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ABSTRACT

Fully self-consistent models have driven major advances in plasma simulation, supported by a rapid growth in computational performance.
However, their high computational and energy costs highlight the need for accurate, reduced models. One promising approach is parameter-
drift modeling, in which selected parameters evolve according to prescribed time laws rather than being coupled self-consistently to all other
model variables. In this tutorial, we introduce key concepts in parameter-drift dynamical models and explore their applications in plasma
physics. Using a familiar test-particle guiding-center model, we present the main analysis tools of the parameter-drift literature, namely, the
ensemble approach, and discuss their advantages and limitations in Hamiltonian systems. Furthermore, we describe the dynamics of the
model with traditional tools from dynamical systems theory, e.g., the Lyapunov exponent. In summary, we highlight the potential of
parameter-drift models as reduced but insightful representations of time-dependent plasma dynamics. Although they cannot replace large-
scale simulations with full bidirectional coupling between particles and fields, parameter-drift dynamical models offer an efficient framework
for developing and testing fundamental aspects of time-dependent scenarios using reduced models.

VC 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0307494

I. INTRODUCTION

Advances in plasma simulations have been achieved by innova-
tions in both analytical and computational methods.1 As a rule, plasma
models have become substantially more complex and sophisticated
over the last decades. Progress has been stimulated by the cost reduc-
tion and rapid growth in computational performance in the last 50
years.2 However, technological drive has somewhat been abated
because computational performance is no longer progressing at a fixed
cost and computational power consumption is quickly increasing.3

Given this scenario, the evolution in computational methods can no
longer be supported by the increasing complexity of the models; there-
fore, simplified and insightful models in plasma physics describing the
main features of the considered models are needed.

The most performance-consuming source of plasma physics sim-
ulations is the desire to compute the fully self-consistent coupling
between fields and particles. Kinetic and fluid models typically evolve a
large number of variables simultaneously and independently, resulting
in time-consuming and resource-intensive computations.4,5 As an
alternative, one can adopt parameter-drift models, in which selected
parameters evolve according to predefined time-dependent evolution
laws rather than being computed self-consistently from the internal

dynamics of the model.6 Within this framework, we attempt to reduce
computational cost while still capturing essential aspects of the slow
time evolution of key plasma quantities.

In this context, low-dimensional models offer a valuable frame-
work for exploring the qualitative behavior of such systems. Despite
their simplicity, these models can capture essential features that also
govern more sophisticated models.7–9 They provide analytical tracta-
bility, computational efficiency, and a clear setting in which to develop
and extensively test theoretical models at low cost. Particularly in fluid
mechanics and plasma physics, low-dimensional models have long
served as idealized platforms for investigating fundamental transport
processes10–16 and guiding-center dynamics.17–21 Moreover, their util-
ity extends beyond plasma applications, offering insight into general
features of systems governed by slowly varying or externally prescribed
parameters.

Concerning dissipative low-dimensional systems, slow parameter-
drift models have shown insightful results in the understanding of
climate change dynamics subjected to time-dependent parameters such
as greenhouse gas and aerosol emissions.22–24 Recently, an ensemble
approach for dealing with climate dynamics was proposed, called
climate parallel realizations.24 In this framework, the time evolution of
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the climate is characterized by an ensemble of possible states, rather
than the past time series of a given orbit in the ensemble.25 In dynami-
cal systems language, chaotic attractors constitute such ensembles, and
the time evolution of the attractor dictates the time evolution of all pos-
sible parallel climate realizations.

Only recently has the framework of parameter-drift models been
used for conservative and Hamiltonian systems.6,26 Based on the ideas
of parallel climate evolution, authors have employed the ensemble
approach to describe time-dependent Hamiltonian system dynamics
to gain insights into the corresponding physical models for magneti-
cally confined fusion27 and astrophysics.28 However, the primary anal-
ysis tool used in the parameter-drift literature, the ensemble approach,
was developed for dissipative systems and has intrinsic limitations
when applied to conservative Hamiltonian systems, which lack attrac-
tors and feature a complex mix of regular and chaotic orbits. Therefore,
the very concept of a representative ensemble of trajectories is concep-
tually hard to define and difficult to manipulate.

The purpose of this tutorial is to introduce the key concepts of
parameter-drift models, emphasizing their significance and applicabil-
ity in plasma physics modeling. Fundamental concepts and tools used
in parameter-drift systems are presented in an accessible language for
the plasma community, utilizing the parameter-drift version of a famil-
iar guiding-center model for test particle orbits.19

The literature on parameter-drift models is based on the ensemble
approach. Consequently, its main tools focus on ensemble-averaging
indicators, such as the ensemble-average pairwise distance (EAPD) and
the corresponding ensemble-average Lyapunov exponent (EALE).29

We will address these tools, highlighting their advantages and limita-
tions. We emphasize the constraints of the ensemble-averaging
approach and its subsequent indicators by comparing them with the
standard Lyapunov exponent, an orbit-wise quantity. This indicator
requires a time-independent system; therefore, we demonstrate how to
embed any parameter-drift Hamiltonian system into an extended phase
space, eliminating explicit time dependence. As a result, the dynamics
in the extended phase space preserve the original phase space structure
but shed light onto important phenomena such as Arnold diffusion
and the Arnold web.30

