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We examine the question of whether the gauge interactions leading to proton decay can be rotated away from grand 
unified models, via a suitable choice of values for the flavor mixing angles. Grand unified models with an arbitrary number 
of families and an arbitrary gauge group will be considered. In the case of the SU(5) model with three generations, it is 
shown that proton decay can be rotated away only ifs  3 = 0. (s 3 is the sine of the third Kobayashi-Maskawa mixing angle.) 

I is known that grand unified models [1], in gen- 
eral, contain more mixing angles and phases than 
those already present in weak-interaction physics. 
These new angles and phases are undetermined from 
the theory (except after assuming certain specific 
mass matrices), and there is, at present, no experi- 
mental information on their values. Yet these angles 
and phases play an important role in grand unified 
models, especially with regards to predicting the de- 
cay rates and modes for the proton. Indeed, it has 
been speculated that the values of the angles could be 
such that the interactions leading to proton (and 
bound neutron) decay could be eliminated entirely 
(e,e., "rotated away") from the theory [2]. Previous- 
ly, this question has been examined within the con- 
text of some specific models. In particular, an SU(5) 
model where the fermion mass matrices get contribu- 
tions only from a 5-dimensional (or 45-dimensional) 
representation of Higgs fields has been examined [3]. 
There it was shown that the interactions leading to 
proton decay could not be rotated away. 

In this letter, we examine the question of wheter 
or not proton decay can be rotated away from a gen- 
eral SU(5) model. Here we make no special assump- 
tions on the form of the fermion mass matrices. The 
answer to the above question is found to depend on 
the numbers of families n appearing in the theory. We 
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find that for n = 2, the interactions leading to proton 
decay can never be rotated away. For the case n = 3, 
proton decay can be eliminated from the gauge sec- 
tor of the theory only if s 3 = 0. (s 3 denotes the sine 
of the third Kobayashi-Maskawa [4] mixing angle). 
For n ~> 4, we find that it is always possible to rotate 
a11 the proton decay interactions away from the gauge 
sector of the theory (without putting constraints on 
the Kobayashi-Maskawa mixing matrix). In this let- 
ter we shall also extend our analysis to the general 
case where baryon decay proceeds via a four-Fermi- 
vector (or axial vector) exchange interaction which is 
invariant under the group SU(2)L X U(1) X SU(3)C. 

We begin by examining the gauge sector of the 
SU(5) model [5]. The effective four-Fermi interaction 
for baryon-number violating processes in the SU(5) 
model is 

(4G /x/~)e ~ [  (OC TVu~)(EC yuD ~) - (ucTuD~)(EeTuU~) 

- c  /.t - c  - (U~7 U~)(D.r~uE) + (OcTuDs)(D~CTuN)] , (1) 

where Us, D~, E and N are the n-dimensional column 
matrices 
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and a, ~, 7 are color indices. G corresponds to the 
analoque of the Fermi constant ofweakinteractions. 
All the fields appearing in (1) are assumed to be left- 
handed. In expression (1), and in what follows, we as- 
sume that baryon decay proceeds predominantly via 
vector-boson exchange interactions. The fields ap- 
pearing in (1) are current eigenstates. When the 
SU(2)L X U(1) X SU(3)c symmetry is broken and 
when the fermions acquire masses, the current eigen- 
states of (1) must be replaced by the corresponding 
mass eigenstates. Since we make no assumptions on 
the form of the mass matrices, biunitary transforma- 
tions are required in general for their diagonalization. 
The fields and their charge conjugates appearing in 
(1) must, consequently, undergo separate unitary 
transformations. Upon replacing the current eigen- 
states in (1) by the corresponding mass eigenstates, 
we get 

(4G/,~)_eN7 [(0~R I ,),gUt~) (F, CR 2,),.D.). ) 

- (Oc~R 37UD~) (ECR4"),uU~) 
- -c  # - - c  - (U~RI" Y U#)(D.~Rs"I'.E) 

+ (UCR4~'I~D~)(D~R57uN)] , (3) 

where R1, R 2 .... , R 5 denote unitary matrices, only 
four of which are independent * 1. This follows since 
we have the relation 

K =  R~R 3 = R'~R2 , (4) 

where K defines the generalized Kobayashi-Maskawa 
mixing matrix for n generations. 

