QED Vertex Correction

Consider the dressed electron-electron-photon vertex in QED,
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We are interested in this vertex in the context of elastic Coulomb scattering,
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so we take the incoming and the outgoing electrons to be on-shell, p> = p’> = m?, but the photon
is off-shell, ¢®> # 0. Moreover, we put the vertex in the context of the complete electron line —
including the external line factors, thus u(p") x iel'™ x u(p). As discussed in class, this simplifies

the Lorentz and Dirac structure of the vertex and allows us to write it as
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At the tree level, the electron is a point-like spin = % particle obeying Dirac equations, hence
Fi(¢*) = 1 and F3(¢?) = 0. But the quantum corrections in QED mix the elementary electron
state with the composite states like }e*7>, }6777>, or }e*e*e+>, and this leads to the non-trivial

¢*>~dependent form-factors.

In these notes we shall calculate the Fy(¢?) and the F»(q?) form-factors to the one-loop order
in QED.



Working Through the Algebra

Fortunately, there is only one 1PI one-loop diagram contributing to the dressing-up of the

electron-electron-photon vertex, namely

(4)
Using the Feynman gauge for the internal photon’s propagator, this diagram evaluates to
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where
NF = A"+ +mn (f+ 4 m)n (6)
and
D = [k +i0] x [(p+k)* —m? +i0] x [(p/ + k)* —m? +0]. (7)

The purpose of this section of the notes is to simplify these numerator and denominator. Using

the Feynman parameter trick, we may combine the 3 denominator factors as
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Inside the big square brackets here we have

[-1] = zx ((p+k;)2—m2) + yx((p/+k5)2—m2) + zxk?
= K x(@+y+z=1) + 2ku(ap+yp) + 2@® —m®) + y@*-m?)  (9)
= (k+azp+yp)’ — A

A = (zp+yp)? — ap® — y? + (v 4 y)m?

= ayx (2p-p =p2+p’2—(p’—p)2) + (@) xp? + P —y)xp? + (r+y)xm

= —ayxq® —x(l—z—y)xp® — y(l—z—y) xp? + (x+y)xm?

= —ayxq® — zzxp’ — yzxp? + (1—2) xm?

For the on-shell electron momenta, p?> = p’?> = m?, we may further simplify

(1—2)xm? — zzxp® — yzxp? = m?x ((1—2) — (z4+y)z = (1—z)2> (11)

which gives

A= (1-22xm? — zyx g (12)

Let us also define the shifted loop momentum
t =k +zp+yp, (13)

then we can rewrite the denominator as

///dxdydzé r+y+z—1) e A2+z0] (14)

As usual, we plug this denominator into the loop integral (5), then change the order of inte-

gration — [ over the loop momentum before [ over the Feynman parameters, — and then shift



the momentum integration variable from k to ¢, thus
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But to make full use of the momentum shift, we need to re-express the numerator N'* in terms of
the shifted momentum ¢. It would also help to simplify the numerator (6) in the context of this

monstrous integral.

The first step towards simplifying the N'* is obvious: Let us get rid of the v” and 7, factors
using the v matrix algebra, eg., 7"dv, = —2 d, etc.. However, in order to allow for the dimensional
regularization, we need to re-work the algebra for an arbitrary spacetime dimension D where

Y, = D # 4. Consequently,

Vv, = =24 + (4—D)d,
Yd Wy = 4(ab) — (4—D)d¥, (16)
VdV et = —24Yd + (4—D)dl¢,

and therefore

NS = P m)y G+ m)
= —2m’y" 4 dm(p +p+2k)" — 2+ P+ k) (17)
+ (4= D)+ K —m)y"(p+ k —m).

The second step is to re-express this numerator in terms of the loop momentum ¢ rather than
k using eq. (13). Expanding the result in powers of ¢, we get quadratic, linear and /-independent
terms, but the linear terms do not contribute to the [ dP¢ integral because they are odd with

respect to ¢ — —/¢ while everything else in that integral is even. Consequently, in the context of



eq. (15) we may neglect the linear terms, thus

NF = —om?y" + dm(p + p+ 20 — 2xp — 2yp )"
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Next, we make use of p —p=¢q and 1 —x — y = 2 to rewrite

2ep + 2yp' = (z+y)x (p+p) + (x—y)x (p—p),
p+p — 2ap — 2yp = z2x (@ +p)+ (x—y) xq,

p—ap —yp = zxp — yxq

(19)
= zxp — (I-2)xgq
pr—ap —yp = 2xp + wxgq
= zxp + (1-y)xg
and consequently
NF = —2mPy + dmz(p' +p)* + 4m(z —y)g"
+ (=244 —D)x 4"y
(20)
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The third step is to make use of the external fermions being on-shell. This means more than
just p? = p’? = m?: We also sandwich the vertex ieI'* between the Dirac spinors @(p') on the left

and u(p) on the right. The two spinors satisfy the appropriate Dirac equations pu(p) = mu(p)
and u(p’) ¥ = u(p’)m, so in the context of u(p' )T u(p),