The tutorial begins in Sec. II with an in-depth look at the
Hamiltonian test-particle guiding-center model, which will serve as an
example throughout the paper. Section III starts with the definition of
parameter-drift models and explains how such time-dependent
dynamical systems differ from time-independent ones. We establish a
parameter-drift version of the chosen example system in Sec. III A,
demonstrating the consequences of including parameter drift in a pre-
viously time-independent system. The ensemble-average approach is
presented in Sec. III B, along with its limitations. In Sec. IV, we detail
the general procedure for converting a parameter-drift Hamiltonian
system into a time-independent one, again using our example model.
In the same section, we compare the results of the standard Lyapunov
exponent of orbits in the new time-independent system with the
ensemble-average Lyapunov exponent. Conclusions and final perspec-
tives are provided in Sec. V.

II. TEST PARTICLE MAP

As noted above, in this tutorial we will utilize a low-dimensional
Hamiltonian model to illustrate the principles and techniques presented
here, due to its straightforward nature. However, these techniques can
also be applied to more complex models. Although the drift wave test

particle model involves certain oversimplifications, it effectively captures
crucial aspects of edge E� B transport. In this model, the guiding-
center equations of motion for a test particle are provided as follows:

dx
dt

¼ vjj
B
B
þ E� B

B2
; (1)

where x ¼ ðr; h;uÞ represents toroidal coordinates on a rectified
torus, with z ¼ Ru and R denoting the major radius.19 The electric
field consists of a radial mean component Er combined with a fluctu-
ating component ~E ¼ �r~/ originating from the drift wave spectrum

~/ðx; tÞ ¼
X1

m¼�1
/m cos Mh� Lu�mxtð Þ: (2)

In components, Eq. (1) gives

dr
dt

¼ � 1
rB

@~/
@h

; (3a)

dh
dt

¼ vjj
r
Bh

B
� Er

rB
; (3b)

du
dt

¼ vjj
R
: (3c)

Assuming an infinite spectrum of modes with equal amplitude,
/m ¼ /, one can derive a map from the differential equations (3) by
applying the sifting property of the Dirac delta function.19,31 The
resulting map is given by

Inþ1 ¼ In þ 4pM/
xa2Bu

sinðMhn � LunÞ; (4a)

hnþ1 ¼ hn þ 2p
Rx

vjj
qðInþ1Þ �

1
axBu

ErðInþ1Þffiffiffiffiffiffiffiffi
Inþ1

p ; (4b)

unþ1 ¼ un þ
2p
Rx

vjj: (4c)

Here, a denotes the minor radius, q ¼ rBu=ðRBhÞ is the safety factor,
and I ¼ ðr=aÞ2. The map defined by Eqs. (4) has three variables but
can be interpreted as a four-dimensional Hamiltonian system. The
momentum conjugate to the u is a constant; therefore, u is an ignor-
able coordinate.

In order to take into account the dynamics of u without increas-
ing the dimensionality, we can also define a new coordinate, v :¼
Mh� Lu and write the map in terms of it, yielding

Inþ1 ¼ In þ 4pM
a2x

/
Bu

sinðvnÞ; (5a)

vnþ1 ¼ vn þ
2pvjj
xR

M � LqðInþ1Þ½ �
qðInþ1Þ � M

xa
ErðInþ1Þ
Bu

ffiffiffiffiffiffiffiffi
Inþ1

p : (5b)

The safety factor q and the radial electric field Er are functions of
the radius r, or equivalently, of the action I. Depending on the chosen
profiles, the map exhibits different behaviors, governed by its twist
function

s Ið Þ ¼ 2pvjj
xR

M � LqðIÞ½ �
qðIÞ �M

x
ErðIÞ
Bu

ffiffi
I

p ; (6)
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which gives the frequency, or equivalently, the period, of each orbit in
the integrable limit, i.e., when / ¼ 0. The meaning of the twist func-
tion in Hamiltonian dynamical systems is somewhat elaborate.
Fortunately, it has a direct correspondence with a well-known concept
in magnetic fusion: the rotational transform in tokamaks. In this anal-
ogy, the twist function can be interpreted as measuring the rotational
transform, that is, the number of poloidal transits per toroidal transit,
of a trajectory in phase space. Since the Hamiltonian phase space in
action–angle variables has the topology of a torus, the twist function
essentially quantifies this winding property. Furthermore, as for
the rotational transform in tokamaks, the twist function profile is fun-
damental for transport properties in Hamiltonian systems, as we will
see next.

Early research on rotating fluid experiments10,32 showed that bar-
riers to transport appear near the peak of zonal flows. Because the
equations governing these experiments are to leading order equivalent
to the Hasegawa–Mima equations that govern plasma drift waves, del-
Castillo-Negrette and Morrison proposed at this time that the same
would be true in the plasma zonal flow context and, moreover, that it
was a general feature of systems where the twist function possesses
extrema, so-called nontwist or shearless points. It was also proposed in
the context of magnetic confinement devices that this should be the
case for extrema of the rotational transform.33 The reason for this is
because near nontwist points, in general, in classes of systems, it is dif-
ficult for perturbations to generate adjacent large-scale resonan-
ces.11,34,35 These ideas have appeared in many places over the years,
e.g., in Refs. 36 and 37, where they were seen to be consistent with
experimental observations in two other devices.

