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In this paper we discuss the problem of the Poisson bracket realization of various Lie algebras in
terms of analytic functions of the generators of a given Lie algebra. We pose and solve the problem of
realizing the general 0(4), O(3, 1), and E(3) algebras in terms of analytic functions of the generators
of a prescribed realization of an E(3) algebra. A similar problem is solved for the symmetric tensor
realizations of SU(3) and SL(3, R). Related questions are discussed for O(r + 1), O(n, 1), E(n), SU(n),
and SL(n, R). We study in some detail the finite canonical transformations realized by the generators of
the various groups. The relation of these results to the reconstruction problem is briefly discussed.

1. INTRODUCTION

THE success, of group-theoretic methods in particle
physics has led to a re-examination of these
methods as applied to elementary dynamical problems
in both quantum and classical mechanics. One finds
that sometimes the quantum-mechanical and the
classical-mechanical problems can be made to cor-
respond to each other in such a fashion that their
invariance groups and their noninvariance groups have
the same structure. Thus, for example, the isotropic
harmonic oscillator in n dimensions has the invariance
group SU(n) and the noninvariance groups SU(n, 1)
and SU(n + 1), both in classical and in quantum
mechanics.!

For quantum-mechanical systems, the Lie algebras
of the invariance and noninvariance groups are realized
by commutation relations between appropriate dy-
namical operators, whereas for classical systems the
Lie algebras are realized by Poisson brackets between
appropriate dynamical variables. That such different
realizations exhibit a correspondence between them is
quite remarkable. It has been known for quite some
time that the infinite-dimensional Lie algebras of poly-
nomials in canonical variables for quantum mechanics
(commutator brackets) and for classical mechanics
(Poisson brackets) have quite different structures.?
Yet there exists the same local Lie group in both kinds
of dynamics. This, then, suggests that in these two
different algebraic systems, there are selected subsets
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of eclements whose Lie algebraic structures are
isomorphic.

Given any Lie algebra 4 of quantities which
possess anassociative law of muitiplication (in addition
to the Lie bracket), we can define an enveloping
algebra & whose elements are polynomials in the
elements of the primitive Lie algebra 4. The enveloping
algebra & can be given aninduced Liealgebra structure
by imposing the relation

{Xl'xh Y}={X,, Y} Xs+ X, {X,, Y}

where the curly bracket stands for the Lie bracket
and the dot (which will usually be omitted) stands for
the associative product. We can generalize our defini-
tion of the enveloping algebra & by including among
its elements the analytic functions of the elements of
the primitive Lie algebra -t. This enveloping algebra
&is given an induced Lie-algebra structure by imposing
the derivation property. Using this rule, we can
identify & with an infinite-dimensional Lie algebra.
In classical mechanics it would be a Lie algebra of
Poisson brackets, whereas in quantum mechanics it
would be a Lie algebra of commutators. The envelop-
ing algebras in the two cases have, in general, quite
different structures. However, in both cases there are
certain sets of invariant elements which have vanishing
Lie brackets with every element of the primitive Lie
algebra and, consequently, with every element of the
enveloping algebra. For the quantum-mechanicl
case, these are the well-known invariant operators,
which are expressible as functions of the so-called
Casimir invariants. If the N elements of the primitive
Lie algebra are denoted by X, X,, -, Xy, then
the Casimir invariants (for both quantum and
classical systems) are homogeneous polynomials of

the type
N N
e'=z...Zelm n.x“...x"’

a =1 ea=1
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where C*1"""*~ are some numerical coefficients which
are symmetric in the indices «,, - - - , «,,. It is possible
that in some particular realizations these Casimir
invariants may degenerate into numbers. (In fact, in
the case of irreducible realizations, all these invariant
elements reduce to numbers.)

In many cases, it is possible to select, out of the
infinite-dimensional enveloping algebra, a finite-
dimensional subset of elements which constitute
another Lie algebra. We show, in this paper, how such
construction can be carried out for the realizations
of the Lie algebras by Poisson brackets. We begin in
Sec. 2 by giving the structures and the Casimir invari-
ants of the Lie algebras of the groups E(3), 0(4),
0(3, 1), SU(3), and SL(3, R). A simple realization of
all these Lie algebras in terms of three pairs of canon-
ical variables ¢,, p, (a = 1, 2, 3) is also given in this
section. In Sec. 3, after defining the primitive E(3) Lie
algebra and the corresponding generalized enveloping
algebra, we give explicit realizations of the O(4),
0(3, 1), and other E(3) Lie algebras. The properties
of the finite canonical transformations generated by
the elements of these Lie algebras are also discussed.
A similar problem is discussed for SU(3) and SL(@3, R)
Lie algebras in Sec. 4. Section 5 deals with a generali-
zation to n dimensions, while in Sec. 6 we discuss
briefly the relation of these results to the problem of
reconstruction of canonical variables from the
generators of a noninvariance group.

2. STRUCTURES AND INVARIANTS OF THE
LIE ALGEBRAS OF VARIOUS GROUPS

In this section we briefly outline the structure and
invariants of the Lie algebras of E(3), 0(4), 0(3, 1),
SU(3), and SL(3, R).

. E(3) Lie Algebra

The Lie algebra of the Euclidean group E(3) in
three dimensions consists of six elements: J., P,
(@=1,2,3), and has the following basic Poisson
brackets:

25
2.2)
2.3)

{Jl’ Jb} = Eabe’cr

{Jarpo} = ‘ubcPc!

