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Abstract. The quasidistributions corresponding to the diagonal representation
of quantum states are discussed within the framework of operator-symbol
construction. The tomographic-probability distribution describing the quantum
state in the probability representation of quantum mechanics is reviewed. The
connection of the diagonal and probability representations is discussed. The
superposition rule is considered in terms of the density-operator symbols. The
separability and entanglement properties of multipartite quantum systems are
formulated as the properties of the density-operator symbols of the system states.
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1. Introduction
The pure quantum states are traditionally associated with the wave function [1] or
a vector in the Hilbert space [2]. The mixed quantum states are described by the
density matrix [3] or the density operator [4]. There exist several representations of
quantum states in terms of the quasidistribution functions like the Wigner function [5]
and the Husimi–Kano function [6, 7]. The diagonal representation of quantum states
was suggested in [8] (see also [9]). It was studied and applied in [10, 11]. In this
representation, a quantum state is represented in terms of weighted sum of coherentstate |zi projectors. The properties of all the quantum-state representations considered
are associated with the properties of the density operator which is Hermitian, traceclass nonnegative operator. This means, in particular, that all the eigenvalues of the
density operators must be nonnegative. In the quantum domain, the multipartite
systems have a specific property connected with strong correlations of the quantum
subsystems. This property provides the entanglement phenomenon [12].
In the diagonal representation of the density states, the weight function φ(z)
is an analog of the probability-distribution function in the phase space. For some
class of states, this function is identical to the probability-distribution function like in
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classical statistical mechanics. In [13], the tomographic-probability representation of
quantum states, where the quantum state is associated with the so-called symplectic
tomogram, was introduced. The tomogram is a fair probability distribution containing
the same information on quantum state that the density operator does (or such its
characteristics as the Wigner or Husimi–Kano functions). The aim of this work is to
find the explicit formulae realizing the connection of the diagonal and tomographic
probability representations. In [14], a review of the star-product-quantization schemes
was given in a unified form. According to this scheme, the functions like the Wigner
function, Husimi–Kano function and tomographic-probability-distribution function
are considered as symbols of the density operators of a corresponding star-product
scheme. The other goal of our work is to discuss in detail the diagonal representation
within the framework of the star-product scheme along the lines of construction
given in [14] and to find mutual relations between the tomographic-probability
representation and the diagonal representation in this context. Using formulation
of the superposition rule in terms of the density operator [15, 16, 17], we consider it
within the framework of the density-state symbols. We focus on the superposition
rule given in terms of tomograms and in terms of weight functions of the diagonal
representation where explicit kernels of the corresponding star-products are employed
to obtain the addition rules for the tomograms and weight functions. We discuss also
the formulation of the separability and entanglement properties of composed system
in the tomographic probability and diagonal representations.
The paper is organized as follows.
In Section 2, symplectic tomograms and the diagonal representation of quantum
sates are reviewed. In Section 3, the superposition rule is considered. In Section 4, the
diagonal representation and the star-product formalism are compared. In Section 5,
the superposition rule for tomograms is presented. In Section 6, the entanglement
in the tomographic and diagonal representations is studied. Conclusions are given in
Section 7.
2. Symplectic tomogram and diagonal representation
Below we review the approach where the quantum state associated with tomographic
symbol (called symplectic tomogram) of the density operator (density state) ρ̂ reads
(see, for example, [17])
w(X, µ, ν) = Tr ρ̂ δ(X 1̂ − µq̂ − ν p̂)

(h̄ = 1).

(1)

Here X, µ, ν ∈ R, q̂ and p̂ are the position and momentum operators, respectively.
For the pure state, tomogram is expressed in terms of the wave function [18]


Z
2
iµ 2 iXy
1
ψ(y) exp
y −
dy .
(2)
w(X, µ, ν) =
2π|ν|
2ν
ν
The tomogram is nonnegative normalized probability distribution function of a random
variable X, i.e.,
Z
w(X, µ, ν) ≥ 0,
w(X, µ, ν)dX = 1.
(3)
In the diagonal representation, the density state ρ̂ reads [8]
Z
ρ̂ = φ(z)|zihz| dRe z dIm z,

