MULTITPOLE EXPANSION

Consider the Coulomb potential of some compact charge system,

V(R) = 47360 /// d3Vol(r) IP/»)(?rM (1)

Suppose all charges are confined inside a small volume of size D while we are interested in

the behavior of the potential at large distances R > D from this charge system. In this

situation, it’s convenient to expand the potential (1) in a series of negative powers of R,

VIR = - S @)
(=0

where M, is the ¢*" multipole moment of the charge system, or rather ./\/lg(ﬁ) is the com-

ponent of this multipole moment in the direction of R.

A point of notation: In this notes, the upper-case R is the distant point where we
measure the potential V(R), R = |[R|, R = R/R is the unit vector in the direction of R,
and (R, O, ®) are the spherical coordinates of the R. On the other hand, the lower-case r
is a point where some charge is located; likewise, r = |r|, & = r/r is the unit vector in the
direction of r, and (7,0, ¢) are the spherical coordinates of the r. Finally, o is the angle

between the directions of r and f{, thus
cosa = - R. (3)

Finally, sometimes I shall use the asterisk % to emphasize the product of two scalars or of a
scalar and a vector.
The key to the expansion (2) is the mathematical theorem: Consider two points with

respective radius vectors R and r. Suppose the second point is closer to the origin than the

first point, » < R. Then the inverse distance between the two points

1 1
R —r| B VR2 + 12 —2Rrcosa

(4)

(where « is the angle between the vectors R and r) can be expanded in powers of the ratio



r/R as

1 = 7t
Rt = ZZ_% T Py(cos «) (5)

where Py(z) is the Legendre polynomial of degree ¢. Spelling out the first few Legendre

polynomials explicitly, the expansion (5) becomes

1 1 T r2  3cos?a—1 3 5cosda— 3cosa
|R—r‘ :EX1+ﬁXCOSO{+§Xf+@X 9 +<6)

The proof of the theorem (5) involves complex contour integration — a technique many
students have not yet learned, — so I present it at as optional reading material in the

Appendix to of these notes.

Meanwhile, let me simply verify the first few terms in the expansion (6) for r < R. For

the sake of compactness, let’s denote

2

< 1, x = cosa, b= 2ar — a® < 1.

In these notations,

1 1 1 1
VR2+r2 —2Rrcosa VR2(1 + a? — 2ax) R -0

Next, let’s expand the 1/4/1 — b into powers of b:

1 = (2n — 1)l . 2 5 4
S = =1+ Y o xb =14 §b+ 307+ F0° 4 b+ (8)

Now, remember that b = 2ax —a?, plug that into the above expansion, open up the (- -), and

rearrange the terms according to the powers of a. For simplicity, let’s stop with terms ~ a*



and truncate the higher powers of a, thus

S =1 + 3Q2ax—a*) + 2(2az —a®)? + (2ax —a®)® + (202 —a®)* + -

=1+ az — %a2
+ %a2x2 — %a3x + %a4
+ %a3x3 — %a4x2 + o
+ iyt _9)
4 .
4 oaxa +a2x3x2—1+a3x5x3—3x+a4x35x4—30x2+3
2 2 8
= 1 + ax Pi(z) + a®> x Po(X) + a®x P3(x) + at x Py(z) + -

where Pi(z), Pa(z), P3(x) and Py(x) are the Legendre polynomials of respective degrees 1,
2, 3, and 4. Plugging this result back into eq. (7), we obtain

! _ L T Pieosa) + o x Pyleosa)
VRZ Y12 _2Rrcosa R Heosa 2leond

(10)
+ — X P3(cosa) + —z x Py(cosa) + ---,

in perfect agreement with eq. (6).

