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ABSTRACT

After developing a scattering theory for grazing collisions in general noncanonical phase spaces, we introduce a guiding center collision
operator in five-dimensional phase space designed for plasma regimes characterized by long wavelengths (relative to the Larmor radius), low
frequencies (relative to the cyclotron frequency), and weak collisionality (where repeated Coulomb collisions induce cumulatively small
changes in particle magnetic moment). The collision operator is fully determined by the noncanonical Hamiltonian structure of guiding cen-
ter dynamics and exhibits a metriplectic structure, ensuring the conservation of particle number, momentum, energy, and interior Casimir
invariants. It also satisfies an H-theorem, allowing for deviations from an equilibrium Maxwellian distribution due to the nontrivial kernel of
the noncanonical guiding center Poisson tensor, spanned by the magnetic moment. We propose that this collision operator and its underlying
mathematical structure may offer valuable insight into the study of turbulence, transport, and self-organizing phenomena in both laboratory
and astrophysical plasmas.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (htips://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0289410
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I. INTRODUCTION

Plasma physics underlies both astrophysical phenomena and the
pursuit of controlled nuclear fusion. A central challenge in the field is
understanding plasma turbulence and its impact on confinement—an
essential step toward achieving fusion energy."” A gyrokinetic theory
has enabled significant advances in modeling plasma microturbu-
lence,” © and incorporating dissipative (non-ideal) processes within
this framework remains an active area of research.

A fundamental question in this context is whether the steady states
observed over experimental or observational time scales are accurately
described by an equilibrium Maxwellian (or Maxwell-Boltzmann) dis-

and experimental observations suggest that meta-timescales exist
over which adiabatic invariants, particularly the magnetic moment g,
remain effectively conserved. This conservation can influence the sta-
tistical properties of steady states, as observed in laboratory settings
(e.g., levitated dipole experiments'”'") and astrophysical environments
(e.g., formation of radiation belts'”). Analogous deviations from an
equilibrium Maxwellian distribution are expected in other magnetized
plasmas, such as those confined in tokamaks and stellarators, under
suitable plasma regimes.

When such deviations occur, the traditional Landau collision
operator,””"” which describes relaxation via grazing Coulomb colli-
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tribution. In principle, deviations from this distribution—which corre-
sponds to the ultimate maximum entropy state under minimal
constraints (typically, conservation of particle number and energy)—
may arise when additional conservation laws persist over the system’s
evolution time scale.

In magnetically confined plasmas, such additional constraints are

often associated with adiabatic invariants. Both theoretical studies’”

sions, becomes inadequate. The Landau operator invariably drives the
system toward “thermal death,” ie., a Maxwell-Boltzmann distribu-
tion, and therefore cannot capture the self-organized equilibrium
states.

The goal of this paper is to develop a scattering theory for grazing
collisions in general, noncanonical phase spaces, whose structure
incorporates adiabatic invariants in the form of Casimir invariants.
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We aim to construct a collision operator capable of describing relaxa-
tion to generalized equilibrium states—statistical steady states con-
strained by the noncanonical structure'®'” of phase space. We will
then apply the theory to grazing Coulomb collisions in guiding center
phase space.

Given the inherently out-of-equilibrium nature of many astro-
physical and fusion plasmas, the reduced mathematical structure of the
guiding center'® and gyrocenter equations of motion, and the complex
coupling between the kinetic transport equation and turbulent electro-
magnetic fields,”" deriving transport operators for drift-kinetic and
gyrokinetic theories in a thermodynamically consistent manner remains
a significant theoretical challenge. Despite these complexities, both
Fokker-Planck-type operators” >’ and Landau-type collision opera-
tors” *° have been successfully formulated within the gyrokinetic
framework, adhering to both the first law (energy conservation) and the
second law (entropy growth) of thermodynamics. The core strategy
involves accurately describing Coulomb collisions by expressing the
Landau collision operator'” '~ in gyrocenter coordinates.

In this paper, we shift our focus from the microturbulence typi-
cally addressed by gyrokinetics to the long-wavelength (relative to the
Larmor radius) and low-frequency (relative to the cyclotron frequency)
turbulence characteristic of drift-kinetic regimes. This type of turbu-
lence governs large-scale, self-organizing phenomena in both labora-
tory'” and astrophysical*” plasmas. Our aim is to extend the theory of
collision operators developed in Ref. 28 for general noncanonical
Hamiltonian systems,'*'” deriving a two-species collision operator for
weakly collisional guiding center plasmas.

In particular, we develop a general theory of grazing scattering in
noncanonical phase space suitable for describing the Coulomb interac-
tion, thereby improving upon the single-species collision operator
introduced in Ref. 28 to accommodate interactions between two spe-
cies via the Coulomb force, while also incorporating self-consistent
electromagnetic fluctuations. The resulting collision operator is intrin-
sically five-dimensional, meaning the kinetic equation, including the
collision operator for Coulomb scatterings, does not involve the cyclo-
tron phase and is not obtained through cyclotron averaging of a
six-dimensional distribution function separated or expanded into
phase-independent and phase-dependent components.

This result is achievable because we restrict our analysis to a long-
wavelength, low-frequency, and weakly collisional plasma regime,
where repeated Coulomb collisions induce only small cumulative
changes in the particles’ magnetic moments. Consequently, the mag-
netic moment remains approximately constant despite collisions,
allowing for a complete reduction of the theory to a five-dimensional
phase space.

The guiding center collision operator obtained in this study is
fully determined by the noncanonical Hamiltonian structure of guid-
ing center dynamics and the Coulomb potential governing interactions
among charged particles. Furthermore, the evolution equation for the
guiding center distribution function exhibits a metriplectic struc-
ture,””" which is consistent with the conservation of particle number,
momentum, energy, and interior Casimir invariants (inherited from
microscopic particle dynamics, as discussed in Ref. 28). Metriplectic
brackets characterize the algebraic structure underlying physical sys-
tems that include dissipation and have been shown to arise also in the
context of the guiding center formulation of the classical Landau
operator.”!
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The conservation of interior Casimir invariants, particularly
the system’s total magnetic moment, leads to intriguing physical
consequences: as anticipated, the thermodynamic equilibria arising
from the H-theorem associated with the novel collision operator
may deviate from an equilibrium Maxwellian distribution. This
deviation results from the phase space constraints imposed by the
conservation of the magnetic moment, leading to self-organized,
inhomogeneous density distributions in configuration space. As
such, we expect the derived collision operator to provide valuable
insights into the properties of turbulence and transport in labora-
tory and astrophysical plasmas where self-organization plays a
central role. Moreover, it offers an accurate yet computationally
efficient kinetic model for numerical simulations of large-scale
plasma phenomena.

We also note, as detailed in Ref. 28, that the present collision
operator can be applied in a “collisionless” regime, where the typical
time between collisions exceeds the system’s relaxation time. In this
setting, the collision operator mathematically describes binary scatter-
ings between clusters of charged particles.

The organization of this paper is as follows. In Secs. I and I1I,
we generalize the theory of collisions in noncanonical phase space
developed in Ref. 28 by formulating a general notion of grazing
scattering”” for noncanonical Hamiltonian systems. In addition, we
relax certain conditions on the interaction potential energy, which
will later prove essential for accurately describing Coulomb colli-
sions. The general form of the collision operator and the corre-
sponding transport equation for the distribution function are
presented, and the associated conservation laws, H-theorem, and
equilibrium states are also discussed. In Sec. I'V, we explain how the
theory applies to grazing Coulomb collisions in canonical phase
space, and how the resulting collision operator is related to
the Landau operator. In Sec. V, we review the noncanonical
Hamiltonian structure governing the dynamics of a charged particle
in the guiding center framework. Section VI outlines the treatment
of electromagnetic potentials within this theory. In Sec. VII, we
quantitatively define the plasma regime under consideration, char-
acterized by long wavelengths, low frequencies, and weak collision-
ality. Section VIII focuses on the reduction of the noncanonical
Hamiltonian structure for a two-species plasma. In Sec. IX, we
derive a guiding center collision operator by applying the frame-
work developed in Secs. IT and I1I for constructing collision opera-
tors in noncanonical Hamiltonian systems. Section X demonstrates
that the derived collision operator is consistent with the conserva-
tion of particle number, momentum, energy, and interior Casimir
invariants, while also proving an H-theorem, ensuring compatibil-
ity with the laws of thermodynamics. In Sec. XI, leveraging the
H-theorem, we infer the structure of thermodynamic equilibria and
find that conservation of the magnetic moment, resulting from the
nontrivial kernel of the guiding center Poisson tensor, leads to devi-
ations from an equilibrium Maxwellian distribution. As a result, the
particle density distribution exhibits a self-organized profile, with
higher concentrations in regions of a stronger magnetic field. In
Sec. XII, we reveal that the derived collision operator exhibits a met-
riplectic structure, combining a noncanonical Poisson bracket and
a dissipative bracket. In Sec. XIII, we draw comparisons between
the Landau collision operator'” '™ for grazing Coulomb collisions
in canonical phase space, its gyrokinetic formulation,”"*"*° and
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the collision operator derived in this study [Eq. (119)] for Coulomb
collisions in guiding center phase space. Additionally, we derive the
linearized version of Eq. (119), (170), highlighting its connection to
linearized model collision operators commonly used in gyrokinetic
theory.””” Finally, concluding remarks are provided in Sec. XIV.

1. A COLLISION OPERATOR FOR GRAZING
SCATTERING IN NONCANONICAL PHASE SPACE

The purpose of this section is to derive a collision operator for
grazing collisions in a general noncanonical phase space that improves
upon the construction presented in Ref. 28, making it more suitable
for accurately describing Coulomb collisions in reduced phase spaces,
such as guiding center phase space. Specifically, we generalize the deri-
vation of the collision operator by removing the assumption that the
interaction potential V(z,,2;) is a function of the difference z, — z;
of the phase space coordinates z, and z;, of the two colliding particles.
We also relax the elastic scattering condition [Eq. (18) in Ref. 28],
which does not hold exactly when V corresponds to the Coulomb
potential energy, by introducing the weaker notion of grazing scatter-
ing in noncanonical phase space. In this section, we restrict attention
to a single-species plasma, writing the distribution as fand the collision
operator as C(f,f), in order to streamline the derivation. With the
aforementioned refinements, this construction is generalized in Sec. IX
to obtain the collision operator for a two-species guiding-center
plasma.

We begin by considering a single particle with coordinates
z=(z',...,2") € M, where M C R" is the phase space domain with
smooth boundary OM. The equations of motion for the particle take
the noncanonical Hamiltonian form

z=J-0.H, (1)

where J(z) is the Poisson 2-tensor and H(z) is the single-particle
Hamiltonian. Here, - denotes a contraction, while 9, = 9/0z.

