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ABSTRACT

We examine the differences between the driven turbulence described by the Kuramoto-Sivashinsky (KS) equation and the second law of ther-
modynamics. A general velocity and entropy density system is analyzed with the unified thermodynamic algorithm of metriplectic dynamics,
and we show that the positive spectra of the KS equation due to an external energy source prevent its metriplectic description. A variant of
the KS equation is produced that monotonically generates an entropy, but the only equilibria of this variant system are spatially constant.
Numerical experiments are performed comparing the evolution of the KS equation and its thermodynamic variant. The entropy of this ther-
modynamic system is increased further by the driving effects of the KS equation, reconciling the generation of entropy with the energy source
of the KS equation. Further numerical experiments restrict the positive spectra in the KS equation to determine the effect on the system time
evolution. While rescaling the growth rates of instabilities reproduces similar behavior on a slower time scale, introduction of individual
positive spectra reproduces the formation of equilibria, relative equilibria, and a transition to chaos. The unified thermodynamic algorithm’s
implications for the KS equation and the transition between the KS equation and its metriplectic counterpart present a novel pathway to study

deterministic dynamical systems with instability.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0326280

The Kuramoto-Sivashinsky (KS) equation is a simple model
equation containing an energy source, energy dissipation, and
nonlinear advection. But we question how the emergence of
chaos in this system is consistent with the universal increase of
entropy required by thermodynamics. In fact, we show that under
thermodynamically consistent dynamics, otherwise chaotic tra-
jectories of the KS equation decay to constant values. However,
an entropy designed with the metriplectic framework increases
further when forcing is present, reestablishing consistency with
universal entropy gain. When the number of instabilities in the
system is restricted, we find a variety of stationary states, trav-
eling waves, and chaotic solutions, showing strong sensitivity to
how energy is injected in a turbulent system.

I. INTRODUCTION

The second law of thermodynamics is commonly associated
with the universal increase of disorder. In a fluid context, this is

interpreted as the uniform distribution of fluid properties." But
many examples of physical systems exist where patterns emerge
spontaneously and nontrivial solutions form. We mention four such
examples here. In the study of thermal combustion, flame fronts
exhibit complicated motion. Wrinkles form through the interaction
of thermal expansion and diffusion, and their amplitude is limited by
turbulence in the gas.” In the study of plasmas in fusion reactors, an
instability known as the trapped ion mode develops spontaneously
and has major implications for plasma confinement. Steady states
of the trapped ion mode appear as oscillations that are excited by
ion-electron collisions and depleted by the process of Landau damp-
ing.” In the study of thin films flowing down an inclined plane, wavy
patterns form due to a competition of gravitational acceleration and
viscous dissipation.’™ In the study of chemical turbulence and reac-
tion diffusion systems, certain reaction equilibria are given energy
by diffusion, and higher order viscous damping allows the forma-
tion of a stable pattern.” In each of these examples, we observe a
competition between the dissipation expected from the second law
of thermodynamics and mechanisms that cause oscillations to grow.

Chaos 36, 053127 (2026); doi: 10.1063/5.0326280
Published under an exclusive license by AIP Publishing

36, 053127-1

20 :¥0 :02¢ 920z aunt G2


https://doi.org/10.1063/5.0326280
https://doi.org/10.1063/5.0326280
https://pubs.aip.org/aip/cha/action/showCitFormats?type=show&doi=10.1063/5.0326280
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0326280&domain=pdf&date_stamp=tag=Ptag=P2026-05-12

$\cdot $


$\cdot $


$\cdot $


$\cdot $


$\cdot $


$\cdot $


$\cdot $


$\cdot $


\begin {equation}\label {d1} \frac {\partial v}{\partial t} + vv_x ={-} v_{xx} - \nu v_{xxxx},\quad 0\leq x\leq L.\end {equation}


$\in $


$\relax ^{\kern -\mathsurround \mathrm {2}\kern -\mathsurround }$


$\lbrace $


$\relax ^{\kern -\mathsurround \mathrm {2\textit {{\xmlpi }ik}/\textit {L}}\kern -\mathsurround }$


$\rbrace $


$+$


$=$


$-$


$-$


$\relax _{\kern -\mathsurround \mathrm {\textit {xxxx}}\kern -\mathsurround }$


$\tilde L = \frac {L}{2\pi \sqrt {\nu }}$


$J^{\,\alpha }$


$Z_\alpha $


$\sigma $


\begin {equation}\label {d2} \begin {gathered} \frac {\partial v}{\partial t} - \{v,H\}= \mathcal {L}^v(J^v),\\ \frac {\partial \sigma }{\partial t}-\{\sigma ,H\} = \mathcal {L}^\sigma (J^\sigma )+Z_\alpha \tilde {L}^{\alpha \beta }Z_\beta , \end {gathered}\end {equation}


$\lbrace $


$\rbrace $


\begin {equation}\label {d3} H = \int _0^L \left ( \frac 12 v^2 + \sigma T \right )dx\end {equation}


$\tilde {L}^{\alpha \beta }$


$\mathcal {L}^{\alpha }$


$=$


$\relax _{\kern -\mathsurround \mathrm {\textit {{\xmlalpha }}}\kern -\mathsurround }$


$=$


$\delta $


$\delta $


$\alpha $


$\alpha $


\begin {equation}\label {d4} Z_{\alpha } = \mathcal {L}^\alpha _* H_{\alpha } \quad \hbox {and}\quad J^{\,\alpha } ={-}H_{\sigma } \tilde {L}^{\alpha \beta }Z_\beta ,\end {equation}


