COMPLEX AMPLITUDES and IMPEDANCES

Consider a harmonic alternating current of frequency w flowing through some circuit,
I(t) = Ip cos(wt + ¢;). (1)

If the circuit is linear, then the voltage across the circuit would also be harmonic of the same

frequency omega,
V(t) = Vo cos(wt + v), (2)

but if the circuit includes any capacitors or inductors, then the voltage and the current may
have different initial phases, ¢, # ¢;. The best way to handle such harmonic currents and
voltages — and the relations between them — is to combine their amplitudes and the initial

phases into complex amplitudes

A

I = Ipxe @ and V = Vpxe ¥, (3)
Note that for any real phase ¢ the complex exponential e~ has real part
Ree ™™ = cosg. (4)

Consequently, we may describe the time dependence of a harmonic current (1) as
I(t) = Iy x cos(wt+ ¢;) = Re UO X e*i(wt+¢0)}
= Re[lp x e x e™/] (5)
= Re[l x e™™1],

and likewise for the harmonic voltage (2)
V(t) = Vo x cos(wt + ¢) = Re [V x e . (6)

Moreover, for linear circuits comprised of resistors, capacitors, and inductors, the complex

current amplitude and the complex voltage amplitude are proportional to each other,

~

V = ZxI (7)

where Z is the complex impedance of the circuit in question. In a moment, we shall learn

how to calculate the impedances of various circuits.



But first, a point of notations: Somehow, the Physicists and the Electric Engineers ended
up with different conventions for the complex amplitudes of harmonic quantities. In Physics
convention, the imaginary unit y/—1 is denoted 7, and the harmonic time dependence is

written as exp(—iwt), hence
I(t) = Re(I xe ™), V(t) = Re(V x e™™). (8)

Moreover, when focusing on linear quantities such as voltages, currents, or EM fields, the
Physicists often make the Re operation — taking the real part of a complex number —

implicit, thus writing
It) = Ixe ™ V() = Vxe ™ 9)

However, all such formulae should be understood as the LHS is the real part of the complex
RHS rather than as simple identity between the two sides of an equation. In other words,

egs. (9) should be understood as short-hand notation for egs. (8).

In the Electric Engineering convention, the imaginary unit 1/—1 is denoted j rather than
1 because 1 is often used for a current. Also, the harmonic time dependence is written as

exp(+jwt), hence
I(t) = Re(fx e“‘”t) and V(t) = Re(Vx e+jwt) (10)

for

A

I = Iyxeti? and V = Vyxetidr, (11)

Fortunately, we may reconcile the two conventions by identifying



CALCULATING IMPEDANCES
Let’s learn how to calculate the impedances of various circuits and circuit elements.

1. For an Ohmic resistor of resistance R, the impedance is real

MMM+ Z = R (13)

Indeed, for the resistor V' (t) = R x I(t) at all times ¢, thus the same phase ¢, = ¢; for
the harmonic current and harmonic voltage while the amplitudes related as V) = R X [y,

hence V = R x I and therefore Z = R.

2. For an ideal inductor of self-inductance L, the impedance is purely imaginary

IBTITEETYe 2 = jwl. (14)

To see this, note that a time-dependent current through an inductor leads to EMF

dl
Et) = —L x o (15)

The voltage across an ideal inductor is minus the EMF (since they are counted in

opposite directions), thus

dl
V() = +L x — 16
(1) = +Lx . (16)

which for a harmonic current I(t) = Re (f x e/“!) becomes

d A ) . d .
V@) = L x ERG([ X 6]0')t) = Re (L x I % ae]‘-‘)t)

= Re (L x I x jwejwt) = Re(f/ % ejw’f) (17)
for 'V = foxjw,

In other words, for a harmonic current of complex amplitude I we have a harmonic

voltage of complex amplitude

~

V = jwLxI = Zx1I for Z = jwL. (18)

Note that the inductor’s impedance increases with the frequency w.



