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The Vlasov—Maxwell equations possess a Hamiltonian structure expressed in terms
of a Hamiltonian functional and a functional bracket. In the present paper, the
transformation (‘lift’) of the Vlasov—Maxwell bracket induced by the dynamical
reduction of single-particle dynamics is investigated when the reduction is carried
out by Lie-transform perturbation methods. The ultimate goal of this work is to
provide an explicit pathway to the Hamiltonian formulations for the guiding-centre
and gyrokinetic Vlasov—Maxwell equations, which have found important applications
in our understanding of turbulent magnetized plasmas. Here, it is shown that the
general form of the reduced Vlasov—Maxwell equations possesses a Hamiltonian
structure defined in terms of a reduced Hamiltonian functional and a reduced bracket
that automatically satisfies the standard bracket properties.
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1. Introduction

Reduced plasma models play an important role in the analytical and numerical
investigations of the complex nonlinear dynamics of magnetized plasmas. The process
of dynamical reduction is generally based on the elimination of fast time scales from
either kinetic plasma equations or fluid plasma equations. In the kinetic case, the
dynamical reduction is usually carried out by considering a sequence of phase-space
transformations designed to eliminate a fast orbital time scale (e.g. the time scale
associated with the fast gyromotion of a charged particle about a magnetic-field
line) from the plasma kinetic equations (e.g. guiding-centre theory). In the fluid case,
on the other hand, the fast time scale is often of dynamical origin (e.g. the fast
compressional Alfvén wave time scale in a strongly magnetized plasma), and the
dynamical reduction involves the identification of a small number of fluid moments
and electromagnetic-field components that capture the desired reduced fluid dynamics
(e.g. reduced magnetohydrodynamics (MHD)).
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Reduced plasma models can be either dissipationless or dissipative, depending
on the dynamical time scales of interest. When considering the complex nonlinear
dynamics of high-temperature magnetized plasmas (e.g. magnetized fusion plasmas),
dissipationless reduced plasma models can offer great mathematical simplicity since
the time scales of interest may be much shorter than collisional (dissipative) time
scales. Furthermore, when a dissipationless reduced plasma model is shown to possess
a Hamiltonian structure, the powerful methods of Hamiltonian field theory can be
brought to bear in understanding its analytical and numerical solutions.

A fundamental question thus arises when reducing a system of Hamiltonian field
equations: will the dissipationless form of the reduced system possess a Hamiltonian
structure? In the case of several reduced dissipationless fluid plasma models derived
from Hamiltonian plasma models, the underlying reduced Hamiltonian structure can be
constructed from the reduced equations themselves, as was done for MHD (Morrison
& Greene 1980) and many other plasma models (Morrison 1982). Previous works
on the Lagrangian (variational) structure of the reduced Vlasov—Maxwell equations
(Pfirsch 1984; Pfirsch & Morrison 1985; Brizard 2000a,b) have shown that such
a construction is possible and that the reduced Lagrangian formulation (derived by
Lie-transform methods) yields crucial information about reduced energy—momentum
conservation laws.

The purpose of the present work is to investigate whether the Hamiltonian structure
of the reduced Vlasov—Maxwell equations can be constructed directly from the
original Hamiltonian structure of these equations. This will be accomplished by the
process of lifting introduced in Morrison (2013) and further developed in Morrison,
Vittot & de Guillebon (2013). The present work is a continuation of these earlier
works that allows for greater generality, while casting the formalism in the language
of Lie transforms that is commonplace in gyrokinetic theory (Brizard & Hahm 2007).
An extended version of this paper can be found in the e-print arXiv:1606.06652,
where several proofs and additional details are presented. The work presented here
introduces the mathematical foundations of the Hamiltonian structure of the reduced
Vlasov—Maxwell equations and explicit applications of this reduced Hamiltonian
formalism will be considered in future work.