(4)
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where |zi = D̂(z)|0i is the
 coherent state â|zi = z|zi and the displacement operator
D̂(z) = exp zâ† − z ∗ â is called Weyl system. Here â = 2−1/2 (q̂ + ip̂) is the
boson annihilation operator and z is a complex number. The probability distribution
w(X, µ, ν) is expressed in terms of the weight function φ(z) as follows:
Z
w(X, µ, ν) = φ(z)hz|δ(X 1̂ − µq̂ − ν p̂)|zi dRe z dIm z.
(5)
Using in (1) the Fourier decomposition of delta-function and taking the density state
ρ̂ in form (4), we obtain for tomogram
Z
1
w(X, µ, ν) =
φ(z)hz|eik(X−µq̂−ν p̂) |zi dRe z dIm z,
(6)
2π
where the diagonal matrix element of the operator in the integral can be considered
as the Weyl-system matrix element, i.e.,


|α|2
,
(7)
hz|e−k(iµq̂+iν p̂) |zi = exp z ∗ α − α∗ z −
2
with
k
α = √ (ν − iµ).
2
Evaluating Gaussian integral (6), we arrive at
1
w(X, µ, ν) = p
π(µ2 + ν 2 )
 h

i2 


Z
 X − 2−1/2 z ∗ (µ + iν) + z(µ − iν)

× φ(z) exp −
dRe z dIm z.


µ2 + ν 2



(8)

(9)

The above formula provides the relation of the weight function of the diagonal
representation of the density state and symplectic tomogram of the quantum state.
For example, the vacuum state |0ih0| has the weight function
φ0 (z) = δ (Re z) δ (Im z).
Formula (9) provides tomogram of the ground state


X2
1
w0 (X, µ, ν) = p
exp − 2
.
µ + ν2
π(µ2 + ν 2 )

(10)

This expression can be obtained also by means of formula (2) with

ψo (y) = π −1/4 exp −y 2 /2 .
3. Superposition rule for density operators
For two orthogonal pure states |ψ1 i and |ψ2 i, the superposition rule provides the state
√
√
(11)
|ψi = p1 |ψ1 i + eiφ p2 |ψ2 i,
which can be realized in the nature as a Schrödinger cat state. Here the positive
numbers p1 and p2 satisfy the equality p1 + p2 = 1 and the phase factor eiφ determines
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the interference picture. The density states ρ̂1 = |ψ1 ihψ1 | and ρ̂2 = |ψ2 ihψ2 | provide
the state ρ̂ = |ψihψ|, if one uses the nonlinear addition rule [15]
ρ̂ = p1 ρ̂1 + p2 ρ̂2 +

√

ρ̂1 P̂0 ρ̂2 + ρ̂2 P̂0 ρ̂1
p1 p2 r 
,
Tr ρ̂1 P̂0 ρ̂2 P̂0

(12)

where the operator P̂0 is a projector (Tr P̂0 = 1) which corresponds to the phase term
eiφ in (11).
The superposition rule can be formulated for any symbol of pure density states
ρ̂1 , ρ̂2 and ρ̂.
4. Diagonal representation and star-product formalism
The diagonal representation of density operators can be considered within the
framework of star-product scheme [14]. Let us construct two families of operators,
which are called dequantizer


Z
1 2
1
∗
∗
(13)
exp
|u| + z u − zu D̂(u) dRe u dIm u
Û(z) = 2
π
2
and quantizer
D̂(z) = |zihz|,

(14)

where D̂(u) is the Weyl system and z = x + iy is a complex number. One can check
that
b D(z
b 0 ) = δ(x − x0 ) δ(y − y 0 ).
Tr U(z)
(15)
In view of this, one can construct the symbol of a density operator ρ̂ in the diagonal
representation


Z
1
1 2
∗
∗
b
b
φ(z) = Tr U(z) ρb = 2
exp
|u| + z u − zu
Tr ρb D(u)
dRe u dIm u
(16)
π
2
and the reconstruction formula for the density operator reads
Z
ρb = φ(z) |zihz| dRe z dIm z.