Indeed, in advanced tokamak scenarios, internal transport bar-
riers are now associated with reversed shear q profiles,38 while edge
transport barriers are associated with steep wells39 or hills40 on Er pro-
files at the plasma edge. Both scenarios exhibit reduced transport coef-
ficients near the extrema of these profiles, characterizing the formation
of particle transport barriers.

In the context of our Hamiltonian model, using nonmonotonic
profiles of safety factor and radial electric field, extremum points (max-
ima or minima) in the twist function appear, i.e., ðI�; v�Þ points in
phase space at which

ds
dI

����
ðI�;v�Þ

¼ 0 ; (7)

these are the nontwist or shearless points proposed by del-Castillo-
Negrette and Morrison, which generate shearless orbits: special tori
that are characteristically resistant to perturbations.

In order to produce both internal and edge transport barriers,
safety factor and electric field profiles are chosen as follows:

qðqÞ ¼ qm þ cðq� qqÞ2; (8a)

ErðqÞ ¼ � qA

1þ g q2 � q2E
� �2 : (8b)

Here, q is the normalized radial coordinate, and

c ¼ ðq0 � qmÞ=qq: (9)

All parameter values, listed in Table I, assumed in this work
correspond to those reported for the observed TCABR tokamak

discharges.16,41 The radial profiles of the safety factor and the electric
field are shown in Fig. 1(a).

These profiles give rise to the twist function shown in Fig. 1(b),
which exhibits three shearless points: I1 � 0:2, I2 � 0:9, and I3 � 0:7.
The first two correspond to the minimum and maximum of qðIÞ and

TABLE I. Parameters used throughout the paper.

Parameter SI Normalized

M 15 15
L 6 6
Bu 1 T 1
x 6� 104 Hz 6
vjj 3 km/s 1.5
q0 3 3
qm 2 2
qE 0.95 0.95
qq 0.4 0.4
A 2 kV/m 1.0
g 80 80

FIG. 1. Radial profiles of (a) the safety factor q (dashed lines) and equilibrium elec-
tric field E r (filled line) and (b) the corresponding twist function s.
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ErðIÞ, respectively. The third shearless point, located between them,
emerges from the combined influence of the two profiles.

Typical phase space plots using the profiles of Fig. 1 are shown in
Fig. 2, presenting both regular (resonances and tori) and chaotic orbits.
In phase space, transport takes place by chaotic orbits, which occupy a
significant fraction of phase space. With the increase in perturbation,
the drift wave amplitude / in our model, chaos spreads through phase
space, destroying resonances and tori. In the transition between Figs.
2(a) and 2(b), the blue and green shearless tori are broken in the pro-
cess of chaos spreading. Among regular orbits, shearless tori play a key
role in phase space transport. Due to their shearless nature, they are
robust against perturbations. For example, the green shearless torus in
Fig. 2(a), corresponding to the edge transport barrier, is one of the last
surviving tori and prevents radial chaotic transport in that region.

Moreover, even after the shearless torus breakup, remnants of the
shearless torus still act as a partial transport barrier. Transport coeffi-
cients in the region are reduced, mostly influenced by hyperbolic
manifolds crossing in the region.42 The partial transport barrier
strength is sensitively dependent on parameters.

In this section, we presented the drift wave test particle map
for the guiding-center dynamics of test particles in plasmas subject to
electrostatic perturbations present in edge turbulence. By using non-
monotonic profiles consistent with advanced scenarios in tokamak
discharges, the system shows regions in phase space with reduced
transport coefficients, fundamentally due to the existence of shearless
tori and their remnants.

III. SLOW PARAMETER-DRIFT MODELS

In plasma physics, as in many other fields, the relevant quantities
are typically classified into two categories: dynamical variables and
parameters. Dynamical variables refer to physical quantities that evolve
over time, such as position and velocity. Parameters, on the other
hand, are fixed quantities defined by the model.

However, plasma parameters such as electron temperature,
plasma current, and instability amplitude are not constant in many
plasma models. In such cases, these quantities must be treated as
dynamical variables and solved self-consistently by the model, leading
to computationally expensive simulations. Despite the high computa-
tional cost, the physical accuracy of the results strongly depends on the
quality of the self-consistent formulation.

Ultimately, the distinction between variables and parameters is
determined by the model itself. To reduce computational cost while
still capturing essential aspects of the time evolution of key plasma
quantities, one may instead prescribe a time evolution for selected
slow-varying parameters. This leads to a parameter-drift model, in
which some parameters evolve according to pre-established time evo-
lution, rather than depending on the variables of the model.

In general terms, a parameter-drift model is a dynamical system
defined by the class of equations

_z ¼ Fðz; lðtÞ; tÞ; t0 � t � tmax; (10)

where z 2 D is the vector of dynamical variables in the phase space D,
F : D ! D is a vector-valued function that governs the evolution of
the dynamical variables, and lðtÞ denotes the set of time-dependent
parameters. In the case of discrete-time systems, time takes on integer
values n ¼ 0; 1;…, and the time evolution is described by a map

znþ1 ¼ Mðzn; lnÞ; n0 � n � nmax; (11)

where ln � lðnÞ is a function of discrete time n. These definitions can
also be extended to models involving partial differential equations.