3. For a capacitor of capacitance C, the impedance is also purely imaginary, albeit of

the opposite sign from the inductor’s impedance:

1. —j

jwC — wC’ (19)

To see this, note that a voltage V' across a capacitor comes with stored charge ) =
C x V, and if the voltage and hence the charge are time dependent, then there is a
current through the capacitor — or rather, through the wires connected to the capacitor

LA, v

I(t) = = —. 20
1) = — X — (20)
For a harmonic voltage V() = Re(V X ejwt), the current becomes
I(t) = CxiRe(f/XeM) = Re C’xineM
dt dt
= Re (C’ X V x jwej“’t> = Re(f X ej“’t) (21)

for I = C’Xf/xjw.

In other words, for a harmonic voltage of complex amplitude V we have a harmonic

current of complex amplitude

for Z = —. (22)

Note: unlike the inductor’s, the capacitor’s impedance decreases with frequency w.

4. For a serial circuit of several elements or sub-circuits, the net impedance is the sum

of sub-circuits’ impedances,

A Z2 Zn,
I 1 I ... |
1 I 1 I 1 I
Znet = Zl + ZQ + -+ Zn . (23)



Indeed, in a serial circuit the same current I(¢) flows through all the element or sub-

circuits, while their voltages add up,
Vaet (1) = Vi(t) + Va(t) + -+ + Vu(D). (24)

For harmonic voltages, their complex amplitudes add up as complex numbers:

Vaet(t) = ZRe Vi, X ej“’t = Re ((Z Vk> X 67“t>
k=1
= Re(Vnet X ej‘”t) (25)

n
for Vet = Z Vi,
hence in terms of the common current amplitude I and the impedances Z,

n n
Vnet = sz X f = (Z Zk) X f (26)
k=1 k=1
and therefore

n
Tnet = Y _ T (27)
k=1

5. For a parallel circuit of several elements or sub-circuits, the inverse net impedance

is the sum of sub- Clgmts inverse impedances,

1
| S|

Z9
1
— 1 1 1 1

Zn

1
| S|

Indeed, this time we have the same voltage across every sub-circuit while their respec-

tive currents add up,
Lt = > Ii(t). (29)
k

Consequently, for harmonic currents through each sub-circuit, the current amplitudes



add up as complex numbers,

Lt = > I, (30)
k

or in terms of the common voltage amplitude V and the individual circuit impedances

Zy,
. 1% A 1
I = — =V x —, 31
hence
. 1% 1 1
I = for = —. 32
net Znet Znet ;Zk ( )

ExaMpPLE: LC CIRCUIT

Consider a parallel circuit made from an inductor L and a capacitor C,

For simplicity, consider an ideal inductor (without any Ohmic resistance) and an ideal capac-
itor; a more realistic circuit will be the subject of a homework problem. Thus, the capacitor
has impedance Z¢ = 1/jwC, the inductor has impedance Z; = jwL, and the whole parallel

circuit has

1 1+1 1
Zie  Zp Zo  jwl

JjwlL (1/LC) JjwlL
22
why —w 1
= 33
w% % JwlL (33)

where



S (34)
wo = \/T—C

is the resonant frequency of the LC circuit, hence

Zio = jwL x —0—. (35)
0

Note infinite impedance at the resonant frequency, Z = co for w = wy.
For a real LC circuit where the inductor also has some small Ohmic resistance R, the

impedance at the resonant frequency is finite but very large, and the resonance happens for

a narrow but finite range of frequencies around the wy:

2]

wo

In the days of discrete electronics, the LC circuits were often used as loads of radio-frequency

amplifiers, for example



QOv.

-

Circuit of Single tuned amplifier with
capacitive coupling

Here the input voltage governs the current through the transistor and the LC load, so
the output voltage is proportional to the load impedance at the signal’s frequency. This
gives a strong amplification of the signal at near-resonant frequencies, but suppresses other
frequencies. Also, by tuning the capacitance C', one may tone the resonant frequency wg =

1/v/ LC and hence select the desired signal from the incoming mess.

POWER AND OTHER QUADRATIC QUANTITIES

As long as we stick to linear relations between various currents and voltages, and/or
electric and magnetic fields, we may use complex numbers for harmonic variables such as
I(t) = Tem ™t etc., and eventually takes the real parts of all such variables at the very end
of the calculation. This approach does not work for the non-linear quantities; nevertheless,
we may use the complex amplitudes to calculate the quadratic or bilinear quantities such as

power or energy density.