$\mathcal {L}_*^\alpha $


$\mathcal {L}^\alpha $


\begin {align}\label {d5} \int _0^L &\Sigma (dF,dG)M(dK,dN)+\Sigma (dK,dN)M(dF,dG)\nonumber \\ &\quad -\Sigma (dF,dN)M(dG,dK)-\Sigma (dG,dK)M(dF,dN)\,dx\end {align}


\begin {equation}\label {d6} \begin {gathered} \Sigma (dF,dG) = \left ( \mathcal {L}_*^\alpha F_\alpha \right )\tilde {L}^{\alpha \beta }\left ( \mathcal {L}_*^\beta G_\beta \right ),\\ M(dF,dG) = F_{\sigma }G_\sigma . \end {gathered}\end {equation}


\begin {align}\label {d7} \{F,G\}&= \int _0^L -\frac 13 v (F_v \partial _x G_v - G_v \partial _x F_v) - \sigma (F_v \partial _x G_\sigma - G_v \partial _x F_\sigma )\,dx.\end {align}


$S = \int _0^L \sigma \,dx$


$\lbrace $


$\rbrace $


$=$


$\tilde {L}^{vv}$


\begin {equation}\label {d8} \begin {gathered} \frac {\partial v}{\partial t} + vv_x = {-}\mathcal {L}^v\left ( \tilde {L}^{vv}\mathcal {L}_*^v(v)\right ),\\ \frac {\partial \sigma }{\partial t} + \partial _x(\sigma v) = \tilde {L}^{vv} {\left ( \mathcal {L}_*^v(v)\right )}^2. \end {gathered}\end {equation}


$\tilde {L}^{vv} \gt 0$


$\mathcal {L}^v\mathcal {L}^v_*$


\begin {equation}\label {d9} T_{KS} \equiv {-}\partial _{xx} -\nu \partial _{xxxx}\end {equation}


\begin {gather}\label {d10} T_{KS}\,e^{2\pi i kx/L} = g(k)\,e^{2\pi ikx/L},\nonumber \\[-6pt] \\[-6pt] {\rm where}\quad g(k)= \left ( \frac {2\pi k}{L}\right )^2 - \nu \left ( \frac {2\pi k}{L}\right )^4 \nonumber \end {gather}


$\geq $


$k \leq \frac {L}{2\pi \sqrt {\nu }}= \tilde L$


\begin {equation*}v(x) = \sum _{k={-}\infty }^\infty v_k\,e^{2\pi i kx /L}\end {equation*}


$\relax _{\kern -\mathsurround \mathrm {\textit {k}}\kern -\mathsurround }$


$\relax _{\kern -\mathsurround \mathrm {\textit {KS}}\kern -\mathsurround }$


\begin {equation}\label {d11} T_{KS}v(x)= \sum _{k={-}\infty }^\infty g(k)v_k\,e^{2\pi i kx /L}.\end {equation}


$\relax _{\kern -\mathsurround \mathrm {\textit {KS}}\kern -\mathsurround }$


\begin {equation}\label {d12} T_{diss}v(x)= \sum _{k={-}\infty }^\infty g(k)\Theta (|k|-\tilde L)v_k\,e^{2\pi i kx /L},\end {equation}


$\Theta (|k|-\tilde L)$


$|k|\geq \tilde L$


$T_{diss} = -\mathcal {L}^v\mathcal {L}^v_*$


$\mathcal {L}^v$


\begin {equation}\label {d13} \mathcal {L}^vv(x)= \sum _{k={-}\infty }^\infty \sqrt {-g(k)} \Theta (|k|-\tilde L)v_k\,e^{2\pi i kx /L}.\end {equation}


$\mathcal {L}^v=\mathcal {L}^v_*$


$\relax _{\kern -\mathsurround \mathrm {\textit {diss}}\kern -\mathsurround }$


$\mathcal {L}^v$


\begin {align}\frac {\partial v}{\partial t} + vv_x &= T_{diss}v,\label {d14}\end {align}


\begin {align}\frac {\partial \sigma }{\partial t}+\partial _x(\sigma v)&= {(\mathcal {L}^vv)}^2.\label {d15}\end {align}


$S = \int _0^L \sigma \,dx$


\begin {equation}\label {d16} \frac {\partial S}{\partial t} = \int _0^L {(\mathcal {L}^vv)}^2\,dx,\end {equation}


\begin {equation}\label {d17} M(dF,dG)= F_\sigma G_\sigma \end {equation}


\begin {equation}\label {d18} \Sigma (dF,dG)={-} \frac {\partial F_{v}}{\partial x} \frac {\partial G_v}{\partial x} + \nu \frac {\partial ^2 F_v}{\partial x^2}\frac {\partial ^2 G_v}{\partial x^2},\end {equation}


\begin {equation}\label {d19} \begin {gathered} \frac {\partial v}{\partial t}+vv_x ={-}v_{xx}-\nu v_{xxxx},\\ \frac {\partial \sigma }{\partial t}+\partial _x(\sigma v) ={-} {(v_x)}^2+\nu {(v_{xx})}^2. \end {gathered}\end {equation}


\begin {equation}\label {d20} \frac {\partial S}{\partial t} = \int _0^L \nu {(v_{xx})}^2 - {(v_x)}^2\,dx,\end {equation}


$\Sigma $


$\relax _{\kern -\mathsurround \mathrm {\textit {diss}}\kern -\mathsurround }$


$\mathcal {L}$


$\relax _{\kern -\mathsurround \mathrm {\textit {x}}\kern -\mathsurround }$


\begin {gather}\label {d21} v(x,0) = \cos \left ( \frac {x}{16}\right )\left ( 1+\sin \left ( \frac {x}{16}\right )\right ), \nonumber \\[-6pt] \\[-6pt] 0\leq x \leq 32\pi ,\quad \nu = 1, \tilde L= 16. \nonumber \end {gather}