The remainder of this paper is organized as follows. First we consider some
preliminary basics in §2; viz., the definition of what constitutes a Hamiltonian field
theory is given and followed by some general comments on coordinate changes. Then,
in § 3, we review the Hamiltonian structure of the Vlasov—Maxwell equations, where
the Hamiltonian functional and the Vlasov—Maxwell bracket are presented. In § 4, we
derive the general transformation (lift) procedure of the Hamiltonian structure of the
Vlasov—Maxwell equations based on a general class of phase-space transformations
that depends on the electromagnetic fields (E, B). These transformations are
complicated because they depend on both independent and dependent variables;
therefore, we introduce operators on functions and meta-operators on functionals
to facilitate the transformation of the Vlasov—Maxwell equations as well as the
Vlasov—Maxwell Poisson bracket. Following this general phase-space transformation,
we therefore show how functional derivatives appearing in the Vlasov—Maxwell
bracket are lifted to a new function space.

In §5, we demonstrate this general lifting procedure by considering a preliminary
transformation from particle phase space to local phase-space coordinates that depends
on the local magnetic field B(x) only. As a result of the preliminary local phase-
space transformation, however, the evolution of the local Vlasov function now depends
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Lifting of the Viasov-Maxwell bracket by Lie-transform method 3

explicitly on the fast gyromotion time scale, which must be removed by the near-
identity guiding-centre phase-space transformation (see Cary & Brizard (2009) for a
recent review).

In §6, we review the process of dynamical reduction of the phase-space particle
dynamics by Lie-transform perturbation methods (Brizard 2009). Here, the dynamical
reduction requires that a near-identity transformation be applied to the local
phase-space coordinates. In § 7, we construct the reduced Vlasov—Maxwell equations
by Lie-transform and meta-operator methods and, in §8, we derive the reduced
Vlasov—Maxwell bracket by the application of meta-operators on the Vlasov—Maxwell
bracket. We also verify that the reduced Vlasov—Maxwell equations can be expressed
as Hamiltonian field equations in terms of the reduced Hamiltonian functional and
the reduced Vlasov—Maxwell bracket.

2. Preliminaries

Although Hamiltonian descriptions of plasma dynamical systems are discussed in
several sources (Morrison 1982, 1998, 2005), we briefly review here some basics of
Hamiltonian field theory, before continuing on to the Vlasov—Maxwell theory.

2.1. General Hamiltonian field theory

The Hamiltonian formulation of a general field theory involving an N-component field
v =, ..., ¥") is expressed in terms of a Hamiltonian functional H[¥], identified
from the energy conservation law of the field equations, and a bracket structure

— 6‘F ab . Sg
[, Gly = / Sl @1

where fr denotes an integration over the base space for the fields ¥. Here, the N x N
matrix operator J* = —J" is antisymmetric, while F[¥] and G[¥] are arbitrary
functionals; summation over repeated indices is implied throughout the manuscript

and explicit time dependence is not displayed unless necessary. In addition, functional
derivatives §F/3vy* are defined in terms of the Fréchet derivative:

8F
Sy (r)

SF = di FlW +e6¥] = / Sy(r), (2.2)

€ e=0

which may involve integration by parts if the functional F depends on V.

Since the operator J* =—J% is antisymmetric, the bracket (2.1) is also antisymmetric:
[F, Gly = —[G, Flg and it also possesses the Leibniz property [F, GKly, =
[F, GleK + G[F, K]y, where F, G, and K are arbitrary functionals. In addition,
it satisfies the Jacobi identity

[F. 19, Klole + 19, [K, Flols + K, [F, Gluls =0. (2.3)

Using the Hamiltonian functional H[¥] and the bracket (2.1), the field equations for
¥ are expressed in Hamiltonian form as

oF [ SF (wn  SH O\ _ [ SF 0y
= [ (‘H ('I'")aw%r))‘/,awa) TR

Downloaded from https://www.cambridge.org/core. University of Texas Libraries, on 01 Jul 2020 at 19:12:41, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50022377816001161



https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0022377816001161
https://www.cambridge.org/core

4 A. J. Brizard, P. J. Morrison, J. W. Burby, L. de Guillebon and M. Vittot

While an antisymmetric matrix operator J* that satisfies the Leibniz property is
relatively easy to construct, the Jacobi identity (2.3) is generally difficult to satisfy.
(See Morrison (1982) where the Jacobi identity is discussed in generality.)

The purpose of the present paper is to investigate how the bracket structure (2.1) is
affected by a field transformation ¥ — W, where the transformation depends on both
independent and dependent variables, as noted above, with the new fields ¥ having
desirable properties making them amenable to theoretical and/or numerical reduction.