{P ar P ‘} = O.
Here ¢,,, is the completely antisymmetric unit tensor
of Levi-Civita. Throughout this paper we employ the
usual summation convention according to which a

summation is implied over repeated dummy indices.
The two quadratic elements

P =P.pP, (2.4)

and
JP=JP, 2.5)

of the enveloping algebra are invariants. We shall
assume that the realization is real and faithful so that
P is positive and may be normalized to unity. There
are, however, two classes of realizations corresponding
to vanishing or nonvanishing of J « P.

ii. O(4) Lie Algebra
The Lie algebra of the real orthogonal group 0(4)

in four dimensions also consists of six elements:
Jas Ky, having the following basic Poisson brackets

(1<ab,c<3):

{Jayjb} = €abc:‘]c’ (26)
{Ja, Kb} = €K, (27)
{Ka! Kb} = Eubejc . (28)
The two quadratic elements
P+ Kt=JJ, + KK, (2.9)
and
J.K=JK, (2.10)

of the enveloping algebra are invariants. For a real
faithful realization J2 + K?is positive, whereas J - K
may be positive, negative, or zero.

iii. O3, 1) Lie Algebra

The LI Glgbia of e cai pseudo-ormogonal

group O(3, 1) in four dimensions again consists of six
elements: J,, K/, and has the following basic Poisson
brackets:

{"a ’ J.} = ‘abcjc s (2-11)
(Vo) K3} = €u.K, (2.12)
{Ki. Ki} = —en .. (2.13)
The two quadratic elements
JP—K*=JJ, ~ KK, (2.14)
and
J-K'=J,K,; (2.15)

of the enveloping algebra are invariants. For a real
faithful realization, either invariant may be positive,
negative, or zero.

iv. SU(3) Lie Algebra

The Lie algebra of the unimodular unitary group
SU(3) in three dimensions consists of eight elements:
J, (@=1,2,3) and five linearly independent ele-
ments of a symmetric traceless “quadrupole” tensor
Q.l:

2.16)

O = Qi Qs =0.
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In this case, we have the following basic Poisson
brackets:

Vo, 1o} = e, (2.17)
{Ja’ ch} = ‘achdc + eachbda (218)
{Qas» Qeal = (€acepa + €2as05c + €seebaa + €000, -
(2.19)

There are two basic invariants, one of the second
degree,

Ja"o + *Qaanb ’ (220)
and one of the third degree,
V3D — 0u0nQ).  (221)

As will be seen in Sec. 4 [see also Eqgs. (2.40), (2.41)],
there exist some realizations in which the cube of the
quadratic invariant equals the square of the cubic
invariant.
v. SL(3, R) Lie Algebra

The Lie algebra of the unimodular real linear
group SL(3, R) in three dimensions also consists of
eight clements: J, (¢ =1,2,3) and five linearly
independent elements of a symmetric traceless tensor
Q., (Q., = Q.; Q., = 0). The basic Poisson-bracket
relations are

{Jar Jo} = e, (2.22)

{Jai Q;e} = €abdQ:u: + Each;d! (223)

{Q;b ’ Q,ed} = —(sauobd + ‘adcabc + ebccaad + decéuc)'lc M
(2.29)

There are again two basic invariants, one of second
degree,

JaJa - iQ;bQ:ab ’ (225)
and one of the third degree,
V3DGIQuds + Qn0iQi)-  (2.26)

It will be seen that, with the particular choice of the
over-all coefficient in (2.26), in some realizations the
cube of the quadratic invariant equals the negative
of the square of the cubic invariant.

For each of these Lie algebras, an explicit con-
struction can be given for the appropriate elements in
terms of three pairs of canonical variables ¢, , p, which
satisfy

{qovpb} = 600’

{q¢! qb} = {PG’PD} = 0.

The simplest construction for the elements of the
E(3) Lie algebra is given by

Ja = (q x p)a = ¢m‘]oPu
Po=p,.

(2.27)

(2.28)
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For this realization, the invariant J - P vanishes and
the other invariant P? is given by the dynamical vari-
able p,p, . This realization is reducible, since the value
of P?* is unchanged by canonical transformations
belonging to £(3). One can now ask whether one could
construct other realizations of E(3) in terms of the
same canonical variables, such that the O(3) sub-
algebra generated by J, is unchanged and that the
two invariants J - P = o4 and P? > 0 can be assigned
arbitrary values. For this purpose we consider

Ja = ‘m‘hl’e
Py = fUNp, + gV, (2.30)

where f and g are some functions of J*. If we now
impose J - P = a4 and P* = 1, we obtain, from (2.30),
the following expression for P,:
1 ot )
Pu = {p—,(l - J—' }pc + 'J—‘Ja'
It may easily be verified that (2.29) and (2.31) do
furnish a realization of E(3).
For the clements of the O(4) Lie algebra, we have
the following simple construction:
Jy = s Pes (2.32)
K, = (8* = My p,. (2.33)
In this particular realization the invariant J-:K
vanishes and the other invariant J* 4+ K has the value
B2 If we choose J, given by (2.32) and X, by an
expression similar to the one given on the right-hand
side of (2.30) and impose the conditions J - K = «8,
J* 4+ K*= a® + 5%, we obtain a realization with
arbitrary values of the two invariants:

Ja = €efoPes (2.34)

K, = {(B* = DU — a®))pp, + (2Bl (2.39)

It may be checked that this is a solution of (2.8).
Without loss of generality we can assume 8 > {a| 2 0.
The realization given by (2.34), (2.35) is real in the
region a? < J* < At

A realization of O(3,1) is obtained by simply
choosing K, = iK, and by analytically continuing *
to pure imaginary values, i.c., by putting «’ = iz,
where a’ is now real. We thus obtain the following
construction for the elements of O(3, 1) Lie algebra:

J. = ‘cbcqbpc’ (2.36)
K, = {(J* = BYJI* + N Pp*p, + (@BlID,-
(2.37)

The two invariants J - K and J* — K* have the val}les
«’f and f* — «'%, respectively, and the realization
is real in the region J* > 8,

(2.29)
and

(2.31)
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The simplest construction for the elements of the
SU(3) Lie algebra is given by

Ja = oo (2.38)
Qas = 4ufs + PaPs ~ $0(q* +pY).  (2.39)

In this case the two invariants have the values
JoJu + 20.,0.0 = t@* + 0 (2.40)

and
(V3/2D(3Qusls = 025000
= —(1/3V3)(@" + p¥, (241)

so that for such realizations, the two invariants cannot
be assigned independent values [the cube of (2.40)
equals the square of (2.41)}.

