
Volume 124, number4,5 PHYSICSLETTERSA 28 September1987

GAUSSIAN WIGNER DISTRIBUTIONS: A COMPLETE CHARACTERIZATION
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Necessaryandsufficient conditionsona gaussianphasespacedistribution to bea bonafideWignerdistribution,for anynum-
ber ofdegreesoffreedom,arederived.Williamson’stheoremon thenormalformsof positivematricesundersymplectictransfor-
mationsis usedin a fundamentalway.

Thefollowing questionarisesin theanalysisofproblemsof interestin bothquantummechanicsandoptics:
if a hermitianoperatorI actingon the Hilbert space~‘ = L2 ( l~)hasa configurationspacekernelof thegaus-
sian form:

<qJIIq’> ~f’(q; q’)

= (2/it )~2(detL) 1/2 exp[ _qT Lq_qTLq~— ~(q~_q~)TM(q_qr) + ~i(q_q~)TK(q+q~)], (1)

whatare thenecessaryandsufficientconditionson L, M andK to ensurethatI is positivesemidefinite?Here
q andq’ are n-componentcolumn vectors;L andM are real symmetricn x n matrices,while K is a realn X n
matrix. It is easyto seethat the expressionin the exponentis the mostgeneralonequadraticin q andq’, and
invariantundercomplexconjugationfollowed by interchangeof q andq’. Thenumberof independentreal
parametersin this family of gaussiankernelsis n(2n+ 1), the sameasthe numberof parametersin the group
Sp(2n,R).

In quantummechanics,thedensitymatrix of an n-dimensionaloscillatorsystemin thermalequilibriumand
its transformsunderunitarySp(2n,I~)action,hastheabovegaussianform. In optics,thecross-spectraldensity
of gaussianSchell-modelfields [1,2], which haveattractedgreatinterestin recentstudieson radiometryof
partially coherentsources[3], havepreciselythis form.

The purposeof this letter is to answerthe questionposedin theopeningparagraph.For this it is usefulto
computetheMoyal transformW(q;p) of thekernel(1). Thenecessaryandsufficientconditionfor its existence
is that L+M be positivedefinite, and then [4]
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W(q;p)~(2it)~J &q’ F(q—~q’;q+~q’)exp(ipTq~)

=it [det L/det(L+M)] U2exp[ _2qTLq— ~(p—Kq)T(L+M) ‘(p—Kq)]. (2)

F( q; q’) being a bonafide densitymatrix (cross-spectraldensity) correspondsto W(q;p) being a Wignerdis-
tribution (Wolf function) [5,6]. W(q;p) is moreconvenientlyexpressedby arrangingq andp into a 2n-com-
ponentreal column vectorQ:

Q=(~) (3)

anddefining a real symmetric2n x 2n matrix G:

G=(~T ~),A=2L+~KT(L+M)~K, B=~(L+M)-1, C=_~KT(L+M)~. (4)

Giventhe propertiesof L, M and K, it canbe seenthat thereareno algebraicrelationson the elementsof G
beyondsymmetry.The Moyal transformnow hasthe compactgaussianform

W(q;p)EW(Q)=it~(detG)~’2exp(—QTGQ). (5)

Eqs. (4) canbe invertedto expressL, M, K in termsofA, B, C, consistentwith theinvertibility of theMoyal
transform.Our questioncannow be phrasedin this form: What are the necessaryandsufficientconditions
on the parametermatrix G so that the gaussianphase-spacedistribution (5) will be a Wignerdistribution?~‘

A densitymatrix mustbehermitian,haveunit trace,andbepositivesemidefinite.Hermiticityoft hasbeen
ensuredthroughreality of L, M andK. Thekernel (1) is traceableif andonly if L is positivedefinite, L> 0;
thenour normalisationfactorensuresthatI hasunit trace.It is the positivesemidefinitenesspropertywhich
is somewhatsubtle, so we implementit in two stages.First we derive a necessarycondition.Positive semi-
definitenessoft impliesthe existenceof a uniquehermitianpositivesemidefinitesquareroot f1/2~ Applying
the Schwarzinequality to the vectors11/2 q>, 11/2 Iq’> gives

iF(q;q’)I2~<1(q;q)F(q’;q’) (6)

which for the gaussiankernel (1) reads

exp[—(q—q’)TM(q—q’)]~l forallq,q’,

i.e.,

M>~0. (7)

The conditionson L andM so far are L> 0, M>~0, L+ M> 0, with the first two clearly ensuringthe third. If
we write G in the factoredform

