visualization of the field line topology, one should address the effect of the error of the projection 
onto the finite-element space used for the representation of the magnetic field. In this case, 𝐵 is approximated in the space of linear 
Raviart-Thomas elements for computations, and the discrete approximation is further projected onto the space of linear Lagrange 
elements, for visualization purposes (precise definitions of these finite-element spaces can be found, e.g., in the FEniCS book [118]). 
Lagrange elements are nodal so that the degrees of freedom coincide with the value of the field at the grid nodes and can be directly 
interpolated. We have qualitatively checked the effect of all those operations on the results by comparing the Poincaré sections of 
the analytical field (104) with that of its projection onto the finite element space on the considered grid.

Fig. 22 shows the evolution in time of the main quantities of interest, namely, the entropy, the relative variation of the Hamiltonian 
with respect to its initial value, and the 𝐿2-norms of div𝐵 and of the vector 𝑗 ×𝐻 , where 𝑗 = c̃url𝐵 is (proportional to) the current 
density (computed weakly), while 𝐻(𝑡) is the 𝐿2-orthogonal projection of 𝐵(𝑡) ∈ 𝐻0(div,Ω) onto the space 𝐻0(curl,Ω). For sufficiently 
regular fields, we have 𝑗 ×𝐻 = (curl𝐵) × 𝐵, but in general 𝐵(𝑡) ∈ 𝐻0(div,Ω) and 𝐻(𝑡) ∈ 𝐻0(curl,Ω) are different and the numerical 
equilibrium condition is 𝑗 ×𝐻 = 0. We recall that in this application the entropy and the Hamiltonian coincide with the magnetic 
energy and the magnetic helicity, respectively. From Fig. 22, we see that the qualitative properties of the relaxation method are 
preserved: the entropy decreases monotonically, the Hamiltonian is constant within a relative error of 10−10, and div𝐵 = 0 within 
an absolute error of 2 × 10−6 measured by the norm in 𝐿2(Ω). We also see that 𝑗 ×𝐻 decreases, which indicates that the solution is 
approaching a configuration that satisfies the Beltrami condition 𝑗 ×𝐻 = 0.

7.  Summary and conclusions

We have considered the question of whether, given a metriplectic system with Hamiltonian function  and (dissipated) entropy 
, the orbit with initial condition 𝑢0, in the long-time limit, converges to a minimum of  on the surface of constant Hamiltonian 
{𝑢∶ (𝑢) = (𝑢0)}. This question is interesting in itself, since many physical systems are metriplectic, but our work is mainly motivated 
by the idea of utilizing artificial metriplectic systems as relaxation methods for the computation of equilibria of fluids and plasmas.

We have shown that, in general, the answer is negative. For finite-dimensional metriplectic systems, we have given a sufficient 
condition, Proposition 3, under which an orbit relaxes to a constrained entropy minimum. These results are proven by means of a 
natural extension of the Lyapunov stability theorem for systems with constants of motion. One key assumption in Proposition 3 is that 
the metric bracket should be specifically degenerate with respect to a given finite set of constants of motion, or minimally degenerate 
if the Hamiltonian is the only constant of motion. Recall, a metric bracket is specifically degenerate if its null space is spanned by 
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the gradients of a finite number of invariant functions 𝛼 , the constants of motion, and minimally degenerate if its null space is 
spanned by the gradient of the Hamiltonian alone. The introduction of the concepts of specifically and minimally degenerate brackets 
is justified by Proposition 3 for finite dimensional systems, and generalized without proofs to the case of infinite-dimensional systems 
in Section 3.3. In addition, we have generalized the Polyak–Łojasiewicz condition for the exponential convergence of gradient flows, 
to the case of metriplectic system. The finite-dimensional results have been extended to the infinite-dimensional case without proof, 
and supported by a number of examples. In Section 4, we have studied quite in detail a specific equilibrium problem for the reduced 
Euler equation. We constructed two relaxation methods based upon two metriplectic systems: one is specifically degenerate and the 
other one is not. The results of our numerical experiments with these two relaxation mechanisms can be explained in terms of the 
theoretical results.

In the second part of the paper, we have proposed a class of metric brackets that have been put forward as a generalization of the 
Landau collision operator, which is included in the class as a special case, Section 5. For this reason we propose the term “collision-
like” brackets. Checking if collision-like brackets are specifically degenerate reduces to checking two separate conditions, and this is 
usually simpler.