Now let’s apply the theorem (5) to the Coulomb potential

V(R) = 47360 /// d3Vol(r) |£(f)r| (1)

of a compact charge distribution. Since all the charges are located within a small volume

of size D, we may limit the integration range here to |r| < D, while we are interested in
the potential at large distances |R| > D. Thus, throughout the integration volume we have

Ir| < |R|, so we may expand the inverse distance 1/|R — r| into a power series in /R



according to eq. (5), thus

=0
& 1
= ez_% Treg T X ///d3Vol(r) p(r) x r*Py(cos o) (11)
= 1
— 3 l A D
; Treo B X ///d Vol(r) p(r) x r*Py(t - R)
Or in other words,
o ~
M, (R)
V(R) = — 12
®) =Y 2 (12)
=0
exactly as in eq. (2), where the multipole moments of the charge distribution p(r) — or

rather their components in the direction R — obtain as integrals

My(R) = /// r'Py(t - R) x p(r) d*Vol(r). (13)

Or for a system of discrete point charges, as sums

MyR) = i x Pyt R) x Q. (14)

The f{—dependence of the multipole moments can be described of /-index tensors, or
alternatively in terms of spherical harmonics Y7 ,,(©, ®). To see how this works — especially

the tensor description, — let’s start with the leading multipole moments for ¢ = 0,1, 2, 3.



Monopole and Dipole Moments, { =0 and ¢ =1

The multipole moment for ¢ = 0 is simply the net charge of the distribution. Indeed,
Py(z) = 1, hence 70 x Py(t - f{) =1 x 1 =1 and therefore

Mo = [[[ oty avolte) = @ (15)

regardless of the direction R. Consequently, the £ = 0 term in the potential is the isotropic

Coulomb potential

net
Viol®) = 12 (16)

of a point charge Q" that’s why the ¢ = 0 multipole is called the monopole.

Next, the moment for ¢ = 1 is the net dipole moment p"®', or rather its projection

R - " onto the direction of R. Indeed, P (x) = x, hence
r« PR %) = r«(R-%) = R-1 (17)
and therefore
MiR) = ///(ﬁ-r)p(r) &Vol(r) = R- /// rp(r)d®Vol(r) = R-p™.  (18)

Consequently, the potential of the £ = 1 term is the dipole potential

pnet . ﬁ

Vdipole(R) = Areq R2-

(19)

Note: the net charge is a scalar while the net dipole moment is a vector, and both scalars

and vectors are special case of tensors with respectively 0 indices or 1 index.



Quadrupole Moment for ¢ = 2

The quadrupole moment is a 2-index symmetric tensor

Qi = ///(%mrj — %5i7jr2)p(r) d3Vol(r) (20)

where the indices 4, j run over x,y, z, the r; are the components of the vector r, and ¢; ;
is the Kronecker’s delta (1 for ¢ = j and 0 for ¢ # 7). The tensor (20) is symmetric WRT
permutation of its two indices, Q; ; = @, ;, and the component of this tensor in the direction

R is simply the tensor analogue of the dot product with the unit vector f{,

Ms(R) = Z Q;;RiR; . (21)

Z7.7:x7y7z

To see how this works, we start with P»(z) = 322 — 1, hence

r2xPBR-F) = 325 (R-1)? - 2 = 3R-r)? - Ir?«R? (22)

ol

{ R is a unit vector so R2 =1 Py

where

and therefore

T2 * Pg(ﬁ . f‘) = % élﬁj riry — %I‘Q Z ﬁlﬁj 5@']'



Plugging this formula into the integral for the ¢ = 2 moment, we get
Ms(R) = ///r2 x Py(R - £) * p(r) d*Vol(r)
= ///Z Eﬁj * (%rirj - %r25i7j) % p(r) d3Vol(r)
i.J
- ZE}% * ///(%mrj — %r25i7j) % p(r) d*Vol(r)
1,J

= Z Elﬁj * Qi,j

]

(26)

where the quadrupole moment tensor Q;; is exactly as in eq. (20). In terms of this tensor,

the quadrupole potential is

SO R:R:
unadrupole(R> - W <27)

ExAMPLE 1.

A good example of a quadrupole moment tensor is a simple quadrupole — for alternating

charges +@) at the corners of a square, hence the name quadrupole,

Yy
+Q @(0,0,0),
—@Q Q(a,0,0),
(28)
- @(0,a,0),
¢ €T +Q @(a,a,())

It is easy to see that this 4-charge system has zero net charge as well as zero net dipole
moment, so the leading term in its potential at long distances is the quadrupole potential (27).