Since we are focusing on slow parameter drifting, the ordering of
this drift must obey certain bounds. A rough estimate can be estab-
lished by the ratio R ¼ jl0j=l0, which measures the parameter shift
compared to its initial value. Considering R 	 1, typically R < 10�2,
is sufficient for our purpose.

One can notice that Eqs. (10) and (11) define evolution rules with
explicit time dependence, characterizing them as nonautonomous
dynamical systems. In contrast to autonomous systems, whose evolu-
tion laws are time-independent, nonautonomous systems can exhibit
richer dynamics.22 Although many classic differential equations books
treat nonautonomous systems,43 in recent years a broad class of the
dynamical systems literature in both mathematics and the physical sci-
ences has concentrated on autonomous systems. However, interesting
intrinsically nonautonomous phenomena, such as tipping points and
hysteresis-like bifurcation processes, can be crucial in many nonauton-
omous drift parameter contexts.44,45

FIG. 2. Phase space. (a) / ¼ 0:6� 10�3 and (b) / ¼ 1:8� 10�3. The shearless
orbits, in green, blue, and red, prevent chaotic transport. With the increase in pertur-
bations, the edge transport barrier is broken.
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A. Parameter drift in plasma physics

Symplectic low-dimensional parameter-drift maps have recently
attracted attention in the literature due to their connections with
important phenomena in climate science.6,26,29,46 However, only
recently has their relevance to plasma physics been established.27

The plasma physics community is already using the parameter-
drift approach on some equilibrium models. Recently, time-dependent
solvers for the Grad–Shafranov equation have been proposed
to account for the effects of slow dynamics, for example, caused by
resistivity.47,48 In these works, the Grad–Shafranov equation is self-
consistently solved for the flux function with a constant electric resis-
tivity that gives an inductive current. The authors claim that despite
the finite lifetime of stationary solutions, one can get insightful results
by coupling the equilibrium solution with slow time-dependent effects
of resistive diffusion.47

In this tutorial, we will focus on our example model, given by
Eqs. (5), while allowing parameters to vary over time. This leads to a
time-dependent symplectic map. For instance, a linear drift in the per-
turbation amplitude / ¼ /ðnÞ ¼ /0 þ /0n yields

Inþ1 ¼ In þ 4pM
a2xBu

ð/0 þ /0nÞ sinðvnÞ; (12a)

vnþ1 ¼ vn þ
2pvjj
xR

M � LqðInþ1Þ½ �
qðInþ1Þ � M

xa
ErðInþ1Þ
Bu

ffiffiffiffiffiffiffiffi
Inþ1

p ; (12b)

where /0 is constant. Furthermore, any other parameter, e.g., the toroi-
dal magnetic field and the radial profiles of equilibrium electric field
and safety factor, may also be time-dependent within this model.
Thus, depending on the physical aspect under consideration, parame-
ters can be treated as either fixed or drifting.

The drift wave model can also be interpreted as a parameter-drift
system by treating u as a system parameter. Assuming a constant vjj in
Eqs. (4), the time evolution of the toroidal coordinate can be solved,
yielding uðnÞ ¼ 2pvjj

Rx n. Therefore, the system reduces to a two-
dimensional Hamiltonian map in the ðI; hÞ action–angle variables,
with a time-dependent parameter uðnÞ. In this context, ripples in the
magnetic field lines can be added to the model considering
Bu ¼ BuðnÞ, which is equivalent to a toroidal angle dependence in
this framework.

Although substantial results have been established concerning
paradigmatic low-dimensional dynamical systems with parameter
drift,6,26,29,49 the effects of parameter drifting in complex plasma mod-
els have not yet been studied. We argue that paradigmatic plasma sys-
tems keep a connection with their larger parent models, and the results
obtained are useful for understanding the big picture.

As an example, consider a parameter-drift version of the standard
nontwist map.10,49 This is recovered in the local dynamics of Eqs. (12)
by fixing to a parabolic safety factor profile

qðIÞ ¼ qm þ q00m
2
ðI � ImÞ2; (13)

and disregarding the effect of the radial electric field. Then, upon
Taylor expanding the equation for the angle and defining new
variables,

x ¼ v
2p

; y ¼
ffiffiffiffiffiffiffiffiffiffi
Mq00m
2qmd

s
ðI � ImÞ;

we obtain the parameter-drift standard nontwist map

xnþ1 ¼ xn þ að1� y2nþ1Þ; (14a)

ynþ1 ¼ yn � bðnÞ sinð2pxnÞ; (14b)

where

a ¼ vjjd
Rqmx

; bðnÞ ¼ �2pM
a2x

� � ffiffiffiffiffiffiffiffiffiffiffiffi
2Mq00m
2qmd

s
/ðnÞ
Bu

: (14c)

Therefore, locally, the drift wave map around the minimum of the
safety factor profile behaves as the time-dependent standard nontwist
map,49 with the perturbation parameter bðnÞ varying over time.

