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Penning Traps
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Number density

B and E fields used to increase time that an electron remains within a discharge: Penning, 1936.
Can now trap a particle 'indefinitely in a combined homogeneous B and electrostatic quadrupole
(now known as a Penning trap). A small cloud of such trapped particles is like a many electron
atom, with the nucleus replaced by atrapping field.

Electrons introduced by applying HV to the field emmission point. The beam of energetic €'s
collide with sparse neutral, to produce slow electrons, which are captured in the trap. Electrodes
are hyperboloids of revolution which produce a quadrupole field. Superimpose a uniform B.
Resultant motion is fast circular cyclotron motion with a small radius carried along by a slow
circular magnetron drift motion in alarge orbit. i.e. an epicyclic motion in the x-y plane. Radius
of cyclotron motion shrinks as synchrotron radiation is emitted. The axial oscillation is coupled
to an external detector at low temperature. The large magnetron motion is a circle about an
effective potential hill.
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FiG, 3, Oe#dr of o chargad pamicls in 8 Penning irap. The
dashed Ene is the large and show magnetros clscke component of
the mation. This, added to the asal cscllation, produces the
gusding-center matiosn showen by the solsd line. The total mation
18 givern by sdding the fast butr amall cyclotron circelar motion
abuat this moving gaiding center, (Adapled from Ekstrom and
Wineland, |80}
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FiG, 3, Oetdr of a chargad paricle in 8 Pesnang irap. The
dashed line is the large and show magnetros clscke component of
the motion. This, added to the asial oscllation, produces the
gusding-center mation shown by the solad line. The potal motion
18 given by sdding the fast but amall cyclotron circelar motioa
abawal this maving gaiding center. (Adapted from Ekstram and
Wineland, |580.]

Classical picture

charge e, massm. z axis parallel to B, positive so that cyclotron motion is right handed rule. i
z axisisindirection -eB. Cyclotron frequency is

eB. .
wczl—Blz:Wcz
mc
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e.g. 6T we = 164 GHz, wavelength is 2 mm. Proton would oscillate at 89 MHz (radio). Charged
particle is bound radially, but not axialy. In anideal Penning trap, superimpose arestoring force
to any small perturbation by a quadruple field Write potential as

z%-r1%/2

V=YV, o
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This function satisfies Laplace. Can be produced by placing electrodes along equipotential
contours. Three are required. Two endcaps and aring.
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Endcaps. Z =z +r?/2
ring electrode: 7 :E(r2 -r3)

2

Constants zg and rg are the minimum axial and radial distances to the electrodes. Choose
characteristic trap dimension d as

¢ = (@+ril2)

Then Vg isthe potential difference between endcap and electrodes

y
/N

)

Axial motion

is de coupled from B field, and is a simple harmonic motion.

eV,

.. 2
Z+w,z=0; w =
z z mz

Usual to have w; << w¢. Typically might have Vg =10V, and d = 0.3 cm, so that n, = 62 MHz.
But can easily get 10 keV, so n, = 62 GHz.

Radial motion:

. & T oL
m =e%E +-~ BY
& ¢ 0

V,

E=—2r
2d?
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In terms of axial and cyclotron frequency

r-w,r- —iwir =0
See repulsive last term from electrostatic potential. Find two consequences. First cyclotron
frequency reduced, as repulsive radial potential reduces centrifugal force. Second, fast cyclotron
orbit is superimposed upon a slower circular magnetron orbit, angular frequency wny,. Resultant
isas shown in figure b below, but now add axial harmonic motion.
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FIG. 7. Projection of the miotion of 3 particle in & Penning irap
apon the sy plane. The motson i the superposition af (s} ercu-
af magnelron and cygliron modions prodecing (b epicyeles.
The arbits are e 16 acale.

To understand magnetron motion, note that in perpendicular E and B fields, a charged particle
with adrift velocity

u=cE B/B?

will move unimpeded, because in the basic radial motion equation u/cxB will cancel E (a
velocity filter). Strictly true only for constant fields, i.e. a constant drift velocity u. But
approximately true anyway. The filter velocity does not depend on m or e. Subst for E
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E=Vy/(2d°) to get w,=u/r =E/B/r =\, /(2Bd*)=w’/w, shows tha the drift or
magnetron motion is a circular motion with the same sense of rotation as the cyclotron orbit,
independent of e and m, but wy << w;z << w.