Lastly, a simple construction for the elements of
the SL(3, R) Lie algebra in terms of the three pairs
of canonical variables ¢,, p, is given by

Ja = ‘ubcqbpcn (2-42)
Qs = qads — Pabs — ¥un(d® — P, (2.43)
The two invariants have the values
JJ. = 40,0 = —3(a* - P! (2.44)
and
(V3D(3,Quds + 0050 = (1/3/3)(q* — p**.
(2.45)

For such a realization also, the two invariants cannot
be assigned independent values [the cube of (2.44)
equals the negative of the square of (2.45)].

All these general constructions are made in terms
of one set of three canonical pairs of variables. It is
shown in the following sections that it is possible to
express the elements of one realization as functions
of the clements of another realization. In general,
the functional forms involve algebraic functions,
rather than polynomials. We therefore have to work
with the eclements of the generalized enveloping
algebra which contains analytic functions (not only
polynomials) of the generators. Within such a frame-
work we show, in the following sections, that the
generators of the Lie algebras of 0(4), 0(3, 1), E(3),
SU(3), and SL(3, R) can be expressed in terms of the
elements of a generalized enveloping algebra of a
given E(3) realization.

3. REALIZATION OF 0(4), 03, 1), AND E(3)
LIE ALGEBRAS BY ANALYTIC FUNCTIONS
OF P AND J

We begin by defining the E(3) representation in
terms of which we will construct 0(4), 0(3, 1),
SU(3), SL(3, R), and other E(3) generators. We con-
sider two three-dimensional vectors P and J obeying

the following basic Poisson-bracket relations:

{Var o} = €aaedes @a3.1n)
Ves Po} = €anefes 3.2)
{Pas Pb} =0 (3.3)

Restriction to an irreducible realization of E(3)
implies that the two invariants P* > 0 and J-P
are given by two preassigned real numbers. Since
the multiplication of P, by a constant does not change
the Poisson-bracket relations (3.1)-(3.3), we can
normalize P, such that P,P, = 1. We then define
the “phase space of E(3)” as the set of all pairs of
real vectors P and J obeying the constraints

PP=PP, =1; J.P=JP, =0, (34

Because of these two constraints the phase space is
now a four-dimensional space. However, we will
continue to label the points of this phase space by
two vectors P and J. The finite canonical transforma-
tion generated by J, and P, are mappings of this phase
space on to itself, and provide a realization of the
group E(3).

Under a finite canonical transformation generated
by J,, the point (2,,J,) is mapped to a new point
(P,, J,) as follows:

P, = cxp (a- P, = Ru(®P,,
Jo=cexp(n-J)J, = Ry (a)J,.
By exp (#) : f we mean the following infinite series

exp@ = +1{bf1+URNS BN+,

where ¢ and f are arbitrary functions of the dynamical
variables. Here the vector nspecifies the transformation
and R(n) is the real orthogonal matrix corresponding
to a rotation by an angle |n| = a1 about an axis in the
direction of n:

(3.5)

sin n

(l—cosn)nb" +

n?

R,,(n) = cos nd,, + €,

It is easy to verify that P, J obey the same Poisson-
bracket relations as P,, J,, so that the above transfor-
mation is in fact a canonical transformation. We
denote this transformation by (0, R). Next consider a
finite transformation generated by 7,:

P, =exp(A-P)P, = P,,
J=exp(X ), = J, + acPils.

We denote this transformation by (A, 1). It can easily
be verified that this transformation is also canonical.
A general element of the group E(3) is represented by

(3.7
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the canonical transformation (A, R) obtained by
performing (0, R) first and (A, 1) next:

(A, R) = (A, 1)(0, R),

P, = R,P,, (3.8)

Jo = Ry(Jy + €4caPcAy)

We have the following composition law:
(A, RYA, R)= (" + RA, R'R), (3.9)

where R'A is the vector whose components are
R,.%,, (@ = 1, 2, 3). These finitecanonical transforma-
tions map the entire phase space of E(3) onto itself,
and there is no region in the phase space which is
invariant under all the transformations (A, R).
Further, we may verify that every transformation
(A, R) preserves the restriction J* > af, which is
implied by (3.4) and the reality of P, and J,.

We are now interested in constructing generators
for O(4) and other Lie algebras as analytic functions
of P, and J,. We will find that, in general, these
generators will be real in some regions of the under-
lying E(3) phase space and complex in others. When
we consider the finite canonical transformations
arising from these generators, we can impose the
following requirement: There exists some region in
the phase space, which is mapped into itself under
these canonical transformations; i.e., given any real
point (P,,J,) in this region, the transformed point
(P.,J)) also lies in this region, with P, and J, being
real. We then obtain a representation of the group
elements by means of finite real canonical transforma-
tions operating within this region of phase space. As
is seen later, this requirement will, in general, impose
further restrictions on the generators.

Let us begin with the construction of the O(4)
generators in items of the £(3) generators. We choose
to leave the O(3) subalgebra unaltered, so that the
first three generators are J,, Jy, J5. The most general
form of the other three generators K, (a =1, 2, 3)
is given by

Ka =flP¢ +f2€abcjbpc + gJa’ (310)

where f,, f;, and g are functions of J2, to be deter-
mined. Equations (2.6) and (2.7) are automatically
satisfied because of (3.1)-(3.3), whereas if we impose
(2.8), we get a set of first-order differential equations?
involving f,, f;, and g in their dependence on J2.
For this purpose, we rewrite (2.8) in a slightly dif-
ferent, but equivalent, form:

Eabc{Kb ’ Kc} = ZJa .