\begin {gather}\label {d22} v(x,0) = \frac {-21\sin (12\pi x/\sqrt {253})-\sin (2\pi x/\sqrt {253})}{\sqrt {253}},\nonumber \\[-6pt] \\[-6pt] 0\leq x\leq 2\pi \sqrt {253},\quad \nu = 4,\quad \tilde L = \sqrt \frac {253}{4}\approx 7.95. \nonumber \end {gather}


$\pi $


$\nu $


$=$


$\alpha = 4\tilde L^2$


$\alpha $


$=$


$=$


$\nu $


$=$


$\tilde L = \frac {11}{\pi } \approx 3.50$


\begin {equation}\label {d23} v(x,0)= \frac 1{20}\sum _{k={-}5}^5 a_k\,e^{\frac {2\pi k i }{L}},\end {equation}


$\relax _{\kern -\mathsurround \mathrm {0}\kern -\mathsurround }$


$=$


$\relax _{\kern -\mathsurround \mathrm {1}\kern -\mathsurround }$


$=$


$-$


$+$


$\relax _{\kern -\mathsurround \mathrm {2}\kern -\mathsurround }$


$=$


$-$


$+$


$\relax _{\kern -\mathsurround \mathrm {3}\kern -\mathsurround }$


$=$


$-$


$-$


$\relax _{\kern -\mathsurround \mathrm {4}\kern -\mathsurround }$


$=$


$-$


$\relax _{\kern -\mathsurround \mathrm {5}\kern -\mathsurround }$


$=$


$-$


\begin {gather}\label {d24} v(x,0) = {\rm sech}\left ( \frac {x}{L}-\frac 12\right ),\nonumber \\[-6pt] \\[-6pt] L =20\pi ,\quad \nu = 4,\quad \tilde L = 5. \nonumber \end {gather}


$\cos \left (\frac {x}{16}\right )\left (1+\sin \left (\frac {x}{16}\right )\right )$


\begin {equation}\label {d25} \begin {gathered} \frac {\delta S}{\delta v}-\lambda \frac {\delta H}{\delta v} ={-}\lambda v = 0, \\ \frac {\delta S}{\delta \sigma } - \lambda \frac {\delta H}{\delta \sigma } = 1-\lambda =0. \end {gathered}\end {equation}


$=$


\begin {equation}\label {d26} \bar {v} = \frac 1L\int _0^L v(x,t)\,dx.\end {equation}


\begin {equation}\label {d27} \frac {\partial }{\partial t}\int _0^L v\,dx + \int _0^L v v_x\,dx = \int _0^L -\mathcal {L}^v\mathcal {L}^v_* v\,dx\end {equation}


\begin {equation}\label {d28} L \frac {\partial \bar {v}}{\partial t} ={-}\int _0^L \mathcal {L}^v\mathcal {L}^v_* v\,dx - \left [ \frac 12 v^2 \right ]_0^L = 0,\end {equation}


$\mathcal {L}^v\mathcal {L}^v_*$


$\bar {v}$


\begin {align}\label {d29} \frac {\partial (v -\bar {v})}{\partial t} &+ (v-\bar {v})\partial _x(v-\bar {v})+\bar {v}\partial _x(v-\bar {v}) = {-}\mathcal {L}^v\mathcal {L}^v_*(v-\bar {v}).\end {align}


$v-\bar {v}$


\begin {align}\label {d30} \frac {\partial }{\partial t}\int _0^L {(v-\bar {v})}^2\,dx&={-}\int _0^L (v-\bar {v})\mathcal {L}^v\mathcal {L}^v_*(v-\bar {v})\,dx\nonumber \\ &\quad -\int _0^L ({(v-\bar {v})}^2 + \bar {v}(v-\bar {v}))\partial _x(v-\bar {v})\,dx\nonumber \\ &={-}\int _0^L {\left ( \mathcal {L}^v_*(v-\bar {v})\right )}^2\,dx \leq 0,\end {align}


$\bar {v}$


$\mathcal {L}^v_*(v-\bar {v}) = 0$


\begin {equation}\label {d31} vv_x ={-}\mathcal {L}^v\mathcal {L}^v_* v = 0,\end {equation}


\begin {equation}\label {d32} \frac 12 v{(x)}^2 = \frac 12 v{(0)}^2.\end {equation}


\begin {equation}\label {d33} T_{KS}^\epsilon ={-}\mathcal {L}^v\mathcal {L}^v_* + \epsilon \left ( T_{KS} + \mathcal {L}^v\mathcal {L}^v_*\right ),\end {equation}


$T_{KS}+\mathcal {L}\mathcal {L}_*$


$T_{KS}^\epsilon $


$\epsilon = 0$


$\epsilon =1$


$\epsilon $


\begin {equation}\label {d34} T_{KS}^Iv(x)={-}\mathcal {L}^v\mathcal {L}^v_* v+ \sum _{k\in I\cup {-}I}g(k)v_k\,e^{2\pi i kx/L},\end {equation}


$\{1,2,\ldots ,{\rm floor}(\tilde L)\}$


$g(\tilde L) = 0$


$\epsilon =1$


$\epsilon $


$\epsilon $


$T_{KS}^\epsilon $


$\epsilon \gt 0$


$\epsilon = 1$


$\epsilon = 0.5$


$\epsilon = 0.2$


$\epsilon = 0.01$


$=$


$=$


$=$


$=$


$=$


$=$


$T_{KS}^I$


$=$


$\lbrace $


$\rbrace $


$=$


$\lbrace $


$\rbrace $


$=$


$\lbrace $


$\rbrace $


$=$


$\lbrace $


$\rbrace $


$T_{KS}^I$


$=$


$\lbrace $


$\rbrace $


$=$


$\lbrace $


$\rbrace $


$T_{KS}^I$


$=$


$\lbrace $


$\rbrace $


$=$


$\lbrace $


$\rbrace $


$T_{KS}^I$


$T_{KS}^\epsilon $


$T_{KS}^{I=\{3\}}$


$T_{KS}^{I=\{1,3\}}$


$T_{KS}^{I=\{2,3\}}$


$T_{KS}^{\epsilon =0.2}$


$=$


$=$


$=$


$=$


$=$


$=$


$=$


$=$


$\epsilon = 0.2$


$\epsilon = 0.2$

https://orcid.org/0009-0008-4127-5971
https://orcid.org/0000-0002-6477-3905
https://orcid.org/0000-0003-1587-5072
mailto:ehansen99@utexas.edu
https://web2.ph.utexas.edu/morrison/
https://doi.org/10.1063/5.0326280