We demonstrate the use of such brackets as the basis for relaxation methods for various equilibrium problems for both the reduced 
Euler equations and axisymmetric MHD equilibria, the latter being equivalent to solving the Grad-Shafranov equation. These are 
well-known equilibrium problems, for which various methods of solution exist, and are used here only as a proof of concept. From 
a purely computational point of view, the direct solution of the Grad-Shafranov equation, in particular, is usually faster than the 
relaxation method constructed here, but the latter provides a recipe that can be adapted to more complicated equilibrium problems. 
Specifically, we have in mind equilibrium problems in kinetic theories, such as the Vlasov-Maxwell system, drift- and gyro-kinetic 
equations. There is also the possibility of generalizing the variational formulation for the Grad-Shafranov equation to non-monotonic 
equilibrium profiles, which have not been treated in the present work.

At last, we have discussed a simplified class of brackets, in which the nonlocal nature of collision-like brackets is removed, 
Section 6. These brackets lead to diffusion-like evolution equations and reduce to a number of known brackets in special cases. 
Without the nonlocality, characteristic of collision-like operators, these diffusion-like brackets are not minimally degenerate, but 
they can still be used to construct relaxation methods for equilibrium problems with stronger constraints. In the simplest case, we 
recover the known magnetic relaxation method of Chodura and Schlüter, and we give a numerical example based upon a structure-
preserving numerical scheme obtained via finite-element exterior calculus (FEEC).

The results presented in this paper are far from complete. The proof of convergence for infinite-dimensional systems has not been 
addressed, and the formal argument for the minimal degeneracy of the collision-like bracket in Example 7 is incomplete as it relies 
on a technical condition being true.

Our results however can have consequences in designing relaxation methods for equilibrium problems. Specifically, for equilibrium 
problems that can be characterized by a variational principle of the form (1), that is finding a (local) minimum of entropy subject to 
the constraint of energy and possibly other quantities being constant, one should make sure that the relaxation method is based on 
specifically degenerate brackets, with the kernel generated by the gradients of exactly the same quantities defining the constraints. 
If this is not the case, examples show that the relaxation method may not find a solution of the considered problem. Equilibria of the 
reduced Euler equations, Grad-Shafranov equilibria, and linear Beltrami fields are examples of problems that belong to this category. 
Alternatively, one might search for equilibria that can be characterized by entropy minima subject to stronger constraints. This is the 
case, for instance, of nonlinear Beltrami fields, which can be characterized as minima of magnetic energy over the set of fields that 
are smooth deformations (push-forward) of a given initial configuration, cf. Section 2.2.3 and Appendix C. For this type of problem 
the metric bracket cannot be specifically degenerate, but must be designed to satisfy the needed constraints.

The actual implementation of the relaxation methods can be more subtle, due to the fact that, depending on the initial condition, 
the corresponding evolution equation might not admit a smooth solution, so that low-regularity solutions need to be considered. As 
an example in Section 6.4, we have discussed the case of a relaxation method for Beltrami fields, and the need for a weak formulation 
of the evolution equation and the corresponding equilibrium condition.

As for physical metriplectic systems, Example 5 in Section 5.1 shows how the techniques developed here could be used to study 
physically relevant metric brackets (in this example, Morrison’s bracket for the Landau collision operator). By checking if the bracket 
is specifically degenerate, one can gain some information on the long-time limit of the solution. We find that, in general, Morrison’s 
bracket is not specifically degenerate with respect to the three collision invariants, but this is only due to the fact that the Landau 
collision operator acts pointwise in space.
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Appendix A.  Bilinear forms and Leibniz identity

In this appendix we recall the basic definition of a Poisson structure and give a formal derivation of (5). The material is standard 
but not always easy to find in textbooks. Let 𝑉 ⊆ 𝐿2(ℝ𝑑 , 𝜇;ℝ𝑁 ) be a Banach space of squared-integrable functions over a domain 
Ω ⊆ ℝ𝑑 with values in ℝ𝑁 . We define functional derivatives of a function in 𝐶1(𝑉 ) as an element of 𝐿2(Ω, 𝜇;ℝ𝑁 ) according (2) with 
the pairing given by the 𝐿2 scalar product,

⟨𝑤, 𝑣⟩ = ∫Ω
𝑤(𝑥) ⋅ 𝑣(𝑥)𝑑𝜇(𝑥),

for all 𝑣 ∈ 𝑉  and 𝑤 ∈ 𝐿2(Ω, 𝜇;ℝ𝑁 ), where 𝜇 is a measure on Ω, e.g., the Lebesgue measure.
We consider in particular the consequences of the Leibniz identity on the structure of the bracket. Let 𝛼 ∶ 𝐶∞(𝑉 ) × 𝐶∞(𝑉 ) → 𝐶∞(𝑉 )

be a generic bi-linear map satisfying the symmetry condition
𝛼( ,) = 𝜎𝛼(, ), 𝜎2 = 1, (A.1)

and the Leibniz identity,
𝛼( ,) = 𝛼( ,) + 𝛼( ,). (A.2)

Hence, 𝛼 is either symmetric or antisymmetric, depending on whether 𝜎 = 1 or 𝜎 = −1, and a derivation in all arguments. Both Poisson 
and metric brackets, cf. Section 2.1, are special cases of such a bilinear form.