Fundamentally, parameter-drift systems are nonautonomous.
This results in time-dependent structures and components in phase
space. However, parameter-drift maps do not possess the invariant
structures as seen in two-dimensional autonomous maps, like the
invariant tori shown in Fig. 2.

Depending on the regime of parameter variation, tori and chaotic
seas can be interpreted as time-dependent structures within
parameter-drift systems. For instance, Fig. 3 illustrates our example
model with a linear time-dependent amplitude. We consider the so-
called snapshot objects in phase space at various iteration times. An
ensemble of trajectories is initialized in the frozen system (/ ¼ 0),
similarly to the orbits shown in Fig. 2(a). These ensembles are then
evolved under the parameter-drift system and plotted in phase space.

After a few iterations, structures in phase space become visible, but
they are deformed due to the parameter variation. These variations tend
to stretch and fold the snapshot objects, giving rise to fingerlike struc-
tures within the chaotic sea, particularly prominent around the main res-
onance inside the chaotic sea shown in Fig. 3(b). On nonresonant tori,
the stretching and folding effects are even more pronounced. Eventually,
the parameter drift causes the breakup of these tori through collisions
with the chaotic saddle.6 This occurs between Figs. 3(a) and 3(b) for the
green torus and between Figs. 3(b) and 3(c) for the blue torus.

Before their breakup, shearless tori act as transport barriers in
phase space, preventing the chaotic sea from spreading upward. The
two chaotic regions above and below the green shearless torus only
mix after its breakup, thereby creating a transport channel. A similar
mechanism occurs with the blue torus.

In general, the evolution of such ensembles is related to the
behavior of manifolds in the system, which, in time-varying systems,
are referred to as time-dependent foliations.26 Similar to invariant
manifolds, stable and unstable foliations determine the repelling and
attracting directions along which orbits travel through phase space. It
is well established in the literature that hyperbolic manifolds give rise
to Smale horseshoe sets. Specifically, in Hamiltonian systems, these
horseshoes exhibit the characteristic fingerlike structures around reso-
nances immersed in chaos.42,50,51

B. Ensemble-average pairwise distance

Traditionally, in dynamical systems, the chaoticity of an orbit is
determined by its largest Lyapunov exponent. Fundamentally, this
quantity characterizes the asymptotic rate of exponential divergence
between nearby trajectories. Considering two-dimensional Hamiltonian
maps, regular quasiperiodic orbits have a zero maximal Lyapunov expo-
nent. In contrast, chaotic orbits have a positive Lyapunov exponent,
which also serves as a measure of the intensity of chaos.
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However, traditional dynamical system methods, such as the cal-
culation of Lyapunov exponents, have not been applied to parameter-
drift systems. Instead, the ensemble-average pairwise distance (EAPD)
was proposed as a measure of the chaoticity of ensembles, that is, the
time at which a given ensemble becomes chaotic, as well as to assess
the strength of its chaotic behavior. Based on the exponential expan-
sion of the ensemble of points, the EAPD is defined as

qðnÞ ¼ h ln dni; (15)

where the average h
i is taken over an ensemble of trajectories, and dn
denotes the distance between neighboring trajectories within the
ensemble at discrete time n.

We compute the EAPD for our parameter-dependent nontwist
system. To this end, we initialize an ensemble with N ¼ 105 initial
conditions distributed along the shearless curve. For each initial condi-
tion, a nearby point within an e-neighborhood is also selected. Both
sets of initial conditions are evolved under the parameter-drift system.
The initial separation is set as d0 ¼ 10�10. At each time step n, the dis-
tance dn between each orbit and its e-neighbor is computed and then
averaged over the ensemble.

The evolution of qðnÞ is illustrated in Fig. 4 for the blue and green
snapshot shearless tori. Initially, in both ensembles, the EAPD remains
approximately constant at the numerical value corresponding to the
initial separation set by the e-neighborhood, qð0Þ ¼ ln 10�10 � �23.
A transition then occurs from this initial plateau to a linear growth
regime. Based on numerical estimates, we define a critical iteration
value nc � 33 for the green torus and nc � 55 for the blue torus. This
transition indicates the onset of exponential orbit separation, on aver-
age, within each ensemble. The slope, or the derivative, in the linear
regime is interpreted as the instantaneous Lyapunov exponent associ-
ated with the ensemble. In this work, we refer to it as the ensemble-
averaged Lyapunov exponent.

Eventually, the pairwise distance assumes the scale of phase space,
and the EAPD saturates around zero. The presence of subregimes with
different Lyapunov exponents is also possible. We found two such sub-
regimes associated with the green torus. However, these can be difficult
to define and detect numerically.52

The ensemble approach, by its averaging nature, provides
only typical information about collections of trajectories and may
obscure important dynamical features present within the ensemble.
Authors argue that traditional Lyapunov exponents are inadequate

FIG. 3. Phase space snapshots of an ensemble of orbits evolved under a linear drift in the perturbation amplitude /ðnÞ ¼ /0 þ /0n with values /0 ¼ 0:6� 10�3,
/0 ¼ ð/max � /0Þ=nmax, /max ¼ 2:6� 10�3, nmax ¼ 100. All orbits are initialized on the “frozen” tori seen in Fig. 2(a). (a) n ¼ 30, (b) n ¼ 45, (c) n ¼ 60, and (d) n ¼ 70.
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for parameter-drift systems, as their asymptotic definition is inconsis-
tent with the finite-time windows inherent to these systems.6 An alter-
native is to consider the finite-time Lyapunov exponent (FTLE), which
captures the local divergence of trajectories over short, predefined time
intervals. This yields a time-window-appropriate measure that also
allows a per-orbit basis computation.