(17)

According to [19, 20], one can construct dual symbol of the operator ρb
φ(d) (z) = Tr ρb |zihz| = hz| ρb|zi
and dual reconstruction formula
Z
b dRe z dIm z
ρb = φ(d) (z) U(z)


Z
1
1 2
b
|u| + z ∗ u − zu∗ D(u)
dRe u dIm u dRe z dIm z.
= 2
φ(d) (z) exp
π
2

(18)

(19)

b the corresponding symbol
If in (16) the operator ρb is replaced by some operator A,
φA (z) provides the diagonal representation of the operator. The dual symbol (18)
provides the Husimi–Kano function Q(z). The reconstruction formula for the density
state in terms of the Husimi–Kano function is just formula (19) with the replacement
φ(d) (z) → Q(z). The duality relation of the diagonal representation of the density
state ρb and the Husimi–Kano function was discussed in [19, 21].
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Using the connection of an operator symbol with its dual [14], one has the
connection formula
Z


1
Q(z1 ) exp |u|2 + (z ∗ − z1∗ )u − (z − z1 )u∗ dRe u dIm u.
(20)
φ(z) = 3
π
The inverse formula reads
Z
2
Q(z) = φ(z)e−|z1 −z| dRe z1 dIm z1 .
(21)
According to the general formalism [14], the star-product of symbols related to the
diagonal representation is determined by the kernel
Z



1 2
1
b
|z1 ihz1 ||z2 ihz2 |D(u)
exp
K(z1 , z2 , z) = 2 Tr
|u| + z ∗ u − zu∗ dRe u dIm u ,
π
2
(22)
which is generalized function of the form
Z

1
exp − (x2 − x1 )2 − (y2 − y1 )2 + (x2 − x1 )a + (y2 − y1 )b
K(z1 , z2 , z) = 2
π

−i(2y + y1 + y2 )a + i(2x + x1 + x2 )b da db,

(23)

where
z = x + iy,

z1 = x1 + iy1 ,

z2 = x2 + iy2 .
b and B
b in the diagonal
The star-product of symbols of arbitrary operators A
representation reads
Z
(φA ∗ φB )(z) = K(z1 , z2 , z)φA (z1 )φB (z2 ) d x1 d y1 d x2 d y2 .
(24)
For example, for the vacuum-state projector ρb0 = |0ih0| with the weight function –
symbol φ0 (z) = δ(z), one has
Z
(φ0 ∗ φ0 )(z) = δ(z1 )δ(z2 )K(z1 , z2 , z) d x1 d y1 d x2 d y2 = δ(z),
(25)
which is equal to φ0 (z) and corresponds to the pure-vacuum-state property ρb20 = ρb0 .
Tomogram w(X, µ, ν) of the density state ρb provides the following formula for the
diagonal representation of the density operator


Z
1
µ2 + ν 2
z(ν + iµ) z ∗ (ν − iµ)
√
√
φ(z) =
w(X,
µ,
ν)
exp
iX
+
+
−
dX dµ dν.
2π 2
4
2
2
(26)
For example, the vacuum-state tomogram
w0 (X, µ, 0) =



1
x2
exp
−
π(µ2 + ν 2 )
µ2 + ν 2

provides, by means of the above formula, the symbol of the state in the diagonal
representation, i.e., δ(z).
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5. Superposition rule for tomograms
The superposition of two pure states with their symbols φ1 (z) and φ2 (z) is described
by the function
φ(z) = p1 φ1 (z) + p2 φ2 (z) +

√

p1 p2

(φ1 ∗ φ0 ∗ φ2 )(z) + (φ2 ∗ φ0 ∗ φ1 )(z)
qR
.
(φ1 ∗ φ0 ∗ φ2 ∗ φ0 )(z) dx dy

(27)

The star-product in (27) is determined by the kernel (23).
The result obtained can be repeated also for tomographic symbols of the density
states. Thus, the addition rule of two tomographic probabilities of two pure states
|ψ1 i and |ψ2 i reads
w(X, µ, ν) = p1 w1 (X, µ, ν) + p2 w2 (X, µ, ν)
(w1 ∗ w0 ∗ w2 )(X, µ, ν) + (w2 ∗ w0 ∗ w1 )(X, µ, ν)
√
.
+ p 1 p 2 qR
R
eiX (w1 ∗ w0 ∗ w2 ∗ w0 )(X, µ, ν) dX
δ(µ) δ(ν) dµ dν dµ0 dν 0