We seek an understanding of how the entropy develops in a setting
where we see the formation of patterns.

Model systems describing each of the above examples have
been analyzed asymptotically by separating long and short wave-
length behavior. In all cases, this leads to the same reduced model,
the Kuramoto-Sivashinksy (KS) equation,”

871; F V= Ve — VWi 0 =< x < L. (1)
Here, v(x, t) is a dependent variable depending on the position x in
the spatial domain and time t. We assume all quantities in Eq. (1) are
unitless in some scale of interest. In the case of combustion, v(x, t)
defines the gradient of a perturbation to a flame front surface. In the
case of the trapped ion mode, v represents a scaled electric potential.
In the case of thin films, v represents the stream function. In the case
of chemical turbulence, v represents the gradient of the amplitude
phase.

Throughout this study, we consider solutions v(x) € L*([0, L])
with periodic boundary conditions, spanned by the Fourier basis
{e?"*/L}. For this space, the KS equation with periodic boundary
conditions admits unique solutions.’

The KS equation has several properties that make it a use-
ful model of driven turbulence. It is invariant under the reflec-
tion operator Rv(L/2+ x) = —v(L/2 — x), which causes solutions
that begin antisymmetric to remain antisymmetric for all times."
The KS equation is able to account for instabilities through the
second derivative term and dissipation through the hyperviscosity
term, V.. A balance of these terms coupled with the nonlinear
convective derivative defines the behavior of the system. Periodic,
wavelike behavior and continuous, oscillatory shocks (as termed by
Hooper and Grimshaw) are well documented.''~"* As the parame-
ter [ = ZnLﬁ increases, the wavelength of stationary standing waves
decreases and traveling waves emerge;'* this number corresponds
to the number of linearly unstable solutions.” The fact that many
Fourier modes are dissipated has allowed estimates of the dimen-
sion of strange attractors for the KS system.'” This dissipation allows
the dynamics of the Kuramoto-Sivashinsky equation to tend toward
a finite-dimensional inertial manifold, as initially showed for Neu-
mann boundary conditions and generalized to all initial data.'®"
Thus, the KS equation exhibits a wide variety of behavior required
of systems with both forcing and dissipation, allowing the equation
to serve as a useful model of driven turbulence.

Interactions between gradient dissipative dynamics and Hamil-
tonian dynamics are well known to play an important role in the
rate thermodynamics of mesoscopic media.'” For example, while
a local Maxwellian distribution function of a gas may pause the
increase in entropy, its instability under hydrodynamic flow cre-
ates a large rate of entropy production.'””” Here, we examine how
the nonlinear dynamics and pattern formation modeled by the
KS equation are consistent with the growth of universal entropy.
This may be accomplished with the metriplectic formalism, which
describes systems that satisfy the first and second laws of ther-
modynamics.”' > Specifically, metriplectic systems use a symmetric
bracket (which implies a degenerate gradient flow) to add dis-
sipative terms to an energy-conserving, Hamiltonian description.
The dissipation monotonically generates some quantity conserved
by the Hamiltonian dynamics, thus turning a thermodynamically
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reversible system into an irreversible one. The recent unified ther-
modynamic (UT) algorithm uses the principles of nonequilibrium
thermodynamics to provide choices of bivectors for a particular
system that construct this symmetric bracket. Several systems have
been equipped with a metriplectic bracket in this way, including the
Navier-Stokes—Fourier system of a fluid with heat conduction.”>”
When the dissipative and forcing higher derivatives are removed,
the KS equation matches Burgers” and the 1D Navier-Stokes equa-
tions and hence satisfies the first law of thermodynamics in the same
way. With this similarity to a metriplectic fluid system, we question
whether we can use the UT algorithm to find the generated entropy
we need for the KS equation.

As we will show, the answer is negative precisely because of
the driving that causes the presence of instability. However, due to
the small scale dissipation of the KS system, it is possible to build
an entropy for a metriplectic KS equation, which only includes dis-
sipation. We then perform a series of numerical experiments with
this metriplectic KS system. The body of literature around the KS
equation is vast and provides many examples of steady and travel-
ing solutions, the formation of chaos from wave interactions, and
energy generation and depletion. These examples are tested in the
metriplectic KS system to determine what if any chaotic behavior
is retained. We may also use the evolution of the KS equation to
determine what would happen to the positive-definite metriplectic
entropy if unstable modes are driven. The modifications removing
unstable modes also inspire a new approach to varying instabilities
of the KS equation, and we test what solutions form when all positive
spectra vary in amplitude or only certain modes are retained.