Let’s calculate the quadrupole moment tensor

4
Qij = ZQa(%Ta,z’Ta,j — 1r25; ;) (29)
a=1

of this simple quadrupole. In matrix notations,

Q1(3rirj — %r25i,j)1 = +Q

o o O

o o O

o o O
—
w
o
~—



Q2(3rirj — 3

Q3(3rirj — %

Qua(3rirj — §1°6i5), =

and therefore

Qij =

5
_Q — 0
2 0
9 [ 12
0
_Q § 0
2 0
—1
Qa”
2
5
+Q | = [ ¢
2 0
Qa2 [
+— 1 +3
2 0
Qa” ’
0

For this quadrupole moment tensor

Mg(ﬁ) = Zﬁlﬁj Qij = 3Qa? x ﬁxﬁy — 3Qa® x sin® © cos P sin D,

Y]

hence the quadrupole potential

o O W

o O

o O O

sin? O cos ® sin ®

V(R6,0) =

2
3Qa .

R3

3Qa?

4meq * RS

o O =

XY

o = O

= o O

(31)

(32)

(33)

(35)

(36)



EXAMPLE 2.

Another good example of a quadrupole moment is a linear quadrupole: a charge —2@) in

the middle, and two charges +@Q) at its opposite sides (and at exactly the same distance a):

© S — z

+Q —2Q +Q

Again, this charge system has zero net charge and zero net dipole moment, so the leading
term in the multipole expansion of its potential is the quadrupole term ¢ = 2, but this time

the quadrupole moment tensor

3
Qi,j = ZQ@(%Ta,ira,j - %rgéi,j) (37)
a=1

has a different form. Indeed, for the charges at hand

0 0 0
> Qurairay = 2Q [0 0 0 (38)
“ 0 0 a
while
S Qur? = 2002, (39)
hence
-1 0 0
Qij = Qa*l 0 -1 0 |. (40)
0 0 +2
For this quadrupole moment,
Mo(R) = Qa*(—R2 - Ri +2R?) = Qad*(2cos® O —sin?O) (41)
= Qa*(3cos’0 — 1) = 2Qa® * Py(cos ©),
and the quadrupole potential is
2Qa’> Py(cos©
unadrupole = Q 2< ) (42)

4dmeg * R3



TRACELESSNESS.

In both of the above examples, the matrices of the quadrupole moment tensors (34) and

(40) have zero traces,

w(Q < Y Q=0 (43)

i:x7y7z

Actually, this is a general property of the quadrupole moment tensor of any system. Indeed,

by definition of the quadrupole moment tensor,

0, /// (Brir; — Lr26;,) plr) d*Vol(r), (20)

its trace 1s

tr(Q) = Z ///(%m“z — 1125;:) p(r) d*Vol(r)

1=T,Y,2

_ / / / ;(%rim — 1y%5,,) % p(r) d*Vol(r)

(44)

where
ZTZ'T‘Z' = 1‘2, 25171 = Zl = 3, (45)

hence

and therefore tr(Q) = 0.

Consequently, out of 32 = 9 components of the 2-index quadrupole moment tensor, only
5 components are linearly independent: The symmetry Q;; = Q;; of the tensor imposes
3 linear relations between the components, and the zero trace condition is another linear

constraint, so only 9 — 3 — 1 = 5 components are linearly independent.
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Octupole Moment for ¢ =3

For ¢ = 3 we have P3(x) = %:p?’ - %x, hence

P PR-F) = 3R-1) - 3R2’(R 1)
(( after a bit of algebra )) (47)
= Z ﬁlﬁjﬁk X (%Tﬂ“j?“k — %I‘Q (Tiach +7”j5i,k + Tk@',j))

and therefore

o~ (48)
= Z RZ'RJ'R].€ X O%]J‘«‘
i,5,k=x,y,z
where
def
Oi ik = ///(gmrjrk — %rz (riéij +10i 1 + Tkém)) p(r) d3Vol(r) (49)

are components of the 3-index octupole moment tensor. In terms of this tensor, the £ = 3

term in the multipole expansion of the potential at large distances amounts to

ik RiRj Ry X O

Vi=3(R) = Incg B (50)
By construction, the octupole moment is a totally symmetric 3-index tensor,
Oany permutation of i,jk = Oijk - (51)
Less obviously, it obeys a generalized zero-trace condition
Z Oiir = 0 forany k=9, 2. (52)

Z:x7y7z7

Consequently, out of 33 = 27 components of the octupole moment tensor, only 7 are linearly

independent.