Let f(z, t) denote the distribution function for an ensemble of N
particles, with normalization [ f dz = . Since we aim to formulate a
kinetic equation for f that is consistent with both the first and
second laws of thermodynamics, it is advantageous to adopt coordi-
nates z that define an invariant measure, allowing for a well-defined
entropy functional. Additionally, we therefore assume that the coordi-
nates z define an invariant measure for any choice of Hamiltonian H,
that is,

NAd
07!
where . denotes the Lie derivative and the summation conven-
tion on repeated indexes is used. We recall that, by the Lie-
Darboux theorem,”®*® such invariant measures are always

locally available.
Let

L:dz=0 VYH <+

=0, j=1,...,n, 2)

02, = 2, — 24, O2p = 2, — Zp, 3)

denote the phase space displacement caused by a binary collision in
which two particles located at (z,,2p) are scattered to (z},z}). Let
V(za, 232, 2;,) = V(2),, 2} 20, 26) = V(2p, 2432, 2,) denote  the
scattering volume density per unit time. The term V dz;, dz/, dz), repre-
sents the phase space volume swept by a particle at z, within a unit

pubs.aip.org/aip/pop

time interval, which is accessible for collisions. The collision operator
of the system can be expressed as

CUF) = | Vlawrz1i 2, 24) [£ e 1 (500)
—f(za, 1)f (26, 1) dzpdz,dz),, (4)

where integrals are performed on the whole phase space, and the colli-
sion operator is understood to be evaluated at (z,, t). In the following,
we set f! = f(,t), fi = (2} 1), fo = f(zast)s and fy = f(zp.1). A
similar notation will be used for derivatives, e.g., Of,/0z, = 9f /0z|, .
Note that the Boltzmann collision operator corresponds to the case
z = (mv, q), with v and q the particle velocity and position respec-
tively, m the particle mass, and

V=mSolv, — v|d(q, — 4,)0 (4, — 4,)0(q, — 4,), 5

with o(vga, vp; V), v},) the scattering cross section.

In the weakly collisional regime under consideration, the dis-
placements 0z, and dz; are small (they result in minor changes of the
particles trajectories). Hence, the integrand may be expanded in pow-
ers of 0z, and dz;,. At second order, one can verify that

C(f.f) :J { Yo 5z, +fis f“ 54 dzydz. dz,
J faézh Bf 6h+8§: 0z 6fb o0zp
1 Pfa .y
+§fb5za 022 5za} dzydz,dz,,, (6)
which can be rearranged as follows:
C(fof)
J [faafb } dz,dz. dz),

1
e {i-(V5zbézb)+

0
p -(Voz,0 dz,dz dz|
V92 oz (Voz zh)} zpdz,dz),

0z,

afu 0 9 g
==\ oz, L%b -(Vozpoz,) + oz, (Vézaéza)} dzydz, dz),

1[0 dlogfy dlogf, L
=1 ) -5 ) -0z, | | dzpdZ. d
+2 2, {fﬁ,V( Zp 02 Zy+ 02 % Z )] zydz,dz),

a

10 dlogfy dlogf, o
+56_ Jf@fbV(ézaézy o2 + 02,02, - Oz, dz,dz,dz),.
(7)

The fourth term on the right-hand side of (7) vanishes by appro-
priate choice of boundary conditions. For example, we may assume
that the distribution function f; vanishes on the boundary under the
condition that dlogf,/0z, does not diverge there. Similarly, if f,
vanishes on the boundary, integrating equation (7) with respect to
dz, gives
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B ot 10
0= J B {V&zb ~30m (Voz,0zy)

- (Voz, 6zb)} dz,dz,dz,dz),

ofa 10
+ Jﬁ, 8Jz( . {V&zu “Som (Vozypdz,)

19
20z,

. (V&zaéza)} dz,dz,dz, dz), (8)

where we used the fact that the particle number is preserved by colli-
sions ([ C(fa,fs)dz, = 0) and eliminated boundary integrals. Now
observe that, at a given instant, there is no restriction on the shape of
the distributions f, and f;, and that the terms inside the square brack-
ets are independent of f, and f;,. For Eq. (8) to vanish for arbitrary f,
and f;,, we should therefore enforce the following conditions on 1:

10 10
J|:V52h — Ea_zb . (VéZb(SZb) — Eaza

. (V&zaézb)] dz.dz), = 0,

(92)

10 10 D
J{V&za - Ea_zb (Vozypoz,) — 202, . (V&zuézu)} dz,dz;, = 0,

(9b)

to ensure conservation of particle number. The collision operator (7)
thus reduces to

) = g v (s2at - 20

Ologf,
+ 62,0z, - aozgf) dzydz,dz),. (10)

Next, we define the average energy E of the two interacting particles
according to

E(Zaazlh t) = Ha(za) + (Da(zay t) + Hb(zh) + (Db(zl'n t)7 (11)

where
Dy(za,t) = Jf(ZbJ)V(Zmzb) dzy, Dy(zp,t)

= Jf(za,t)V(zh,zu)dzu, (12)

are the ensemble averages of the binary interaction potential energy
V(za,2p). A grazing scattering between two particles governed by the
interaction potential V' is one that results in a small variation in the
average energy E along the particle orbits z,(¢) and z(¢):

Def 1. A grazing scattering in noncanonical phase space is defined
by the property
1 (*<dE 1 (" OE
E,J T 4= J_Oo T dt + O(e), (13)

—00

where E_ =lim;_,_, E(2,(t),z5(t),t) and ¢ > 0 is a small positive
constant (ordering parameter).

We now observe that Eq. (10) applies to general interaction
potential energies, as the form of V has not been specified. This gener-
ality will be exploited in Sec. IX to derive the collision operator for a

pubs.aip.org/aip/pop

two-species guiding center plasma, where multiple particles interact
via the Coulomb force.

For the time being, however, we specialize to the case in which
the interaction potential energy takes the form

V =V(lza — 2s]), (14)

a setting that is appropriate for understanding the properties of the col-
lision operator in a single-species context. We also assume that the
interaction potential vanishes at infinity, i.e.,

lim V=0, (15)

|za—2p|—+00

and, for physical reasons that will become clear later, we also require
that the effective range ¢; of the interaction in the z'-direction is much
shorter than the characteristic scale L; associated with the ideal part of
the dynamics in that direction, and that the collision time 7. is much
shorter than the characteristic time scale T of the system. In formulas,

H, +® ik
t O TP
62;, (Ho' + q)o') 6Z:,j‘;
L; 16
i ~T 1, (16)

jzaz‘ly(Hzr + (Drr)
c=ab, ijk=1,...n,

and
‘ei Tc

L T

where € is a small positive constant. Under these assumptions, the graz-
ing scattering condition (13) for a collision starting at time f; becomes

~ € 17)

1 to+7¢ dE 1 to+7c aE
= = — = dt+ 0(&), 18
E, L it T E, L o 4+ 0l) (18)

where we set ¢ = €2 to take into account the fact that the time interval
7. is small, and we used the notation E; = E(t). Now notice that

dE_0F _

dr ot - aza(Ha +q)a) 'ja ‘azav_azb(Hb+q)h) 'jb '8z;,V7
(19)

where 7, = J(z,) and so on. Using the fact that 9,, V = —3,,V, the
grazing scattering condition (18) thus takes the form

1 to+Tc
E—J [Fa 0o (Ha + ®p) — Ty - 0 (Hy + )] -0,V dt
to Jty

=0(&). (20)
Let us define the vector field
ézju'8z,,(Ha+q)u)_jh'azb(Hh+q)b)- (21)

Then, we arrive at

to+1¢
—J 9, V- &dt = 0(&). (22)

Equation (22) expresses the fact that the effect of the component of the
force 0,V along the vector field € is small. Specifically, the phase space
displacement 0z,, ¢ = a, b, caused by a collision can be expressed as
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to+Tc

to+1c
5ZG:J JU.aZﬁth:ja(zg(to)).J d,vdt+0(e&). (23)

ty

Now define

ty

a;v:a,ﬂv_@ﬂ‘ﬁ'f
’ ¢

< (29)

and note that Eq. (22) implies

to+1c to+1c
J 9, Vdt = J 9- vt + 0(e)

to fo

(I - %) : r)ﬂ o, vdt+0(&), (25

where I is the identity matrix. It follows that:

ty

5za:Ja'J 3z”th+O(ez):Ja'Pl'J 9, V.t +0(e), (26)

Tc Tc

where 7, is evaluated at z,(t; ), we defined the projector

éé)
pt—(r-22) 27
( 5), @7)

and we introduced the simplified notation Lt = L;°+T‘. Note that the
property 0;, V = —0,, V implies
0z = 0z, = —dzp, + O(e?). (28)

Hence, introducing the interaction tensor

_ (! 1 ov B J ov s
1= J2V<P JT[ oz, dt) (P = dt |dz,dz,, (29)
the collision operator (10) becomes
810 Ologf,
- oo (5 2355 238 ]
(30)
The full kinetic equation for the distribution function f,(z,, t) there-

fore reads
of, 0 O(Ha + @,)
ot Oz, {f“j“ {7 0z, + thl'l

~(Jb loghy _ 7 6l°gf“) dza} } 31)

0zp 0z,
If the collision time 7, is short enough to allow a meaningful expansion
of P+ - LE 0,V dt in powers of 7., we may define the scattering frequency
= J Vdz,dz), (32)

and introduce a simplified interaction tensor

1 A% ov
M. = | [dz.dz] ) =Z2r(Pt——) (Pt :
y J dz,dz, + O(€’) ST ( &a)( &a) (33)

In cases of practical interest, one would expect that, due to integration, the
diagonal terms of the tensor [, 0.,V dt [ 0,V dt in Eq. (29) to be domi-
nant, leading to an alternative snnphﬁed form for the interaction tensor,

pubs.aip.org/aip/pop

" = DP*, D=TA? (34)

where the function D plays a role analogous to a diffusion coefficient,
the function A(z,,z;) represents the characteristic size of the impulse
Lﬁzu V dt caused by a scattering event, and, for this expression, the
coordinates z, are assumed to be normalized (i.e., without physical
dimensions).

The appearance of Egs. (30) and (31) can be slightly simplified by
replacing f, with fand f; with f’ and so on, where the prime symbol ’
indicates evaluation at z’. Then, the collision operator has the form

) = {fj [ (o 2o . Oeal) dz/], 65)

while the full kinetic equation for the distribution function f(z, t) takes
the form

% gz{fj [ 8(Ha+<b) an
.(Jf.ag’jf'—aag’ff)dz'”. (36)

Finally, we remark that Eqgs. (35) and (36) apply to the case in which f
and ' describe collisions between different statistical ensembles, i.e.,
f'# f(2/,t). In such a case, the equation for f’ can be obtained by
replacing f with f” and so on in Eq. (36).

lll. CONSERVATION LAWS, ENTROPY PRODUCTION,
AND EQUILIBRIA

Equation (36) preserves the particle number, total energy, and the
interior Casimir invariants (the Casimir invariants induced on the field
theory by the Casimir invariants of single particle dynamics).
Moreover, any additional quantity conserved during both isolated par-
ticle motion and binary collisions gives rise to a corresponding macro-
scopic conservation law for Eq. (36). For instance, if angular
momentum is conserved during both the single-particle dynamics and
each collision event, then the total angular momentum is a conserved
quantity of the system (36).

Equation (36) also satisfies an H-theorem, from which thermody-
namic equilibria can be explicitly determined. These equilibria gener-
ally deviate from the standard Maxwell-Boltzmann distribution due to
the conservation of interior Casimir invariants.

In this section, we verify these conservation laws and derive the
associated entropy production and equilibrium states.