In order to suppress proton (and bound neutron) 
decay, the following conditions must be imposed. 

(R1)l l (R2)ab + (R3) ib(R4)a l  = O, (5a) 

(Rl ) i1 (R5)ab  = O, (5b) 

(R3)la = 0 ,  (5c) 

where a and b = 1, 2. Eqs. (5a) and (5b) follow after 
setting all relevant terms involving E c and E, respec- 
tively, to zero. Condition (5c) follows after setting 
the coefficients of the interactions (~c3, u d)(~CTUv) and 
(~c3'us)(gc~tav) to zero and using the unitarity o fR  5. 

*1 Here for simplicity we assume that  all the  neutr inos  are 
massless. Our analysis can be easily generalized to include 
the  case of  massive neutr inos.  The results quoted  here are 
the  same for bo th  cases. 

Using (5c), we can replace (5a) by 

(R1)11(R 2)ab = O .  ( S a ' )  

Eqs. (5) imply that all relevant terms in (3) vanish.- 
Consequently, eqs. (5) are necessary and sufficient 
conditions for rotating away proton decay from the 
SU(5) gauge interactions. Upon specializing to the 
case n = 2, eq. (5c) is inconsistent with the unitarity 
of R 3" Consequently, proton decay cannot be rotated 
away if only two generations are present in the the- 
ory. For the case n = 3, (5a') [or (5b)] implies that 
(R1)ll  = 0, and from unitarity (5c) implies that 
( R 3 ) 1 3  = ( R 3 ) 2 3  = 0 .  Then from (4), we have K 1 3  = 

= 0. Consequently, proton decay can be rotated away 
from a theory with three generations only if the sine 
of the third Kobayashi-Maskawa mixing angle 
vanishes. On the other hand, for n ~> 4 proton decay 
can be rotated away without placing contraints on 
the Kobayashi-Maskawa matrix. 

The above mentioned possibility of setting s 3 = 0 
in the case where n = 3 has the following phenomen- 
ological implications: (a) The bottom quark can de- 
cay directly (via gauge interactions) only to the 
charm quark. At present, this possibility has not been 
experimentally ruled out [6]. (b) CP violation in neu- 
tral K meson decay due to gauge interactions is prop- 
ortional to S3S 2 sin 8, where S 2 is the sine of the se- 
cond Kobayashi-Maskawa mixing angle and 6 is the 
CP violating phase angle. Consequently, s 3 = 0 im- 
plies that the observed CP violation cannot be due to 
gauge interactions *2 

So far we have restricted our discussions to the 
gauge sector of the SU(5) model. Upon extending the 
above analysis to the Yakawa sector of the theory, 
additional terms would have to be added to the effec- 
tive interaction (1). An example of such a term is 

W CrlU )(UTCr2E) ~ ~ ~ • 

Here C denotes charge conjugation and the fields ap- 
pearing in the above interaction are current eigen- 
states. Unlike the corresponding gauge interactions, 
we must introduce new flavor matrices T i which can- 

e2 The observed CP violation could arise due to scalar ex- 
changes. In such a case, the  neu t ron  electric dipole 
momen t  is predicted [7] to be close to the  exper imenta l  
upper  limit of  1.6 × 10 -24 cm [8].  On the  other  hand,  the  
value obtained f rom the  usual  gauge interact ion [9] is sev- 
eral orders of  magni tude  smaller than  the  above limit. 
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not all be set to unity (since this would lead to an un- 
realistic set of fermion mass matrices). The effective 
Yukawa interaction is defined only after we specify 
the Ti's, as well as the fermion mass matrices. The 
Ti's are determined from the Itiggs structure of the 
gauge theory. There are no restrictions on their form 
(other than the requirement that they are not all uni- 
ty). It follows that, it is always possible, in principle, 
to adjust the Ti's and the mass matrices suitably so 
that proton decay interactions can be rotated away 
from the Yukawa sector. 