Note: cyclotron motion is aimost exclusively kinetic. Axial motion alternates between kinetic
and potential. Reducing energy in either reduces amplitude: they are stable. magnetron motion
is aimost exclusively potential. i.e. it is an orbit about the top of a potential hill. exciting the
magnetron motion makes the particle roll down the hill.. The motion is unbounded: any
dissipative process which removes energy from the magnetron motion increases the magnetron
radius until the particle hitsthe ring and islost But typical damping timeis of order years!

Radiation damping

Accelerated charge radiates em waves. Therefore motion is damped. Transition probability for
such an electric dipole is proportional to high power of transition frequency; appreciable
radiative decay occurs only for high transition frequencies/ For protons or heavier the
frequencies of motion are in radio frequency range, and radiative decay is ignorable. Also true
for axial an magnetron motion of electrons, but not cyclotron motion.

Energy in acyclotron orbit is decreased by power radiated, according to
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for electron rg = 2.8x10-13 cm. So if wy/(2p) = 160 GHz, g-= 80 ms. Note 1/m3 dependence.
Number density

Canonical Angular momentum.

Look at old paper by Brillouin (Phys Rev 1945) Define momentum p by a standard Lagrangian.
For a charge e, em vector potential A, electrostatic scalar potential F, with independent variable
X,vandt:

qL
=i, + A = =
X,
L (% 1X2X3XX2X3t)_EV - eF+ev- A)
Ve A= XA XA+ XA
Note L(v,x,t). Note A1, Ao, A3 are components in arectangular coord system X; X2 X3. The E
and B components are given by

S L L
E .= o k=123
B=N"A |33_ﬂAz 14
T %

Then Lagrange's egn of motion is

i :ﬂ_L
dt P ix
dp, o AL +eeexi\l+xﬁ+xmo
dt ‘[b(k 'ﬂxk e 'ﬂxk X, ‘ka;a

Remember that

S A TAe B B TA T L A

‘I]x1 ﬂx2 ‘|1x3 %, € ‘I]xk ‘ka ﬂxkﬂ
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Take k = 1, note first termsin each brackets cancels, and we get

A £+e>'<€qﬁ- MQ+e'<gqﬁ- TAQ

mx, =-e—-¢e ,6 5
It %, efx, X o efx, Txo

which can be arranged as
mx, = eE,_+e(v’" B)
i.e. the equation of motion.

Now the Lagrangian appears in the principle of least action. We can now build up the
Hamiltonian

H(plpzpsxlxzxst) = é pk).(k - L

k

1 1o 2
H==mv?’+eF =— -eA ) +eF
2 Zmak‘(pK )

and the eqns of motion are

o _fH_1.

%=1 m(pk eA )
™

P« = ™

For asingle electron, inaz field, conservation of canonical momentum leads to

Br

P, = rmy, +reA, =rmv, +re—2

P, = rT(rvq - rzwclz)

where w, =eB/m, vq is azimuthal velocity, consisting of ExB and thermal (cyclotron) motions.
If there are no external torques, and the electrons are introduced without any canonical
angular momentum, we have

q =w,/2

Note: For rw¢ >> |vgl, then
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p, = - (mw,/2)r?
with rg the radius of the guiding center. Note that in absence of external torques
P=a p, = (mw,/2)a r. = const

i.e. if some electrons increase their radius, other must decrease theirs. Since initial average
radius is less than the wall radius, , only small losses can occur. Now radial component of force
balance in equilibriumis

eE, +eBrq+ mrg® =0

(E+vxB balances centrifugal). Substitute q =w_/2=w, and use conservation of energy
(actualy H) and let initial velocity be very small (0). Direction 3isaong B field

2e 268eM 8 .2 . 272 . 2
U=-—F=-— . —vVo =r"+rqg +v
m me2e @ a7V
then
F .
fr 29 e€ r 2
v, . . .
but need — =0, so Poisson's equation becomes
1 r m
2 (eg)=L 220w
rqr €, e

Now note that r = ne, and get

= eB* B’

2m  2mmc

2
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