2.2. Functional transformation of a Hamiltonian bracket

As noted above, the question of how Hamiltonian functional brackets transform has
recently been studied in the °lift’ context by Morrison (2013) and Morrison et al.
(2013) for the Vlasov—Maxwell equations. In particular, Morrison et al. (2013) studied
the process of lifting associated with a change of momentum-space coordinates p — p
(at a fixed particle position x) that is dependent on the local magnetic field; this
case is revisited here in §5 using the notation introduced in §4. Alternatively, one
may consider transformations in the context of Dirac constraint theory (Morrison,
Lebovitz & Biello 2009; Chandre, Morrison & Tassi 2012; Chandre et al. 2013).
In particular, Squire et al. (2013) considered the construction of a reduced bracket
for the gyrokinetic Vlasov—Poisson equations by using this method. Another context
is that of ‘beatification’ (Morrison & Vanneste 2016; Viscondi, Caldas & Morrison
2016) where one uses transformations to perturbatively remove nonlinearity from the
Poisson bracket and place it in the Hamiltonian functional.

In the present paper, we study the lifting of the Vlasov—Maxwell bracket associated
with a phase-space coordinate transformation

Te=ToTyz—>n=Te—~>2=T2n=Tx, (2.5)

which represents the composition of a preliminary phase-space transformation
7o to local phase-space coordinates z, followed by a near-identity phase-space
transformation 7 =---737,7; to reduced phase-space coordinates Z that is generated
by Lie-transform perturbation methods. The phase-space coordinate transformation
(2.5) will be assumed to be invertible, with 7;" = 75*17"5. (See, e.g. Brizard &
Hahm (2007) and Brizard (2008) for further discussion.)

As in Morrison (2013), our construction will explicitly guarantee that the reduced
Vlasov—Maxwell bracket satisfies the Jacobi identity (2.3), while the reduced
functionals will depend on the reduced Vlasov distribution function F = T_'f, defined
as the push forward T_!'= T~¢T;' of the particle Vlasov distribution function f and
the electromagnetic fields (E, B). The present reduced Vlasov—Maxwell Hamiltonian
formulation uses exclusively the variable E, while the earlier work of Morrison (2013)
used both E and the electric displacement field D, = E + 4nP, as a field variable,
where P. denotes the reduced polarization (Brizard 2008, 2013; Tronko & Brizard
2015).

3. Hamiltonian structure of the Vlasov-Maxwell equations

We now briefly review of the Hamiltonian structure of the Vlasov—Maxwell
equations introduced in Morrison (1980), with corrections given in Marsden &
Weinstein (1982) and Morrison (1982). The Hamiltonian functional is simply
represented as the energy invariant of the Vlasov—Maxwell equations:

1
’H[f,E,B]zgn/(IE(r)|2+IB(r)|2)+/J(z)f(z)K(z), (3.1
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where the Jacobian J is shown explicitly and K = |p|>/(2m) denotes the kinetic energy
of a particle of mass m and charge e (summation over particle species is implied
whenever applicable).

The Vlasov—Maxwell bracket is a bilinear operator on arbitrary functionals
FIf,E,B] and G[f, E, B]:

16F 146G 8F 3G 8¢ 8F
o1 = [ar{ 55 55 e [ (G v xSV <57 )

146G 8G 1 6F
—ne [91 (G5 {n 73S 7)) Y

where the variation §F of an arbitrary functional F[f, E, B] is defined in terms of
the Fréchet derivative

)
f[f—l—sSf,E—l—eSE,B—l—sSB]:/Sf—i—/(SE ——1—63 8§)
e=0

(3.3)
For the sake of our presentation, the three terms appearing in the bracket (3.2) are
called, respectively, the Vlasov, Maxwell and interaction sub-brackets.
The single-particle (non-canonical) Poisson bracket {, } appearing (3.2) is defined
in terms of functions f and g on particle phase space as

g 9 of 0
{f,g}=< Vf- é—al Vg>+B f s (3.4)
p c 8p ap

The Poisson bracket (3.4) can also be written in divergence form as

f jpd8 1 0
8Za a ﬂ j a a(jf{z g}) (35)

where the antisymmetric Poisson matrix components J*(z) = {z*, 2’} satisfy the
Liouville identities 9(JJ%)/3z* = 0. In what follows, explicit and implicit time
dependences are assumed for the Vlasov distribution f and the electromagnetic fields
(E, B) and time is unaffected by the phase-space transformations considered here.
The proof of the Jacobi identity (see appendix A of the e-print arXiv:1606.06652 for
details) for the Poisson bracket (3.4):