11



EXAMPLES.

A good example of an octupole moment is made from 8 alternating charges +¢) — hence

the name octupole — at the vertices of a cube:

(53)
For this cube,
def
Oijk = Y Qa <3'f’z"f’j’f’k — g% (ridj + 730k + 'f’kéz’,j))a (54)
a
evaluates to
5 3 . . .
3Qa” for (i,j,k) = (x,y, 2z) in some order,
Oijs =1 > . (55)
0 otherwise,
hence
PPN 5Qa®  6XYZ
ZRiRij X Oz’,j,k = 5 X 3 (56)
i,k
and therefore octupole potential
15Qa® XY Z
V;)ctupole = dreq * RT - (57)

Another example of the octupole moment is the linear octupole — 4 equidistant charges

—@Q, +3Q, —3Q), +Q arranged in a line, say the z axis:

® — e - z
—-Q +3Q -3Q +Q

12



For this system, the octupole moment tensor evaluates to

ngzgz = +6Qa37
Q(a@x,z) = —3@(1,3,

; (58)
Quyyz = —3Qa7,
all other @Q; ;1 = 0.
Consequently;,
S s 73 X2Z+Y?Z
ZRZRJR]C X Oi7j7k = 6@&3 X ﬁ — 3@&3 X T X 3
b5,k
= 3Qad® x (2 cos>© — 3cos O sin’ 0) (59)
= 3Qa> x (5 cos®©® — 3cos @)
= 6Qa> x P3(cos ©),
and the octupole potential
6Qa®> P3(cosf
%ctupole(Ra ‘97 (b) = * 3( ) . (60)

4meq R*

Higher Multipole Moments

We saw that for ¢ = 0,1,2,3, the /" term in the multipole expansion is related to an

©

(-index tensor — called the 2¢-pole moment Miz,4.47iz

as

M(R) = 3 Ry~ Ry, x M

’L'i,m?i[ )

hence

Ve(R) = Z dmegRIH! - (61)

Also, the 2f-pole moment tensor itself obtains as an integral (or a sum over discrete charges)

MEE)W = ///FZ(Z)Ze(x,y,z) x p(x,y, 2) d3Vol(:1:,y,z) (62)

13



or a similar sum over discrete charges

zz, i Z Qa X e xa; Ya, za) (63)

(0

where each component of the F;~ . (x,y, 2) is a homogeneous polynomial of degree ¢ in

(x,y, z). Specifically,

('r7y7 z) = 17
("/L‘7y7 Z) = TZ?
p(2 - TR -5 (64)
i,j ('ruyuz) = 5TiTj 5T 045,
3)
(JC(x,y,z) = Srirre — AP (ribjk + 10k + TR0 ).

At the higher ¢ > 3 levels of the multipole expansion, we get exactly the same behavior for

the higher-rank 2¢-pole moment tensors with ¢ indices: Specifically,

ZZZZ R RZ XMEZ)
Vi(R) = S (61)

Mz(i)l.qiz = ///Fz(f)M (x,y,2) X p(x,y, 2) d3Vol (62)

Z“ e ZQG 7“ xaayaaza)a (63)

for

or

only the polynomials F Z(f)

. (x,y, z) become more complicated for higher /. But fortunately,
i\ Y P g Y
we are not going to need their explicit form in this class.

Instead, let me simply state that for any ¢, the 2‘-pole moment tensor MEE) o

is totally
symmetric WRT to all permutations of its ¢ indices 1,...,%. Also, for any ¢ > 2, it obeys

the generalized zero-trace condition:

. . Y4
VZ3, . ,Zf . Z Mgl,)iQZZ'l,Z';),,...ﬂj - O (65)

11=T,Y,2

Consequently, out of 3¢ components of the 2¢-pole moment tensor, only 2¢ 4+ 1 components

are linearly independent. The rest of the components follow from these by the permutation

14



symmetries of the tensor’s indices and by the zero-trace conditions (65). Note that 20+ 1 is
also the number of independent spherical harmonics Y7 ,,,(6, ¢) for a given ¢, and this is no
coincidence. Instead, this allows us to re-express the angular dependence of all the 2¢-pole

terms in the potential in terms of the spherical harmonics, as we shall see in the next section.