Axy 2 Axm and Y xB = mxB (21)

for any terms in I'* that look like Ax p or §' x B for some A or B. Consequently, the terms on



the last two lines of eq. (20) are equivalent to
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Let’s plug these expressions back into eq. (20), collect similar terms together, and make use of

(1-—2)(1—-y)=1—2—y+zy =2+ zy. This gives us

Nt = —(D=2) 4"f + 4mz(p' +p)*
+ mPyP x <—2 —222 + (4—-D)(1 - z)2>
+ e X (2(Z+xy) - (4= D)wy) (23)
+ mg" X (x—y)(4—22 — (4—D)(1—z))

+ imot”q, x (22(1 +2)— (4-D)(1—- z)2>.
Furthermore, in the context of the Dirac sandwich @(p’)[*u(p) we have
W'l = 20" — ¢ = = (24)
because @(p') gu(p) = 0, and also
(' +p* = 2my* — io"g, (25)
(the Gordon identity). Plugging these formulae into eq. (23), we arrive at

NP (D=2 Y+ miyt (82 - 214 2) + (4= D)1~ 2)?)
— " x (2(2 +xy) — (4 — D):Ey) —imotq, x (1 — 2) (22 +(4-D)(1— z)) (26)

+ mgt x (x—y)<4—22—(4—D)(1—z)>.



To further simplify this expression, let us go back to the symmetries of the integral (15). The

3 are all

integral over the Feynman parameters, the integral [ dP¢, and the denominator [[? — A]
invariant under the parameter exchange x <> y. In eq. (26) for the numerator, the first two lines
are invariant under this symmetry, but the last line changes sign. Consequently, only the first two
lines contribute to the integral (15) while the third line integrates to zero and may be disregarded,

thus

NE 2= (D= 2) 5 + mPy" x (82 21+ 2Y) + (4—D)(1— 2)2)

(27)
— ¢9* x <2(z +axy) — (4 — D):Ey) —imotq, x (1 —2) (22 +4-D)(1- z))
Finally, thanks to the Lorentz invariance of the [ dP ¢ integral,
£2
14 El/ = v o 28
A Iw X 3 (28)
and hence
\ \ £2 £2
P = Y x bl = 0 X g 5 = (D =200 x5 (29)

Plugging this formula into eq. (26) and grouping terms according to their y—matrix structure, we

arrive at
NP = Nyxob — Ny x D (30)
2m
where
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Note that splitting the numerator according to eq. (30) is particularly convenient for calculating

the electron’s form factors:

11 11 wohq
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Electron’s Gyromagnetic Moment

As explained earlier in class, electron’s spin couples to the static magnetic field as

N —eg
H D 5. S-B where ¢ = 2 (Fmag =+ Fg) ’qQZO ) (36)

The electric form factor Fy = F,; for ¢*> = 1 is constrained by the Ward identity,

1 _
FltOt — 1tree + F100pS + Flcounter terms - 1. (37)
q>—0

Therefore, the gyromagnetic moment is

g =2 + 2R (¢*=0) (38)

where Fy = F2100pS because the there are no tree-level or counter-term contributions to the Fb,
only to the Fy. Thus, to calculate the g — 2 at the one-loop level, all we need is to evaluate the

integral (35) for ¢% = 0.

Let’s start with the momentum integral

dPe N
/ (2m)P [e2 - A2+ i0]” )

where A = (1 — 2)?m? for ¢> = 0 and N5 is as in eq. (32). Because the numerator here does not

depend on the loop momentum ¢, this integral converges in D = 4 dimensions and there is no



need for dimensional regularization. All we need is to rotate the momentum into Euclidean space,
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Substituting this formula into eq. (35), we have
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The integrand here depends on z but not on the other two Feynman parameters, so we can

immediately integrate over x and y and obtain

1 1-2
//d:pdy5(x+y+z—1 :/dx 11—z (42)
0 0
Consequently;,
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and the gyromagnetic moment is
! 9
g =2+ — + O(a”). (44)



The higher-loop corrections to this gyromagnetic moment are harder to calculate because the
number of diagrams grows very rapidly with the number of loops; at the 4-loop order there are
thousands of diagrams, and one needs a computer just to count them! Also, at higher orders one
has to include the effects of strong and weak interactions because the photons interact with hadrons
and W7 particles, which in turn interact with other hadrons, ZY, Higgs, etc., etc. Nevertheless,

people have calculated the electron’s and the muon’s anomalous magnetic moments

—9 —2
e = 962 _ erlectron(o) and a, = gM2 — F2mu0n(0) (45)

to the order a* back in the 1970s, and more recent calculations are good up to the order a®.
Meanwhile, the experimentalists have measured a. to a comparable accuracy of 12 significant

digits and a,, to 9 significant digits

a®P = 0.00115965218073 (28),  a% = 0.00116592091 (63). (46)

The theoretical value of the electron’s anomalous magnetic moment is in good agreement with the
experimental value, while for the muon there is a small discrepancy aj,* —aLheory ~ (27+8)-10710,
This discrepancy might stem from some physics beyond the Standard Model, maybe supersym-
metry, maybe something else. Note that the effect of heavy particles on the a, is proportional to
(mu/ Mhea\,y)Q, that’s why the muon’s anomalous magnetic moment is much more sensitive to the

new physics than the electron’s.