? We follow the method of calculation to be found in H. Bacry,
Nuovo Cimento 41A, 221 (1966).

(3.11)
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If we substitute (3.10) in (3.11) and also use (l.1)
and (3.1)-(3.4), we obtain, after some long but straight-
forward calculations, the following relation:

2, =20{g" = 1= 2NS1 + TS
- 2%(fig’ = %fof D}
+4P.fi{g + ' + zf1)
+ deu P fo{g + I8 + %fi),
where primes denote differentiation with respect to J2.
If we multiply this last equation by (z/, — J*P,),

(J, — 29P,), and ¢,,,J,P, and sum over g in the result-
ing three equations, we obtain

g+ '8 +af) =0, (3.12)
flg +J% +af) =0, (3.13)
L= g"—fi = 2AS1 + JfD) — 20(fi8' — % fof D)

- (3.14)

where we have assumed J* — af 0. Apart from the
trivial solution f; =f; =0, g=1 (ie.,, K= £J),
we. obtain on solving (3.12)-(3.14) the following
functional forms of £}, f;, and g:

3 __ g2 — t
HUH = t% ag-)} cos {O(J%},  (3.15)

H
fy = 1€ - Jz)(ﬁ%“z?! sin {©(JY)},  (3.16)
\ %)

(B2 2\ 2 i
=2 Eiandl oL -1)}cos OWh}.
8% =7 T {009}
(.17

Here ©(J?) is an arbitrary function of J%, and « and 8
are tworeal constants. This is the most general solution

of (3.10), since the invariants

J 4 K=ot 4 (3.18)

and

J.K=of (3.19

can be assigned independently. Without loss of gener-
ality, we can assume § > |af > 0. In analogy with
the quantum-mechanical case, we call the O(4)
representation with J - K = 0, the “symmetric trace-
less tensor representation.”

We now discuss the above solution in some detail.
We note first that, according to (3.18) and (3.19),
the two invariants are entirely independent of the
function ©. It should therefore be possible to trace
the arbitrariness associated with © to a freedom in the
choice of the form of the generators. This is in fact
true. The arbitrary function © simply reflects the
freedom to make canonical transformations generated
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by arbitrary functions H(J?) of J3:
A~
Jo = Ja = exp [HIIV, = J,,
P, — P; = exp [$(T)IP.,

= cos [2(J)¢'1P,

- N FY
41 °°SJ[22(J) $13.p),
H 2} 1
sin (26061 p .
(it
By a proper choice of the function ¢, we can eliminate
© altogether and write the generators K|, in the form
(8 = IR~ )Y,
(JP=ay) ) .
2 __ '12 J? — a2 Ja
+ [o = wf B DY
Next we consider the reality properties of X, and
of the canonical transformations generated by X,.
Since J2 > «? in the phase space of E(3), we must
choose #% > «j in order to have some region,
2> J? > max (ad, ad),
where K, is real. To discuss the nature of the canonical

transformations (P,,J,)— (P,,J.), we first rewrite
(3.21) in the following compact form:

(8 — JH(J® — az)}*(.r xPxJ), af
+ e J’
(J‘l —_— d:) Jl Jl -
(3.22)
from which we can express P in terms* of K and J:

P—ad) VUIxKxI, o
P= —=J.
{(ﬂ’ A - a’>} +

J? J

(323

Thus, given real vectors J, P with
f* > J* 2 max (a?, af)

(and P2 =1,J-P = ), K is real; and conversely,
given real vectors J, K with §* > J? > max (a?, «)
(and J2 + K?* = a? + $*, J - K = aff), P is real. The
finite canonical transformations generated by J and K
can be shown to represent orthogonal rotations on
the two vectors J + K:

Jox K,—J; £ K; = exp (@ 3)(J, £ KJ)
= Ry (0)(J, £ K,),
N
Jox Ky~ J, £ Kg=exp(A-K)(J, £ K,)
= Ru(£2)(J, = K,), (3.25)
¢ Since we have obtained an expression for P in terms of K and J,
we can, in all of the present discussion, replace P by (3.23) and thus

obtain realizations of various Lie algebras in terms of analytic
functions of K and J. the generators of O(4).

(3.20)

321

|

(3.24)

where R,, is the orthogonal matrix given by (3.6). The
magnitudes of these vectors are thus fixed:

@+ KP=(f % a)

Therefore, if we start with a point (P,,J,) with §2 >
J? > max («3, a3), then, by choosing an appropriate
canonical transformation in O(4) of the type (3.25),
we get an image (P,,J;) with J'® lying anywhere
between the values® g* and «* (i.e., 52 > J'? > 2%).
However, if P, is real, we also have J'? > max («?, 13),
and therefore x? > «3.

We have then the following result: Given the phase
space of E(3) with a certain x4, the generators X, of
(3.21), for B > |a] > lag|, are real in the region
%> J® 2> a®. The finite canonical transformation
generated by J, and K, map this region into itself and
provide a representation of the group O(4). If
la| < |ayl, the K, are real in the region f* > J2 > a?;
however, in this case there is no region in the phase
space which is invariant under the transformation
generated by K, . [Alternatively, for every finite trans-
formation generated by K,, there exist some real
points (P,, J,) which are carried into points (P,,J))
with complex P,.] As a particular case we see that,
in order to obtain a real representation of O(4) of the
“symmetric traceless tensor” type with « =0, we
must start with @y = 0.