Spherical Harmonic Expansion

Instead of describing the angular dependence of the multipoles’ components in the direc-
tion R in terms of symmetric multipole tensors, we may expand it in terms of spherical har-
monics. The key to this expansion is the following Lemma: for any integer £ = 0,1,2,3, ...
and any two unit vectors a and B, the Legendre polynomial of their dot product (i.e., of
the cosine of the angle between these vectors) expands into products of spherical harmonics

according to

+

> V()Y (b). (66)

m=—/{

o 47
Fa-b) = 577

Proving this lemma is best done in the quantum-mechanical language of Dirac brackets and
projection operators. Since some students may be unfamiliar with this language, the proof

is postponed to the Appendix to these notes as optional reading.

Meanwhile, let’s apply the Lemma to the vectors R and # in the context of eq. (13):

=[] PR 1) < ) Vel

+e
- /// 2@+1 ( Zgﬁ,m@m*m(f)) x p(r) d*Vol(r) -
+£

4m 3
= 2£+1 2 ///r X Yy (£) X p(r) d°Vol.

Hence, let’s define the spherical harmonics of multipoles according to

f \/E///TE X YZm<97 (b) X p(T, 97 ¢) d3VOl(7’, (9, (b) (68)

Then, the 2¢—pole potential has form

/ Yim (O, ®)
‘/25—P016<R7 @7 (I) = Areq Z Mfm 2£ +1 R+1 (69)
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and the entire potential expands into

o0 +/
B 4 Yym (O, P)
Vier(R, ©, @) = 47Teoz% ; “Vaory1 rET (70)

Axial Symmetry

For the axially symmetric charge distributions p(r,6,¢) = p(r,6 only), expanding the
electric multipoles into spherical harmonics becomes particularly simple: for each ¢, only the
m = 0 harmonic may have a non-zero coefficient Mo # 0; all the other My, with m # 0

must vanish. Indeed, for the axially symmetric charges, the integral (68) becomes

4
@/%Il/drr X d@sm@xrp(r 0) x /dnggm( ,0), (71)

and since Yy ., (0, ¢) = e™? x a function of 6, the ¢ integral vanishes for m # 0,

2w

/dngZm(Q,gb) = 0 form#0. (72)

0

For the remaining m = 0 components, the spherical harmonics Yy ¢(f, ¢) are proportional

to the Legendre polynomials,

47 o
20+ 1

n,O(ev (b) = PE<COS 9)7 (73)

so the multipole expansion (70) becomes

o0

Z Pg cos O) (74)

axlal R£+1
(=0

) def 4T .
MO & My =5 [[[r¥io@nt0)avo
= ///rgpg(cos 6) x p(r,0) d>Vol(r, 8, ¢).

16
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where




(0)

In terms of the multipole moment tensors M; "~ . .

MmO

axia,

L= MY (76)

For example, for a simple dipole, a linear quadrupole, and a linear octupole — which all

have axial symmetries —

Mygy = p: = Qa, (77)

Ve (R,0) = 20 ALO20), @©
ME, = Q.. = 2Qd”, (79)

Vin o7, 6) = e 20r0), (50)
M = 0... = 6Qd, (81)
Vinoaupon(,6) = 990 lcn0), (52)

And you will see more examples in your homework (set#7).

Appendix: Proving the Theorems

In this Appendix I shall prove the theorem (5) and the lemma (66). This proof is
optional reading for the students in my ElectroDynamics class, as it involves complex analysis
techniques (for the theorem (5)) or quantum-mechanical techniques (for the lemma (66)) that
many students have not yet learned. But please, learn both complex analysis and quantum
mechanics before your graduate: All physicists should be familiar with these subjects, just

as they should be familiar with the electrodynamics.

