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Usingtheformalismofdynamicalmapsit is shownthat if a quantummeasurementprocessis to bedescribedin termsof anon-
negativephase-spacedistributionobtainedby smoothingtheWignerdistributionofthequantumstate,thenthesmoothingkernel
characterizingthemeasuringapparatuscannotbeanarbitraryWignerdistribution.

TheWignerdistributionmethodprovidesa phase- butions results in a phase-spacefunction which is
space description of quantum mechanicswhich pointwisenonnegative.Theconvolutionprocessitself
resemblesin severalaspectsthe classicaldescription is then understoodto be the result of the coarse
[1]. It consistsof associatingwith a quantumstate graining which is invariably affectedby themeasur-
describedby a densitymatrix~3a c-numberdistribu- ing apparatus,or present in any semiclassical
tion function W(q,p) overthe classicalphasespace descriptionofquantumprocesses.
throughawell-defined’procedure..Thenif hermitian The purposeof this letter is to show that this
operatorsare associatedwith classicaldynamical smoothingprocedurecanbeprofitably interpretedas
variablesin accordancewith the Weyl correspon- adynamicalmap [13—17].Thisinterpretationleads
dence[21, theexpectationvalueof ahermitianoper- in anaturalwaytothefollowing importantquestion:
atorO in a state~5isgivenexactlyby thephase-space canan arbitraryWignerdistribution beusedas the
averageof the correspondingclassicaldynamical smoothingkernelW~(q,p)?Weshowthattheanswer
variableO(q,p) with W(q,p) astheweight function: tothisquestionis in thenegative.

r r Weconsidera systemwith onedegreeof freedom;
Tr(~5O)= Jj dq dp W(q, p) O( q, p) . (1) generalization to many degrees of freedom is

straightforward.Further,we chooseunits suchthat

The expressionon the right-handsideof (1) is for- /1 = 1. The Wignerdistribution is relatedto the den-
mally identicaltothecorrespondingclassicalexpres- sity matrix through the following invertible
sion. However,as is well known, W(q, p) is not a transformation:
true probability distribution over the phasespace, 1 ~
sinceit is not pointwisenonnegativein general.In W(q,p) =~—jda exp(iap)
orderto makethis expressionfor averageslooktruly
classical-like,onegoesfrom theWignerdistribution X <~J— Ic~IP1 q + I . (2)
W(q p) to a corresponding“smoothedWignerdis- ,,. .

‘• Sincep is hermitian,hasunit trace,andis nonnega-
tnbutton W~(q, p) which is nonnegativeover the tive, onededucesfrom (2)
entirephasespace,or equivalentlyaltersthe corre-
spondencerule suitably [3—12].Theobviouswayto W(q, p) * = W(q,p)
obtainsucha nonnegativedistribution,andthe one
invariably used,is to convolvethe Wignerdistribu- Tr(j5) = JJdqdp W(q p)= 1
tion of the statewith anotherWigner distribution
WA ( q, p); theconvolutionofany two Wignerdistri- r r

~ (3)
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where~5’ is an arbitrary density matrix and W’(q, p) For any two Wignerdistributions w(z) and üA(z)

is its Wignerdistribution, thesmootheddistribution w~(z)is a pointwisenon-
It is convenientto combinethe real q, p into a negative function. This becomestransparentif we

complexquantityz= (q+ip)/\/’~andwrite 2~tW(q. rewrite (7) in theform
p)asw(z).
Thus JJdqdp/2Ewill be denoted 1d2z/~as usual wS(z)=Tr[pAD(z)}p}D(~) I
[18]. Further,forconvenienceof formal manipula- =Tr[~15(-.)~j5 ~J5(~)~] (8)
tionswe will rewrite (2) in termsof thebasic her- A

mitian operators15(z) of the Weyl correspondence where ~ is theparity operator.That (7) and(8) are
[19]: equivalentcanbecheckedby substitutingfor j5~..and

d2~ ~5from (6) andmakinguseof(S). For instance,we
exp(z~ _z~)D(~), have

Tr [/5A15(z) ~3~ji~D( z ) ~]
2

15(~)=exp(~ât—~â),â=(~+i~)/~/2. (4) =JJ~2W~(~’) Tr[~(z—~)]

Among themany interestingpropertiesof
15(z) and d2~

IS(z) we note only thefollowing: = f—~w~(z—~)w(~). (9)

Tr[15(z)15(~)]=itô(z—~) Since convolutionwith WA(z) producesa linear

15(~)t15(z)15(~)=15(z—~). (5) map w(z)—~w~(z)andin view ofthelinearity ofthe
defining relationshipbetween~5andw(z) it follows

In termsof 15(z)we have that it inducesa linear map on the densitymatrix
itself. It is naturalto ask if this map is a dynamical

w(z)=2itW(q,p)=Tr[psi(z)] ‘ ma

rd2z Dynamicalmapsarethemostgenerallinear trans-
~5=J w(z)15(z). (6) formations~ on the vector space of hermitian oper-