Let us now consider the region of the phase space
where the generators (3.21) are not real. The generators
K, become complex outside the region f? > J > a?
(with 8 > |a| > |a]), and we do not have a real
realization of any Lie algebra. If, however, we make
an “analytic continuation” of the parameter « to pure
imaginary values, we can generate real realizations
of the O(3, 1) Lie algebra in the region J? > f*. We
define X, = iK, and simultaneously put «’ = ix (with
«' real), and obtain, from (3.21), the following
expression for K :

2 3 an
(J? = A +12)’ P,

K;={

(J* — )
g’_é__g(f’—ﬂ’)(l’+a”)']
+ [ﬂ ﬁ{ - } S B2D)

which is real for J2> f* (remember also that
B* > «2). Since J, and K, now satisfy the Poisson-
bracket relations (2.11)-(2.13), they generate the

3 The fact that §% and x? are the maximum and minimum values,
respectively, attained by /*under the finite canonical transformations
generated by K can also be seen from the relation

TN
0=08/1=exp(OA-KW*—J'=(J x K)-0A
and (3.22).
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O(3, 1) Lie algebra. The two invariants in this case are

J'— K=t — o, (3.28)

J.-K' = fa’. (3.29)

We can evaluate the minimum value attained by J?

under finite canonical transformation generated by

K'. Let (P,, J,) be the point with a minimum value of

J*. Under an infinitesimal transformation generated
by K’, we have

0N =2J-8) = 2J,{6A-K',J,} = 280 - (J x K').
(3.30)

For J* to be minimum, §(J*) = 0, and we then find
from (3.28)~(3.30) that this minimum value is f§2
Thus, under the finite canonical transformations
generated by J and K', the region J® > #* is mapped
into itself and we have a real realization of the group
o@3, ).

The above discussion also holds for the case
a = a = 0, i.c., the generators J, and K given by

K= {J" - f}ip, (331)
provide a real realization of the group O(3, 1) in the
region J* > B*. We note, however, that if we replace
f* by —p* in (3.31), we obtain a realization of the
O0(3, 1) Lie algebra, real over the entire phase space
of E(3). In this case, the entire phase space is mapped
into itself under all finite canonical transformations
generated by J, or K’ = {J* + f3}ip,.

To summarize, then, starting with an E(3) realiza-
tion with a given ay and with the parameters §, «
obeying 8 2 |a| 2 |ayl, J, and K, of (3.21) generate
a real realization of the group O(4) in the region
p* > J* 2 a*. Outside this region, the X, are complex.
One can analytically continue a to a’ = ia with «
real, and obtain K, of Eq. (3.27), which together with
J, generate a real realization of the group O(3, 1) in
the region J* 2> B If a = ay = 0, we also have a
realization of the group O(3, 1), real over the entire
phase space.

We conclude this section by considering the
“contraction” of the O(4) generators of the equation
(3.21) to yield new generators of E(3). For this
purpose we set

K,=pF, 12a23), (3.32)
and take the limit § — oo, keeping « fixed. If we
substitute (3.32) in the Poisson-bracket relations
(2.6)-(2.8) and take the limit 8 — o, we find that
J, and P, satisfy (2.1)~(2.3), required of the generators
of E(3). Thus J, and

P, = {(—":—"D p

= [+ [ &{M}‘]’“

FERRNE VY )
(3.33)
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obtained from (3.32) and (3.21) in the limit 8 — oo,
provide a realization of the E(3) Lie algebra. Thus,
starting with a realization of E(3) with the generator
P,, J, and invariants P2 =1, J:P = «,, we have
exhibited a realization of E(3) Lie algebra by P,, J,
with arbitrary value « for J - P (and P? = 1). It must
be noted that since the value of the invariant J - P is
changed, (3.33) does not represent a canonical trans-
formation generated by any function of J or P. It may
be seen that the minimum value reached by J* under
finite canonical transformation generated by P is «2.
Hence, if |a| > [a,], the region J* > a3, where P, is
real, is mapped into itself by the finite canonical
transformation generated by P or J, and thus we
obtain a real realization of E(3) in this region. On the
other hand, if |«| < |ay|, for every finite canonical
transformation generated by P, there are some real
points (P,,J,) which are carried into image points
(P,,J,) with complex P,.
4. REALIZATION OF SU(3) AND SL(3, R) LIE
ALGEBRAS BY ANALYTIC FUNCTIONS OF
P AND J

In this section we discuss the realization of SU(3)
and SL(3, R) Lie algebras from the generalized envel-
oping algebra of E(3). The O(3) subalgebra of SU(3),
SL(3, R), and E(3) will be taken to be identical, i.e.,
three of the generators of SU(3) and SL(3, R) are
chosen to be J, (a = 1, 2, 3). The other five generators
of SU(3) and SL(3, R) (i.e., the symmetric traceless
tensors Q,, and @, , respectively,) are to be determined
as functions of P and J.

It is known that, in general, the unitary irreducible
(matrix) representations of the group SU(3) are not
only reducible with respect to O(3), but the same
O(3) representation may appear more than once.®
However, for the special class of “completely sym-
metric tensor” representations, there is no such
multiplicity, and only states with the same parity
occur. We restrict our considerations to Poisson-
bracket “symmetric tensor realizations™ of SU(3) and
SL(3, R) with even parity [i.c., Qu(P) = Q..(—P)
and Q;,(P) = Q.,(—P)] from amongst the elements
of the generalized enveloping algebra of E(3).

