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We definea new unitaryoperatorin theHubertspaceof a quantumsystemwhich paralleltransportsthestateof thesystem
alonganarbitrarycurvein theprojectiveHubertspace.Thisoperatoris geometricalevenfor anopencurvein thesensethat it
dependsuniquely only on thecurveandis independentof theHamiltonian. Usingthis, whenthecurveis closed,thegeometric
phasesdiscoveredby Pancharatnam,BerryandAharonov—Anandanareobtained.

Thegeometricphasewasfirst discoveredby Pan- space~, which is the setof raysof theHubertspace
charatnam[1] for the cyclic evolutionof a photon W, with respectto a connectionarisingfrom the in-
polarizationstatedueto a sequenceoffiltering mea- nerproductin ~*‘. If *= C”, then~ is CP”~,e.g.
surements.Berry [2] showed that during an adi- for n=2, ~=CP’ is the two-dimensionalsphereS2.
abaticcyclic evolutionof anenergyeigenstateof any TheBerryphasemaybeseentobetheadiabaticlimit
quantumsystemthereis a phasefactorwhich is in- of this moregeneralgeometricphase,which hasalso
dependentof the rateof evolution.This phasecan beenmeasuredexperimentally[61.
be measuredexperimentally.The geometricmean- In this note we obtain the geometricphaseusing
ing ofthis adiabaticgeometricphasewaspointedout anoperatorwhichhasa geometricmeaningevenfor
by Simon [3] as paralleltransportin a line bundle anon-cyclicevolution.This result is usefulalsobe-
correspondingtotheeigenstateof aparticularenergy causeit is of grouptheoreticnatureanddoesnotex-
eigenvalue.It hasbeengeneralizedto Hamiltonians plicitly requireparalleltransportin the naturalvec-
with degenerateeigenvalues[4]. By looking at an tor bundle over~ as donepreviously [5]. In this
arbitrarycyclic evolutionof a state,a geometricpart respectit is analogousto the treatmentof the geo-
of thephasewasisolatedby AharonovandAnandan metric phasedue to AnandanandStodoisky [7].
[5]. Theyalsopointedoutits geometricmeaningas To establisha physicalmeaningof the result that
the phasefactor obtainedin paralleltransportinga we shall obtain, considera filtering measurement,
statearounda closedcurveon theprojectiveHubert studiedby Pancharatnam,by which we meanthata

quantumsystemwhich isinitially in a superposition
Partially supportedby A. von HumboldtfellowshipandNSF oftwo orthogonalstatespassesthroughafilter which
grantno. 1NT8912968. absorbsoneof the statesbut lets throughthe other
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stateso that it hasa definite phaserelationwith the
original state.Forexample,thequantumsystemmay P( ,j, ~)= — ~ —

(2)
bea photonin a superpositionof two orthogonalpo-
larizationstatesone of which is absorbedby a po- The property(iii) follows from thefact that U( t~,

larizer while the otherpassesthrough.It wasshown ~),definedin eq. (1), dependsonly on tj and ~. To
[1,8,9] that thefinal statewhenaPancharatnamflu- prove (ii) and (iii), we shall usea theoremin ref.
teringmeasurementis madeon a given initial state [91statedbeloweq. (3.1). Let
of an arbitraryquantumsystemmaybe obtainedby

,
1t’~,1

(3)paralleltransportingthe initial statealongthe short- ~‘ = U(~, ~)~= ~ ~,

estgeodesicjoining the two pointsin ~ representing
the two states.The geodesichereis determinedby then (~‘) ~ is positive.Hence, property(i) follows
theFubini—Studymetric [10] in ~. Hence,the Pan- asa specialcaseof theabovementionedtheorem.To
charatnamphasefactor is the holonomy transfor- prove (ii), suppose~=ac~+b~,where~and~areor-mation obtainedby parallel transportingthe state thonormaland a12 + I b 12 = 1. Then, on using eq.

around the geodesicpolygon definedby the se- (1) ~ U( ~, ~)(= I a I, which is positive, provided~,

quenceof statesobtainedby the measurements. ~jarenon-orthogonal.The abovementionedtheorem
Considernow a particularfiltering measurement thenimplies property(ii). (In the degeneratecase

which resultsin the paralleltransportalong a given of ~and ,~being orthogonal,thereare infinite num-
geodesicsegmentof this polygon of a given initial berof “shortest”geodesicsjoining the correspond-
state~e .~ to a final statewhich is proportionalto ing points on .~1and U(~j,~) cannot be defined
p~ej~’.We assumethat ~t~= 1, ~= 1. Thenthe rays

uniquely.) It is easyto verify that
to which ~and ‘i belongto, which arethe initial and
final points of this geodesicsegment,may be rep- U(1, ~)U(~,~)= 1 , (4)
resentedby the purestatedensitymatrices~ and U(~, ~)~ U( ~, ~)= ~. (5)
ip~. But thereare infinite numberof operatorsin i~
which obtain the aboveparallel transport.We ask In the Hilbert subspacespannedby ~and j, c~and
now which operatorU( i~, ~) satisfiesthe following ~ are oppositepointsof the correspondingprojec-
properties: tive spacewhich is a sphereS