We now extend the preceding analysis for the 
SU(5) model to more general situations. Here, we no 
longer assume a specific grand unifying group. Rather, 
we insist that baryon decay proceeds via effective 
four-fermi interactions which are invariant under the 
low energy group SU(2)L X U(1) × SU(3)C. We shall 
further assume that these interactions are induced 
from vector-boson exchanges. The most general such 
interactions are given by [10] 

- c  u - c  D 

UC u D pc  " - ( ] 

- c  # - c  

- (Uic &' D/~)( kvTuNl)] (6) 

where f i /kl  and gi/kl represent 2 × n 4 coupling con- 
stants and the current eigenstates U, D, E and N are 
given in (2). Here i, j, k, 1 = 1, 2 .... , n are family in- 
dices. TO reduce the number of coupling constants 
appearing in (6) we shall assume the "kinship hypoth- 
esis." By tiffs we mean the requirement that all Lorentz 
covariant currents leading to (6) are diagonal in the 
generation space * 3. This means + 4 

fiykl = A 3 ij6 k l ,  (7a) 

gifkl = B6 i f i k l  , --C'dil6jk , (7b) 

Consequently, for n > 1 the 2 X n 4 coupling con- 
stants reduce to 3. Note that (7) follows automatically 
for single-family unification models [such as SU(5), 

+3 This differs slightly f rom the  definit ion appearing in the  
second paper o f  ref. [ 10b  where it is assumed,  in addi- 
t ion, tha t  the  mixing induced f rom the  fermionic mass 
matrices is small. 

4:4 Note that  setting fijkl = A '6 il6kj is equivalent to (7a) after 
a Fierz reordering o f  the  fields involved. 

SO(10) and E6]. Eq. (7) was also found to be valid 
in the case of SO(n) family unification models [11]. 
Substitution of (7) into (6) leads to 

Aec,~v [(0-C7#ut3) (Ec"/~t Dr) - (0  c,),UD~)(E cTuuv)] 

--c # --c + Bea~.~ [(Ua7 Ua)(D~,TuE) - (0CTUDs)(I)~TttN)] 

+ Cea~, ~ [(UCTZE) (])~ 7 zU v) - (0CvUN) (b~TgDv)] 

(8) 
In analyzing whether or no t proton decay can be 

rotated away from (8), we must distinguish between 
the following 7 cases: They are: 

(i) 

@ 

0i i )  
(iv) 

(v) 

(vi) 

(vii) 

A4=0 ,  B # 0 ,  /U4:0 ,  

A = 0 ,  B =/= 0 ,  C @ 0 ,  

A ¢ 0 ,  B = 0 ,  C=~0, 

A=/=0, B4=0 ,  C = 0 ,  

A = B = 0 ,  C=~0, 

A = C = O ,  B=h0,  

B = C = 0 ,  A =/= 0 .  (9) 

Note from (1), case (iv) (with the additional assump- 
tion ofA = - B )  corresponds to the SU(5) model, 
which we have previously discussed. Both cases (i) 
(with A = -B)  and (v) may be obtained from the 
SO(10) or E 6 models. [Of course, (iv) with A = - B  
is also obtainable from the SO(10) or E 6 models. The 
question of which case (i), (iv) or (v) arises from a 
particular S0(10) or E 6 model depends upon how the 
original symmetry group is broken down to SU(2)L 
X U(1) × SU(3)C. ] The remaining cases, as well, can 
be realized with some other grand unified models. 

If one wishes to incorporate all of the cases in (9) 
within the framework of a single grand unified model, 
the appropriate group involved in the unification may 
have to be very large (such as SU(15) [12] }. That is, 
the group must be sufficiently large enough to con- 
tain 3 independent SU(2)L doublets of gauge bosons 
mediating proton decay. After symmetry breaking 
the three sets of gauge bosons acquire masses which 
are not necessarily related and hence can give rise to 
three independent constants A,  B and C. 