{f g m} +{g. {h.fH}+1{h. {f. g} =0 (3.6)

requires that the magnetic field B be divergenceless: V - B =0.

The Vlasov—Maxwell bracket (3.2) is antisymmetric [G, F] = —[F, G] and satisfies
the Leibniz property [F, GK] = [F, GIK + G[F, K]. In addition, it was shown in
Morrison (1982) that direct calculation yields the Jacobi identity

d8F 048G 0 5H
F, G, K K, F K, [F, = [fV-B| ——-——x —— ] =0,
[F, 16, KNI+ 16, [ +IK, [F, gl /zf <8p8f op 8f 8p8f)
which requires the condition V - B =0. Details of the original (onerous and lengthy)
calculation were recorded in an appendix of Morrison (2013), while a simplified
version of this calculation is presented in appendix B of the e-print arXiv:1606.06652.
Note that the Jacobi condition V - B =0 for the bracket (3.2) is inherited from the
Jacobi condition for the Poisson bracket (3.4).

{f, 8=
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3.1. Vlasov—-Maxwell equations

The Hamiltonian evolution of a generic functional F[f, E, B] is expressed in terms
of the Hamiltonian functional (3.1) and the Vlasov—Maxwell bracket (3.2) as

0 8 )
—}—z[f,H] = —/}—({f,K}—i—eE-{x,f})—/}--(chE)

ot 5f o8
SF 3
+ /8E (cV ><B—4ne/Jf8 (x —r)ix, K}>, (3-8)

which becomes

oF _/ 8F of . SF OE 8F 0B (3.9)
ot J,8f@ ot  J.\SE@) ot SB(r) at)’ '
where the Vlasov equation in particle phase space (x, p =mv) is
a )
N V@) —e (E(x) + ¥ B(x)) RSN (3.10)
at c ap
and the Maxwell equations are
oE 3
E:cV xB—4ne/jf5 x—rv=cV xB—4n]J(r), 3.11)
z
oB
—=—cV xE. (3.12)
ot
The remaining Maxwell equations
v -E:4ne/Jf83(x —r)=4mno(r), (3.13)
z
V-B=0 (3.14)

can be seen as initial conditions for the electromagnetic fields (E, B) for V . (dB/dt) =
0 and V . (OE/dt) = —4wV . J =4mdp/0t, which represents the charge conservation
law and follows from (3.11). We note that the charge density o(r) and the current
density J(r) are functionals of the Vlasov distribution f(z), both labelled by the field
position r and the presence of the delta function §°(x —r) in (3.11) and (3.13) implies
that only particles located at x =r contribute to the electromagnetic fields (E, B).

3.2. Hamiltonian properties
The characteristics of the Vlasov equation (3.10) are the equations of motion
dx
P and P B+ P« B, (3.15a,b)
dt m dr c
which can be expressed in (non-canonical) Hamiltonian form as (Morrison 2013)

o

% = (2, K} + eE(x) - {x, %} (3.16)
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Lifting of the Viasov-Maxwell bracket by Lie-transform method 7

Hence, the Vlasov equation (3.10) may be expressed as

8f+dz of

=0, 3.17
dr 0z* ( )

which may also be expressed in divergence form as

aJf) 9
= , 3.18
ot Bz“ jf ( )
since the Jacobian 7 satisfies the Liouville theorem
0T dz*
0. 3.19
ar o 0z~ (j dt ) (3.19)

Lastly, using (3.9) with (3.11)—(3.12) and (3.18), we easily show that the
Hamiltonian functional (3.1) is itself an invariant of the Vlasov—Maxwell dynamics:

oH E B G dz
at:/r[Ar «(cV xB — 47[])—f (chE)} /zaz“ (jfdt>K
_ /zjf<dt—eE-v)=O, (3.20)

which vanishes since dK/dt=ev - E. Equation (3.20), expressed as dH /0t =[H, H] =
0, immediately follows from the antisymmetry of the Vlasov—Maxwell bracket (3.2).