17



Proving the Theorem About Inverse Distance Expansion

Let’s start by proving the theorem (5) about expanding the inverse distance 1/|R — r|
into powers of r/R. That is, let’s prove that the series on the LHS of

Z X Pp(cosa) = ! = ! (83)

— RiH1 VR? —2Rrcosa + r? R—r|

converges for any » < R and that the sum is precisely the expression on the RHS. The key

here is the residue method for evaluating contour integrals in the complex plane:

7{ 4z fD) L Residue [7f (2) } _ 1 & (84)
/ i

271 (2 — )"t (z—z)"H | o nl d2" |y

provided the contour I circles x and that the function f(z) is analytic and has no singularities

inside the contour T'.

My starting point is the Rodriguez formula for the Legendre polynomials,

1

Pila) = s (= 1) (5)

gth

In light of the residue-method formula (84), we may turn the ¢*" derivative in this formula

into a complex contour integral

> 22 . VA
P = 5 § & (1) (36)

where I' is some closed contour which circles . Now let’s plug this formula into the series

18



on the LHS of eq. (83):

series = Z ZH X Py(x)
=0
B f: rt " 1 dz (2 -1)*
N RAL T 20 | 2mi (2 — x)tHL

(( putting the sum inside the integral ))

_% dz i rt y (2 —1)*
~—F om +1 C(y — )0+l
) mi = R T 26z —a)tr (87)
:%d_; 1 Xi r(22 —1)\"
i R(z — x) 2R(z —t)

_% dz 1 1
o 24 R(z — _or(z?-1)

T m (Z ZL‘) 1 2R(z—x)
_j= =
B mirz2 — 2Rz + 2Rx — r

r

Note: before the summation, each term on the third line has poles at z = x and at z = oo,

but after the summation, both poles have moved to the roots of the quadratic equation
rz?> — 2Rz + 2Rz — r = 0, (88)

thus

R+VR?—-2rR 2 2R
212 = v rarar ; forr < R, 21 = — — oo, while 2z =~ z. (89)
r r

This tells us how to choose the integration contour I': It should circle around x and have
enough room to accommodate the shifting of the pole from x to 22, but it should not include
the other pole at z; which have moved in from the infinity. Consequently, evaluating the
integral on the bottom line of eq. (87) by the residue method, we have

dz -2 -2

— = Resid . 90
omi rz?2 — 2Rz + 2Rx — r esiane rz2 — 2Rz + 2Rx — r (90)

a Qz=z9
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Specifically,

2 - X ! (91)
r22 — 2Rz + 2Rz —r v (z—21)(z — 20)’

so the residue of this function at z = 29 is simply

—2 1 -2 1
Residue = — x = — X L = + . (92)
oA T —2vVR2—2rRx +r? VR2 —2rRx + 12
Thus,
=t 1
the series = —— X Py(x) = , 93
> g X Pe) = s (93)

(=0

exactly as on the RHS of eq. (83).

To complete the proof, consider the convergence of the multipole expansion (83). For
any physical angle a ranging between 0 and 7, the = cos « ranges between +1 and —1,
and for all such z, all the Legendre polynomials Py(x) take values between —1 and +1.
Consequently,

(™ term in the rt (r/R)

< = 94
multipole expansion Ri+1 R (94)

so the series on the LHS of eq. (83) converges for any r < R.

Moreover, if we analytically continue the series to complex r, it would converge for all
|r| < R; in other words, it has radius of convergence = R. Indeed, as a function of complex

r, the 1/4/--- on the RHS of (83) has singularities at
r2 = Rcosa £ iRsina, lr12] = R,

and that’s what sets the radius of convergence to |r| < R.

For r > R we may no longer expand the inverse distance into powers of r/R. Instead,

we may expand it into powers of the inverse ratio R/r:

1
VR2 +1r2 —2Rrcosa

Forr > R,

= Z o X Py(cos a), (95)
=0

which works exactly like eq. (5) once we exchange 7 <+ R.

20



Physically, the expansion (5) is useful for potentials far outside complicated charged

bodies, while the inverse expansion (95) is useful for potentials deep inside a cavity.