However, the discrepancy between the a;, " and the aLheory might also stem from a small

theoretical error in modeling the photon-hadron interactions, which affects the azheory via 24 loop

diagrams like

(47)

For a recent review of the muon’s high-precision anomalous magnetic moment — both the exper-

iments and the theory — see [Particle Data Group review, £57, and the references cited therein.
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I would like to complete this section of the notes by calculating the F21 10010((]2) form factor for

q> # 0. Proceeding as in eq. (40) but letting A = (1 — 2)?m? — 2yq¢?, we have

de N g 42(1 — 2)m?
- % (48)

e (@At | 2R TP - oy

and hence
: 12(1 = 2)m?
Flloop 2y _ € ///ddd 1 zZ(l—2z)m ' 4
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0

To evaluate this integral over Feynman parameters, we change variables from z,y,z2 tow =1—z

and § = z/(z +y),

r=wt y=wl=¢), z=1-uw, dedydzd(z+y+2—1) = wdwd€. (50)
Consequently,
, L1 ( ) )
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1
e2 m? (51)
= — X /df
8 m? — (1= ¢§)¢?
0
a 4m? « arct q>
= — arctan { [ ———
2m \/qQ x (4m2 = ¢2) 4m?2 — ¢2
2 2 _ 2 — 2
:gx dm xlog\/4m q+\/q
21 /(%) x (4m? — ¢?) 2m
For ¢°> < 0 and —¢® > m?,
2 2
1loop,/ 2\ o 2m —q
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The Electric Form Factor

Now consider the electric form factor F: 1(q2). In fhe first section] we have obtained

1

F loop g2y = _9j¢2 ///dx dydzdé(x+y+2z— 1)/ deD M 3 (34)
| (2m)7 12 — A + 0]

for
(D —2)?

N, = )

x 2 — (D—2)x A + 22 x (2m* — %) (31)

and A = (1 — 2)?m? — 2yq®.

Let’s start by calculating the momentum integral in eq. (34). The numerator N7 depends on
(¢ as al? + b, so there is a logarithmic UV divergence for £ — oo; to regularize this divergence, we
work in D = 4 — 2¢ dimensions. Thus,

_,/ d*t al?+0 4D/ dPe al®> +b
Ve E—Aariop - " 2m)D [2— A + 03

reg
(27T)D —[ﬁ% + A]3
B 4D/dD€E X[aﬁ%—b B a B aAer}
a @D " (B +AP  ((g+A2 (2 +A)

= M4D/ A2l /dt(a Xt — (aA +b) x lt2) x e HA+E)
(27T)D 2
0

8

1,2 —tA wp [y e
dt(axt— (aA +0b) x 5t )e X [ (27T>De c (53)

I
—

0
:/dt(axt — (aA +b) x
0

= dte 12 x (a x ¢1=(D/2) _ %(CLA +b) x tzf(D/2)>

4—D
tz)e—m o M
(47t)DP/2

NO[—=

0
D D
= A {axP(2—%)xA7_2—%(aAer)xF(B—%)xA?_S}
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Going back to eq. (31), we identify a and b in eq. (52) as

. (D-2?* _ 2(1-¢)

D 2—¢€
b= 2:x2m2—¢?) — (D—2)xA = b — 2(1—0A, (54)

where b = 2z(2m? — ¢%).

Consequently, on the last line of eq. (53) we have

a  aA+b (1 1) 2(1 — €)A b
a X + —

2A € 2 2A 2A
201 —€)? 2—¢ b
— 1—¢) — —
2 —¢ % 2¢ +( ) 2A (55)
1—¢ b
— 1— — 1) — —
- x (( €) + € ) 5A
o l-e 2(2m? — ¢?)
€ A ’

so the momentum integral for the electric form factors evaluates to

5 up [ dt N
2t / (2m)D [62—A1+ o0p (56)
«Q Tl ‘ z m2— 2

The next step in our calculation is to integrate the result in eq. (56) over the Feynman pa-

rameters. Changing the integration variables from z,y, 2z to w and ¢ according to eq. (50), we

have
1
11 (1—el'(e) X =——==
00 € A ,5 €
F} P (g%) = %(‘W#Q) /df dww x El (_ww))(]sz_q2) (57)
o B YOS e
where
Aw,§) = (1=2)"m? = ayg® = w?x (m? — £(1- ), (58)
or equivalently,
Aw,&) = w?x H(E) where H(§) © m? — £1-€)¢* (59)



The form (59) is particularly convenient for evaluating the [dw integral in eq. (57), which becomes

1
20 —e)l'(e)  w 2m? — ¢ w(l —w)
/dw {T X ﬁ — 2P(1 —+ 6) X H1+E X w2+25 . (60)
0

Near the lower limit w — 0, the integrand is dominated by the second term, which is proportional

to w™172¢. But for any € > 0 — i.e., for any dimension D < 4 — the integral

positive

dw
| i (o1

0

diverges: For D = 4 the divergence is logarithmic while for D < 4 it becomes power-like.