A. Conservation of particle number

Equation (36) is in divergence form. Hence, conservation of total
probability (particle number)

N = J fdz, (37)
follows by application of Gauss’s theorem under appropriate boundary
conditions. Let M 3 z denote the phase space domain occupied by the
system. Define the effective phase space velocity

z—g.|2H+D) an( alogf’—j-alogf)dz/]. (38)

0z loz4 0z
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Then, the boundary conditions required for conservation of A" are
fZ-n=0 on OM, (39)

where n denotes the unit outward normal of the bounding surface
OM. Physically, Eq. (39) expresses the fact that the normal component
of the effective phase space flux fZ must vanish on OM (particles do
not escape from M).

B. Conservation of energy

The total energy of the system is given by sum of the energies of
the interacting pairs,

_ JfHdz + Jﬁ’dedz’ ¥ Jf’H’ &7

_ Jf(H—i—%fD) dz + Jf(H +%¢>’) . (40)

H+<I>)dz+J f/(H "+ @) dd

O(H + @)
oz

—~J-H~(j~ 5y

[ (s 2

dlogf

B J I O(H + @)

5 ~j~H-(j-

0z
ologf’

ologf’
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We note that this expression yields twice the Hamiltonian of
the Vlasov equation, [f(H + ®/2)dz, when H = mv*/2 is the
kinetic energy and V = q*/4meg|x — x| is the Coulomb potential
energy.

Remark 1. Note that in Eq. (40) [f(H+®/2)dz
= [f'(H + ®@'/2) dz' when f and f' pertain to the same statistical
ensemble, and that including the term involving primed quantities
in the expression of J€ simplifies the algebra associated with the
evaluation of the rate of change of €. In the following, functionals
FIf] of fwill often be expressed as the sum of identical terms, one in
terms of f and the other in terms of f', Z[f] = Z[f]/2 + Z[f']/2 in
order to simplify the evaluation of dZ /dt. When f and f' represent
distinct statistical ensembles, the form (40) also provides the rele-
vant invariant.

An explicit evaluation of the rate of change in .7 shows that

o )]

_ alogf) [0
J % dzdz J %

T Ologf ) dz} } dz
oz

_7. 8logf)dd/
oz

. {(H/ +(D/)f/j/

:J.ﬁrlé'n-(jl'w—j'%)dzdzlzm (41)

where we used the facts that 9,V = -0, V, ¢ = &, T(z,2') =
condition (39).
C. Conservation of interior Casimir invariants

Let Ck, k=1,...,
invariants are the functionals

(2, z),

and & - IT = 0, and eliminated boundary integrals through the boundary

m, denote the m = n — rank(J) Casimir invariants spanning the kernel of the Poisson tensor 7. The interior Casimir

¢ = J fckdz. (42)

It follows that:

O(H + @)

de* 0 8(H+d))
Tl (Ckfj‘ {a

e (o Ologf" ﬁlogf) oo
+an (j B 7 U8 ) 4z |z =,

where we used the boundary condition (39) to eliminate boundary
integrals, and the fact that 7 - 9,C* = 0. For example, in a guiding
center plasma, the single-particle magnetic moment yu induces the

(o 2

—J-algzgf) dz'Ddsz%C: g {— -

(43)

interior Casimir [fudz (the total magnetic moment). A more
detailed discussion of this invariant is given in Sec. X C for the two-
species guiding center model.
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D. Other invariants
Let p(z) denote some physical quantity, and consider the observable
P = pr dz—l—Jf’p/ dz'. (44)

Applying boundary conditions (39), we have

%J%'{w'[‘w (o algff/‘j'%)dz/”dz

op 6(H+<I))
oo [

oz

+ i.{p’f’j’. {—Mﬁ‘

ot oz

an. (j.algzgf_j,.algif) dz}}dz’

an ( ' 610gf/g7-610gf)dz’} dz

oy’ OH + @ ol dlogf’
- a%,-f’ﬂ“ [—( o )+Jfrl~ (J~ ;ff—J“ ;ff) dz] g
[ o) oy o)
N in J 0z dz + Jf o7 J oz dz
dlogf’ ol
Jff (.7 —-J 82’) -IT- (J’ - gf,f R ;ng) dzdz . (45)
[
ds of af’
From this equation, we see that a sufficient condition for & to qualify a (1 +logf) dz — J (1 + logf’ )
as an invariant is that p is a constant of motion of single particle /
dynamics =— 8f dz — JZ/ o dz
’ 8 0z
op . O(H+®)  ; (O(H + @) of' o(H + @)
T T 46 - _ _ |2
0z J 0z ’ (46) oz 0z dz J(’) T 0z dz
and that p + p’ is preserved during a collision, + (.7’ _ dlogf’ _ 7. Olog f) I
1z4 0z
ap ! 8]3/) 1 J _ !
<J 5% a7) P nandt =0. (47) ‘ (J, 4 ag)jf _ 7. alao;gf) deds (50)

As an example, consider conservation of the total x-momentum &
corresponding to p = p, in a phase space M with canonical coordi-
nates z = (p,q = x) and symplectic Poisson tensor J = J.. We
have

s A L) 4 gy

dt Ox ox'

which vanishes if, for example, H = H(p) is the kinetic energy, and
D(y, z, t) is an x-symmetric electrostatic potential.

E. H-theorem and thermodynamic equilibria

The kinetic equation (36) satisfies an H-theorem. The entropy
measure of the system is given by the functional

Now recall that z defines an invariant measure, in the sense of Eq. (2).
Furthermore, since we want the system to be thermodynamically iso-
lated regardless of the magnitude of collisions, we require the ideal
part 7 - 9;(H + ®@) of the effective phase space velocity Z to be tan-
gent to the boundary, i.e.,

n-J-M:O on OM. (51)
0z
Then,
af (H + <I>) B dH+®)
J oz 0z dz = Jaan A 0z w=0 62

where dS denotes the surface element on OM. It follows that:

dS 1 Ologf’ dlogf n
—Jflogfdz—Jf/logf/dz/. (49) JffV[( A R
2
Using the boundary conditions (39), the rate of change in S can be J 8,th] dzdz dz"dz" > 0, (53)
evaluated as Te
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where we assumed that f, f', and V(z,2';2",z") > 0 and substituted
the expression (29) for the interaction tensor.

If the system achieves a state of thermodynamic equilibrium, we
must have

4
lim §—0<:> lim (‘7,'810gf 7J~810gf)

t—+o0 dt t—-+00 oz 0z
.PL.J Q. Vdt=0. (54)
Let
frl2) = lim f, (55)

denote the equilibrium distribution function and define

AOC:J“algif;—J-algifw- (56)

Equation (54) is equivalent to
A € ker(IT), (57)

and can be satisfied whenever
=PBE+7:8, Bri€eR, (58)

where & € ker(PL) is the vector field (21) and & = J - op —J -
O p" € ker(IT) are other elements of the kernel of the interaction ten-
sor IT associated with additional scattering invariants p as described by
Eq. (47). From Eq. (58), we thus obtain the family of thermodynamic
equilibria

logfox = —B(H + @) — 7,p" +g(C), (59)
where C = (C!, ..., CF) are the Casimir invariants of the Poisson
tensor 7, and the function g(C) is arbitrary (in the sense that any
choice of g corresponds to a steady solution). In practice, the func-
tion g can be determined from the initial conditions for f; more
details and examples on how to determine g will be given at the
end of Sec. XI. We remark that the equilibria given in Eq. (59)
deviate from an equilibrium Maxwellian distribution due to the
presence of the function g(C), which reflects the conservation of
Casimir invariants, and the nontrivial structure of the invariant
measure dz, which generally differs from the standard configura-
tion space measure, such as dv dx.

IV. GRAZING COULOMB COLLISIONS IN CANONICAL
PHASE SPACE

It is useful to consider the form of the collision operator (30)
and the kinetic equation (31) when V =«/|q, —q,| is the
Coulomb potential, with ¥ € Rxg, H = mv?/2 the kinetic energy
of a particle with mass m, ®(q,t) the electrostatic potential, and
the phase space is canonical, with phase space measure dz =
dpdq=m’dvdq and symplectic Poisson tensor J = J..
Recalling the expression of the scattering volume density in this
context, Eq. (5), we have

pubs.aip.org/aip/pop

alv, —

A e R L

ov ov
— ! L . L .
X 5(% qa) (P LC % dt) (P L oz, dt>

a1 dlogf,
T, ( 8"zghfb - aiif ) dz,dz,dz}). (60)

As shown in Sec. VI of Ref. 28, if the projector P+ is removed
from this equation—which is justified under the present ordering
assumption given in Eq. (25)—then the collision operator reduces to
the Landau collision operator via the standard procedure involving the
Coulomb logarithm.

It is, however, instructive to examine the implications of retaining
the projector P*: doing so yields a collision operator that is mathe-
matically analogous to the Landau operator, but obtained without
invoking a minimum deflection angle, i.e., a cutoff at the Coulomb
logarithm.

To see this, we begin by observing that the impulse caused by a
Coulomb scattering is given by

|4
0z = (méw,0) = m(v' —v,0) = — (J ?9_(1 dt, 0) (61)
Let f(v,q,t) = m*f(p,q,t) denote the distribution function on the
measure dvdq. Hence, we may write

0 .
00 =y |17+ [ oot = v, - P
'(JC'éza)(jC'éza) : PL'JC

810g Tb _ alogfa ’g
( 02, oz, dvpdq,dv,dv),|. (62)

It is now convenient to introduce the Coulomb interaction tensor

1
e = 5 v, — vy Jo—évg&vu v dv,. (63)

set f, = f(vp, q,, t), and define the velocity space projector

(v = V1) (Vs = v5)

Pr=1,- .
|va — vy

v

) (64)

with I, the 3 x 3 identity matrix. The collision operator then becomes
- 5 1 1
C(i,1) = |:fu Jbe e - P,

Ologf, Ologh,
<—6'vu “Hor duy|. (65)

Next, observe that the dominant contributions to the integral in
Eq. (63) arise from the dlagonal components of the tensor 6v,0v,,
since the off diagonal terms dv6v), for i # j are expected to largely
cancel out upon integration. Let 1y = /3 denote the characteris-
tic spatial separation between particles in a system with spatial
density 1(q,t), and assume that particles have a characteristic
energy & = 3kgT /2, where kg is the Boltzmann constant and T is
the temperature. Under these assumptions, we may approximate
the tensor Il¢ as
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I 1 | | K n 2
~—|v, — vyl 7, _—
e " (1’]2‘ m 3kBT/m)

) (66)
[ — mlv, —vy| (K I
" 6kgT m) "
The corresponding collision operator takes the simplified form
2
K 3 m‘va - 'Ub‘ 1
= (=) =—. Ta ™ Phip
CG.) <m) v, {T“ th 6kpT v
Ologf, OJlogf,
(T2 - 0 | 67
( ov, vy, vb (67)

Remarkably, the Landau collision operator can be obtained
through the substitution

2nlog A
6ksT vy — vp|’

mlv, — vy

(68)

where log A is the Coulomb logarithm.