Proving the Lemma About Spherical Harmonics

Now let’s prove the lemma (66): for any ¢ =0,1,2,3,...,

20+1

)
> Y (Oas )Y (0, d0) = o % Fulcos Oup) (96)

m=—/

where O, is the angle between the directions (0, ¢,) and (6y, gbb)* I am going to prove this
lemma in two steps: First, I shall prove that the sum on the LHS here depends only on the
relative angle ©, but remains invariant under simultaneous rotations of both directions.
Second, I shall use this invariance to evaluate the sum and show that it agrees with the

Legendre polynomial on the RHS.

The first step is best described in the quantum mechanical language of Dirac brackets
and operators. Specifically, consider a quantum particle living in 2 curved dimensions,
specifically on a sphere of some fixed radius r = const. The position (a) of such a particle
can be described by two spherical angles (6,4, ¢4), or equivalently by a unit vector a pointing
towards the particle from the sphere’s center. Consequently, the quantum states of such a

particle are described by wave-functions 1(a) = ¥(0,, ¢q)-

Now consider the Hilbert space of such wave-functions. The spherical harmonics provide

a complete orthonormal basis for this Hilbert space:
oo+

any (0,0) = Y > (L,m[Y) X Yyu(0,0)
(=0 m=—¢ (97)

for (6l = [[¥7,0(6.0)006.0) 926.0).

Physically, the states |¢,m) are eigenstates of the angular momentum operators L2 and L.,

L.|t,m) = hml|t,m), L2|¢,m) = B*0(L+1)|¢,m). (98)

* In the context of the multipole expansion, (6., ds) = (0, @), (0, dp) = (0, @), and Oy, = «, the angle
between R and r.
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Consequently, the operators

R +0
My = D 6,m) (6,m]| (99)

m=—/

are projector operators onto all states with a specific value of L2, namely hQE(E +1).

Since the L2 operator is invariant under all 3D rotations of the sphere about its center,
the projection operators I, must also be invariant under rotations. Consequently, for any

two definite-positions states |a) = |04, ¢q) and |b) = |0y, ¢), the Dirac sandwich
(al 11, |b) (100)

must be invariant under simultaneous rotations of the unit vectors a and b. Therefore, this
Dirac sandwich may depend only on the relative angle ©,, between the unit vectors a and

b, but it cannot depend on where the vectors a and b point in absolute terms, thus
(a|TIy[b) = Fy(Og only). (101)

On the other hand, by construction of the operator (99),

+4 +4
(@ Tl |b) = Y (alt,m) (¢, mb) = > Yy,.(Ba; da) X Vi (0, ), (102)
m=—/ m=—/
hence
+0
> Yy n(0a6a) X Y (06, 04) = Fi(Og only). (103)
m=—/

This completes the first step of the proof.

The second step is to find the specific form of the functions Fy(O4). To do that, let’s
evaluate the sums (103) for a particularly simple choice of point b, namely the North pole
of the sphere, 6, = 0, ¢, undefined. Meanwhile, the point a can be anywhere on the sphere.

For our choice of point b, the angle between the vectors a and b is simply the latitude of a,
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Oup = b4, so we may evaluate the Fy(0O.) as
+¢

Fy(Oaw="02) = > Yy, (00, 0a)Y (05 = 0). (104)

m=—/
The spherical harmonics Y7 ,,,(6, ¢) have general form
_ _imo . |m| :
Yim(0,¢) = €™ x (sinf)"" x Polynomial(cos ), (105)

so thanks to the (sin )™l factor, all the harmonics with m # 0 vanish at the poles. Conse-
quently, only the ¢ = 0 term contributes to the sum (104), thus
20+1

F(Ow =0a) = Yyo(ba) x Yo(y = 0) = == x Pi(cosfa) x P(1)  (106)

where the second equality follows from the relation (73) of the Y} o harmonics to the Legendre

polynomials. Moreover, the Legendre polynomials are normalized so that Py(1) = 1 for all

¢, hence
20+1
F(Ou = 02) = 4; % Py(cos 6,). (107)
This completes the second step of the proof.
Altogether, we have
+/
. 20+1
> Y n(0a;ba) X Yo (06, 0) = 1 X Pelcos Oap), (108)
m=—/

quod erat demonstrandum.
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