Il. METRIPLECTIC STRUCTURE OF THE KS EQUATION

As mentioned earlier, the UT algorithm relates the dissipative
dynamics of a metriplectic system to the thermodynamic fluxes J*
and forces Z, of that system. Consider a system with velocity v and
entropy density o. The UT algorithm then prescribes the dynamics
of the system as”

9

= H = L),

ot 2
g—‘j — {0, H) = L°(°) + Z, L 7,

where {,} is a Poisson bracket,

L
H=/0 (%vz—i—aT) dx (3)

is the total energy of the system,” L%/ is a tensor of the phenomeno-
logical coefficients defining the system dissipative dynamics, and
L* is a pseudodifferential operator. For our purposes, we ascribe
no physical meaning to the temperature T corresponding to the KS
equation and scale it out as T'= 1. Below the symbol H, = §H/é« is
the functional derivative of H with respect to the field «. If the forces
and fluxes are taken as

Zy=L%H, and J*=—H,L[*Z,, 4)

with £Z being the dual of the operator £, the total energy of the
system will be conserved.” The UT algorithm defines a metriplectic
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bracket of the system as the Kulkarni-Nomizu product®

L
/ X (dF,dG)M(dK, dN) + X(dK, dN)M(dF, dG)
0

— YX(dF, dN)M(dG, dK) — ¥(dG, dK)M(dF, dN) dx  (5)
of the bivectors
Y(dF,dG) = (L*F,) L’ (LPGg),
M(dF,dG) = F,G,.

(6)

In what follows, we will attempt to define an entropy such that
the KS equation coupled with that entropy is a metriplectic system.
We want to recover entropy advection, so we modify the Burgers’
equation Lie-Poisson bracket to”

L
1
{F> G} = / _gv(Fvava - Gvava) - U(FvaxGJ - GvaxFa) dx-
0
™)

Notice that the total entropy S = fOL o dx satisfies {F, S} =0 for an
arbitrary functional F, as S is required by the metriplectic formalism
to be a Casimir invariant.”” Aside from the entropy advection, we do
not want to modify any dynamics of the KS equation, so we take the
phenomenological coefficients to be zero with the exception of L.
Then, the UT algorithm gives a system

8_1/ + vy, =—-L" (I:""L:(v)) ,
ot

(8)
do

5 T oxon = L (crm)™

This allows a one-way coupling from the velocity of the KS equation
into an entropy.

We observe that the operator on the right hand side of the
velocity equation in Eq. (8) has a negative spectrum under the
assumption L > 0 since £'L! is positive for an arbitrary choice
of the pseudodifferential operator. However, the operator

TKS = _axx - Uaxxxx (9)
has a positive element of its spectrum. This is easily verified because

TKS eZnikx/L — g(k) eZm’kx/L,

2mk\? 2mk\!
h N=—) — —_—
where g(k) (L) U(L>

and g(k) > 0 when k < zﬂLﬁ = L. This demonstrates that the insta-

bilities of the KS equation for long wavelengths prevent the

(10
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in terms of its Fourier components vy, the result of applying the
operator Txs to v(x) is given by

o0

Tgsv(x) = Z g(k)vk 2T ik/L (11)

k=—00

To exclude instabilities from the KS system, we restrict the effect
of Tks to modes which are depleted, defining a filtered dissipation
operator

o0

Tassv(x) = Y g)O(Ik| — Lyve ™™/t (12)

k=—00

where ©(|k| — L) is the Heaviside theta function that only assumes
a nonzero value when |k| > L. This operator only has nonposi-
tive spectra, so it is consistent with the form required by the UT
algorithm. In fact, writing Ty, = —L"LY, we may even write down
L' by calculating its square root using the Fourier basis

Lvx) =Y J/—gl)O(k| — Lyvi e ™. (13)

k=—00

Notice that £L" = L} is self-adjoint. By using Ty and £ as new
differential operators for our system, we may extract a thermody-
namically consistent reduction of the KS equation,

A T (14)
v VWV = issVs
at ¢

80 Vv, N2

m + o (ov) = (LYv)". (15)

Given that we are mainly interested in the development of global

entropy S = /OL o dx, we integrate Eq. (15) over the spatial domain
to find

L
g = / (L") dx, (16)
0

which is the rate of total entropy production.

We conclude this section with a diversion to an alternative
perspective on how the KS equation conflicts with the metriplectic
viewpoint. It is possible to obtain a symmetric bracket that recov-
ers the behavior of the KS system. To do this, we may compute the
Kulkarni-Nomizu product of the bivectors

M(dF, dG) = E, G, (17)

and
oF, 3G, 0*F, 3°G,

Y(dF,dG) = — +v R 18
definition of an entropy through the UT algorithm. ( ) 0x ox 9x? ox? (18)
In order to maintain a thermodynamically consistent compo- . . .
nent of the KS equation, we see that we will have to remove the which leads to equations for the velocity and entropy
unstable modes of the system. If we write a velocity profile as y
— TV = =V — VWi
o ot (19)
v(x) — Iy lerikx/I_ do
kZ ‘ - +to(ov) = _(Vx)z + U(Vxx)z'
=0 at
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This manages to recover the KS equation but notice how the total
entropy now behaves as

as (" ) )

— = v — (r) dx, (20)
at Jy

which is no longer strictly nonnegative. This owes to the fact that the

bivector ¥ is no longer positive definite, as is required for a system

that produces entropy.

I1l. NUMERICAL COMPARISON OF ORIGINAL AND
DISSIPATIVE KS SYSTEM

With the metriplectic KS Eq. (14) that we have defined, we now
perform a numerical study to determine how solutions to the KS
Eq. (1) behave under a thermodynamically consistent system. The
definition of T, and £ using the Fourier basis makes a pseudospec-
tral spatial discretization especially convenient. The vv, nonlinearity
convolution is computed pseudospectrally using the 3/2 dealiasing
rule, and FFT's are computed using the SciPy Python package.”” Due
to the stiffness of the KS equation, we use the fourth order expo-
nential time integrator developed by Cox and Matthews and used
by Kassam and Trefethen and Cvitanovic et al. for studies of the KS
equation.'**** The local truncation error for an exponential method
does not scale with stiff eigenvalues, so this method performs well
compared to similar methods.