Remark 2. We observe that the reason why there was no need to
introduce a cutoff for the deflection angle caused by a Coulomb collision
lies in the fact that, in the collision operator (65), the projector P
appears in front of the interaction tensor Il of Eq. (63) due to the graz-
ing scattering ansatz (recall Def. 1). In fact, the usual derivation of the
Landau operators involves the approximation of the interaction tensor
[¢, and, in particular, of the integral & = [ dvdvdQ/ sin*(y/2)
within ¢, where y is the deflection angle, ov the velocity displacement,
and dQ the infinitesimal solid angle (see, e.g., Ref. 39). This approxima-
tion assumes that y € [Ymins Ymax) 1 Small and bounded above and
below. It is from this approximation of Il¢ that one recovers the projector
IP.- in the standard derivation, effectively introducing the grazing scatter-
ing ansatz at this stage. However, the evaluation of % is not needed in
our construction, effectively bypassing the mathematical singularity of the
cross section ¢ near y = 0. More precisely, the possibility of expressing
the scattering volume density per unit time V in the spatially localized
form (5) hinges upon the assumption that the inter-particle distance is
small compared to the system size, a condition that is inconsistent with
s — 0, which corresponds to a diverging impact parameter. The cross
section ¢ appearing in the interaction tensor (63) does not include small-
angle deflections, and therefore I does not diverge as y — 0.

We conclude this section with a few remarks on the properties of
the collision operator (67) and the associated kinetic equation

O 19 (00 0 K\’ o
o= (12) =5 () 3

ymlv—v| | <alogf 810gf>
) PL.
[f J et o o ) @
where { = f(v/, q, ). Equation (69) preserves the total particle num-
ber under suitable boundary conditions, due to its divergence form.

Discarding boundary integrals as usual, conservation of energy can be
shown as follows:

dH _ [9f 5f’(1 2 ) /
dt_Jat( v-l-(I))dvdq—ﬁ—Ja 5 mv + @ | dv'dq

/‘ | o 1
Jﬁ 6kT(v v)- Py
. <‘9 gojf _ 8(19‘;%'7) dvdv/dg = 0, 70)

pubs.aip.org/aip/pop

where we used the fact that (v — v') - ;- = 0. Equation (69) does not
conserve interior Casimir invariants because the underlying canonical
particle dynamics does not possess Casimir invariants. Finally, the
entropy law is given by

as _ ([« 2Jﬂr,n/t|va’|
it~ \m) | ekt

, 2
x {Pf. (‘9557 —ag’ff)} dvdv'dg >0.  (71)

Hence, the Maxwell-Boltzmann distribution

logf,, = [3( mv +CD) +logA, (72)
where A is a normalization constant, is a thermodynamic equilibrium.

V. NONCANONICAL HAMILTONIAN STRUCTURE OF
GUIDING CENTER DYNAMICS

Let (x,y,z,u,pt,0) denote guiding center coordinates'® in a
domain M = Q x R x [0, +00) x [0,27] with Q € R*> a smooth
bounded domain with boundary 0Q. Let b = By/B, denote the unit
vector along the equilibrium (time-independent) magnetic field
By # 0, and w. = qB,/m the cyclotron frequency with q and m the
particle charge and mass respectively. In these coordinates, the Poisson
tensor has expression

0 b, b, B 0 0
4B 4B] mB|
k
b: 0 b 5 0 0
qBT‘ qBﬁ mB‘*‘
- bx 0 B, 0 0
Jec=| 4B 4B} mB . (73)
B B; Bt
e S z 0 0 0
mB‘*‘ mB‘*‘ mB‘*‘
R
0 0 0 0 ——=
By
0 0 0 0 = 0
L By

where Bj = B* - b and B = B, +B°“V x b. Given F,G € C* (M),
the Poisson bracket associated wnh the Poisson tensor (73) can be
written as

s

¢
{F, G}GC = FO(F()GM — FI,G()) +— BT‘ (G VF
1
_F,VG) - —b-VF x VG, (74)
qB

where lower indexes are used to denote partial derivatives, e.g.,
G, = 0G/0u. In this setting the guiding center Hamiltonian is inde-
pendent of the cyclotron phase 0 and has expression

1
Hge = imu2 + 1By + q¥, (75)

where q¥ = q® — quA| denotes the cyclotron phase averaged
generalized potential energy, q@ the electric potential energy, and
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B = By + B; the total magnetic field with perturbation B; =V
X (A)b)." Recall also that the parallel momentum mu = mu| + qA|
includes a kinetic part associated with the parallel velocity v and a
magnetic part associated with A. The Noether invariant associated
with the 0-symmetry is the magnetic moment .

VI. ELECTROMAGNETIC POTENTIALS

In the following analysis, we neglect displacement currents, as
they are considered negligible for the low-frequency phenomena under
investigation, which occur at frequencies much lower than the cyclo-
tron frequency. Additionally, we omit finite Larmor radius (FLR)
effects, as our focus will be on turbulence with wavelengths much
larger than the Larmor radius.

Let g5, m, fs(x, v, 2, u, u, t), and

+00
ns(x,y,2,t) = JR L f:Bjdudyp, (76)

denote the charge, mass, distribution function, and number density of
species s. Note that the invariant measure with respect to which f; is
defined is given by the volume element (with units of kg - m® - s=%)

Bﬁdxdydzdud,u. (77)

For the purpose of the present study, it will be sufficient to con-
sider 2 species, s = 1,2. Then, the electric field E = —V® is deter-
mined by Poisson’s equation

1
AD = —— Mg in Q, 78
eozs:qn in (78)

under suitable boundary conditions on 0Q. Here, ¢, is the vacuum
permittivity. Let us assume that By is a vacuum field in the confine-
ment region Q, thatis V x By = 0 in Q. This is true if the coils gener-
ating By are located outside Q. The magnetic field in Q can then be
obtained from Ampere’s law,

VXV x (Ab) =ty > _jo (79)

where j is the current density of species s. Dotting the left-hand side of
this equation with the unit vector b gives

b-V xV x (Ab) = —AA| + (b V)’A| + (V- b) (b- VA))
+AHb-V><be. (80)

Now assume that the parallel and perpendicular wavenumber scales as
kj/kL ~ O(€), where € > 0 is a small ordering parameter associated
with the drift-kinetic ordering. Since b-V ~ kj, it follows that, at
leading order,

AAH = AHb -VxVxb-— ,Llozqsﬂs (ﬁs 7375514”) in Q, (81)
with

U, = ijufx ﬁdud,u7 (82)
N

the local average of u for species s. Under suitable boundary condi-
tions, Eq. (81) determines Aj.

pubs.aip.org/aip/pop

Finally, observe that since V x By = 0 in Q, locally there exists a
scalar function { such that b = V{/|V{| (Poincaré lemma). Hence, b -
V x b = 0 implying B = By in Q.

VIl. AWEAKLY COLLISIONAL PLASMA REGIME

In order to obtain a collision operator for the present guiding
center system according to the theory developed above, some physical
assumptions are necessary with regard to the type of collision process
driving dissipation. We will be concerned with a weakly collisional
plasma regime such that the change in magnetic moment after a colli-
sion event is small, and the cumulative magnetic moment change
resulting from repeated collisions is negligible. Although our deriva-
tion does not assume a single application scenario, the present work
was originally motivated by non-Maxwellian self-organized density
profiles observed in levitated dipole experiments.'”'" These experi-
ments confine a magnetized plasma in a dipole field that mimics the
Earth’s or another planetary magnetosphere, and are used to investi-
gate particle transport and diffusion in space environments (e.g., radia-
tion belts and jets; see Ref. 40 for broader context and Ref. 41 for
recent dipole applications). Here, for a more targeted discussion,
we consider two representative cases—(i) a fusion-reactor-grade
hydrogenic plasma and (ii) a laboratory electron—positron dipole
plasma®* **—and delineate the conditions under which each falls
within the weakly collisional regime.

The first requirement (small change in the magnetic moment
after a collision event) can be satisfied if the charged particles have a
high enough kinetic energy, their characteristic spatial distance
Ty~ n;l/ 3is large enough, and collision events are localized, i.e., they
occur over spacetime scales that are small compared to the characteris-
tic spacetime scales of ideal (collisionless) dynamics. To see this explic-
itly, denote with T, the temperature of species s. Further assume that
gs has the same order of magnitude for all s. Then, the distance r¢
such that a Coulomb scattering results in a significant change in parti-
cle energy can be estimated as

'8

~ . 83
e 47'[60kB TS ( )

A condition required for the particle energy change to be negligi-
ble is therefore r; > rc. For a reactor-grade hydrogenic plasma with
(s=1,2) electrons and protons, T} = T, = 10keV and n; = n,
= 102 m~3 give r, ~ 107 m and r¢ ~ 107> m. As a complementary
laboratory case, a pair (electron—positron) plasma confined by a
dipole field”” " with T} = T, = 10eV and n; = n, = 102 m™>
yields r,~10*m and rc~10"m. In both settings, the
background-field scale is Ly ~ [VBo| ™" ~ 1m, so that

Lg > ry > re, (84)

and Coulomb collisions are spatially localized, with the background
magnetic field remaining essentially constant during a scattering event.
This implies that the magnetic moment is also preserved, since

0~ Hge — Hge = (11— 1) By, (85)

where the ' denotes the value after the collision. We also remark
that in such regime collisions are localized in time because
LB/\/ kBTs/ms > T'(j/\/ kBTS/mS.

The second requirement of negligible cumulative change in mag-
netic moment can be satisfied provided that
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(1 — 1) = 0, (86)

N
=1

I

where i = 1, ..., N denotes the ith collision event, with N being the
total number of collisions occurring, on average, over the timescale 7
during which the system is observed.

Equation (86) indicates that, in addition to being small, changes
in the magnetic moment should not be biased but should instead
exhibit a compensating effect, resulting in the conservation of the mag-
netic moment even after a large number N > 1 of collisions. This
hypothesis seems physically reasonable, especially close to thermody-
namic equilibrium, since localized Coulomb scatterings can be
expected to behave predominantly as a random process, sometimes
increasing the perpendicular component of the particle energy and
sometimes decreasing it.

In the following, we shall therefore assume that the conditions
(84) and (86) hold. We emphasize, however, that these are working
assumptions and may fail on the timescale of interest if, for example,
pitch-angle diffusion, elevated collisionality, or high-frequency turbu-
lence violate conservation of the magnetic moment.

We conclude this section with brief remarks on the effects of
increased collisionality. Our derivation in Sec. IX concerns a weakly
collisional, grazing—collision plasma (binary encounters, small deflec-
tions, large Coulomb logarithm). Within this regime, increasing colli-
sionality rescales the interaction tensor as IT~ )V ~ T, thereby
increasing the relaxation rate while preserving the conservation laws
and the H-theorem proved above. When the time interval between col-
lisions I'"! becomes comparable to a characteristic dynamical time
(or, in magnetized plasmas, when I" = @), the asymptotic ordering
underlying the operator is no longer controlled, and one should revert
to the standard Landau description (or to the full Boltzmann operator
when finite-angle scattering is essential).