To compute traditional Lyapunov exponents in parameter-drift
systems, it is often convenient to eliminate explicit time dependence.
This can be achieved by treating time as an additional coordinate.
However, care must be taken to preserve essential features of the sys-
tem, such as its Hamiltonian structure. In Sec. IV, we present a proper
formulation for removing explicit time dependence in Hamiltonian
systems, enabling the computation of finite-time Lyapunov exponents
for individual orbits.

IV. EXTENDED PHASE SPACE APPROACH

The ensembles in a Hamiltonian parameter-drift system deform
(Fig. 3) as a result of explicit time dependence on the evolution equa-
tions of motion. This contrasts with time-independent Hamiltonian
systems, whose chaotic seas, resonances, and irrational tori remain
invariant under time evolution. Although both are Hamiltonian, the
explicit time dependence imposed by the parameter evolution effec-
tively increases the dimensionality of the phase space. In order to
obtain an autonomous system with equivalent time evolution, one
needs to extend the dimensionality of the system, considering time as a
canonical coordinate. Formally, we embed the parameter-drift system
into the extended phase space. For continuous Hamiltonian systems,
the procedure is straightforward and well known.30,53

A. Time as a canonical variable

Consider a parameter-drift continuous Hamiltonian function
given by

Hðp; q; tÞ ¼ Hðp1;…; pk; q1;…; qk; lðtÞ; tÞ;
with canonical pairs of momentum and coordinate ðpi; qiÞ,
i ¼ 1;…; k. This defines a 2k-dimensional phase space. We can embed
this phase space into the so-called extended phase space by treating

time t as an additional coordinate. Formally, we define a new canonical
coordinate qkþ1 � t and its conjugate momentum pkþ1 � �H. By
defining the new Hamiltonian

Hðp; qÞ ¼ pkþ1 þ H p1;…; pk; q1;…; qk; lðqkþ1Þ; qkþ1ð Þ;
the resulting Hamiltonian system is autonomous, i.e., with no explicit
time dependence. The system also preserves the original time evolution
equations, and its 2ðkþ 1Þ-dimensional phase space keeps a
Hamiltonian structure.

In our example parameter-drift system, Eq. (12), since it is a map,
we do not have a Hamiltonian function generating the time evolution.
Nevertheless, Hamiltonian maps are derived from an evolution rule
involving the so-called generating function, which guarantees that the
map preserves the geometric structure of the phase space, i.e., its sym-
plecticity. Therefore, the time evolution ðvn; InÞ ! ðvnþ1; Inþ1Þ is
given by the generating function

FðInþ1;vn;nÞ¼vnInþ1þ2pv
xR

M
ð
dInþ1

qðInþ1Þ�LInþ1

� 	

� M
axBu

ð
ErðInþ1Þffiffiffiffiffiffiffiffi

Inþ1
p dInþ1þ2M/ðnÞ

a2xBu
cosðvnÞ: (16)

One obtains the relations between the “old” ðvn; InÞ and “new”
ðvnþ1; Inþ1Þ coordinates according to

In ¼ @F
@vn

; vnþ1 ¼
@F

@Inþ1
; (17)

which recovers the parameter-drift Hamiltonian map under study.
Note that the generating function itself has explicit time dependence.
More about Hamiltonian maps and generating functions can be found
in any Classical Mechanics textbook.30,54,55

In order to embed our two-dimensional map into the extended
phase space, we propose a simple procedure based on the original sys-
tem generating function.56 Starting from the time-dependent generat-
ing function (16), we identify the iteration as the new coordinate x. Let
ðI; v; y; xÞ be the canonical coordinates of a four-dimensional
Hamiltonian map, where ðI; yÞ are the canonical momenta conjugate
to the coordinates ðv; xÞ. The simplest generating function of the sec-
ond kind is an extension of Eq. (16) given by

GðInþ1; vn; ynþ1; xnÞ ¼ FðInþ1; vn;/ðxnÞÞ þ ðxn þ 1Þynþ1: (18)

The first term corresponds to the generating function in Eq. (16),
where the parameter / is treated as a function of the coordinate x,
which is interpreted as a time coordinate. The last term in Eq. (18) is
based on the identity generating function but serves to increment x by
one unit at each iteration. Hence, the coordinate x evolves analogously
to time in our discrete map. This generating function implies the fol-
lowing relations:

In ¼ @G
@vn

¼ @F
@vn

;

vnþ1 ¼
@G
@Inþ1

¼ @F
@Inþ1

;

yn ¼ @G
@xn

¼ @F
@/

d/
dxn

þ ynþ1;

xnþ1 ¼ @G
@ynþ1

¼ xn þ 1;