( ‘~ 0\T(2L 0 ‘\( ‘1 O’\ 8
G= ~—K i) ~ 0 ~(L+My’) ~—K i)’ (

we seethat L>0, L+M> 0 imply, andare impliedby, G being positivedefinite. Thus a necessarycondition
for r to be a densitymatrix or W(Q) a Wignerdistribution is

G>0. (9)

I Seeref. [7], andin particularthediscussionfollowing eq. (8.15) therein.
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To arrive at a setof sufficientconditionswe analysethe behaviourof I underunitary Sp( 2n, ER) action.
The definingrepresentationof this groupconsistsof real2nx 2n matricesSobeying

/0 ~
STIJS/3, P~zr~C

2X1nxn~\1o)~ (10)

Thisform of fi correspondsto arrangingall the q first, andthenall thep, in the column vectorQ in eq. (3).
Sp(2n,ER) is the groupof lineartransformationswhich leaveinvariant the fundamentalcommutatorsamong
n canonicalpairsof operators.The generatorsin the definingrepresentationare of the form fiG wherethe G
arerealsymmetricmatrices.Along with S, bothS ‘ and5T alsobelongto Sp( 2n,ER). Theunitary actionof
Sp(2n, ER) on .J~”is via operatorsU(S)whosegeneratorsare symmetrichermitianquadraticexpressionsin the
canonicaloperators,andon I the action is by conjugation:

S:t-~’t’=U(S)tU(S)* (11)

We seethat the definingpropertiesof densitymatricesare Sp( 2n, ER) invariant.In particular,if I is positive
semidefinite,so is I’. Thechangein the Moyal transformaccompanying(11) is easierto handle:

5: W(Q)-~W’(Q)=W(S’Q). (12)

Forthe gaussianexpression(5) thismeansa symmetrictransformationon G anda similarity transformation
onfiG:

G-~G’=(5 ‘)
TGS~’, fiG’ =SfiGS-’. (13)

Condition (9) on G is clearly preservedby Sp( 2n,ER).
Now we makeuseof a fundamentaltheoremdue to Williamson [8]. It statesthat the normal form G

0 of
arealsymmetricpositivedefinite matrix G undertheSp( 2n,ER) transformation(13) is diagonalwith positive
elements.Thenormal form canbewritten as

K1
K2 0

G0= K~ , (14)

0 K2

K,,

where(G0),,+,,,,,±,,,=(G0),,,,,,, for m=1, 2, ..., n hasbeenachievedby usingthe fact that scalingeachqm by a
positivefactory,,, andeachp,,,by thereciprocaly;’ is an Sp(2n,ER) transformation.GivenI withparameter
matrix G, it is positivesemidefiniteif andonly if t~correspondingto the normal form G0 is positive semi-
definite. In the normal form this propertyis easilytested.

For the matrix G0 of (14), K0=0 while

K1 0

A0=B0= K2 , (15)

0 K,,

sothat

M0=~diag(K~—K1,K~—K2,...,K;’—K,,). (16)
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The necessaryconditionM0~ 0, eq. (7), restrictsthe Ks

0<K,~~l,m=l,2 n. (17)

It now turnsoutthat theserestrictionson the diagonalelementsin the normalform G0 of G arealso sufficient
to ensurethat I~,andhenceI, be positivesemidefinite.Thekernelof I~is

r0(q; q’) exp ~ ~ [K,,,(q~,,+q,,
2)+ ~(K~ —K,~)(q,,, q,,)2]), (18)

and it is clear that

<~lIoIW> Jdnqdnql ~(q)*F
0(q;ql)~(q)~O, (19)

for every~ti(q)eL
2(ER~)if theconditions(17) hold. Thus giventhat G>0, the inequalities(17) are the nec-

essaryandsufficientconditionsfor t~andhenceI to be positivesemidefinite,or equivalentlyfor W(Q) to
be a Wignerdistribution.

It is possibleto expressthe conditions(17) on G directlywithout having to bring it to its normal form.To
showthis andmakeexplicit their Sp(2n, ER) invariance,we usethefact thatfiG changesby a similarity trans-
formation(13) underthis group.Thereforethe tracesof powersof fiG are Sp(2n, ER) invariants,andcanbe
evaluatedby going to the normalform. Oddpowersgive vanishingtrace,andfor evenpowerswe definethe
Sp(2n,ER) invariants

( 1)’
S, 2 Tr(/3G)21= ~ 1=l,2,...,n. (20)