VIIl. TWO-SPECIES REDUCED NONCANONICAL
HAMILTONIAN STRUCTURE

Because the Poisson tensor (73) is a function of g; and m;, calcu-
lations are greatly simplified if the charged particles of the 2 species
s =1,2 are treated in pairs. It is also convenient to use phase space
coordinates whose corresponding volume element defines an invariant
measure (the Jacobian factor is constant). Neglecting the cyclotron

b,
0 —
qBo
b 0
qBo
by b,
JGC - - E qB()
_ B B
mBO mBo
b Vx VB, —bxVy- VB,
qB; qB;
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phase, we therefore choose the following reduced phase space
variables:

Z:(x17y17zl7u17n17x27y27227u277’2)7 (87)

where 1, = uBj; = uBos, s = 1,2, and the lower index applied to a
function indicates evaluation at the corresponding particle phase space
position, e.g., B; = B(x; ), with x; = (x1, y1, 21 ). The pair guiding cen-
ter Hamiltonian takes the form,

1 1
%:H+Q:Em1u%+5mzu§+m+n2+q1<1>1+qz<bz

— QA — @A)+, (88)
where
2 2
Y G 42 5

Here, the first two terms are higher-order contributions that
must however be kept to later ensure conservation of total energy,
while 2= /1;(x;) + 42(x;) allows for some additional potential
energy. Note that we defined the average electric potential energy

Q=q1D; + 2D, (90)

and the difference
H=—Q

1L, 1
=5 mu + 2 Mtk +1 + 1 — A — QA +v, (91)
for later convenience. In the new variables, the pair guiding center
reduced Poisson tensor can be obtained by replacing V with
V + 1V log By 0% in Eq. (74). In particular, the single particle reduced
guiding center Poisson bracket now reads as

B*
{F7 G}GC = ﬁ . [Gqu — FuVG + W(Gan — FMG,])VIOgBQ]
0
1
- q?b - [VF x VG 4 nVlogBy x (F,VG — G,VF)],
0
(92)
leading to the guiding center reduced Poisson tensor
b B: ]
- 2 b VB - Vx
qBo mBy qB;
by B, n
- — —bxVB,-V
qBo mBy qB% * 0 VY
0 B: 1 bx VB, -Vz (93)
mBy qB3 0 ’
B} B* - VB,
_ = 0 -9 >
mBy mBj
n B - VB()
—b - VB —_— 0
Py xVz-VBy n e
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The pair guiding center reduced Poisson tensor thus takes the form
Hoc = TJca + Tac, (94)

or, in matrix form,
Jccr  0s
— , 95
< { 05  Jcc ©3)

where 05 is the 5 x 5 null matrix. Note that the equations of motion
can be expressed as

2= Foc 0:(H+ Q). (96)
Noting that
O,(H+ Q) = (Vl(th’l — QA+ 0)7 myu;
= @A, 1, Vo (@2 — quupAp + v), mauy
- qZAH27 1)7 (97)

where V; denotes the spatial gradient with respect to x,, s = 1,2, we
have

‘ . Msths — gsA s
- b, x V(q:Qs — q,u,A T
Xs quOS s X 5<q5 s = GsUsAs + U) + mgBos :
n
- qséés b x VBos, (O82)
m:_m‘m@a—%w%+®_sﬁ’%%i (98b)
mSBOS msBOS
Ny = ;71;2 b x V; (qs(Ds — qstsA|s + D) - VBos
$H0s
B! - VB,
4—ns—i;£§éfi(nuus—-Qv4m)~ 089

Define {; = (x, us, 1j;). From system (98), it follows that:
O, &y = Ve dte - Dyt + Oy i

1 1 1
= Vi X by - Vo, +— V| —
q:BOS QS <BOS)

msus — qsA
X b, - V.o, + V. (“7%”5) B
msBOS

s 1y v
qs VS x bs VS (BOS> quOS vs

9 g
5B VA

M Dos

X bs - Vo +

o
qu(Z)x

VS X bs . VSBOS + bs

1
qu(z)s

msis — qSA”S

x Vo, - ViBos + B: - ViBos = 0, (99)

msB3,
where g, = q,®; — qsu;A|; + v. Hence, each volume element

d¢, = dx,dusdy;, (100)

defines an invariant measure. In this notation, dx; = dx,dy;dz;.
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IX. TWO-SPECIES GUIDING CENTER COLLISION
OPERATOR

Let f(z,t) denote the pair guiding center distribution function
with respect to the phase space (invariant) measure
dz = d¢,d¢, = dx,du,dn,dx,du,dn,. (101)
Note that £, f, and f, are related by

h= Jf dx,dy,dz, duydn,,
(102)

fh= Jf dxydy dzi duydny,

with N = [fdz= [fid{, = [f,d(, denoting the total particle
number of each species, which also corresponds to the total number of
particle pairs by construction. Suppose that 2 pairs of charged particles
with phase space coordinates z, and z; interact through a potential
energy V(z,,2p). For the Coulomb interaction,

1 2 2
Ve gl 419 . D% D 7
4meg \ |X1a — x| %10 — %2p| %20 — x| %20 — X2

(103)

where x1;, denotes the configuration space position of particle 1 of
the pair at 23, and so on. Then, the evolution equation for the dis-
tribution function f can be obtained with aid of the theory devel-
oped in Sec. II. Indeed, the collision operator of the system is given
by Eq. (10). However, the potential energy in Eq. (103) cannot be
expressed solely as a function of z, — z;, implying that the simplifi-
cations leading to Eq. (31) do not apply in this case. Consequently,
some refinements are required in order to derive the correct kinetic
equation for f.

We begin by examining the implications of the grazing scattering
condition (13) for the phase space displacement dz. Our working
assumption is that the dominant type of collisions involves only 2 par-
ticles, while collisions involving more than 2 particles are ‘rare.” Hence,
if we define

2

Vll = ¢7 VlZ = L?
47'560‘.761,1 — X1b| 4n€0|xla - x2b|
5 (104)
Vy = 192 i

= 0 =
47'[60|X2a — x1b| ’ 471?60‘X2a — xzb‘ ’

only one of the four potential energies above will be at play during a
collision event, and each of these potentials are of the type
Vij = Vii(|xia — x3|), i,j =1,2. The grazing scattering condition
therefore amounts to

Vi
! J e —2gr=0(),

E_fo y . aCai
_ O(H+ Q) I(H+ Q) (105)
p —JGCa'Tm*JGChj'TIJj»
ij=1,2.

At leading order, the phase space displacements can thus be
expressed as
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P - | O, Vidt+ Py, J O, Vi dt
(szu - /Gca : L - L )
P - aCaZ Vardt + 15, - J aéaz Vo dt
. * - (106)
Py | O, Vindt + Py, - J e, Var dt |
020 = Fop B ' J
Pl | O, Viadt + Py, - J O, Vo dt
where now the projectors P ,L are given by
P; = 6‘15” ij=1,2. (107)
z

To simplify the notation, let us write [J; Vi = Lﬁgal Viy dt and so
on. Introducing the interaction tensors

Py; - Jazaz Var + Py, - Jacuz Vo
Pﬁ : Jagm VU + PZLI : Jagbl VZI

X dz.dz,,  (108a)
Pi; - Jacm Via + Py, JOCbz Va2

1
oy =
|V

Py - Jacuz Va + Py Jac,,z Vo

Plll Jagal Vi + PIZ J VlZ
X dzldz),,  (108b)
Pi_l : J agdz V21 + PZ : J 8Cﬂ2 V22

at leading order, the collision operator becomes

€)= g T [ (T Sy S
I, /GCa'%zifu> dz;,}. (109)

The appearance of this equation can be slightly simplified by setting

Z = za /GC:/GCu’f:ﬁl’ Z/:'zlb /’GC:/GCb’ f/:fb)
I = I, and IT = I1,,. We have
, o1
) = |1 e 5 (0 e 58
M- Z- alogf) z}. (110)

The full evolution equation for the distribution function f therefore
takes the form

pubs.aip.org/aip/pop

of 0 OH+ Q) ’ a10gf
ot 62 {f/Gc {_T J (H /GC 2/

) al"gf) z” (111)

In this notation,

= Jf’V(z,z/)alz/7 (112)

is the average interaction potential energy felt by a particle pair. Recall
that, for the Coulomb interaction, the potential energy Q is related to
electric potential ® by

Q=q1P; + ¢, D, (113)

with

1 (x17t)7 (114)

q m / 92
476 J | — x| 4% + EJ | — x5 ax; =
and a similar expression for @,. Here, n, = n,(x!,t) denotes the num-
ber density of species s at x. Notice that Eq. (111) defines a closed sys-
tem once coupled with the Maxwell’s equations (78) and (81).

The evolution equations for the single species distribution func-
tions f; and f, can be obtained by integrating the evolution equation
for f. For example, integrating (111) with respect to {, = (x2, uz, 11,)
and assuming boundary integrals to vanish, we have

oh 1o} A(h1 +q1 Dy +vy)

. R e P LTS
where the function v; is defined by
b=> A AH$+/LS, s=1,2, (116)
and we defined
hy = %msuf + 1, — qaAp, s =1,2. 117)

We remark however that, in general, the evaluation of the colli-
sion operator in Eq. (115) requires knowledge of f. This is a conse-
quence of the fact that f; and f, are not statistically independent.
Nevertheless, if one approximates the pair distribution function f as
f(&1, 85, 1) = filCy, t)2(E5, t) /N, one recovers two coupled equations
for fi and f, that define a closed system [together with Maxwell’s equa-
tions (78) and (81)]. To see this, define

1 !
I, = ijzfzv(Pﬁ Jag Vi dt)

x (Pﬁ J , V“dt) dz"dz" d¢,d¢, (118a)
Jvu( J 8§1V11dt) (Pﬁ J Oclvndt)d(,' ey,
Vi = Jﬁ{z VdCZdCZdC ey, (118b)
I, = N J RflV ( Lag Vi dt>
x <P§2 J O Via dt) dz"dz"d¢,dg, (118c¢)
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1
:JJV'H (P;-j o, Vudt) (Pg J Dy, Vlzdt)d(; ey,

Via= [Bhvac,ag;aciac!. (1184)
with V = V(z,2'; 2", z2"). Neglecting all terms corresponding to colli-
sions among more than 2 particles, from Eq. (111) we have

oh 0 I(h+q1 P, +v;)

T [f‘JGO o, ]
0 , ,  Ologf] dlo ,
+87§1’ ﬁJGCI'Jﬁnll'(JGCI‘ aéfl*jccr a‘iﬁ)dCl]

d . . Ologf! ol )
+% fleCl'sznlz' (jccz' Og/fz_jGCl' ngl) dC2:|
1

o5, g,

(119)

A similar equation holds for f, (just replace 1 with 2 and 2 with
1). Observe that Eq. (119) contains two collision operators, the first
expressing binary collisions between particles of the same species, the
other representing binary collisions between particles belonging to dif-
ferent species. Finally, when f, = 0, we recover the single-species colli-
sion operator (35).

X. CONSERVATION LAWS AND ENTROPY
PRODUCTION FOR A TWO-SPECIES GUIDING CENTER
PLASMA

In this section, we show that Egs. (111) and (119) preserve total
particle number, energy, and interior Casimir invariants, and that they
satisfy H-theorems. We remark that additional conservation laws,
such as total momentum, are not discussed here as proofs are similar
to conservation of energy and have already been discussed in Sec. Il in
the single species setting.

A. Conservation of particle number

Because Eqs. (111) and (119) are in divergence form, it is clear
that both equations preserve the total particle numbers

N:dez, NI:Jfldcl, (120)

under suitable boundary conditions. Of course, a corresponding
invariant V', exists for the evolution equation satisfied by f>. Note that
the domain in which Eq. (111) is solved is given by M = M; x M,
with M; = M, =Q x R x [0,400). In the following, we shall
denote with OM, OM, and OM, the boundaries (including the limit
at infinity when appropriate) of M, M, and M, respectively.