We show below [Eq. (4.26)] that, in any real repre-
sentation of the group SU(3) with the generator Js.
Q. » the minimum value of J* is always zero. A similar
result also holds for SL(3, R). From the examples
discussed up to now, we can thenconclude that we may
restrict ourselves to an underlying E(3) realization
with

J.P=g=0; Pt=1 “.n

* See, for instance, G. Racah, Rev. Mod. Phys. 21, 494 (1949):
V. Bargmann and M. Moshinsky, Nucl. Phys. 23, 177 (1961)-
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If the symmetric traceless tensor Q,, is to be con-
structed from the vectors P and J satisfying (4.1), then
the most general form for Q,, with even parity

0.s(P) = Qas(—P) is given by

i

+ ho{(J x P),P, + P,(J x P),}, (4.2)

where f5, o, and A, are some functions of J? to be
determined. The absence of a term proportional to

(J x P)a(J x P)b - &ﬂdub
= €ui€oup) P Py — 3?0, (4.3)

in (4.2) is no loss of generality, since such a term can
be re-expressed in terms of 4,,,J,J,, and P,P,, which
are included in (4.2). This can be seen immediately, if
we make use of the identity
€,04€bef = dabdcoodl + c’:u"cl"db + daldcbada

- dabécfddc - (’alacbddf - dalduddb' (44)
In order to determine the three functions f;, g, 4 We
must impose the Poisson-bracket relations (2.19).
[The relations (2.16)~(2.18) are automatically satisfied
with the choice (4.2).] However, it is possible to
simplify Q,, first by means of a canonical transforma-
tion of the form (3.20), leaving J, invariant. As we
show below, a proper shoice of the function $(J?) in
(3.20) can eliminate the term proportional to

(J x P),P, + (J x P),P,

in (4.2). For this purpose, we rewrite (4.2) with P,, J,
replaced by P,,J.:
Qur = fo(PaPy — 38,.) + 8o((JoJ3/T™) — §4..)

+ ho{(J’ x P)Py + (I’ x P'),P.}, (4.5)
where P’ and J’ are given by (3.20), with J - P, ie.,

Jo = exp {%}Jc =J,,

P, = exp {$(P)}P,,
= cos OP, — [sin O/(JH)J x P),, (4.6)

where @ = 2(JY dg(J%)/d(J). If we substitute (4.6)
in (4.5), we obtain

Qup = [(PaPy — 18,) + g{iJSolJ?) — }6,,}

+ A{(J x P),P, + (J x P),P.}, (4.7
where
S =/fo00s 20 + 2h4(JHk sin 20, (4.8)
& =80 — fosin? @ + Ay (JHtsin 20, (4.9)
= hyc0s 20 — [f,/2(/H]5in 20.  (4.10)

We now choose O = } tan~[2h,(J)}[f,] so that & = 0,
and (4.7) then shows that we can restrict our considera-

tions to the case when Q,, is of the form
Qus = f(P,P, — §8,,) + glUNIY — $8.).  (4.11)

The functional dependence of f and g on J% is to be
determined from the Poisson-bracket relation (2.19).
We deduce from (2.19) the essentially equivalent
relation

EMO{QM’ ch} = 46“"0 - ouja - 644']0 (4'12)

and substitute (4.11) in (4.12). If we also use Egs. (1.1),
(3.1)-(3.3), and (4.1), we find, after long but straight-
forward calculations, that

46“']0 - (6uJ¢ + 60“’:)
= _*f(f’ + gl)aat‘]l
o+ 4NN — f2 + gDlJJ,

2
+ {if(f' +g) +£—§ -5 zfg'}

X (dcha + dujc) + *(2fg' —ff')
x {P,P.P, + (PJ.+ J,P)}, (4.13)

where primes again denote differentiation with respect
to J%. Equating the coefficients of the various terms,
we find that (4.13) is satisfied if and only if

S +g)= -3, 4.14)
U -2 =0, (4.15)

and
gg—=N=n " (4.16)

It is possible to find a solution of the three equations
(4.14)~(4.16) for the two functions f, g:

f= (8- am, @.17)
g =1 — 49t £ 3, (4.18)
where 8 is some arbitrary constant. From (4.11),
(4.17), and (4.18), we thus obtain
QO = (B* — ‘U')*[P.:Po + (/) — LAY
+ BN — 18,). (4.19)

This solution for Q,, obeys the Poisson-bracket
relation (2.19). The parameter § and the ambiguity
of the sign in (4.19) are related to the quadratic and
cubic invariants [cf. (2.25), (2.26)]

Iy + 104,00 = 8, (4.20)
W3 (30,000, — 0u000u} = £(B3V3). (@4.21)

As mentioned in Sec. 2, we note that the cube of the
quadratic invariant is equal to the square of the cubic
invariant.

The generators Q,, in (4.19) are real in the region
J* < 8. In order to discuss the finite transformations
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generated by J, and Q,,, we first evaluate the maximum
and minimum values attained by J? under these
transformations.

Let us evaluate the minimum value of J2 If we
just use the Poisson-bracket relations (2.17)-(2.19),
we see that, under the finite canonical transformations
generated by J, or Q,,, these quantities go over into
certain linear combinations of themselves. In fact, J,
and Q,, transform according to the eight-dimensional
adjoint representation of SU(3).” To exhibit these
transformations we introduce three antisymmetric
Hermitian (3 x 3) matrices A® (a =1, 2, 3):

0o o0 o0 0 0 -1
Al=ij0 0 1}, A'=it0 0 o},
0o -1 O 1 0 o

010

-1 0 0},

000

and the Hermitian symmetric traceless matrices A*:
A = HAA® + A*A%) — 19,1, (4.23)

of which only five are linearly independent. Together,
A* and A® form a basis for traceless Hermitian
(3 x 3) matrices. Given the variables J,, Q,,, we form
the Hermitian matrix

A =JA° + $0,A%. (4.29)

Now let U be any unitary unimodular matrix. The
matrix 4" = UAU™? can also be expanded linearly in
terms of A® and A®, i.e.,

A = UAU™ = JIA® + }QLA®,  (4.25)

where the coefficients J, and Q,, are linear combina-
tions of J, and @,,. By choosing all possible matrices
U, we get precisely all those linear combinations
J., Q,, that are obtained by performing all possible
finite canonical transformations generated by J, and
Q,» on themselves. Now, given any 4, we can choose
a U such that A’ is diagonal. In that case J, vanishes,
since A® are antisymmetric and A% are symmetric
matrices. Thus, starting with any value of J,, Q,,,
there exists a particular transformation generated by
Je, Q. Which takes

J,—J, =0. (4.26)

? For smy Lie group, the generators transform according: to the
adjoint representation of the group; for SU(3), this is the octet or
eight-dimensional represeatation. The matrices A®, A* are the
Hermitian generators of the three-dimensional representation of
SUA3). The generators A® of the O(3) subgroup correspond to the

spin-1 represemtation of O(3), and are here represcuted in the
Cartesian (orm.
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This proves the statement that in any realization ot
SU(3), the value J? = 0 is always attained and this is.
of course, the minimum value.