Given the restriction functions 𝑥,𝑗 (𝑢) = 𝑢𝑗 (𝑥), which are defined for functions 𝑢 that are at least continuous, let
𝒜𝑖𝑗 (𝑢; 𝑥, 𝑥′) ∶= 𝛼(𝑥,𝑖,𝑥′ ,𝑗 )(𝑢),

and we have
𝒜𝑖𝑗 (𝑢; 𝑥, 𝑥′) = 𝜎𝒜𝑗𝑖(𝑢; 𝑥′, 𝑥).

We claim that a bilinear form 𝛼 satisfying (A.1) and (A.2) is such that

1) it vanishes on constants, that is,
(𝑣) = 𝑎 ∈ ℝ for all 𝑣 ⟹ 𝛼( ,) = 0 for all  ;

2) it has the representation, for any  ,,

𝛼( ,) =
∑

𝑖,𝑗 ∫Ω ∫Ω
𝛿 (𝑢)
𝛿𝑢𝑖

(𝑥)𝒜𝑖𝑗 (𝑢; 𝑥, 𝑥′)
𝛿 (𝑢)
𝛿𝑢𝑗

(𝑥′)𝑑𝜇(𝑥′)𝑑𝜇(𝑥).

In particular, 2) implies Eq. (5).
Claim 1) follows from the bilinearity of the form and the Leibniz property. If (𝑣) = 𝑎 is a constant function, for any pair of 

functions  and , one has
𝑎𝛼( ,) = 𝛼( , 𝑎) = 𝛼( ,)

= 𝛼( ,) + 𝑎𝛼( ,),

from which one deduces 𝛼( ,) = 0 as claimed.
Claim 2) requires Taylor’s formula: For any 𝑢, 𝑢0 ∈ 𝑉

 (𝑢) =  (𝑢0) + 𝜃 (𝑢0, 𝑢)(𝑢 − 𝑢0),

where, with 𝑣 = 𝑢 − 𝑢0,

𝜃 (𝑢0, 𝑢)𝑣 = ∫

1

0
𝐷

(

(1 − 𝑡)𝑢0 + 𝑡𝑢
)

𝑣𝑑𝑡

= ∫

1

0 ∫Ω
𝛿
𝛿𝑢

(

(1 − 𝑡)𝑢0 + 𝑡𝑢
)

⋅ 𝑣𝑑𝜇(𝑥)𝑑𝑡

=
∑

𝑖 ∫

1

0 ∫Ω
𝛿
𝛿𝑢𝑖

(

(1 − 𝑡)𝑢0 + 𝑡𝑢
)

𝑣𝑖𝑑𝜇(𝑥)𝑑𝑡.

For a fixed 𝑢0,  (𝑢0) and (𝑢0) are constants and using claim 1) we have
𝛼( ,) = 𝛼

(

 −  (𝑢0), − (𝑢0)
)

= 𝛼
(

𝜃 (𝑢0, ⋅)(⋅ − 𝑢0), 𝜃(𝑢0, ⋅)(⋅ − 𝑢0)
)
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=
∑

𝑖,𝑗 ∫

1

0 ∫

1

0 ∫Ω ∫Ω
𝐴𝑖𝑗𝑑𝑡𝑑𝑠𝑑𝜇(𝑥)𝑑𝜇(𝑥′),

where we have formally exchanged the integrals and the bi-linear form and for brevity we have defined

𝐴𝑖𝑗 =𝛼
( 𝛿 ((1 − 𝑡)𝑢0 + 𝑡𝑢)

𝛿𝑢𝑖
(𝑥)(𝑢(𝑥) − 𝑢0(𝑥))𝑖,

𝛿((1 − 𝑠)𝑢0 + 𝑠𝑢)
𝛿𝑢𝑗

(𝑥′)(𝑢(𝑥′) − 𝑢0(𝑥′))𝑗
)

.