B. Conservation of energy

Let us first focus on the energy conservation law for Eq. (111). In
this case, the energy functional is given by the ensemble averaged
energy of two colliding pairs of particles, plus the electromagnetic
energy. The latter is given, up to time-independent terms, by the spa-
tial integrals of the leading order terms of the magnetic perturbation
energy density |V x (A||b)|2 /241y. We have
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= JfH dz + Jﬁ”dedz’ + Jf”H/ dz'
1
+—J(\VAH|2 +ATb- VXV xb) dx
Ho
= ZJfHdz—i- Jdez
1 2 2
+— | (IVAP + 476V x 7 x b) dx, (121)
Ho
where H = H(z) and H' = H(2') with H = 5 — Q the pair energy
encountered in Eq. (88). To see that (121) is an invariant of Eq. (111),

we first observe that

1 5 1 2
H = oy (it = @A) oo (ot = @ Aa)”™ 4y 12+ 4,

(122)
Hence,
OH OA| OA|
87 Q11— ot — Q202 o (123)
It follows that:
OH 1 0
J 5 4 *T&J('VA“ +A43b-V x V x b) dx
0A 0A
= —Jnlqlﬁul at‘l dx1 — J.leqzleZ 8tH2 dxz
—'u—o (AAH—AHIrVXVXb)de:O, (124)

where we used Eq. (81) and eliminated boundary integrals. We there-
fore have

%:J?{Hd +J8de +Jaf Q' de +J%fH’dz
S Zs e J/(”/'/%c'mg—fff
1 oo P ) |

J[f/GC s 0) (e 28

z/

i e 208 B [5.20¢ + )

0z 0z 19,4
4oz M] dzdz dz' dz"
0z
Ry dlogf ,fﬂogf’)
=3 v(oe 208w 208

2

ij=1
(125)
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where we performed integration by parts, eliminated boundary inte-
grals, and defined

I =, [T =1 (126)

Here, we also used the fact that the scattering volume density per unit
time )V is symmetric on the order of the particle pairs, ie.,
V(za, 232, 2;,) = V(2b, 243 2}, 2,,), and the fact that P; & =0,
i,j = 1,2, by construction.

We now move to the energy invariant associated with the evolu-
tion Eq. (119) for f; and the corresponding equation for f,. Now recall
that (119) was derived under the assumption that f = fif, /. We

dg;?lz

Zjai h1+q1¢)1+01)d€1 +2J8t
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therefore expect that the relevant energy functional 9;, can be obtained
by substituting f = fif2/N in Eq. (121). After some manipulations,
one finds

D1 = f fi(2hy + @, + 20,) dE; + J (2 + @2 @5 + 202) dE,

J(WA”\ +43b-V x V x b) dx. (127)

As in the case of Eq. (111), the change in magnetic energy is can-
celed by the terms involving d(hs 4 v5)/0t, s = 1, 2. In particular, the
same calculation as in Eq. (124) applies. It follows that:

0
P2 (1, 4 g0, + 1) di,

{ fiJcer O +g§)l *+0) Jffnll : (j/c(n 'algcg/lfl Jacr - 81(;51](1) dC/l] dg,

. f T W BN [y ( T 28 g .81(;Cglf1> a0 i
. f S ( o 28 g 8laégf> a0
+ fJ gl [fm, (sz - e ‘91;5‘2) a |,
+ :f{J’GCI ) o, (Jcm L - T af) & | &
+ :fl,leCl 8<h,1++§(/1y1+0/1) fllyy - (chz : 3g>§zfz - Jsa al(;gf) dg, | d¢;
+ :fZ,JIGCZ 8(%++CZUZ+U;) fZH/zz ’ (Jccz : 3155;]‘2 - jlecz ’ (r“)laocng2> dg, dC’Z
. f Fe TR (1, (e, 2B 7, 6§§2ﬁ> )

= gfzjffu‘fzvé,j ( ~Jagv,.j> (p; A

where the tensors IT;; and IT;, j are those appearing in the evolutlon
equations for f;, fl, f2, and f2 and we used the fact that PL f
i,j = 1,2. We have thus shown that the energy 9y, is constant

C. Conservation of interior Casimir invariants

Equations (111) and (119) inherit a Casimir invariant from the
Casimir invariant (the magnetic moment) of the Poisson tensor of
guiding center dynamics. This type of Casimir invariant induced by
microscopic equations of motion on the field theory are called interior
Casimir invariants.”® First, consider Eq. (111). The relevant Casimir
invariants are the total magnetic moments of the 2 species,

Olog f/ dlogfi
JE)Q Vij) . <j’ch . (‘)CJ —Jaci - 8Ct dzdz dz" dz" — 0,

(128)

(129)

_ LOF)
A= Jfg(Bo 7Bo) 4z,

where g is an arbitrary function of the magnetic moments yx, = 1, /B,
s =1, 2. Let us verify that (129) is preserved by Eq. (111). Performing
integration by parts and eliminating boundary integrals, we have

a# I(H+ Q) dlogf’
dr Jf [_ 0z +

| (H'~/ec~ o
- e %) } Hac gdzfo

where we used the fact that _Z .. - dg/0z = 0.

(130)
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We now return to Eq. (119). The Casimir invariant in this case can be obtained by substituting f = f,f, into Eq. (129),
M _Jffz <"1 2> dg, dg,. (131)
By

Again, performing integration by parts and dropping boundary integrals, we have

amM o(h + 1@y +v 0, dlo dlo
= [ MR, o 28 g, + Jﬁfzﬂnn : (J'GCI : 8§f1 Tear- a§ﬁ> Tecr S G deds
1 1 1
ologf; dlog f;
+ | LA, (\7/GC2 lez —Jcar - o, ) Tear 3C1 £ dgyde, dc,
O(hy + 2@, + v 0. dlogf; dlo
- [ttt ) o 28 g, + Jﬁfzﬂnzz - (sz ‘ af,fz ~Joar- 8§f2> Tacs 5 At
2 2 2 2
ologf/ dlo
+ [ARATL, - (lea : aé‘:;ﬂ —Jae2 - aégfz) “Jaee aC d§1dC1dCz (132)
1 2
where we used the fact that Jges - 9g/9¢, = 0,s = 1,2.
D. Entropy production
The Shannon entropy measure associated with the distribution function fof Eq. (111) is given
he Sh: Py h the d fun, f Eq given by
— |flogfdz— | f'logf dz'. (133)
8 g
The rate of change in S can be evaluated as follows:
ds IAH+ Q) /< ., Ologf’ dlog f) | ologf
Z-[f/sc'{_TJFJf - e oz -1 Foe oz dz 'sz
oH + Q) 610gf i Ologf’ Alogf’
"’Jfl//Gc’{_T J I HFoc o~ Foe 2/ dz| - 2/ dz!
4
—%Jﬁ"v (5z’~81§f/f - 5z-¥> dzdz dz' dz"
2
!
J Y [Z (J Vi dt) P} < Jeci- alaLCgf Ty al(;’gf)] dadi da'dd" > 0, (134)
i T i ]
where we performed integration by parts, eliminated surface integrals, used the fact that
H+Q)| _ 0 OH +Q
{/ ae 7( )] {/Gc 7( ” )} 0, (135)

and assumed that ff' > 0.
Now consider Eq. (119). Again, the entropy measure for this equation can be obtained by substituting f = f,f, into Eq. (133). The result is

S =~ | ilogfi dg, — [ log g, — | 1ogf dt; ~ [f1ogfsdt 136)

Performing integration by parts and eliminating boundary integrals, it can be shown that

dS ,  Ologf] dlo Alo, ,
—2 Jfﬂjc,a I, - (Jcm : (%g/lfl —Jaar - 8€glf1> . 8(“ifl dg,d¢,
, , ,  Ologf] dlo dlo ,
+ Jflfzjcm I, - <~7Gcz . ag’f —Jccr - E?Cglﬁ> : aéglfl dag,dg,
dlo dlo dlo
+ szfz/JGcz Iy, - <~7/Gcz aggfz Jaca - 3ngf2> acgfz dg,dg,
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+ J T aca T (J’Gm - ea ‘9la"§f> ek g,

+J T e T - <JGCZ ~615Cgfz ~ Teer ~8§§f{> ~a§éﬂ d,de,

+ [ (Jccz T e T ) O aa,
+J FifTeer T - (JGCI al(;’fﬁ Tecr 81°ng > ag’éﬁ dg,dg;. (137)

NOtll’lg that H11 = H’ll’ H,IZ = Hz], sz = HIZZ’ and HIZI = H]z, thlS
expression can be rearranged as follows:

% = i%Jﬁf;ﬁﬂvKP; : J 2 v1>

ij=1

. dlogf! ologf\1" .
| Teg- a Ji a, dzdz'dz"dz" > 0,
Ji i

(138)
where in the last passage we assumed that fi, f/, 5, f; > 0.

Xl. THERMODYNAMIC EQUILIBRIA

The H-theorems (134) and (138) can be used to derive thermody-
namic equilibria [steady solutions of Eqs. (111) and (119)]. Indeed, if
well-behaved thermodynamic equilibria exist for f, fi, and f,, they
must satisfy dS/dt = 0 and dSy,/dt = 0. In particular, following the
same steps as in the single-species case discussed in Sec. IIT E, one finds
the equilibrium distribution functions

fro = e {—/z(m Q) —g(ﬂ,ﬂ)}, (139)

Bo1 " Boz

and

fico == exp{ ﬁ(h1+q1<1>1+v1)+g1(3 >}7
o (140)

2

1
Sroo = ZeXP {*ﬁ(hz + @0+ 1) + & ( ]722> },

where g(11,/Bo, 1,/Bo), &1(n1/Bo), and g»(17,/Bo) are functions of the
magnetic moments which are determined by the initial conditions of
the system (the shape of the distribution functions at t = 0), f € R,
is the inverse temperature, and Z, Z;, and Z, are normalization
constants.

We remark that the functions g, g;, and g, combined with the
nontrivial invariant measures (100) and (101) are responsible for devi-
ation from an equilibrium Maxwellian distribution. As a consequence,
thermodynamic equilibrium may exhibit a self-organized inhomoge-
neous spatial density profile. Non-Maxwellian equilibria arise naturally
in dipole-confined plasmas and are observed both in space (radiation

belts) and in laboratory dipole traps. Common signatures include
suprathermal (i-like) tails, temperature anisotropy T, # Tj,
bi-Maxwellian or ring distributions, and butterfly/loss-cone pitch-
angle structure; configuration-space profiles deviate from Boltzmann
scaling with @ and correlate with B, consistent with p-conserving
transport (betatron/Fermi effects). These features have been reported
experimentally'”'"*>*° and are consistent with theoretical predic-
tions”'**** that the conservation of the first adiabatic invariant con-
strains relaxation, yielding equilibria that differ from a Maxwellian on
experimental timescales; see Ref. 40 for broader context.