71 atorson statevectorswhich preserve thehermiticity,

The fact that the Wignerdistribution cannot be unit trace.andnonnegativitypropertiesof the den-
pointwisenonnegativefor every state can be seen sity matricesandhenceany theoryof measurement
mosteasily by taking in (3) a pair of orthogonal or evolution(including theirreversibleones)should
states.In factthe only purestatesfor which theWig- necessarilyconformto the frameworkof dynamical
ner distribution doesnot assumea negativevalue maps.
anywherein thephasespaceturn outto bethosewith Any dynamicalmapcanbe broughtto thecanoni-
gaussianwavefunctions[20,21]. cal form [13.14]

As alreadynoted,the smoothedWigner distribu-
tion is definedastheconvolutionof the Wignerdis- ~ =>~~x) . (10)
tribution under considerationusing as kernel a
Wigner distribution WA(z) characteristicsof the where ~~(a)are a set of scalarsand ~‘(a) a set of
measuringapparatus: operatorsontheHilbert space~ of statevectors.The

requirementthat for everydensitymatrix ~5,~5’given
w (z) =Jd_~wA(z~)w(~) by (10) bea densitymatrix is equivalentto the fol-

It lowingconditionson theset {~(a),~(cr)} character-
izing themap:

rd2~
j~ w( z—~)WA ( ~) . (7) If thedensitymatricesaren A n matrices.say,thenthedynam-

icalmapsaren2x 2 matrices.
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— ~, negative, then (14) is trivially satisfied and the
‘ii, a, — ?7~~ smoothingprocessis a dynamical map, in fact a

V ( ) C( a)tC( ) — completelypositiveone.ThisisthecasewhenWA(Z)
— ‘ is gaussian. However, (14) is not satisfied by every

Wigner distribution WA(Z) implying that the
~(a)i <wiC(a)iO>2 ~ o, smoothingprocesswith an arbitraryWignerdistri-

a bution askernelis not a dynamicalmap in general.
Forinstanceif~A = I 1> <lithe first excited state of

V Ic”>, 0> e.~t’. (11) an oscillator of unit mass and unit angular fre-

Therealscalars~(a) neednot beall positive.As an quency, the correspondingWigner distribution
importantexampleof dynamicalmapsforwhich the WA (z), is
~(a) are not all positive, we cite the map

13÷13T, WA(z)=2(41z1—l) exp(—21z1
2). (15)

where,5 T is the matrix transpose of p [15]. Those
mapsforwhich all the ,~(a) are positivearesaid to Now choosing I cu> = 0> = I 1>, the factor
be“completelypositive”. Givena linearmapon the <w I D(z) 0> in (14) canbe evaluatedto be
density matrices, it is the last condition in (11) which ~ I 0> <fl 1S(z)I 1>
is sometimesdifficult to test.But if themap is com-
pletely positivethen the lastconditionis automati- = (1 — I z 2) exp(— I zI 2/2) . (16)
cally met.As a lastremarkon (11), we notethat the
morefamiliarhamiltonianevolutiontrivially fits into Finally, using(15) and(16) in (14) wededuce
this frameworkwithonly one i~(a) nonzero(in fact td2~
equaltounity) andthe’corr~espondingC(a) unitary. j— w~(~)<wI15(~)10>12

To interpretthe smQothingprocedurewithin the It

frameworkof dynamicalmaps first rewrite (7) in
termsofdensitymatricesusing(5)and(6): ~

“S = ~ w,(z)15(z)
xexp(—3I~I2)=—2/27, (17)

d2 ~ showing that in this case(14) is violated.Thus,the=1—wA(~)15(c~)pD(~)t. (12) smoothingprocesswith thekernel

Now(l2)hasthesameformas(lO),andwereadily COA(z)=2(41z1—l)exp(—21z1)
identify is nota dynamicalmap.

,~(a) —sWA (~), C( a) —~I5(~) If thesmoothingkernelis suchthat thesmoothing
processis not a dynamicalmap, then therealways

fd2~ exist Wigner distributionswhosesmootheddistri-
—s J —. (13) bution (though pointwise nonnegative) will not be

a Wignerdistributions.Thismeansonecanfind insuch

Clearly, thefirst two conditionsin (11) aresatisfied casesnonnegativeoperatorsO whose averagesas
for any Wigner distribution COA( ~). Thethird con- computedusingthe nonnegativesmootheddistrib-
dition nowreads tutionwill benegative:

d2~ d2z
WA(~)I <wI’5(~)0> J2~0, O~0, J—cos(z)O(z)<0. (18)

Since this is an undesirable situation, one should
VIW>, IO>e)*”. (14) .demandofthesmoothingkernelthepropertythat its

If the Wignerdistribution WA(z) is pointwisenon- convolutionwith anyWignerdistribution is againa
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