To assess the effects of thermodynamic consistency, we sample
a variety of initial conditions to studies of the KS equation that have
been previously considered in the literature. These conditions show
initial wavelike behavior and interactions before disintegrating into
chaos and turbulence. By this, we mean that the motion qualitatively
forms large amplitude oscillation in time and space with no clear
period. We closely consider the benchmarking initial condition used
by Kassam and Trefethen,”

v(x,0) = cos (1—366) (1 + sin (1—966)) ,

0<x<32m, v=1,L=16.

@1

Another established wave that is absorbed into chaos and a strange
attractor is a strange hyperbolic point observed by Hyman, Nico-
laenko, and Zareski given by the initial profile,’

—21sin(12mwx/+/253) — sin(2mwx/~/253)

v(x,0) =
/253
(22)
- 253
0<x<2m+/253, v=4, L= e ~ 7.95.

(In the source paper for this example, the length scale is normalized
to 27, the hyperviscosity v = 4 chosen from the Sivashinsky deriva-
tion of the KS equation, and the bifurcation parameter o = 4L is
used. This example corresponds to o = 253.) We also consider rela-
tive equilibrium solutions through a perturbed traveling wave used
by Cvitanovic et al. and a hyperbolic secant profile that evolves to
a traveling wave. The initial condition for the perturbed traveling
wave is set up by interpolating the profile TW1 given in Fig. 6(a)
of Cvitanovic et al. for L=22 and v=1 (L = % ~ 3.50)."° Our
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resulting initial condition is

5
1 ki
v(x,0) = % E a esz , (23)

k=—5

with ay=0, a;=—05494i, ay=—7.7+0.1i, a5=—1.9—6.1i,
ay=2.7—3.9i, and as = 2.2 — 0.4i. The hyperbolic secant profile is

set up as
X 1
v(x,0) =sech|{ - — = ],
L 2

(24)
L=20r, v=4, L=5.

We compare the evolution of these cases in the KS Eq. (1)
under the metriplectic system (14) throughout Fig. 1. The bench-
marking conditions of Kassam and Trefethen shown in Fig. 1(a)
strongly interact and form higher order waves and chaos as time
passes. Under the thermodynamically consistent dynamics, these
initial conditions just begin to beat before they are depleted in
Fig. 1(b). The motion is confined to small wiggles as the profile
amplitude shrinks. A perturbed traveling wave solution to the KS
equation, which originally circles the domain twice before falling
apart in Fig. 1(c), barely starts to move before being dissipated under
metriplectic dynamics in Fig. 1(d). Figure 1(e) shows the strange
hyperbolic point’s late transition to chaos, but it never occurs in
the metriplectic system. The motion is depleted on a time scale two
orders of magnitude before crisis in Fig. 1(f).

Each of these previously complex solutions decreases to zero
over the course of the metriplectic dynamics. The hyperbolic secant
profile is slightly different from these cases. Under the dynamics of
the KS equation, this profile undergoes chaos and oscillates rapidly
until it forms a period four traveling wave in Fig. 1(g). The amplitude
of this wave has increased significantly from its initial state. Once
the instability of the KS equation has been eliminated, it continues
to form a wavelike pattern as it circles the domain in Fig. 1(h), but
the amplitude of this oscillation is substantially reduced.

We now show the entropy associated with the metriplectic
dynamics in the cases considered in Fig. 2. Having defined the
total entropy evolution in terms of v(x, t), we may allow v to be
determined by the original KS equation and produce a positive def-
inite entropy. Our main result focuses on the distinction between
this forced system entropy and purely metriplectic dynamics. As
required by our method, the metriplectic dynamics show positive
definite entropy growth. But we see that in every case, the dynam-
ics of the original KS equation cause the entropy to increase further
than the dissipative dynamics alone. In contrast to our expectations,
the forcing effects that cause nontrivial patterns to emerge in the KS
equation do not decrease the metriplectic entropy. This idea estab-
lishes the consistency of pattern formation with the second law of
thermodynamics.

IV. EQUILIBRIA OF THE DISSIPATIVE KS EQUATION

We have seen in Sec. III that the complicated dynamics that
characterize the KS Eq. (1) are transient in the thermodynami-
cally consistent system (14). Now we question whether it is possible
for the metriplectic equation to have another type of stationary

Chaos 36, 053127 (2026); doi: 10.1063/5.0326280
Published under an exclusive license by AIP Publishing

36, 053127-4

20 :¥0 :02¢ 920z aunt G2



Chaos ARTICLE pubs.aip.org/aip/cha

2
3.00 1.0 %10 3.00
1.50 1.50
0.00 0.00
-1.50 -1.50
-3.00 -3.00
(b)
2
3.00 1510 3.00
1.50 1.50
0.00 +0.8 0.00
-1.50 -1.50
-3.00 0.0 11 29 -3.00
X
(d)
2
3.00 2,010 3.00
1.50 1.50
0.00 +1.0 0.00
-1.50 ' | | -1.50
0.0 50 100 -3.00 0.0 50 100 -3.00
X X
(e) )
3.00 1.0 3.00
1.50 1.50
0.00 +0.5 0.00
-1.50 -1.50
-3.00 0.0 3] 3 -3.00
X X
(8 (h)
FIG. 1. Solutions of the KS Eq. (1) (left) are dissipated under metriplectic dynamics (14) (right).
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(c) Strange hyperbolic point
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KS Entropy Generation
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t %107
(b) Traveling wave
KS Entropy Generation
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—— Forced
1072
0.0 0.5 1.0
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(d) Sech profile

FIG. 2. Generation of entropy (16) as a result of the metriplectic KS Eq. (14) and the fully forced dynamics of the KS Eq. (1) for the initial conditions studied.
(a) cos (75) (14 sin (2)). (b) Traveling wave. (c) Strange hyperbolic point. (d) Sech profile.

or periodic solution. Through the method of Lagrange multipliers,
equilibria of a metriplectic system that maximize the entropy must
satisfy™’

N SH
8_ — )\.8— = —Av = 0,
! (25)
N §H
— —A—=1—1=0
So So

This shows that maximum entropy solutions must satisfy v=0.
Galilean invariance of the KS equation would suggest that this also
allows constant v solutions to have maximum entropy.'’ But equi-
libria are not required to satisfy this variational principle, and the
hyperbolic secant profile mentioned above does not appear to.