For example, if the spatial density p, (x;) of the first species asso-
ciated with f; is given by

1
P = Jfl dudn, = 7 exp {=B(@ @1 +v1)}
1

1
X J exp {—ﬂ(z myu’ — qlu1A||1) } du,
XJeXP{ [3111+g1< By, >}d’71
1 27 Q%Aﬁl
_Z—l %exp{—ﬁ<q1q)1+vl _—Zml
X J exp{—ﬂm + g (g—l)}dﬂu (141)
01

where we set fi = fi, With fi defined in Eq. (140), the integral on
the right-hand side can be evaluated by specifying the function g,
which encapsulates the initial conditions (the initial distribution of
magnetic moment). Let us consider the simplest case of a linear func-
tion of the magnetic moment g = —fy17, /Bo; where y > 0 is a physi-
cal constant (this can be thought as the first nontrivial term of a Taylor
expansion of g;). Then, we obtain

242
1 /[2n q7Aj, By
—[—ex @, + vy — .
= Zy \ pmy p{ ﬁ(% P om B(y + Bor)

(142)

From this expression, it is clear that the conservation of the first
adiabatic invariant results in deviation from an equilibrium
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Maxwellian distribution through the term involving y > 0. In particu-
lar, the density distribution (142) tends to be higher in regions of
higher magnetic field strength By. A similar computation for a
Gaussian-type profile g = — ﬁyz g leads to

242
7Bo1 ai A}
1) _
P = 75 _exp{ (q1 1+ 0 2m

X [1 —erf (\/lzfm)} exp {lfél} (143)

Finally, let us spend a few words on how to compute g from the
initial condition f1o = f1 (¢, 0), which we express in the form

1 1 ,
fo=exp {—[f(yBo + zmu2 + q(l)) + 11, X, u)} = fMBet,
(144)

where fMB denotes the Maxwell-Boltzmann distribution, and
% = (1, x,u) is some given function of the phase space variables. We
dropped the particle index for ease of notation, and assumed
A) = v = 0 to simplify the algebra. Now define the following function
of the magnetic moment y,

= JfoBo dxdu = meBO dxdu, (145)

where

foo = %exp {—ﬁ(uBO +%mu2 + qu>> +g(u)} = fMPes, (146)

denotes the distribution function at thermodynamic equilibrium, and
the last equality in Eq. (145) follows from the constancy of u through-
out time evolution. This can be seen explicitly from the fact that the
effective phase space velocity Z defined in (38) has the form
Z = Jac - E, where E is a vector field. Hence, Z" = Z - 9,1t = 0, and
the kinetic equation in the coordinate system (x, u, ;1) can be written
as an exact divergence in the coordinates (x, 1), leading to conserva-
tion of integrals of the type [ /By dxdu.
We now examine the following cases:

1. x = 0. In this case, the initial condition fy = fMP is the Maxwell-
Boltzmann distribution, while f, = fMBe€. From Eq. (145), it fol-
lows that:

S=1<=g=0, (147)

implying that the system remains a Maxwell-Boltzmann
distribution.
2. x = y(p). In this case, the initial condition f, is separable in g,
leading to
= <= y=g (148)

3. y = —Byuu?. In this setting, larger values of y are initially penal-
ized at large parallel kinetic energies through the constant y > 0.
From Eq. (145), it follows that:

[Rexp{—ﬁ(%m—i-yu)uz} du = eg}Rexp{—ﬁ%muz}du

<— —11 _m (149)
g*2°g<m+2w>'
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Above we treated some special cases, but for a general initial con-
dition fy we may write

J JoBo dxdu
g=log| ——— (150)
J fMBB, dxdu

XIl. METRIPLECTIC STRUCTURE OF THE TWO-SPECIES
GUIDING CENTER COLLISION OPERATOR

Both Egs. (111) and (119) are endowed with a metriplectic struc-
ture such that the evolution of an observable F takes the form

& r o)+ [FS, (s1)

where {-,-1 is a Poisson bracket, [-,-] a dissipative bracket, $ the
Hamiltonian (energy) of the system, and S its entropy. For the alge-
braic definition of the metriplectic bracket, we refer the reader to Refs.
29 and 48.

To simplify the algebra, we limit our discussion of the metriplec-
tic structure to the “Vlasov-Poisson” setting, where the magnetic per-
turbation is absent, i.e., A| = 0. However, we note that the more
general case with A # 0 can also be treated (see, e.g., Ref. 49).

The metriplectic structure associated with Eq. (111) is determined
by the brackets,

(.01~ [r5 (57) - See- &(Zﬁd
+J : (5f/) Foc gy (iﬁ)d/ (152)
and

e )

9 [0G 8 oG "
{6: (5f’) + 0z (5f)} dzdZ dz" dz

(153)
where F, G are arbitrary and 0z and 0z’ are given, mutatis mutandis,
by Eq. (106). The generating functions of the system are given by the
Hamiltonian 9 and the entropy S defined in Eqs. (121) and (133). In
particular, we have

T (1.9} 1129 (154)

Similarly, the metriplectic structure associated with Eq. (119) is
determined by the brackets,

=l ) e ) o ()
ez (i) e g (5) -7

0 (oG SF 0 (G
= d
o, <5f1> J 29¢, <5f> Jeca: ac, <6f2> &

(155)
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and -
F,G] = — [ Afl | Toen a%(g_;) e 'a%(g_;
- [ {fm % (§7F> e %(%F)

The generating functions of the system are given by the
Hamiltonian 9;, and the entropy Sy, defined in Egs. (127) and (136).
It can be shown that

0,
gz {1,902} + [fi, i)

Additional details on the verification of the Poisson bracket and
dissipative bracket axioms, including boundary conditions, can be
found in Ref. 28.

XIll. GRAZING COULOMB COLLISIONS IN GUIDING
CENTER PHASE SPACE AND LINEAR THEORY

In this section, we aim to draw comparisons between the Landau
collision operator, ™' which describes grazing Coulomb collisions in
canonical phase space, its gyrokinetic formulation,”"*"** and the colli-
sion operator derived in our study [Eq. (119)] for Coulomb collisions in
guiding center phase space. Additionally, we will derive the linearized
version of Eq. (119), highlighting its connection to linearized model colli-
sion operators commonly used in gyrokinetic theory.”**” In its simplest
form [see Eq. (181)], the linearized operator encodes the noncanonical
Hamiltonian structure of guiding center phase space, while exhibiting a
mathematical structure analogous to that of the linearized Landau opera-
tor and the gyrokinetic linearized Landau operator.””'

First, we note that the collision operator in Eq. (119) reduces to
the Landau collision operator when the five-dimensional guiding cen-
ter Poisson tensor J ¢ is replaced by the canonical Poisson tensor
(symplectic matrix) 7. in the 6-dimensional canonical phase space
¢ = (p, q), where p and q denote the momentum and position vectors,
respectively. On this point, recall the discussion of Sec. I'V. However,
as demonstrated in Sec. XI for the guiding center Poisson tensor, and
in Sec. II E for general Poisson tensors, the collision operator in a non-
canonical phase space deviates significantly from the Landau operator.
It exhibits a spatially nonlocal nature, accounts for generalized particle
interactions, and leads to deviations from an equilibrium Maxwellian
distribution due to a modified invariant phase space measure and con-
servation laws associated with interior Casimir invariants.

Second, while gyrokinetic collision operators represent the
Landau collision operator expressed in gyrocenter variables under the
gyrokinetic ordering—thus enabling the modeling of microturbulence
at the gyroradius scale—the collision operator in Eq. (119) differs fun-
damentally from the Landau operator expressed in guiding center vari-
ables. This difference arises from the intrinsic disparity between the
guiding center Poisson tensor /¢ and the canonical Poisson tensor

(157)

e N N~
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[ 9 /sG 9 (5G] )
Ay - | Tga a—c,l (5—1(1/) — Jaci a—cl (5_fl> dg,dg;
N N W Te 9 (6G\ ,
! l—112 ' chz 8_C/z (5_ﬂ) - Jca 8_9 (5_f1> dCldCZ
[ 0 /sG d (5G] ,
° HZZ ° chz ° a—cfz (5_](2/> - jGCZ ° a—CZ (5_fl> dCZdCZ
) , 0 (G d (8G )

A0 [T gar o (571,) —Jsc %G (572) dag,dg, . (156)

J . As a result, Eq. (119) is not suitable for describing microturbulent
regimes dominated by Coulomb collisions. Instead, it captures a differ-
ent turbulent regime, characterized by the approximate conservation
of the particle magnetic moment [see Eq. (86)], which leads to the type
of self-organized equilibrium states discussed in Sec. XI. These steady
states are relevant to both laboratory and astrophysical plasmas, where
Coulomb collisions are not dominant, and the characteristic spacetime
scales are consistent with the approximate conservation of the first adi-
abatic invariant. Examples include non-neutral and pair plasmas con-
fined by dipole magnetic fields.***

A. Properties of the collision operator in a constant
magnetic field

In order to visualize the difference with the Landau operator, it is
useful to reduce the kinetic equation (119) to the limit in which the
magnetic field By is a spatial constant and the potential energies Vi,
and V), are approximately constant along the field lines, i.e.,
Bj - 0y, Vi1 = Bj - Oy, V12 & 0. Furthermore, we can simplify the colli-
sion operator by invoking the expansion of the interaction tensor given
in Eq. (33), and by discarding the projectors (note, however, that with
this second approximation energy conservation is no longer exact, but
holds only up to second order in the collision time 7.). Substituting the
explicit expression for the guiding center Poisson tensor Jgc [see Eq.
(93)] in this regime, we obtain

O 0 [y Ahtadien)
or ac, ! GCl1 ac,
_ [ l 2= ,b1><V1V11 b’1><VlV11 , "
Vl _f] Jz ‘L'Crllfl qle q1361 VI logfl
by x V,Vy, ) ,}
——F—F—Vilo d
B0, 1logfy | dg)
[ 1 2=/ ,b1><V1V12 b/zxvlvlz , ,
N v -2 vl
Vi _flJZTc 1252 41Bor 2B, V, logf,
b v
,@.v] logﬁ) dC/z}v (158)
41301
where we introduced the gradient operators V; = 0/0x,,

Vi =0/0x}, and V), =0/0x,, and the averaged scattering
frequencies
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_ 1
= _ZJ FAY A d2" dC,dE),
(159)

= J
12 — 2 NZ
Note that due to the localized nature of Coulomb collisions, we have

by /By ~ by /By, in the first collision integral, as well as b /By, = b,/
Bgz in the second one. Hence, introducing the notation

LfVdZ'dZ" dt,de,.

1 -
K11 = *‘L' Fll, K’lZ = E‘L’fl"/m (160)

and defining the E x B drift velocities

by x VvV,
q1Bo1

by x V1V,

, 161
q1Bo: (161)

Ve, = Ei, —

the collision operator C(fi,f,) on the right-hand side of equation
(158) can be approximated as

Ci(f o)==V [fl<'€11”EuUEu (V) logf/ _vllogfl)>,1:|

!/

*V1 : fl <K,]2vEIZvE12 : (%v,zlogleivl logfl) > )

2
(162)

Ph_ 0

O(h1o + 1 P10 + v10)

pubs.aip.org/aip/pop

where () and (-), denote the ensemble averages with respect
to the distribution functions f] and f;. This expression demon-
strates that the collisional particle flux is driven by gradients in
the particle distributions along the E x B velocities (161). This
behavior aligns with the fact that, at equilibrium, the gradient of
logf tends to be parallel to the gradient of the electrostatic poten-
tial, and therefore perpendicular to the E x B flow [see Sec. XI,
Eq. (140)].