The Infrared Divergence

Physically, the divergence (61) is infrared rather than ultraviolet, that’s why it gets worse as
we lower the dimension D. Indeed, let’s go back to the diagram (4) and look at the denominator
D in egs. (5) and (7). Taking the electron’s momenta p and p’ on-shell before introducing the

Feynman parameters, we have
(p+ k> —m? = k> 4+ 2kp + pX — m¥ = k* + 2kp = O(|k|) when k — 0, (62)

and likewise

(P +k)? —m? = k> + 2kp’ = O(|k]) when k — 0. (63)

Combining these two electron propagators with the O(1/k?) photon propagators, we see that the
net denominator behaves as D o |k|* for & — 0 the numerator N'* remains finite, which makes
the integral
NH dPk
dPk — — 64
Je T = [ oy
diverge for £ — 0. In D = 4 dimensions, the infrared divergence here is logarithmic, while in
lower dimensions D < 4 it becomes power-like, i.e. O ((1/kmin)*~") — precisely as in egs. (61)
and (60).
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We can regularize the infrared divergence (64) — and also (61) — by analytically continuing
the spacetime dimension to D > 4. Such dimensional regularization of the IR divergences is used in
many situations in both QFT and condensed matter. However, taking D > 4 makes the ultraviolet
divergences worse, so if some amplitude has both UV and IR divergences, we cannot cure both
of them at the same time by analytically continuing to D # 4. In particular, when calculating
the electric form factor Fy(¢?) of the electron, we need D < 4 to regulate the momentum integral

S dP¢, but then we need D > 4 to regulate the integral over the Feynman parameters.

A common dirty trick is to first continue to D < 4, shift the loop momentum from k* to
(P = kM + shift, evaluate the [ dP¢ momentum integral in D < 4 dimension, then analytically
continue the result to D > 4 and integrate over the Feynman parameters, and ultimately continue
the final result to D = 4. However, in this kind of dimensional regularization it is hard to

disentangle the 1/¢ poles coming from the UV divergence log(A%/u?) from the 1/¢ poles coming
2

from the IR divergence log(u?/k2. ), so we are not going to use it here.

Instead, we are going to use DR for the UV divergence only, while the IR divergence is regulated
by a tiny but not-quite-zero photon mass m% < m2. Strictly speaking, a massive vector particle

has three polarization states and its propagator is

i kR
\/\/\/\/ - kQ—m,Qy+i0X g - m?y . (65)

However, the longitudinal polarization of the massive but ultra-relativistic photon does not couple
to a conserved current, so we are going to disregard the k*k” terms in the propagator (65) and
use

—ighv
k2 —m2 +i0

VAVAVAVER (66)

In other words, we use the Feynman gauge in spite of the photon’s mass; this is not completely

consistent, but the inconsistencies go away in the m, — 0 limit.

Using this infrared regulator for the internal photon line in the one-loop diagram (4), we get

the vertex amplitude that looks exactly like eq. (5) except for one factor in the denominator,

1 1
b . 67
Rrio Y B mE 1o (67)

In terms of the integral (15), this change has no effect on the numerator N* or the loop momentum
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¢ (which remains exactly as in eq. (13)), but the A in the denominator becomes

Nz,y,2) = Aw,y,2) + 2 xml. (63)
Consequently, the electric form factor is
D -2
lloop, 2y 4—D a-v —2ie XNl
Fy (¢°) = /d(FP) /,u (2m)D [2 — A’ +i0]3 (69)

exactly as in eq. (34), except for the A’ instead of the A in the denominator. The momentum
integral here converges for any D < 4 and it evaluates exactly as in eq. (53). The only subtlety
here is that in the numerator, the /~independent term b involves the un-modified A instead of A’

(cf. eq. (54)), but we can fix that by writing

b = 2zx (2mi—¢+(L—em?) — 2(1—¢€) x A, (70)

Hence, instead of eq. (57) we get

1
11 —e)'(e) x A Ve
Fllloop(QQ) = 477:“ /df dww x El _( U’})g();mg _ q2 + (1 _ €)m2) (71)
0 0 (1 +e) x (A (w, )] s
where
Aw, &) = (1—2)*m2 — ayq® + zm2 = w? x HE) + (1—w) xm?. (72)

Note that the photon’s mass is tiny, m% < m2,¢? were it not for the IR divergences, we
would have used m? = 0. This allows us to neglect various O(m?) terms in eq. (71) except when
it would cause a divergence for w — 0; in particular, we may neglect the (1 — .s)m?y term in the
numerator of the second term in the integrand. As to the denominators, in eq. (72) the second

term containing the photon’s mass becomes important only in the w — 0 limit, and in that limit
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(1- w)m% — m%. Thus, we approximate