In the latter expression the first argument of 𝛼 is the product of the functions 𝑢 ↦ 𝛿 ((1 − 𝑡)𝑢0 + 𝑡𝑢)∕𝛿𝑢𝑖|𝑥 and 𝑢↦ (𝑢 − 𝑢0)𝑗 |𝑥; analo-
gously for the second argument. We can use Leibniz identity and evaluate at 𝑢 = 𝑢0 with the result that

𝐴𝑖𝑗 =
𝛿 (𝑢0)
𝛿𝑢𝑖

(𝑥)𝛼
(

𝑥,𝑖,𝑥′ ,𝑗
)

(𝑢0)
𝛿(𝑢0)
𝛿𝑢𝑗

(𝑥′).

Therefore,

𝛼( ,)(𝑢0) =
∑

𝑖,𝑗 ∫Ω ∫Ω
𝛿 (𝑢0)
𝛿𝑢𝑖

(𝑥)𝒜𝑖𝑗 (𝑢0, 𝑥, 𝑥′)
𝛿(𝑢0)
𝛿𝑢𝑗

(𝑥′)𝑑𝜇(𝑥′)𝑑𝜇(𝑥),

and since the point 𝑢0 ∈ 𝑉  is arbitrary this is claim 2). This argument however is purely formal: The restriction function 𝑥,𝑗 is 
defined only for functions that can be evaluated at a point 𝑥, e.g. continuous functions, thus excluding 𝐿𝑝 functions for any 𝑝. We 
have assumed that functional derivative exists and in exchanging the integral with the form 𝛼 one needs some continuity in order to 
pass to the limit after approximating the integrals by finite sums. We have also freely exchanged the integration order.

Appendix B.  On continuous bilinear forms on Hilbert spaces

Let 𝐻 be a Hilbert space over the fields of real numbers and with scalar product (⋅, ⋅) and induced norm ‖ ⋅ ‖. If 𝑎 ∶ 𝐻 ×𝐻 → ℝ is 
a continuous, positive bilinear form, where continuity means that there exists 𝐶 > 0 such that

0 ≤ 𝑎(𝑢, 𝑣) ≤ 𝐶‖𝑢‖‖𝑣‖,

for all 𝑢, 𝑣 ∈ 𝐻 , then one can find a bounded, symmetric, positive-definite linear operator 𝐴 ∶ 𝐻 → 𝐻 such that
𝑎(𝑢, 𝑣) = (𝑢, 𝐴𝑣),

for all 𝑢, 𝑣 ∈ 𝐻 . In order to find 𝐴 one observes that, for any 𝑢 fixed, 𝓁(𝑣) = 𝑎(𝑢, 𝑣) is a bounded linear function from 𝐻 → ℝ. The 
Riesz representation theorem [65, Theorem 8.12] yields a unique element 𝑤 ∈ 𝐻 such that

𝓁(𝑣) = (𝑤, 𝑣),

for all 𝑣 ∈ 𝐻 and ‖𝑤‖ = sup{𝓁(𝑣) ∶ 𝑣 ∈ 𝐻, ‖𝑣‖ = 1} ≤ 𝐶‖𝑢‖. Since 𝑤 is unique, one can set 𝑤 = 𝐴𝑢, and 𝐴 is a bounded linear operator 
on 𝐻 . Then

𝑎(𝑢, 𝑣) = 𝓁(𝑣) = (𝐴𝑢, 𝑣).

Positivity and symmetry follow from the positivity and symmetry of 𝑎.

Appendix C.  A Lagrangian variational principle for Beltrami fields

In this appendix, we give a self-contained overview of the variational principle for Beltrami fields. This is the constant-pressure 
version of the variational principle for full MHD equilibria obtained by Kendall [96], and formulated in a modern language.

While the special case of linear Beltrami fields obey Woltjer’s principle of least magnetic energy at constant magnetic helicity, cf. 
Section 2.2.3, general Beltrami fields minimize energy under a much stronger constraint.

On a bounded (not necessarily simply connected) domain Ω ⊂ ℝ3, we fix a reference magnetic field 𝐵0 ∈ 𝑉 , where 𝑉  is the space 
of vector fields 𝐵 ∈ [𝐿2(Ω)]3 satisfying the conditions

div𝐵 = 0,  in Ω,
𝑛 ⋅ 𝐵 = 0,  on 𝜕Ω.