If we now constructthe nthdegreepolynomial equation

(21)

wherethe Sp(2n, ER) invariantcoefficientsaregiven recursivelyby

1 / “—‘

C,,, = — — ( S,n + ~ CrS,n_, ) , m= 1, 2 n, (22)
~\ r=i /

thenby Bôcher’s theorem[91the ~ arethe roots of thisequation.Frompositivity of G follows that of each
K,,,, sotheboundK,,,~ 1 is thesameasK,2,, ~ 1. The necessaryandsufficientconditionsfor all the rootsof (21)
to be boundedaboveby unity are

(23)

Necessityis seenby factorizing P(y) as

(24)

and sufficiencyby expandingP(y) abouty= 1. In detail the inequalities(23) are

l+c,+c
2+...+c,,~0,

n+(n—1)c1+(n—2)c2+...+2c,,2+c~_1~0,

n(n—l)+(n—l)(n—2)c1 +...+6c,,_3+2c,,_2 ~0,

n!+(n—l)!c1~0. (25)
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Theseare the Sp(2n,ER) invariantanddirect expressionof the conditions(17). Our resultscanbe statedas

the following
Theorem.The necessaryandsufficientconditionsfor a gaussianphasespacedistribution to be a Wigner

distribution,or equivalentlyfor a gaussiankernelto representa densitymatrix, are thatthe parametermatrix
G bepositive definite andthat the Sp(2n,ER) invariant tracesof powersoffiG satisfy the inequalities(25).

Quantummechanicaldensitymatricesandoptical cross-spectraldensitieshavesimilar definingproperties
of hermiticityandpositivesemidefiniteness,anddiffer only in that the formerhaveunit, andthe latterfinite,
trace.Thereforeour theoremappliesto the optical caseaswell with the words “density matrix” and“Wigner
distribution” replacedby “cross-spectraldensity” and“Wolf function” respectively.

Finally we notethe nontrivial roleplayedby the antisymmetricpart of the phasematrix K in kernel(1) in
thecontextof thepositivesemidefinitenessof this kernel.(ThesymmetricpartofKis irrelevantfor thisprop-
erty.) This canbeseenalreadyfrom the last inequality (25) which appliesfor all n>~1:

—C~~fl. (26)

Whenexpressedin termsof L, M, K this reads:

TrL(L+M)~ +~TrNTN~<n, N= _NT=~(L+M)_~/
2(K_KT)(L+My~/2. (27)

It follows that the kernelceasesto be positivesemidefiniteif the antisymmetricpart of K is “large compared
to M”. In particularif M= 0, the positivesemidefinitenessof I cannottolerateany nonzeroantisymmetric
part in K at all. The remaininginequalitiesin (25) imposefurther restrictionson K_KT.

We concludewith the following observation.In the generalcasea realphasespacedistribution W(q;p) is
a Wignerdistributionif andonly if the hermitianoperatorI whoseconfigurationspacekernelr(q; q’) com-
putedthroughthe inverseof the Wigner—Moyal transform

f’(q;q’)= J d~pW(~(q+q’),p)exp[—ipT(q’—q)] (28)

is a bonafide quantummechanicaldensitymatrix. In practice,it is the nonnegativityrequirementon I that
is formidableto test, in the generalcase.Formally, this requirementcanbe rephrasedin severalequivalent
forms. For example,I will be nonnegativeif andonly if Tr(II~) ~0 for everypurestatedensityoperator
Is,,, or, equivalently,if the superpositionintegral of W with every pure state Wigner distribution W~,,is
nonnegative:

JdnqdnpW(q,p)W~(q,p)~o. (29)

Anotherequivalentform is the KLM conditionwhich requiresthe symplecticFouriertransformof W to be
of h-positive type [10]. We believethatnoneof theseformalstatementsovercomes,in anydefinitive way, the
basicdifficulty involved in testingthe nonnegativenessof a givenI. In the lastKLM form, for example,we
haveto testthe nonnegativityof an infinite sequenceof matricesof increasingorderconstructedfrom thesym-
plecticFouriertransform.Whatwehaveshown in thispaperis thatgivenagaussiandistributionin a2n-dimen-
sionalphasespacewe cananswerthequestionof whetherit is a bonafide Wignerdistributionor notby testing
just n simplescalar inequalities,thusgiving a characterizationof gaussianWignerdistributions.Clearly our
conditions(25) give a much simpleralgorithmthan the KLM form. It hasbeensuggestedby a reviewerthat
it maybe an interestingproblemto deriveour n scalarconditionsin (25) directly from the infinite sequence
of KLM matrix conditions, for the gaussiancase.Weshall returnto thisproblemelsewhere.
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