AN(w,§) ~ w?x H(E) + m? (73)

and the [dw integral in eq. (71) becomes

1

1 1 —w)(2m? — ¢?
dww x {(1 —e)'(e) x WP (E) T mif — I'(1+4¢€) x <[w2H(2§ +Ten%]1q+z}

1
B (1—¢)T x/ dww
n H
) (m2/H)]

1
o2om2 — ¢ dw w
+ I'(1+e¢) 1:;1+6 X/[wQ—l—(m%/H)]l"'e
0

1

2m? — ¢? dww
—T'(1+¢) Flte X/[wz + (m2/H)]Fe
0

0

(74)

For 0 < e < % — i.e., for 3 < D < 4 — the integrals on the second and third lines here converge

even for m% =0,

1
dw w 1
/[102]E = 3o, for e < 1,

0
1

dw 1 1
/ 1+6: T o for e < 3,

0

(75)

so we may just as well evaluate them without the photon’s mass. Only on the last line of eq. (74)

we do need m% # 0 to make the integral converge for some D < 4:

1
/ dw w B —_1 1
+(m2/H)e 2 [w? 4 (m2/H)]|,
0
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Combining all these [dw integrals together, we get

1

ol V _ L@ Tl+e 2mi—¢ T+ 2mi-¢ [(H\ |
Jaul} = 5 () -1

2H¢ 1 — 2¢ Hlte 2¢ Hlte m?y
0
~ T(e) 2m? — ¢ 2¢ 1 2m? — ¢ H(E\C
- T (e - e) - e () )
(77)
and hence
1
lloop, 2y @ Arp?\ ¢ 2m? — ¢* 1 H\¢
e 2 oo () < Bt ()]
0
where
H(&) = mg — £(1-¢8)q (59)

Before we even try to perform this last integral, let’s remember that

Fﬁet = f}/tpi“ee + Fl%ops + 01 % leu <79)
and hence
FfU(g?) = 17 + F™P(e%) + 61 (80)

Also, the net electric charge does not renormalize, so we must have
FPeg®) = 1 for¢® =0 (81)
and hence
b= —F™"(¢ =0). (82)

In particular, the §; counterterm to the order a follows from eq. (78) for ¢> = 0, in which case

H(¢) = m2 and the [d¢ integral becomes trivial (the integrand does not depend on ¢ at all).
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Thus,

o« drp®\ € 2 m2\° 9
51__EF<6)(mg) X{1+1—26_2<m—%)}+0<&)' (83)

This formula holds for any dimension D between 3 and 4 (i.e., 0 < € < %) In the D — 4 limit, it

becomes

o 2 2

1 4
5 = —— x {——7E+1og L +4—2logm}+ O(a?). (84)
4 € m2 m7

Now let’s go back to the electric form factor F**(¢?) for ¢®> # 0. According to egs. (80)
and (82), at the one-loop level

FINe®) = 1 = P — FP(0) + O(o?) (85)

where F1°P(¢2) is given by eq. (78). Taking the € — 0 limit of that formula, we arrive at

1

4 2m2 — o2 H
Fllloop _ % dé{ — v + log };T(Z) + m{;(é)‘l X [2 — log ng)]}, (86)
v
0

and now we should subtract a similar expression for ¢> = 0. This subtraction cancels the UV
divergence and the associated 1/¢ pole but not the IR divergence. Moreover, not only the sub-
tracted one-loop amplitude depends on the IR regulators, but the coefficient of the log m?y has a

non-trivial momentum dependence. Indeed,

PP (%) — PP (0) =

1 Ay 2mg = ¢° { ©
1 vg + log = 2 —1
o ETURHE T OHE 2
T Arx $ 2 2
0 —= + g + log—3 —2x[2—log—§]
e g
1
o m2 2m? — ¢? 2 H(¢) 2
= — df{log € € X{Q—log—e—lg } {2—1 e]}
w [V g T THE T :
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1

e m? 2m?2 — ¢?
= E{Q —logm—%] x/d§<w —2)

0

o} m? 2m? — ¢
I <(1+ ¥5g) )

Following the textbook notations, let’s explicitly separate the IR divergent part here from the
finite part, thus

2
Fordera(q2) -1 - % « {fIR(QQ) xlog% + fﬁn(q2)} + O(QQ)
”2 (88)
1 - 2 <10 T+ ()| + 0
7
where
/ 2
fr(?) = |[de ( e "" - 1) , (89)
0
1 / 2 H
finlg®) = 5 [de ( " _q ¥ 1) <log T8 — 2fin(e?) (90)
m@
0
2
finl@®) = Jan@®) — fir(q®) x log—5-. (1)

e
All three integrals here vanish for ¢ = 0 — which upholds the Fy(0) = 1 requirement — but have
finite non-zero values for all other ¢?. In particular, fir(¢?) # 0, which means that the Fi(q?)

form factor (88) suffers from IR divergence at all g% # 0.