Let us next evaluate the maximum value of J2. Le:
(P,, J,) be the point where J? is maximum. We first
perform an orthogonal rotation (3.5), generated by

J,, which leaves J? unchanged, such that
Jh=J,=0; J,=(JH)L 4.27)

Now under an arbitrary infinitesimal transformation
generated by Q,,,

g
Jﬂ - exP (é'lbc : ch)‘]a ’ (428)
where the d4,, are arbitrary, we must have
(M =0. (4.29)

Using the Poisson-bracket relation (2.18), we obtain

6(]1) = Ua(éju) = yn{éj'bech ’ ja}

= 2/, [€00aQue + €00a@5al0Anc, (4.30)
so that (4.28) is satisfied if and only if
Ja(€00aQac + €aa@sd) = 0. (4.31)

If we use (4.27) and the fact that Q,, = Q4,, Q.. = 0,
in (4.31), we obtain the following form for Q,,:

Onu=0n=—40u=¢q; Qu»=0, azb, (432

where ¢ is some constant. Using the special forms of
J, and Q,,, as given by (4.27) and (4.32) in (4.20)
and (4.21), we get the following two equations in J*
and ¢:

J? + 3¢ = i, (4.33)

~J + ¢ = £ 45, (4.34)

with the solution J2=0, ¢ = +18, or J2 = {f%,
g = +if. The former solution corresponds to the
minimum value of J? [note that (4.29) is also satisfied
when J? is minimum], which we already derived
earlier, as the latter solution corresponds to the maxi-
mum value of J2,

It is thus seen that the maximum and minimum
values of J* are }5* and 0, respectively, which are just
the boundaries of the region where Q,, are real. We
therefore conclude that not only are the Q,, real in
the region 0 < J* < 182 of the E(3) phase space, but.
in fact, the finite canonical transformation generated
by J,, Q,, carries this region into itself and provides 2
real realization of the group SU(3).

We conclude this section by a brief discussion of the
realization of the SL(3, R) Lie algebra. We see from
(4.19) that Q,, become complex in the region J2 > 17
We can, however, redefine the generators Q,, = il
and simultaneously analytically continue § to §' = ¥
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(with g’ real) to get

0 = (B + 4P, + §(UJ\ %) — 13,)
+ %08((Ja‘lb/"2) - §6ab)' (4‘35)

J, and Q,, now obey the Poisson-bracket relations
(2.22)-(2.24) corresponding to the unimodular real
linear group in three dimensions, SL(3, R). The two
invariants of this representation are

JoJa 40005, = —1p" (4.36)

and
13 (4000 + 1040100 = F3Y3. (437)

The generators Q., are real over the entire region
J2>0.

Let us now evaluate the limiting values attained
by J? under finite canonical transformations generated
by J, and Q,,. Let (P,,J,) be the point where J2 is
stationary and let us first perform an orthogonal
rotation generated by J, (leaving J? unchanged) such
that J;, J;, J; are given by (4.27). By following a
strictly similar argument as was used to obtain the
relation (4.32), we obtain in this case

O =0n=—10n=q, Q,=0,

where ¢’ is some constant. If we use the special forms
of J, and Q., as given by (4.27) and (4.38) in (4.36)
and (4.37), we obtain the following two equations in

Jtand ¢':
I —3g% = 4,

Jq + 4% = £46°,

with the only real solution J* = 0, ¢’ = +1§'.

Hence we conclude that J, and Q;, generate real
finite canonical transformations mapping the entire
phase space into itself and providing a realization of
the group SL(3, R).

a#b, (4.38)

(4.39
(4.40)

5. GENERALIZATION TO n DIMENSIONS

So far we have restricted our attention to the reali-
zation of some Lie algebras in terms of the elements
of a generalized enveloping algebra of E(3). In this
section, we wish to make some comments about its
generalization to n dimensions. There are some
special features of the £(3) and O(4) algebras which
do not generalize to higher dimensions. However, the
symmetric-tensor-type realizations permit an imme-
diate extension to arbitrary dimensions.

We start with the symmetric-tensor realization of
E(n), (n 2 3), with the generators P,, J,,, [/, =
—Jusa,b=1,2, -+, n], which obey the Poisson-

bracket relations

{Jab",cd} = aac"bd + '5deu - 6bejad - 5a¢Joc, (s5.1)
{Jw!Pc}=6uPb—6beP¢’ (5'2)
{Ps, Py} = 0. (5.3

We will restrict our discussion to the case when the
totally antisymmetric tensors

Habc = Pr’bc + ijca + chab (5‘4)

and
Gabcd = Jab"cd + jac']db + Jad"bc (55)

identically vanish. For n = 3, the constraint (5.5)
is empty, whereas the constraint (5.4) reduces to
J - P =0, which implies that the ‘“‘helicity” is zero.
We also choose the normalization such that

Pr=]. (5.6)

which is always permissible since the multiplication
by a constant does not change the Poisson-bracket
relations (5.1)-(5.3).