B. The linearized collision operator

We conclude this section by obtaining the linearized form of the
kinetic equation (119). To simplify the analysis let us consider the case
with no magnetic perturbations, A = 0. We divide the distribution
functions into a steady leading order component f;y 7 0 and a pertur-
bative term Jf; as

fs=fo+6f s=1,2. (163)

The steady components fy are given in Eq. (140).
At first order, the evolution equation for the perturbation éf; can
be written as

o A,

. [5f1 Jacr - aC
1

0
G

9 ,
+f {fmJGm szonlz

where hyy + 0hy, @19 + 0Dy, and vyy + Jv; represent the decomposi-
tions of h;, @y, and v; into steady and perturbative parts. For ease of
notation, we have also retained the same symbols for the interaction
tensors, though they should be understood as representing their
leading-order expanswns just replace the vector fields &; defining the
projectors P with their leading order expressions, e.g., replace &,
with

& = Tac O (ho+q®o +v0) — T - 0 (Hy +q0 + 1) (165)

We have also used the fact that, due to the grazing scattering condition,
perturbations JIT in the interaction tensors constitute negligible

+87C1 {floJGm ‘Jflonll‘ |:ch1 8(“,1 fl)

ol ! ol !
+i. |:ch1 'j(floéfz,"'leoéfl)nllz. (j’Gcz.O—g,fzo—JGO iﬁo) dC2:|
1

+ fioJcer -

8(6]’[1 + qléq)l + 501):|
g,

dlogf] ol ,
o [jGCl 'J(floéff +f1’05f1)1'[11 : <*7£3C1 : Og/fw —Jaar - Ogﬁo) d(-:q]

g,

Tocr- 5 (ff)} dcl}

9,

2} 9%,

Tocr' 7 fz)—JGa-a%(%)]dc;}, (160)

higher-order corrections. Now recall that h; + v, = mvH J2 40+
so that (ks + ;@ + v5) = q,0®;. Furthermore, the steady states

satisfy

dlogfi, dlog fio

Tear - a Jacr o, € ker(Iy;),
1
Ologf! Olo
Teca (%%fzo —Jaar - 6231](10 € ker(IT},). (166)
2
It follows that:
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—— =75 |0nTcar - + Jcc1 ——
ot a, hJGer az, qifT Ger at,
9 f1) 9 (jﬁ) /
+ - I - = (=4
a, {fchm Jflo n | Jear (%1 2 Jaci 3 \Fio &
0 , ) y
+ 87{1 {fIOJGCI J](ZOHIZ jGCZ acz f2> - jGCl . 6741 (//if;):| dCz} (167)
[
85]( d 8(h0 + q(DO + Uo)
In the case of collisions between particles of the same species, we have ot a of Jac - B T

o5f 0 d(ho + q® + o) 2o
E*_a_c{éijCa—C qf()jGC C:|

+§C- {foJGC : Jfolnu

|76 32 @f) - Tac 5 (;m dc’}. (168)

However, the term involving 6® is, on average, small. Indeed,

5F 0 05D Olog vy
Jf_oa_c'(‘lfojcvc ac) }5f5f ~TJac aC dg

1 £0 8V11 _ 2
—5j5f5f5u~ = 0lero).

(169)

At leading order, the governing equation can thus be reduced to

85f 0 8(]10 + qq)o + U())
oo {JGC { o a

h J L, - (JGC i @;) Jec o C‘f)) d(} }

(170)

Let us briefly discuss the properties of Eq. (170). First, we observe that
for practical purpose (e.g., numerical simulation), it could be conve-
nient to express the interaction tensor I1;; as follows:

0 £0
HII_P jPL PL: 11 117

11 02

g %Jvn (J AV dt) (J AV dt) ",

where the tensor I is a given tensor expressing the characteristic phase
space displacement caused by a collision. Furthermore, noting that
O V11 = (04V11,0,0), in many cases, one would expect the spatial
diagonal terms to be dominant in I, leading to a further simplification,
analogous to that encountered with the Landau operator,
I, = DPy, - I, - Py, with D({,{) a given function, and I, the
5 x 5 matrix whose spatial block is the 3 x 3 identity matrix, and all
other entries are zero.

If, as in the Landau operator, we assume that collisions are spa-
tially localized, the function D will include a delta function,
D =D(u,n,u',n)é(x —«'), and the simplified expression for
Eq. (170) becomes

(171)

d
+a—c' {fojGC'Jfo/DPﬁ 'Ix‘Plll

7605 CZ) Toc- gc(ff)}du’dn'}, (172)

where all quantities are evaluated at the same x, and now the prime
symbol ' indicates evaluation at the same spatial position, but at differ-
entuandn, e.g, of = of (x,u', ).

Next, let us examine conservation laws and entropy growth for
Eq. (170) (these properties apply to (172) as well). The perturbation of
the particle number

N = Jafdc (173)

is conserved under suitable boundary conditions because Eq. (170)
is in divergence form. Next, the perturbed interior Casimir
invariant

S = Jéfg( > de, (174)

where g is an arbitrary function of the magnetic moment
w1 = 1/By, is a constant of motion. Indeed, the rate of change can
be written as

Jaoc %7 dC =0. (175)

M:J[ 1 @g

dt
The perturbed energy is given by

09 = J{ (ho + %qd)o + Uo) of + %‘lfo‘s‘b} dg. (176)

As usual, performing integration by parts and eliminating boundary
terms, we have

@ = Jaéf (ho + qDo + vo) dC

dt ) ot

= [{aee | g ()

5f (I’lo + q(D() + Uo)
—Jac a (f )} ¢’ } R ac.  (177)

We thus find
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déb IJ'ffo m,

|:-.76C o (j{l) Jec o G{)}d&i{ =0, (178)

where we used the fact that £, - TT;; = 0. Hence, the perturbed energy
09 is a constant of motion.

Let us now derive the H-theorem for the linearized Eq. (170).
The perturbed entropy is a second order functional of Jf, arising from
the expansion of S, and it can be conveniently expressed as

7_1 iz 1 5f/2
oS = ZJﬂ) d¢ Jfo acg’. (179)

Using again the functional form of f; and eliminating boundary inte-
grals, it can be shown that

dos [ of 0of 5 05 .,
Fial i

- {j o () -7 % (F)

[Jcc e @;) Tec 52 @f)}dcdc >0, (180)

C. Summary of governing equations for the linearized
guiding center collision operator

Iy

We conclude this paper with a short self-contained summary of
the simplest form for the linearized equations governing Coulomb col-
lisions in guiding center phase space. This summary should be useful
when implementing these equations numerically.

We consider the simplest setting where magnetic perturbations
are absent, A| = 0. The phase space coordinates are { = (x,y,z, u,1),

_ b,
0 —
9Bo
b,
0
9Bo
b, by
jGC - - E qB()
B, 5
mBO mBo
n
qu bx Vx- VB() q_B%b X V}/ . VB()

with B* = B, —Q—%V X b’B‘*‘ =B"-b,andb = Bo/B().

Equation (181) preserves the perturbation of the particle number
ON, the perturbed total magnetic moment 6.7, and the perturbed
energy 0%, and maximizes the entropy JS

where x = (x, y,z) denotes the spatial position of the guiding center,
u the velocity along the magnetic field, and n = uB, the energy of
cyclotron motion, with magnetic moment p and background vacuum
magnetic field By of strength By.

Denoting the distribution function of the system as
F(&, 1) =fo(8) + 0f (L, t), where fy is the equilibrium part and Jf is
the perturbation, the governing equation for the fluctuation Jf in its
simplest form is given by

of 0 O(h + q®y)
g e e
+D§C'{ﬂ)JGC'JJC6Pﬁ'Ix'Pﬁ
of' 9 (of ‘o
{j“ a (f) T g (f )] - d"}’ (181)
0 #0
i —1- b,

& = ~76c1' 0 (ho + q®o) — T - 9 (hy + 9),
fo= o { ik +a00) +5(3)}

where hy + q®y = mu?® /2 + By + q®, is the guiding center energy,
q®o = [fjVi1dx' is the equilibrium electrostatic potential energy,
Vi1 = q*/4meg|x — «’| is the binary interaction potential energy, m and
q are the particle mass and charge, respectively, D ~ (q*/4meol*)* £z,
is a physical constant representing the strength of collisions bearing
dimensions of N? - s - m?, with . the collision time and ¢ the character-
istic spatial scale of the interaction, I is the 5 x 5 identity matrix, I, is
the 5 x 5 matrix whose spatial block is the 3 x 3 identity matrix and all
other entries are zero, Z is a normalization constant, f§ is the inverse
temperature, and g is any function of gt = 1/By. The prime symbol ’
indicates evaluation at {’ = (x,4/,1'), eg. J5c = Jac({'). The guid-
ing center Poisson tensor 7 g is given by

by B n ]
a m_BO Eb X VB() - Vx
by B, n
B; n
— By - 182
0 B qB%bXVO Vz |, (182)
B B - VB,
 mB, 0 - mB3
n B - VB()
_ . VB
B bxVz-VBy 1 e 0
[
N — Jafdg, Sl — Jsfw< > .
(183)

= J&f(ho +q®), 8S= J(}f: dg,
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where w is any function of yt = 1/Bj.

Finally, it is useful to compare the linearized collision operator
(181) with the classical gyrokinetic linearized Landau operator (see,
e.g,, Ref. 51). The principal structural difference is the explicit appear-
ance of the noncanonical Poisson tensor Jgc in Eq. (181), which
modifies the equilibrium state f; so that it need not be Maxwellian. In
contrast, the algebraic structure remains closely analogous to the classi-
cal form: the tensor P5; - I, - IP5; plays the role of the classical projec-
tor onto directions orthogonal to the particles” relative velocity, and
the usual test—particle/field-particle splitting follows from expanding
the gradients O(5f" /f;) /0" and O(5f /fo)/O%.

XIV. CONCLUDING REMARKS

In this work, we have developed a collision operator for weakly
collisional guiding center plasmas within the drift-kinetic framework.
Our focus has been on long-wavelength, low-frequency turbulence,
which governs large-scale, self-organizing phenomena in both labora-
tory and astrophysical plasmas. By restricting our analysis to weakly
collisional regimes, we derived a five-dimensional kinetic equation that
incorporates Coulomb scattering without involving the cyclotron
phase, offering a significant reduction in complexity while preserving
the essential dynamics of the system.

The guiding center collision operator formulated here is fully
determined by the noncanonical Hamiltonian structure of guiding cen-
ter dynamics and the Coulomb interaction potential. Importantly, the
evolution equation for the guiding center distribution function exhibits
a metriplectic structure, ensuring the conservation of particle number,
momentum, energy, and interior Casimir invariants. This structure pro-
vides a robust thermodynamic foundation, allowing for the derivation
of an H-theorem that governs the system’s approach to equilibrium.

One of the key physical insights derived from this work is that
the conservation of interior Casimir invariants, particularly the total
magnetic moment, introduces phase space constraints that lead to
deviations from a Maxwell-Boltzmann distribution in the thermody-
namic equilibrium. This can result in self-organized, inhomogeneous
density distributions, providing a deeper understanding of the role of
collisions in turbulence and transport in plasmas. The derived collision
operator thus offers a valuable tool for exploring large-scale plasma
dynamics and provides a computationally efficient model for numeri-
cal simulations of self-organizing plasma phenomena.

Finally, it is worth noting that the theory can, in principle, be
extended to the gyrokinetic framework, allowing for the derivation of a
collision operator capable of describing microturbulence. However,
such an extension would require the inclusion of finite Larmor radius
(FLR) effects in all relevant expressions, which would considerably
increase the complexity of the formulas. This would likely reduce the
benefits of the gyrocenter reduction, making a return to the full six-
dimensional kinetic theory more appealing. Given these challenges, we
do not pursue this extension in the present work.
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