Also, for very large ¢, the FP™der® — 1 grows like a quadratic polynomial in log(—q?/m?).
Indeed, in this limit

2 1 2 7 2 2

—q 2 2 —¢ q T
fir(q®) ~ 2log I, fin(d®) =~ Slog>—5 — -log +1 - —, (92
m?2 " 2 m2 2 7 m?2 6

hence

a (1 2 m2 7 _ g2 m2
F1(q2) ~ 1— o {510g2 mq (21 gm— — 5) log qu — 210gm—; + const}+ Oaz). (93)
e y e ¥

The leading log2 term here is known as the Sudakov’s double logarithm; it plays important role

in estimating radiative corrections (i.e., loop corrections) to various QED processes involving
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relativistic electrons. Unfortunately, I do not have class time to discuss it in any detail, or even

briefly.

Instead, let’s turn our attention to a more urgent question: How does the infrared divergence
of the F} form factor affect the physical cross-sections of various QED processes? In the

sediior] I shall explain this issue in some detail, but let me summarize the bottom line here:

* The S-matrix elements in QED between specific n-particle states are infrared-divergent, so
the exclusive scattering cross-sections such as o(e™ + X — e~ + X + nothing else) are all

infrared-divergent.

However, the more inclusive cross-sections where the final states include optional soft photons
whose energies are too small to be detected in a real-life particle experiment, then such
inclusive cross-sections like o(e™ + X — e~ 4+ X + optional soft photons) are perfectly finite:

all the IR divergences cancel out.

Finite Cross-sections for IR-Divergent Amplitudes

In the previous sectior] we saw that the one-loop correction to the electron’s electric form

factor F(¢?) suffers from an infrared divergence. Many other QED amplitudes — essentially, all
the amplitudes involving on-shell electrons or positrons — also suffer from similar IR divergences
at the one-loop and higher-loop levels. At the same time, the processes involving emission of
soft (i.e., low-energy) photons have IR-divergent cross-sections already at the tree level; this is
explained in detail in §6.1 of the Peskin&Schroeder textbook. But somehow, the two kinds of
infrared divergences cancel out from the inclusive cross-sections in which we allow for optional

extra soft photons in the final state.

For example, consider elastic Coulomb scattering of an electron off a very heavy point-like

particle X:

- X
€ A

o Ax (94)

For ¢> < M?%, we may approximate the X particle as a static (non-recoiling) source of electric
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field, and in its rest frame (the lab frame), the scattering amplitude evaluates to

M(eX — eX) A (%)

= @ e pu). (95)

At the tree level T#(p/, p) = +*, while at the one-loop level we get non-trivial form-factors. Focusing

at their infrared divergences, we have

2
FHoop(g?) = % x finite (96)
while
2
Fltree+1100p<q2) =1 — % (fIR<q2) x log% + ﬁnite) 7 <97)
Y
and therefore
2
(8} m o .
Pﬁ“ee"f'lloop(p/?p) — <1 — % X fIR(CJQ) X log m—;) X F#ree —+ % x finite. (98)
v

Plugging this one-loop vertex into the Coulomb scattering amplitude (95), we obtain

2
MUCHIOD (X 5 0X) = MU(eX 5 eX) x (1 — o X fR(@?) x log =5 + = x ﬁnite)
s m ™

2
v
(99)
and hence the partial cross-section
dotreetlloop(e X — eX)  do'™(eX — eX) "
s s , (100)
« 2 m (67 . 2
x |1 — = x fir(¢") x log—5 + — x finite + O(a”) ).
™ ms v

Note the IR divergence of the one-loop term in this cross-section. For future reference, I would

like to rephrase it in terms of log(E,/m~) rather than log(m./m), thus

dcrtreeHlOOp(eX —eX) do'*(eX — eX) 5

s s

E
X <1 -2 2fir(q?) log —= + % finite + O(a2)) .
™ mw ™

(101)
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Now consider the inelastic scattering in which a photon is emitted, eX — eX,

€ A

o= Ax (102)

In general, an extra incoming or outgoing photon costs a factor e in the amplitude and hence a
factor « in the cross-section, thus at similar loop levels o(eX — eXv) = O(a) x g(eX — eX).
Specifically, as explained in detail in §6.1 of the Peskin & Schroeder textbook, for a soft photon

whose energy is much smaller than the electron’s, w, < Eg,

do®®®(eX — eX7) B do®®®(eX — eX) " o y fIR(QQ)
T

- 103
A9, dwr, ds) (103)

Wy
where the coefficient fig(¢?) is precisely as in eq. (89) for the IR divergence of the [} form factor.
[ shall derive eq. (103) in the Appendiy to these notes. Meanwhile, let’s explore its consequences.