Let’s start with the ordinary electric power. Suppose a harmonic current flows through

some circuit and there is a harmonic voltage across it,

I(t) = Ip x cos(wt+ ¢i), V(t) = Vo x cos(wt + ¢y). (36)



Then the instantaneous power consumed by that circuit is

P(t) = I(t) x V(t) = IhVy x cos(wt + ¢;) cos(wt + ¢y)

= IyVp x (% cos(p; — ¢y) + %COS(th + @i + qﬁv))

(37)

Time-averaging this power over an oscillation period (or even over a half a period), we get

(cos(2wt + ¢ + ¢y)) = 0

(where (---) denotes time-averaging), hence

(P) = IpVy x 5 cos(¢i — o).

In terms of the complex amplitudes I =Iye ™ and V = Voe ™" we have

A ~

Re(I* x V') = LV x Re(e™™ x e7'*) = IyVj x cos(¢; — ),

and likewise

Re(I x V*) = IoVp x cos(¢; — o).

Consequently, eq. (39) for the time-averaged electric power becomes

(P) = LRe(I* xV) = LIRe(I x V™).

Similarly, for a harmonic electromagnetic wave

E(r,t) = Re(E(r)e ™),
H(r,t) = Re(ﬂ(r)e*iwt),

the time-averaged power flow density — i.e., the time-averaged Poynting vector — is

A A

(S) = 1Re(E* x H) = 1Re(E x H*),

(38)

(40)

(41)

(42)

(43)

(44)



the time-averaged energy density is

~

€€Q

2
- Jadadl
= E — H 45
w = LB+ 20a|, (45)
and the time-averaged stress-tensor is
(1) = S Re(B"EY) + 2 Re(HHY) — (u) x 6. (46)

We shall explore these formulae in a later class, once we get familiar with the electromagnetic

waves.

Meanwhile, let’s go back to the electric power (42). The current and the voltage ampli-

tudes are related to each other as V = I x Z where Z is the circuit’s impedance. Consequently,

2
Re(I* x V) = Re(I*x I x 2) = |I| xRe(2) (47)
and hence
2
Py = 1 )]) x Re(Z). (48)
At the same time,
Re(V x 1) = Re (1 x ) = [0 x e 2 (49)
n Z| Z
and hence
2 1
(P) = %‘v‘ X Re . (50)
But please note that for a complex impedance Z,
1 1
Re — . 51
°7 7 Re(Z) (51)
Instead,
1 Re(Z) Re(2) 1
Re—= = = < , 52
°Z |1Z|? Re?(Z) +Im?*(Z) ~— Re(Z) (52)

unless Z happens to be real.
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Finally, a comment about electric power in Electric Engineering notations. In Engineer-
ing, one usually specifies the strength of an AC voltage or current not by their amplitudes

but by its RMS (root-mean-square) values
Vims = / (V%) and Iys = \/E (53)
For harmonic voltages and currents,
{cos®(wt + ¢)) = 3, (54)

hence

Vs = /3% Vo, Jos = /3% Io. (55)

For example, the AC voltage in American houses is 120 V (although it’s often called 110 V
because it used to be 110 V many years ago), meaning Vipms = 120 V; the amplitude of this
voltage is V) = v/2 x 120 V ~ 170 V.

In terms of the RMS voltage and current, the (time-averaged) electric power is
(P) = Iims X Vims X cos(A¢) without the factor 1. (56)

The A¢ = ¢; — ¢, in this formula is the phase difference between the voltage and the current.
Note: if you pay a big electric bill, you should try to minimize this phase difference and keep
cos(A®) as close to 1 as you can. The reason for this is that the electric utility charges you

not for the Watt-hours
W = /P dt = /Vrmslrms cos(A¢) dt (57)
you actually get to use but for the Volt-Ampere-hours
W = / Vims Irms dt (58)

they have to deliver, so if the electric equipment you use has cos(A¢) < 1, you are paying

for more electric power than you get to use!
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