FIG. 4. Ensemble-average pairwise distance using the same parameters as in
Fig. 3. Green (blue) points refer to the green (blue) shearless orbit. The correspond-
ing ensemble-average Lyapunov exponents are indicated.
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yielding the four-dimensional autonomous Hamiltonian map

Inþ1 ¼ In þ 4pM
a2xBu

/ðxnÞ sinðvÞ; (19a)

vnþ1 ¼ vn þ
2pvjj
xR

M � LqðInþ1Þ½ �
qðInþ1Þ � M

xBu

ErðInþ1Þffiffiffiffiffiffiffiffi
Inþ1

p ; (19b)

ynþ1 ¼ yn þ 2M
a2xBu

/0ðxnÞ cosðvnÞ; (19c)

xnþ1 ¼ xn þ 1: (19d)

Observe that the map of Eqs. (19) keeps the same drifting dynamics in
ðI; vÞ plane, but now, the parameter / drifts with the coordinate x
instead of the time n. The new map also keeps the Hamiltonian struc-
ture, an important feature since our original parameter-drift map is
also Hamiltonian. Nonetheless, its dimensionality is increased, which
may complicate some numerical tasks but sheds light on important
phenomena already observed in the system: the lack of invariant
curves.

In Hamiltonian systems with more than two degrees of freedom,
chaotic transport is strongly influenced by the so-called Arnold web:
the intricate resonant network formed by the intersections of nonlinear
resonance manifolds. Along this web, orbits transition between reso-
nant layers, a mechanism known as Arnold diffusion. Unlike two-
dimensional symplectic maps, where transport is strongly constrained
by invariant tori, higher-dimensional systems possess no absolute bar-
riers, and weak drift along resonances allows orbits to migrate across
wide regions of phase space over long timescales. For a pedagogical
introduction to the topic, see Ref. 57.

These ideas have been extensively developed in classical mechan-
ics for near-integrable systems since the early work of Arnold.58

Recent mathematical work has clarified how global transport can occur
in multidimensional Hamiltonian systems through the interaction of
resonances, the geometry of normally hyperbolic invariant manifolds
(NHIMs), and the role of scattering maps.59–63 In plasma physics,
Arnold diffusion has been rigorously demonstrated for charged par-
ticles in ABC magnetic fields.64 Its relevance for adiabatic invariant
breakdown and toroidal confinement has been emphasized in studies
of time-dependent magnetic configurations.64,65

B. Lyapunov exponent approach

As a general rule, the ensemble-average pairwise distance and its
associated growth rate are statistical measures of the exponential sepa-
ration of orbits, but they do not represent true Lyapunov exponents—
even in the finite-time regime. Due to its averaging nature, the ensem-
ble average can obscure relevant subpopulations exhibiting behavior
that deviates from the mean, as we will show.

Fortunately, by embedding the parameter-drift system (12) into
the extended phase space, we can compute the Lyapunov exponent of
individual orbits in the autonomous system (19) using traditional and
broadly tested algorithms.66 Furthermore, we can visualize snapshots
of each ensemble and track the time evolution of the finite-time
Lyapunov exponent (FTLE) of each orbit (see Fig. 5). Since time acts
as a coordinate in the extended phase space, snapshots correspond to
stroboscopic maps.

In this work, we use the numerical method described in Ref. 66 to
compute the full Lyapunov spectrum of individual orbits. This method

is based on the Jacobian matrix and employs the Gram–Schmidt
orthonormalization procedure to track the expansion and contraction
rates along stable and unstable directions.

The time evolution of a blue shearless torus is depicted in Fig. 5,
together with the largest FTLE of each orbit calculated for different
times n, represented by the color bar. Initially, the torus ensemble
deforms without losing its circular topology [Fig. 5(a)] until n � 60
when a population of orbits starts to stretch and fold [Fig. 5(b)].
Although this population begins to stretch and fold into the chaotic sea,
a noticeable population of the ensemble remains regular [Fig. 5(c)].

The disparity of behaviors in the same ensemble is also reflected
in the differences in the FTLE. Orbits with regular behavior tend to
have small FTLE, especially in the initial iteration. Additionally, no sin-
gle orbit in the ensemble shows an FTLE of 0.52, the value provided by
the ensemble-average Lyapunov exponent (EALE). In summary, the
EALE for this blue torus (Fig. 4) is therefore not representative of any
specific orbit behavior but is rather a statistical mean that hides this
rich dynamical complexity.

Since our parameter drift is strictly increasing, eventually all orbits
tend to become fully chaotic, as shown in Fig. 5(d). Nevertheless,
even among chaotic orbits, there is a substantial difference in the FTLE
of orbits in the ensemble.

Shearless transport barriers also play a central role in this context.
Notably, the chaotic region initially expands into the upper portion of
the phase space. Only after a transient, the ensemble initialized on the
shearless curve begins to extend into the region below it [Fig. 5(d)].

The reason why, even within the same ensemble, populations of
orbits exhibit markedly different finite-time evolutions is investigated
by analyzing the Lagrangian Coherent Structures (LCS) in phase
space.67–69 By computing the finite-time Lyapunov exponent on a grid
of initial conditions in the ðv; IÞ plane, distinct coherent structures
with varying FTLE values emerge, as shown in Fig. 6. Note that the
procedure in Fig. 6 differs from that in Fig. 5. Instead of displaying
snapshots and FTLE values at different iterations n, Fig. 6 presents the
FTLE computed for a grid of initial conditions.