Integrating the partial cross-section (103) over the photon’s frequencies, we immediately run

into the infrared divergence:

Wmax~Ee

d

/dw7d1 x / s RN (104)
dw., Wy

0

To regulate this divergence, we need to impose a minimal energy requirement on the emitted
photon, and the simplest way to do this is to assume a tiny but non-zero photon mass m..
Consequently

E
4 finite = log — + finite, (105)

Wy My My
reg

and therefore

= X —
™

do"(eX — eXy)  do"(eX —eX) «a
ds? ds?

E
2fIr X logm—6 + ﬁnite) : (106)
Y

Note that the IR divergence of this tree-level cross-section is precisely the same as of the one-loop
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cross-section (101), except for opposite signs,

dotreet1loor (xe 5 Xe) do'™(eX — eX)

= 101
9 i . (10D
Ee
X (1 ~ 2y 2 fir(q?) log + % X finite + O(oz2)> :
m my
do¥®®(Xe — Xev) do'(eX — eX)
= 1
a9 o) * (106)
E
X (O—i— & 2fir(q?) log == + & ﬁnite) ,
T my o ow

and therefore the combined cross-section has no infrared divergence:

tree+1 loop X X tree( y X tree y X
do (Xe — Xe) + do'"(Xe — efy):da (Xe — e)x<1+gxﬁn1te+0(a)2>.
dS2e d2e ™
(107)

But what do we do with the IR divergences of the partial cross-sections (101) and (106)7?
While it is OK to UV-regulate or IR-regulate the intermediate stages of a calculation, but a finite
result for a measurable quantity like a partial cross-section must be finite and it cannot depend on
an IR regulator like m.,. Nevertheless, eqs. (106) and (101) seem to contradict this rule, so what

gives?

To resolve this paradox, consider a real-life scattering experiment. No photon detector can
detect a photon with an arbitrarily low energy w., there is always a threshold wi,, > 0 below
which the detector is blind. Thus, a final state |Xevy) where the photon’s energy is below the
threshold — wy < wypy — will be seen by the detector as simply |Xe) since the photon would
not be detected. In other words, observationally we should not classify the final states by the
net number of photons regardless of their energies, however low it might be. Instead, we should
count the number pf detectable photons with w, > wp,y. As to the soft photons with w, < wipy,
the detector would not tell us if they are there or not, so the physically measurable cross-sections

should include all possible numbers of undetectably low-energy photons. In particular,
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do(X +e— observed X +¢e) = do(X+e—X+e) + do(X+e—> X +e+ 7w < winr))
+ do(X +e— X +e+y(w <w) +7(w < wipr)) + -+ -

do(X +e— observed X +e+7v) = do(X +e— X +e+vy(w> wp))
+ do(X +e— X +e+y(w>wmn) +7(w <wie) + -- -

etc., etc.
(108)

To the order O(a x o™¢(Xe — Xe)) = O(a?), we should stop at one final-state photon,
detectable or not, and calculate the do(Xe — Xe) to the one-loop level while the do(Xe — Xevy)
just to the tree level. Thus,

do(X + e — observed X + e + ) do'™(X +e— X +e+y(w > winy))
dSe d€2e
wmax—=O(E.)
B / o (X e X et y)
" 49, deor,

Q

Wehr

d tree X X E
- Xt+emXe) & <2fIR(q2) log — + ﬁnite) ,
T

d2e Wthr
(109)
where the last equality comes from
do®®®(eX — eX7) do™(eX = eX) o 2fir(¢?)
= - X —= fi E 103
A9, dior s) T T ., (forwy < £ (103)
and
wmax:O(Ee)
d E
/ i log —= + finite. (110)
w Wthr

Wthr

Note that observed the cross-section (109) is infrared finite and does not depend on the m, (as

long as my < win,). Instead, it depends on the photon detector’s low-energy threshold wyp,.
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Similarly, to the same order O(a x o%¢(Xe — Xe) = O(a?),

do(X 4 e — observed X + e)

~
~

dQe

dotreetloop( X 1o 5 X 4 ¢) do"(X +e — X + e+ y(w < winr))

~ +
dQe dQe

do"(X + e — X +e) a 9 a

~ dQ, X | 1— — x 2fir(q )log% + — X finite (111)
d tree( X .

L do ( ;56% +€)X<O+%x2f1R( )logmti1 + %xﬁnite)

dotee(X X E
_ 4 (X te— +e)x 1 — g><2fm(q2)log ¢ 1+ %« finite ) .

dQ)e s Wihr T

Note how the IR regulator m., cancels between the two contributions to the net observed cross-
section. Again, the observed cross-section is IR-finite, but it depends on the photon detector’s

threshold wiyy.

Similar cancellations of IR divergences from the observed cross-sections happen at the higher
loop orders. In general, to get a finite cross-section to the order O(a® x o'"*®) we should combine
an L-loop cross-section with no soft photons, an L — 1 loop cross-section with one soft photon, an
L — 2 cross-section with 2 soft photons, etc., etc., ending with a tree-level cross-section with L soft
photons. Individually, all these formal cross-sections are infrared-divergent, but once we combine
them together into a complete observed cross-section, the IR divergence should cancel out. Please

read (or at least skim) textbook §6.5 to see how this works.