The generators J,, and K, of O(n + 1) obey the
Poisson-bracket relations

{Jabs Kc} = (sach - 6cha: 3.1
{Kq, K} =T, (5.8)

and the Poisson bracket of J,, with J, is given by (5.1).

From (3.21), if we set @ = a, = 0, we can immedi-
ately write down the genergtors X, in terms of P, and
Jpo(1<agn):

K, = (8~ P, 9
where
I = Yol (5.10)
and f is related to the invariant
S+ K=, + KK =6 (Gl

By direct calculations, it may be verified that the
Poisson-bracket relations (5.7) and (5.8) are satisfied
and therefore J,, and K, do serve as generators of
O(n + 1). Of course, the form of K, can be changed,
by finite canonical transformations generated by some
function of J3, to

K,= Jz)*{Po cos O + J"';’—zp" sin @
The generator X, is real in the region J2 < 2. For
J® > B, K, becomes pure imaginary. In this region

K, = iK, = (J* — pytp, (5.13)

and J,; generate a representation of the pseudo-
orthogonal group O(n,1). The generators K, =
(/2 + gt P, and J,, generate a representation of
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O(n, 1) which is real over the entire phase space.
[The Poisson-bracket relations of K, and J,, are
similar to (5.7) and (5.8) except for a change of sign in
(5.8).]

The SU(n) generators J,,, Q,; obey the Poisson-
bracket relations

{Jav » Q.a} = +(’qu4 + aadch = 000Qaa — 6bdQca1
(5.14)

{Qus» Qua} = Susdas + as)ie + sdua + ducdss.  (5.15)

In analogy with (4.19) we can again write down Q,,
in terms of P, and J,,:

Qu = (F - 41')*(1’.1’.. - a,,)
+ HG — 4 £ f] (f bo = 225¥), (s16)

where the parameter S is related to the invariant

S+ 10uQa = K1 — n)p* (.17

and J* is again given by (5.10). From the structure of
Q. in (5.16), it is evident that the Poisson-bracket
relation (5.14) is obeyed. It is expected that (5.15)
also holds.

The generators Q,, are real in the region J? < 8%,
and together with J,, provide a real realization of SU(n)
in this region. For J* > }8%, Q,, of (5.16) become
complex.

Defining Q., = iQ,, and choosing §’ = if (8’ real)
as before, we obtain from (5.16) the generators of a

noncompact group SL(n, R):
' J,
Q="+ 41’)}(P¢Pb - %:‘)
+ 8 (% 8as — J———";f“) (5.18)

[Q., and J,, obey similar Poisson-bracket relations as
(5.14), (5.15), except a change of sign in (5.15).] This
realization is real over the entire phase space J* > 0.
It may be noted that for ‘“symmetric tensor”
realizations of O(n + 1) and SU(n) and similarly for
O(n, 1) and SL(n, R), the quadratic invariants (5.11)
and (5.17), respectively, essentially determine the
realizations, except for the automorphism

&_»_Kl’ QC.—’_Q“)

which leave all even-degree invariants unaltered, but
change the signs of all odd-degree invariants.

(5.19)

J“_’J.b’
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6. CONCLUDING REMARKS

We have discussed the realization of certain Lie
algebras in terms of the generalized enveloping alge-
bras of certain other prescribed Lie algebras. We now
make a few comments on the realizations of Lie
algebras in terms of canonical variables. Such con-
structions are important in connection with explicit
realizations of the symmetry groups of Hamiltonian
systems as well as in the noninvariance-group descrip-
tion of dynamical systems. The possibility of identi-
fying a dynamical system (with particular emphasis
on the quantum-theoretic formulation of particle
physics) with the generalized enveloping algebra of a
suitable Lie algebra has been discussed elsewhere by
one of the authors.® The problem of the recovery of
the canonical variables for the system is also an
essential dynamical problem.

To give an example, consider the special, familiar
case of the Kepler problem. The generators of the
Euclidean noninvariance group E(4) are, in this case,
given by®

"Gb = ‘lbl‘,c (a! b) c= 1: 2) 3)9 (6'1)
Ju=B;, (a=123), (6.2)
P¢= Ka (a = 112,3)’

and
P‘ = S",

where
Ja = €pcqdoPe >

B, = [(—2H)Yq cos {(—2H)¥(q - p)}
.= (a-p)sin {(—20)(q - p)})p.
+ [(1/g) sin {(—2H)Xq - p)}1da

K, = (=2HyY(q- P)P. — P9, + (e/q)q.].
S’ = —(=2H)Xq - p) sin [(—2H)K(q - p))
+ (1 + 2Hg) cos [(—=2H)¥(q - p)],
q=(q.90% H=tp.p. — elq.

Given these ten generators, one could construct the
primitive dynamical variables. These points are dxs;
cussed in more detail in a paper by two of us.
We only mention that such a construction yields

*E. C. G. Sudarshan, ““Currents, Algebras and Dynamical S
tems,” invited paper at the Eastern Theoretical Physics Confere
Stony Brook, Long Isiand, New York, 1968, sical
* E. C. G. Sudarshan and N. Mukunda, in Lectures in Tlm”l‘g Y
Physics (University of Colorado Press, Boulder, Colorado,
Yol. VIII-B, p. 407,
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expressions which are undefined (singular) when the
Hamiltonian H vanishes. The Hamiltonian H oaly
plays an auxiliary role in the construction of the
canonical variables. We could equally well write down
some functions of these ten generators which satisfy
~anonical Poisson-bracket relations. In another publi-

cation,!® one of the authors has discussed the con-
struction of n pairs of canonical variables from the
generalized enveloping algebra of the classical groups
SU(n + 1) and O(n + 2).

18 N. Mukunda, J. Math. Phys. 8, 1069 (1967.

-