Here, the edge shearless curve ensemble is highlighted, demon-
strating that within the same ensemble, orbits can belong to different
coherent regions in phase space depending on their initial location.
Consequently, the way ensembles are prepared, iterating one single
orbit in the frozen system (/ ¼ const:), may not provide a good repre-
sentation of populations of orbits with similar time evolution.

In fact, the dynamics of the frozen system bear little resemblance
to those of the parameter-drift system. Consequently, one may expect
that this ensemble definition leads to distinct properties, as reflected in
the distribution of FTLEs and the structure of Lagrangian Coherent
Structures within the ensemble.

Furthermore, the method employed here allows the computation
of the full Lyapunov spectrum, not just the largest exponent. In our
case, involving a two-dimensional parameter-drift Hamiltonian map,
the system has only two Lyapunov exponents, which are additive
inverses of each other, ðk;�kÞ. Thus, the second exponent serves as a
benchmark for verifying the reliability and accuracy of the computed
largest FTLE. The primary advantage of this method, however,
becomes evident in higher-dimensional systems. While the ensemble-
average method yields only the largest Lyapunov exponent, the
Jacobian-based approach enables a more comprehensive characteriza-
tion of the orbit by providing the entire Lyapunov spectrum.
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V. CONCLUSIONS

In the past decade, parameter-drift systems have been extensively
studied in the context of low-dimensional dynamical systems, reveal-
ing insightful behaviors. Only recently have these models been applied
to simplified physical systems, such as those in plasma physics, where
they are showing promising results. The parameter-drift approach ena-
bles the inclusion of evolving parameters within the system dynamics
without the computational cost of fully self-consistent simulations—a
key advantage for modeling time-dependent scenarios in plasma
discharges.

Traditionally, the ensemble approach has dominated studies of
parameter-drift systems, particularly in dissipative settings where
attractors are well-defined. In such cases, the specific choice of initial
conditions does not affect the asymptotic behavior, and ensemble aver-
ages provide reliable information. However, for Hamiltonian systems
or transient regimes lacking invariant limiting sets, the ensemble
approach exhibits important limitations. Notably, the choice of initial
ensemble is no longer unique, and ensemble-averaged quantities yield
only typical, not representative, characterizations of the system dynam-
ics. As shown in this tutorial through finite-time Lyapunov exponent

FIG. 6. Finite-time Lyapunov exponent after n ¼ 30 iterations in ðv; IÞ plane of ini-
tial conditions. Parameters are /0 ¼ 1:0� 10�3, /0 ¼ 3� 10�5. Magenta points
highlight the edge of the shearless orbit.

FIG. 5. Snapshots of the blue ensem-
ble in Fig. 3 after n iterations. Colors
represent the maximum finite-time
Lyapunov exponent after (a) n ¼ 40,
(b) n ¼ 60, (c) n ¼ 65, and (d) n
¼ 75 iterations.
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(FTLE) analysis, distinct subpopulations within an ensemble can
exhibit considerably different transient behaviors. Moreover, the con-
ventional method of preparing ensembles, using orbits evolved in the
frozen (non-drifting) system, results in inhomogeneous distributions
that do not follow the Lagrangian Coherent Structures of the true
parameter-drift system.

To address these challenges, an alternative approach involves track-
ing individual orbits and analyzing their dynamical indicators indepen-
dently. This orbit-wise strategy avoids the ambiguity inherent in
ensemble definitions and highlights the diversity of transient behaviors.
However, the explicit time dependence of parameter-drift systems poses
a technical obstacle. To overcome this, we presented a method to embed
the time-dependent system into an extended phase space, providing a
time-independent character and preserving the Hamiltonian structure.
This framework allows the application of standard tools for Lyapunov
spectrum computation and, as we showed, provides a more accurate and
detailed picture of the dynamics in parameter-drift Hamiltonian systems.

In such a higher-dimensional phase space, the Arnold web and
associated Arnold diffusion provide natural mechanisms for global
transport along resonance networks. In such settings, slow parameter
variation causes orbits to migrate along these resonant pathways, pro-
ducing long-range transport similar in spirit to Arnold diffusion.
Exploring how parameter drift modifies the connectivity of the Arnold
web is therefore a promising direction for future work, especially for
applications involving multidimensional guiding-center models.

Although developed here in the context of drift-wave transport,
the techniques presented may be applied more broadly to other
relevant systems with slow or prescribed parameter evolution, such
as transport phenomena and quasi-static evolution scenarios in
magnetohydrodynamics.

Obviously, self-consistent models in plasma physics are more
physically consistent compared to parameter-drift models due to their
nature. However, the computational cost of fully self-consistent models
is prohibitive in certain simulations, and the accuracy of both
approaches depends intrinsically on the quality of the model and how
coupled to other variables a given parameter is.

We hope this tutorial and the tools presented here assist the
plasma physics community in recognizing the relevance of parameter-
drift models, as well as in understanding their advantages and the limi-
tations that remain to be addressed.
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