APPENDIX

To conclude these notes, let me derive eq. (103) for the soft-photon bremsstrahlung by the

scattered electron in the

- i
e )\X

o Ax (112)
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process. At the tree level, we have 2 diagrams

¥ e~ X y e” X
A A ‘7/'4 A
ANNNN NN\ + | \VAVAVAVAVAVAVA"
A A \ A
e~ X e~ X

which evaluate to

?

P

62 l
Miree _ €* (u(p/)vo « m(ie;f*)u(p) + a(p')(ie d")

T <Pulp)) )

where € is the polarization vector of the outgoing photon. For the on-shell incoming electron and

outgoing photons

(p—k)? — m* = K — 2(pk) + p* — m* = —(2pk) (114)
and hence
i Gk 2 ) 2p) =K

since (m— p)u(p) = 0. For a soft photon of energy k* < E, we may neglect the ¢* } term in the

numerator on the RHS compared to the 2(pe*) terms, thus

u(p')” x m(ie 7 u(p) ~ a(p)y ulp) x 6((];2) : (116)

In a similar way, for the second tree diagram we get

u(p')(ie é’*)m x Yu(p) = u(p')y u(p) x Wh (117)
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and hence for the whole tree amplitude

Mtree(eiX — eiX’Y) = Mtree(eiX - eiX) X e (((];;]:)) - ((I;’el:))>

= Mureele™ X = 7 X) x = (673 ((i;l;) - (i—;))

(118)

where w = k¥ is the photon’s frequency and n# is the unit 4-vector for its direction, n’ = |n| = 1.

To convert the amplitude (118) into a cross-section, we need to sum |[M|? over photon po-
larizations, sum/average over the electron polarizations, and take care of the phase space factors.

Fortunately, the electron spins work the same with or without the photon, thus

tree tree w (np’) (np)

e2 / 2
M eo(e™X = e X7) = MPea(e X = e X) x — [_( b L) ] (119)

and for w < E, the electron’s phases-space factors also work the same, with or without the soft

photon. Consequently, the partial cross-sections with or without a soft photon are related to each

other as
_ _ _ _ w?dwdQ), € 14 D 2
d(ftree(e X —e X’}/) = d(ftree(e X —e X) X W X E — <(np/) — @) . (120)
Averaging the expression in [- - -] on the RHS over the directions n of the soft photon, we define
n’=|n|=1

20,
Z0,p) = / .

Y p \’
_ ((np/) _ @) ] | (121) (6.13

or as the textbook calls it Z(v, v'), since it only depends on the electron’s initial and final velocities

but not its mass. In terms of this Z, the cross-section relation (120) becomes

(122)  (6.25)

X

do®®®(eX — eX7) B do®®®(eX — eX) " a Z(p', p)
Qe dw, ds ™

Wy
exactly as promised in eq. (103), except the overall coefficients is Z(p/, p) instead of 2fir(¢?).
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To conclude this appendix, we shall now prove that Z(p/, p) = 2fir(¢?), so the overall coefficient
in eq. (103) is indeed correct. Let’s start with the integrand of eq. (121) for the Z(p/, p) and expand

the Lorentz square

(np’)  (np)

—~ + . (123)

_( P D )2 _ m? m? 2(pp') = 2m? — ¢*
(np)?  (np/)? (np)(np')

Next, we integrate each of these three terms over the directions of the unit 3-vector n. For the

first term, we have

) 41 E+|p|
/d On 1 _ Q—F/dcose 1 _ lxi / d(E — |p| x cos0)
4t (np)? 4 (E — |p| x cos6)? 2 |p| (E — |p| x cos )2
el B2 p| (124)

B 1( 1 1 )_ 1 1
2lp| \E—|p| E+]|p| E? — |p|? m? -

Likewise, for the second term

Q1 1
= —. 125
/ Ar (np)2 - m? (125)
Finally, for the third term we use the Feynman parameter trick:
1 1 ,
1 / 1
— = |d¢ = /dg 126
< ) ) T g% ex P ) e 0
where
pe = (1= xp'" + Exph (127)
Consequently;,
d*Q [P0, 1 rd
n ]- n
[ O
dm (np) > (np) ) m () )
where

Pt = [1-p+e]
= (1-*x(p*=m?) + €xP*=m?) + 1 -¢ x 2 =2m* — ¢*) (129)
= m* —£(1-9q%
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Plugging all these formulae back into egs. (121) and (123), we arrive at

1 1
2 2 dg 2m2_q2
I, p) = —— — 4 @2m? - ¢ / :/d ~2).
e (T A TR T,
(130)
Finally comparing the last formula with the definition of the fig,

; 2

2m?2 — g
fIR 2 m /d ( - 1), 89
/ (1= &)q’] %)

0

we immediately see that Z(p/, p) = 2fir(¢?/m?2), quod erat demonstrandum.
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