2. U( t~, ~)corresponds
(i) U(i

1, ~) paralleltransports~alongtheshortest to rotationsalonggreatcircleswhich movethesetwo
geodesicjoining the points~ andpp~in ~. points to two otheroppositepoints, ,p~andXXt ~f

(ii) U( ,~,~) paralleltransportsa vector~orthog- this sphere.
onal to ~in thesubspacespannedby ~and~to avec- So U( ~, ~), given by (1), paralleltransportstwo
tor ~ that is orthogonalto ,~along the shortestgeo- vectorsof an orthonormalbasisandleavestheoth-
desicin ~ joining ~ and~ ers invariant,which are alsospecialcasesof parallel

(iii) U(~,~) leavesunchangedall vectorsorthog- transport.In this sense,U(,~, ~)maybe regardedas
onal to the ~ ,~subspace. a specialcaseof theoperatorthatparalleltransports

SinceU(,~,~ mapsagivenorthomormalbasisinto eachvectorof an orthonormalbasis,which was in-
anotherdefinite orthonormalbasis, it is a unitary troducedby AnandanandStodoisky [7]. It follows
operatoruniquely determinedby ~ and i~. We now from their arguments[7] that U(i~,~)eSU(n).This
show that U( ,~, ~) is the rotation canalso be verified directly by writing eq. (1) in a

basisin which, without loss of generality, ~=(1, 0,
U(i1, ~ 2i7~t~t_ip~t_~t+P(t7,‘~) 0, ..., 0) andt~= (cos0, sin0, 0, ..., 0),andobserving

that det U(1, ~)= + 1. But the group of operators
+ 1 — P( j, ç~), (1) usedby Anandan—StodolskyandAnandan[7], who

studyonly continuousSchrodingerevolutionandnot
where P(,i, ~) is the projection matrix to the ~, ,~ Pancharatnammeasurements,is determinedby a
complexplane,i.e. it projectsageneralcomplexvec- classof Hamiltonianscorrespondingto all possible
tor to the ~,~plane. Explicitly, valuesof a set of parameters.And this could be a
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propersubgroupof SU( n).Thereneednotbeanele- is beingparalleltransportedalongthis curve [5]. Eq.
ment of their group which transformsbetweenany (6) implies
two normalized~,~e.~°. But the groupgeneratedby ‘~‘T’— W~(0)— e’~(0) (7)
the set of operatorsof the form (1), for all possible ~‘ / — —

pairs (‘i, ~), canbe shownto be SU( n). where W is an elementof the little group which
If we havea cyclic evolutionof ~ in the senseof changes~(0) only by a phase.By approximating1by

Pancharatnam,thenby multiplying the sequenceof apolygonwithanindefinitelylargenumberof sides,
the operators(1) associatedwith the sidesof the we shall obtain sucha Wby multiplying ouroper-
correspondinggeodesicpolygonin ~, weobtain an atom Ufor thesidesofthispolygon.Thenby theear-
operator WeSU(n) uniquely determinedby this her argument,WeSU(n). Hence,from (7) the set
polygon.By actingon the initial s~by W, we would of suchoperatorsWforall possiblecyclic evolutions
obtain thegeometricphasefactoras the eigenvalue. beginning andending at a fixed point on ~ is a

Anotherphysicalmeaningcanbegivenfor the~ subgroupof S(U ( n — 1) xU(1)). This is unlike the
erator(1) asfollows. Supposethereis a continuous holonomytransformationsstudiedby Anandanand
Schrodingerevolutionfrom ~to ‘i suchthat the ex- Stodolsky [7] which belongto S(U(1) x ... X U(1)
pectationvalueof theHamiltonian<H> = 0, butthe (n times)).
uncertaintyof energyi~.E(t) for this evolutionis such To obtain an explicit expressionfor U associated
that with anarbitraryloop1(t), let us taketwo infinites-

imally closepoints1(t1) and1(t2) on the loop.Let
— I AEdt
h 1(t1) = (i~—4)(,j...4)t

is the minimumof all possibleevolutionsfrom ~ 1(t2)=(~+4)(~+4)t. (8)
to ~ Thenthe evolutionis alongthe shortestgeo-
desicjoining ~ andp1t [11]. Therefore,in this case, We considerthe sequenceof transformationsde-

finedby
~=U(i~, ~

w(~,~,A)= U(~,,1+4)U(i1+4, ,j—A)U(,7—4,~)
An exampleof geodesicmotion is providedby the 9
motionofthepolarizationstateoflight whenit passes
througha quarter-waveplate.Thepolarizationstates This corresponds to a rotation from c~5~to
of a photonform a two-dimensionalHilbert space (tj+4)(,7+4)t, a rotation from (~+A)(~+A)t to
whoseprojectivespaceis the Poincarésphere.The (‘i—4) (,1—A)~followed by a rotation backto ~.