We now proceed to analyze the above cases. As be- 
fore, we make no assumptions on the form of the fer- 
mion mass matrices. Upon replacing the current eigen- 
states in (8) by their corresponding mass eigenstates, 
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we get 

--C /~ --C: A%t3.r[(UaR17 U~)(E R27uD~) 

- (~R 3~'"D~)(E°R4~'Y~)] 
+ --c ~ --c Bea~/[(U~RI~/ U¢~) (D~R 5 ~'uE) 

- (fria R 37 u D~) ( ~ R  53'~N)I 
- c  # - c  + Cec~&r [ ( U ~ 6 7  E)(D~R77uUT) 

-- (UCR 67UN)(13~R 87uD~.)] , (10) 

where we are again assuming for simplicity that the 
neutrinos are massless * 1. R 1, R2, -.., R 8 are unitary 
matrices, R1, R 2 ... .  , R 5 being the same as in eq. (3). 
Here only five R matrices are independent since we 
have the relations 

K = R~R 3 = R~R 2 = R~R 8 , (11) 

R~R 6 =R~R 5 . (12) 

K once again denotes the generalized Kobayashi-  
Maskawa mixing matrix. Eqs. (5) are now replaced by 

A[(R1)ll(R2)ab +(R3)lb(R4)al ] = 0 ,  (13a) 

B(R1)ll(R5)ab - C(R6)Ib(R7)al = 0 ,  (13b) 

B(R3)la(R5)ai - C(R6)li(Rs)aa = 0 ,  (13c) 

no sum on the index a, 
where a, b = 1, 2 and i = 1,2 . . . . .  n. As before (13a) 
and (13b) follow after setting all coefficients of the 
interaction terms involving E e and E, respectively, 
equal to zero. Eq. (13c) follows after requiring that 
the coefficients of the interactions (rlCTud)(~cTuv) 
and (gc3'~s)(gcT~p) vanish. In addition, we must re- 
quire that the remaining interactions 

(gCTud)(~CTUv) and (gcTus)(de3'pv) (14) 

are absent from the theory. This leads to the further 
condition 

w 1 2  i = ozw21 i , 

Wab i = C ( R 6 ) l i ( R S ) a b  - B ( R 3 ) l b ( R 5 ) a i  , (15a) 

where a is introduced to take into account the possi- 
bility that the matrix elements computed from the 
two interactions in (14) are identical (up to a con- 
stant of proportionality ~). a, in principle, can de- 
pend on the choice for the proton wavefunction used 
in computing the matrix elements. In the case where 

the matrix elements arising from (14) are not propor- 
tional, we must require the stronger condition: 

w 1 2  i = w 2 1  i = 0 .  (15b) 

We now give our results. It can be shown from eqs. 
(13) that when n = 2 and n ~> 4, our previous results 
for the SU(5) model generalize in fact to all other 
cases. That is, when only two families are present in 
the theory, proton decay can never be rotated away. 
As before, this result follows from the unitarity of 
the matrices R. For four or more families, we find 
that there are always solutions to the eqs. (13) (with- 
out placing any constraints on the Kobayashi-  
Maskawa mixing matrix). When n = 3, the situation is 
more complicated and the question of whether or not 
proton decay can be rotated away depends on the 
various cases (i) through (vii). The results for case (vi) 
are identical to those of the SU(5) model previously 
discussed. For case (vii), we find that there do exist 
solutions to eqs. (13), which do not constrain K. For 
both cases (iii) and (v), there are no solutions to eqs. 
(13) when (15b) holds. The remaining cases are diffi- 
cult to analyze since they require solving a compli- 
cated system of equations. 

We note the following additional result. When the 
fermion mass matrices are symmetric * s and condi- 
tion (15b) is satisfied, there are no realistic solutions 
to eqs. (13) for any n [with the exception of case 
(vii)] * 6. This follows from the relations 

R I = R 8 = I ,  R 3 = R ~ = K ,  

R 2 = R ~ ,  R 6 = R ~ = K R ~ ,  (16) 

which is valid when the fermion mass matrices are 
symmetric. 

45 This follows in the SU(5) [SO (10)] model when 5-dimen 
sional [10- and 126- dimensional] Higgs fields are used to 
generate the fermion mass matrices. This also follows in 
SO (n) family unification models (see t e l  [11] ). 

.6  This result does not generalize to the case where there 
exist neutrinos in the theory with masses greater than the 
proton mass. 
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