(C.1)

For any Φ ∶ Ω → Ω an element of the group Diff(Ω) of diffeomorphisms of the domain Ω, we define

𝐵 = Φ∗𝐵0 =
𝐷Φ𝐵0
det𝐷Φ

◦Φ−1, (C.2)

where 𝐷Φ is the Jacobian matrix of Φ (defined by (𝐷Φ)𝑖𝑗 = 𝜕𝑥𝑗Φ𝑖) and det𝐷Φ ≠ 0 is its determinant. Then 𝐵 is the push-forward of 
the fields 𝐵0 with the map Φ. A direct calculation show that

(det𝐷Φ) div𝐵 = div𝐵0,
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hence div𝐵0 = 0 imply div𝐵 = 0. Analogously one can show that the boundary condition 𝐵0 ⋅ 𝑛 = 0 on 𝜕Ω is preserved by the diffeo-
morphism since if 𝑥 = Φ(𝑥0) and 𝑥0 ∈ 𝜕Ω, then 𝑥 ∈ 𝜕Ω,

𝑛(𝑥) =
𝑡𝐷Φ−1(𝑥)𝑛(𝑥0)
|

𝑡𝐷Φ−1(𝑥)𝑛(𝑥0)|
,

𝑛(𝑥) ⋅ 𝐵(𝑥) =
𝐵0(𝑥0) ⋅ 𝑛(𝑥0)

det𝐷Φ ⋅ |𝑡𝐷Φ−1(𝑥)𝑛(𝑥0)|
.

(This can be proven by recalling that for a sufficiently regular domain, near a point 𝑥0 ∈ 𝜕Ω there is a function 𝑓 such that 𝑓 > 0 in 
Ω and 𝑓 = 0 on 𝜕Ω; then 𝑛(𝑥0) ∝ ∇𝑓 (𝑥0) and this transforms like a 1-form under Φ.) Therefore the push-forward formula (C.2) maps 
𝐵0 ∈ 𝑉  into 𝐵 ∈ 𝑉 .

Given 𝐵0 ∈ 𝑉 , we define the entropy functional on the group Diff(Ω) as the magnetic energy stored in 𝐵, that is

(Φ) = (Φ;𝐵0) = ∫Ω
|𝐵|2

8𝜋
𝑑𝑥, (C.3)

where 𝐵 = Φ∗𝐵0. The entropy depends parametrically on the initial field 𝐵0.
We can now state the variational principle for (24). For any 𝐵0 ∈ 𝑉  fixed, if Φ is a critical point of (C.3), then 𝐵 = Φ∗𝐵0 ∈ 𝑉

satisfies (24). More explicitly, this means that if
𝑑
𝑑𝜀

(Φ𝜀)||
|𝜀=0

= 0, (C.4)

for any curve 𝜀↦ Φ𝜀 ∈ Diff(Ω) such that Φ𝜀
|𝜀=0 = Φ, then 𝐵 = Φ∗𝐵0 is a Beltrami field obtained by mapping the given field 𝐵0 by 

the action of the diffeomorphism Φ.
In order to prove the variational principle (C.4) let 𝐵𝜀(𝑥) = Φ𝜀

∗𝐵0(𝑥), and introduce the displacement field
𝜉𝜀 = 𝜕𝜀Φ𝜀◦(Φ𝜀)−1. (C.5)

The definition is equivalent to
𝜕𝜀Φ𝜀(𝑥0) = 𝜉𝜀(𝑥), 𝑥 = Φ𝜀(𝑥0).

Then, one obtains
𝜕𝜀𝐵

𝜀 = curl(𝜉𝜀 × 𝐵𝜀), 𝐵𝜀|𝜀=0 = 𝐵, (C.6)

and we compute from (C.4),
𝑑
𝑑𝜀

(Φ𝜀)||
|𝜀=0

= −∫Ω

[ 1
4𝜋

(curl𝐵) × 𝐵
]

⋅ 𝜉𝑑𝑥 + ∫Ω
𝑛 ⋅ [(𝜉 × 𝐵) × 𝐵]𝑑𝜎 = 0,

where 𝜉 = 𝜉𝜀|𝜀=0. The boundary term vanishes due to the identity (𝜉 × 𝐵) × 𝐵 = (𝐵 ⋅ 𝜉)𝐵 − 𝐵2𝜉 and the boundary condition 𝐵 ⋅ 𝑛 = 0, 
𝜉 ⋅ 𝑛 = 0; the latter follows from the fact that Φ preserves the boundary, hence 𝜉|𝜕Ω must be tangent to 𝜕Ω. Since the derivative of 
(Φ𝜀) has to vanish for any curve Φ𝜀 ∈ Diff(Ω) and thus for every 𝜉, we deduce that 𝐵 satisfies (24).

We remark that, since 𝐵 is the push-forward of a known field 𝐵0, the field-line topology of 𝐵 is the same as that of 𝐵0. Magnetic 
helicity is also preserved.

This is a variant of the variational principle (C.4) at the basis of the relaxation method of Chodura and Schlüter [30,31], Moffatt 
[23], and of the SIESTA code [33]. 
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