To characterize all equilibria of the KS equation, we consider
the deviations of solutions to the KS equation with the spatial
average value

v

1 L
z/O v(x, t) dx. (26)

By integrating the KS equation over space, we have

5 (L L L
— vdx—|—/ YWy dx:/ —L'Llvdx (27)
at 0 0 0
or
a— L 1 L
blz—/‘ﬁ£QW—[ﬂﬂ -0, (28)
ot ; 2 ],

as L'L! only acts on high frequency modes that are zero on averag-
ing. This establishes that v is constant in space and time. As a result,
we may rewrite the KS equation as

a(v—17)
ot

+ W= —) + V(v — V) = —-LLI(v—7). (29)
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Multiplying by v — v and integrating over space yield
9 L L
— / (v—)dx = —f v —=WLLY (v — V) dx
at Jo 0
L
- f (v =9+ 9(v— ) (v — V) dx
0

L
=- / (Crv =) dx <0, (30)
0

where we have integrated by parts and used the fact that the sec-
ond integral vanishes. With the conservation of ¥, this result implies
that the metriplectic KS system evolves arbitrary initial conditions to
their average value. For a solution to be an equilibrium or periodic
in time, the inequality must be saturated with £} (v — ¥) = 0 for all
times. But then an equilibrium satisfies

wy=—=L'Lv =0, (31)

and integrating in space yields
1 1
Ev(x)2 = Sv(0)", (32)

Thus, we conclude that the only equilibria of the metriplectic KS
system are constants.

V. VARIATION OF FORCING STRENGTH

The analysis of the KS Eq. (1) and its metriplectic reduction
(14) conducted in Secs. II-1V motivates the study of the instabilities
of the KS equation as an external disturbance to a thermodynam-
ically consistent system. We will analyze the effect of the positive
spectra on two sets of initial conditions previously mentioned.

These spectra were all removed in the definition of the
metriplectic KS system from Secs. II-1V. In order to study the addi-
tion of energy injection, we can consider two approaches. In the first,
we generalize the KS operator parametrically as

Tys = —L'LY + € (Tks + L'LY), (33)

03 Positive Spectra v = 1, L = 100.53

Eigenvalue
(e
—

|
o
=)

10 15

(e}
Ut

k
(a) Spectra for v = 1 and L = 327.
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where Txs + LL, represents the positive spectra of the KS antidiffu-
sion and hyperviscosity, as shown, for example, in Fig. 3. The oper-
ator T varies continuously between the metriplectic KS Eq. (14)
for € = 0 and the KS Eq. (1) for € = 1. One option for reintroduc-
ing instability to the metriplectic KS system is to slowly increase ¢,
allowing all positive Fourier coefficients at once albeit with smaller
growth rate.

An alternative to this approach would be to drive individ-
ual small wavenumbers as subsets of the positive spectra. This
alternatively introduces a generalized KS operator as

Tésv(x) =-L"Llv+ Z gk)ve i/ (34)

kelu—I

where I is a subset of the unstable wavenumbers {1,2, .. ., floor(L)}.
We will primarily focus on the case where I is a singleton contain-
ing just one instability, but we also consider cases allowing multiple
wavenumbers. Choosing modes allowed in the KS equation allows
the study of which combinations of drivers allow certain behavior in
the KS system.

The approach of adding forcing components to a Hamiltonian
or metriplectic system can be compared with the notion of a port-
Hamiltonian (pH) system. A pH system describes the interactions
of an otherwise Hamiltonian system with its environment.”’ This
is accomplished by means of a Dirac structure and additional pairs
of power variables to describe the system boundaries and describes
the energy flow through a boundary, external impacts of the Hamil-
tonian dynamics, and energy dissipation. Irreversible pH systems
are also able to account for entropy production by introducing a
contact vector field.”” This is similar to our approach in that it gener-
ates entropy and conserves the total energy of the system. However,
while the positive spectra in our work correspond to external forc-
ing, they are not interpreted as passing through a spatial boundary
of the system.

We perform a numerical study on the Kassam Trefethen initial
conditions. As studied, this configuration contains 15 wavenum-
bers with positive spectra, as shown in Fig. 3(a) [notice g(i) =0].
This allows many subsets of modes to consider to determine how
this initial condition transitions to chaos. Under the dynamics of

e Positive Spectra v =1, L = 22

Eigenvalue
|
o
—

|
o
~

2 3 4
k
(b) Spectra for v = 1 and L = 22.

o
—

FIG. 3. Positive spectra of the Kassam Trefethen benchmarking and TW1 condition parameters of Cvitanovic et al.
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FIG. 4. Spatiotemporal variation of v(x, t) as the growth rate of positive spectra of T is decreased. As the parameter ¢ > 0 decreases, the transition to chaos remains but
occurs later in the dynamics, and the amplitude of the oscillations decreases. (a) € = 1. (b) € = 0.5. (c) e = 0.2. (d) e = 0.01.

the unmodified KS equation, Eq. (21) evolves into an ordered pat-
tern of moving waves and transitions into a chaotic attractor at later
times. However, the metriplectic system depletes the energy of this
mode and only small ripples emerge before they fade away. Conse-
quently, forcing of this system is necessary for nontrivial patterns to
be sustained.