(28)

The kernel of tomographic star-product is given in [19, 20]. The order of integration
in the denominator term is essential to obtain the correct result. In (27) and (28), φ0
and w0 are the corresponding symbols of projector Pb0 which determines the relative
phase of states |ψ1 i and |ψ2 i in their superposition.
6. Entanglement in the diagonal and tomographic-probability
representations
Given bipartite system of a two-mode field.
The tomographic probability distribution is determined as follows:
h
i
w(X1 , µ1 , ν1 , X2 , µ2 , ν2 ) = Tr ρb(1, 2) δ(X1b
1 − µ1 qb1 − ν1 pb1 ) δ(X2b
1 − µ2 qb2 − ν2 pb2 ) .
(29)
The density matrix in the diagonal representation is determined by the symbol of the
density state ρb(1, 2)


Z

1
1
2
2
∗
∗
∗
∗
φ(z1 , z2 ) = 4
exp
|u1 | + |u2 | + z1 u1 − z1 u1 + z2 u2 − z2 u2
π
2
b 1 (u1 ) D
b 2 (u2 ) dRe u1 d Im u1 dRe u2 dIm u2 .
×Tr ρb(1, 2) D
(30)
The state ρb(1, 2) is separable, if the density state can be written as a convex sum
X
X
ρb(1, 2) =
Pk ρbk (1) ⊗ ρbk (2), Pk ≥ 0,
Pk = 1.
(31)
k

k

In view of linearity property of tomographic map, one has the definition of separability
in terms of the state tomogram, i.e., the state is separable, if
X
(1)
(2)
w(X1 , µ1 , ν1 , X2 , µ2 , ν2 ) =
Pk wk (X1 , µ1 , ν1 ) wk (X2 , µ2 , ν2 ).
(32)
k

Tomogram is the joint probability-distribution function of two random variables
X1 , X2 ∈ R. Thus, the condition of the state separability is formulated as the above
property (32) of the joint probability distribution.
If tomogram cannot be written as convex sum (32), the state is entangled. The
separability condition can be reformulated, in view of the standard characteristic
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function for the tomographic probability distribution (32). In fact, if the characteristic
function can be written as
X
(1)
(2)
χ(k1 , µ1 , ν1 , k2 , µ2 , ν2 ) =
Pk χk (k1 , µ1 , ν1 ) χk (k2 , µ2 , ν2 )
(33)
k
(1)

(2)

the state is separable. Here χk (k1 , µ1 , ν1 ) and χk (k2 , µ2 , ν2 ) are the characteristic
(1)
(2)
functions for tomographic probabilities wk (X1 , µ1 , ν1 ) and wk (X2 , µ2 , ν2 ), respectively.
An analogous definition of the separability and entanglement of the density state
ρb(1, 2) can be formulated in the diagonal representation.
Thus the state is separable, if the function which is symbol of the density state
in the diagonal representation can be written as
X
(1)
(2)
φ(z1 , z2 ) =
Pk φk (z1 ) φk (z2 ).
(34)
k

Thus we formulated the problem of separability and entanglement in the diagonal
representation of the density state ρb(1, 2). One can easily extend the definition of
separable and entangled states to multipartite systems in both the tomographic and
diagonal representations of density states.
7. Conclusions
To conclude, we resume the main results of this work.
We reviewed the diagonal and probability representations of quantum states using
the standard star-product scheme. We found mutual relations of the weight function
of the diagonal representation and the tomographic-probability distribution associated
with the quantum state. We obtained the kernel of star-product of operator symbols in
the diagonal representation. The duality relation between the diagonal representation
of the weight function and the Husimi–Kano function was obtained in the explicit
form. The superposition rule was formulated in both the diagonal representation
and probability representation of the density states. The problem of separability and
entanglement was formulated in both the diagonal and probability representations.
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