two circularlypolarizedstates,beingorthogonal,may Hence,it is a specialc caseof the sphericaltriangle
be takenasthe northandsouthpolesof thissphere. usedin computingthe Pancharatnamphase[1] for
Thenthe linearlypolarizedstatesform the equator. acyclic evolutionin which a photonpassesthrough
Supposelight, originallyin a linearlypolarizedstate, a sequenceof four polarizationstates,the last of
entersa suitably orientedquarter-waveplate and which is the sameasthe first oneup to a phase.To
leavesit circularlypolarized,the motion of the po- obtain Wwecandivide the loop1(t) into infinites-
larizationstateinsidethisplateis alongthegeodesic imal partsandtakethe product
of thePoincaréspherethatstartsfromapointonthe
equatorandendsat oneof the poles. W(l(t)) = LI w(i~1,~,4) . (10)

Moregenerally,consideranevolution~(t) around
anarbitraryloop1(t) = ~(t)~ ( t) inanarbitrarypro- This is analogousto obtainingthe holonomytrans-
jective Hilbert space~ suchthat formationsforan arbitraryloopby multiplying a Se-

0 ~ 0 T ~ T ‘6 quenceof holonomytransformationsfor infinitesi-~( )~( ) =~( )~( ). “ ~ mal triangles[12].

Thisis a cyclicevolutionandit couldbeobtainedby It is easierto work outw(,i, ~,A) by thefollowing
a suitable time dependentHamiltonianH. We as- method ratherthanby direct multiplication. From
sumefurther that <H> =0, which impliesthat ~(t) (1) we find, up to 0(A),
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U(~i+A,~—4) ~ (20)

Then

— (~i+A)(,1+A)t (~1A)(~1_A)t. (11) ,1tw(,1, ~,A)~=c(1 ~ (21)

Usingthe fact which gives

U(~,fl+4)(~+A)(,~+A)t=~tU(c~,~+A) , (12)
(22)

wecanrewrite w(,j, ~,A) as c= 1 ~

w(~,~,A)= V(~,i~+4,7—A) From eq. (18),a=a so thata is real. Hence,from

+2~tV(~,ii+4, ,,_A)~t (15), thephaseacquiredby~underthe actionofw(~,
~,4) isa,which is givenby (18).Hencea is thegeo-

~ ~+A, ;~—4) metricphase.

— V(~,,i+A, i1—A)~~, (13) Thefirst non-trivial exampleis n=2. Then ~ is
a sphere.Considertheinfinitesimalgeodesictriangle

where V(~,i~+A,~—4)=U(c~,i~+A)U(~—A,‘~). on .~ correspondingto the vectors~,~—Aand~+4
w ( ,j, ~,4) is a unitary matrix of ‘i~~,4 andtheir definedby

adjoints.The form of (13) implies that it mustbe
oftheform c~=(l,0), ~=(cos~0,sin10),

w(ij, ~,4)= 1+ia~t+b(l_~t),rnt(l_~~) ,~+4=(exp(~idØ)cos 10, exp(—~idØ)sin 10).

+c(l _~t)~At[h—P(,i, ~ ThenA=lidØ(cos~0,—sin10). Thegeometricphase
from (18) for this triangle is

(14)
a=2døsin

2(10)
Thisimpliesthatw(i~,~,A) is anelementof the little
groupof ~. In (14) a, b, c, are constantsdepending which is half the solid anglesubtendedby this geo-
on ~,i~and4. Herea andb areof o (A) whereasc is desictriangleat the centerof the sphere.Now given
of 0(1). To get theseconstants,it is easyto verify an arbitrarycyclic evolutiondescribedby a closed

curve C on .9, we canfill it with infinitesimaltn-~tw(~,~,4)~1+ia (15)
angleslike theaboveones,neglectingthedefectarea

and which is of secondorder in small quantities.There-
forethe geometricphaseforC is the sumofthecon-

,jt (1 — ~ )w( ii~~ A) (1 — ~t tributionsof the infinitesimal triangles.So, we con-
= (1 t~t~)+6(1_~t~t~)2• (16) dude that, when n=2, for an arbitrary cyclic

evolutionC, thegeometricphaseis halfthesolid an-
Computationofthe left handsidesof (15) and(16) gle subtendedby C at thecenterof thespherewhich
becomessimpleusing (3) and

represents9. It shouldbenotedthat this result has

U(~~ _____________ beenobtainedby purelygrouptheoreticalarguments= (17) andnotby integratingthe connectiondue to Ahar-

onov andAnandan [5] aroundC.
It follows For n=3, i.e. SU(3),define

~ (18) t=1l+1fl~~Aa (23)

and
a

b=— l,
7f~t,1• (19) ,~t=1(l+1maA) (24)

To computec, considera statevector � suchthat where~a are generatorsof SU(3). Suppose4 = ~ dt,
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