We begin by increasing the growth rate of all positive spectra at
once. This process is illustrated in Fig. 4; the dynamics of the origi-
nal KS equation are shown in Fig. 4(a) with € = 1. By decreasing €
to half the forcing strength of the original KS equation, we see sim-
ilar patterns as the motion progresses and the breakdown into the
strange attractor from the KS equation. However, we notice that the
transition to nonlinear dynamics occurs later. This pattern contin-
ues as € decreases to 0.2 and 0.01, suggesting that the presence of
all positive spectra is responsible for an eventual transition to chaos
regardless of the size of the growth rates.

With this analysis of what occurs when all mode forcings are
controlled simultaneously, we consider the effects of injecting indi-
vidual wavenumbers into the dynamics throughout Fig. 5. We begin
by adding the weakest mode corresponding to the first k = 1 nonzero
wavenumber at which the spectrum assumes a positive value just

above zero. At this value, the dynamics are dissipated but achieve
a steady state shown in Figs. 6(a) and 6(a). This pattern contin-
ues for the fifth positive spectra k=5, where the amplitude of the
steady state increases. Equilibria also form when the most unstable
modes are driven. When k =11, the mode appears to shake, but the
dynamics continue to have frequency 11 for long time scales. A com-
bination of modes k=12 and k= 13 also forms an equilibrium. The
structure of the resulting steady state appears to follow the period
of the driven wavenumber, though small fluctuations appear. In the
last case, periodicity of the equilibrium follows the n =12 mode;
we might understand this as the stronger growth rate setting the
dynamics.

The above injections of one or two positive spectra yielded sta-
ble equilibria. However, if we inject the last two instabilities, for
example k=14, we see the development of chaos in Fig. 7(a). It
is of interest that these modes cause the transition to chaos where
the stronger modes k=11 and k=12 did not. Chaos also ensues
if we can also inject the first four wavenumbers and find an unsta-
ble periodic solution that disintegrates as time progresses, as shown
in Fig. 7(b). This is an interesting comparison with the injection of
the most unstable mode, where we see an equilibrium that appears
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FIG. 5. Contours of v(x, t) equilibria that form from the Kassam Trefethen initial data with the restriction T to certain instabilties of the KS equation. (a) /= {1}. (b) /= {5}.
() I={11}.(d) I={12, 13}.
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unstable initially but then settles. The contrast here suggests that it is
the interactions of instabilities rather than their existence that causes
chaos.

Having analyzed various possibilities for forcing this system,
we turn to the perturbed traveling wave TW1 of Cvitanovic et al.
Since this initial condition has a much smaller length scale L =22,
there are just three positive spectra to inject into the system, but we
still recover nontrivial behavior. When wavenumbers are injected
one at a time, we recover an equilibrium, and as an example we
show the result of injecting the last unstable wave in Fig. 8(a). This
is a commonality with the previous case, except that in this case all
modes yield stable equilibria. When we consider combinations of
the modes, adding k =1 and k = 3 results in a relative equilibrium in
Fig. 8(b) that persists for long times without a transition to chaotic
behavior. Some chaos is recovered when k =2 and k = 3 are injected
simultaneously, as shown in Fig. 8(c), but this eventually leads to a
periodic orbit. We also see a continued transition to chaos when all
unstable spectra are present with a decreased growth rate with the
scaling factor € = 0.2. In the € = 0.2 case, we see the traveling wave
start to propagate but fall apart without completing a period. There
is not enough instability to maintain its dynamics. Going through
this example reinforces that the solutions of the KS equation are very
sensitive to the energy injection mechanism, so we need just the right
forcing to support a given traveling wave or other equilibrium.

VI. DISCUSSION

To analyze the Kuramoto-Sivashinksy equation using the
metriplectic framework, we removed all positive spectra caused by
the energy injection mechanism. This separation of the forcing
and dissipation has accomplished several objectives. We found that
chaotic solutions of the KS equation both dissipate and undergo
nontrivial behavior under metriplectic dynamics. The entropy pre-
scribed by the UT algorithm increases further when the forcing of
the KS equation is present, allowing the consistency of ordered sys-
tems with entropy production. Mode filtering showed that unstable
behavior from the KS system can simplify to equilibria and relative
equilibria when less instabilities are present. Even when all unsta-
ble modes are reduced in strength, the eventual transition to chaos
remains. Thus, our approach provides a unique perspective both in
terms of the metriplectic dynamics and the celebrated dynamical
system implications of the KS equation.

This study has separated thermodynamically consistent dissi-
pation mechanisms from linear instabilities forbidden by the UT
algorithm. Though we have observed interesting behavior with the
entropy we have defined, an entropy based on eliminating unstable
modes is inherently artificial. In the decades since the derivations of
the KS equation, several of the settings in which it was derived have
been shown to be thermodynamically consistent. In particular, the
Navier-Stokes—Fourier system is metriplectic, and gravity is a con-
servative force, so a thin film down a plane is thermodynamically
consistent and has an associated entropy.””* Additional systems
that have been found to be metriplectic are visco-resistive magne-
tohydrodynamics™ and the Vlasov—Maxwell system for two species
plasma with the Landau collision operator.” This would include
electron-ion collisions and Landau damping, key components of the
LMRT description of the trapped ion mode.” The implications of this

ARTICLE

pubs.aip.org/aip/cha

work would be supported by a comparison of our entropy metric
and the physical entropy of these settings. An alternative asymptotic
analysis of the environment leading to the KS equation may lead to
a reduced model that retains thermodynamic consistency, creating
a truly metriplectic simplified model of turbulence.
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