4. General transformation lift of the Vlasov-Maxwell equations

We consider the transformation of the Hamiltonian structure (3.1)—(3.2) of the
Vlasov—Maxwell equations associated with a general time-dependent phase-space
transformation that depends on the electromagnetic field (E, B) as well as their
spatial gradients. Hence, we consider a phase-space transformation 7 :z — Z that is
also invertible 7':Z — z.

In the next sections, we will consider the two-step transformation process (2.5)
encountered in the dynamical reduction of charged-particle motion in a strong
magnetic field (e.g. guiding-centre transformation (Cary & Brizard 2009)). In
the first step (§5), we present the preliminary transformation 7, from particle
phase-space coordinates (x, p) to local phase-space coordinates z§ = (x, py, &, {),
where To(x,p)=(x,pb+p,).

The preliminary phase-space transformation introduces explicit dependence on the
fast gyromotion time scale (through the local gyroangle ¢). In the second step (§6),

we present the near-identity phase-space transformation 7¢=---7,7; to the reduced
phase-space coordinates 7' = X, Py 7) generated by Lie-transform perturbation
methods.

4.1. General operators on functions and functionals

A general phase-space transformation 7 induces operators on phase-space functions
and meta-operators on functionals. First, the push-forward operator T~':f — f=T"'f
transforms a function f on particle phase space into a function f on the new phase
space. In addition, the pull-back operator T:f — f = Tf transforms a function f on the
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new phase space into a function f on particle phase space. These operator definitions
ensure that the scalar-covariance properties are satisfied: f(z) =f (7:‘Z) =TY%%2Z) =
f(Z) and f(Z) =f(Tz) = Tf(z) =f(z). The transformed Jacobian 7 is defined from
the push-forward relation T~'(Jd®z) = Jd°Z, where d®z and d®Z denote differential
six-forms in their respective phase spaces. o
Secondly, we introduce the meta-push-forward functional operator T : F — F =TF
and the meta-pull-back functional operator T~! : F — F = T~'F, which satisfy the
functional-covariance properties, e.g. F|[f]1=TFI[f]=FI[Tf]=F[f].

4.2. Transformed Viasov—Maxwell equations

The transformation of the Vlasov equation (3.17) proceeds through the push-forward
transformation of each of its parts:

a
(;:) —T7'({f, K} + eE - {x, f}). (4.1)

While time is unaffected by the phase-space transformations considered here, we note
that the partial-time derivative d/d¢ does not commute with the push-forward operator
T~ and, thus, the commutation relation [T~', 3/3¢] must be calculated carefully.

4.2.1. Transformed partial-time derivative
On the left-hand side of (4.1), we introduce the transformed partial-time derivative

d/0t:
(O _ (0 _ l
(@)=l Gl “

which is defined by the operator-commutation identity

af _of 9 - f dZ" of
= —T|-=|f=——4+——, 4.3
ot 8t+[ <az ) ]f ot ot 9Z" *3)
where the second term is a partial-differential operator in the new phase space:
azZ" . (NTZH
=T . 4.4)
ot ot

Note that, for a time-independent phase-space transformation, the operators d/9¢ and
T-! commute and T-'(3f/dt) =d(T~'f)/0t = of /ot.

4.2.2. Transformed Poisson bracket

On the right-hand side of (4.1), we define the transformed Poisson bracket {, } on
the new phase space from the identity (Brizard 2008)

S— oF v 03
Fogl=T"(f g =T"(TF. r}>_—f =z, “.5)

where the transformed Poisson matrix J*" is defined in terms of the particle Poisson
matrix J* = {z%, 7%} as
0 _ i NTZ") 0(TZ)
az* 0z*

> =7'1Z", 72’')=(Z",Z"). (4.6)
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Lifting of the Viasov-Maxwell bracket by Lie-transform method 9

The transformed Poisson bracket (4.5) is guaranteed to satisfy the Jacobi identity
because it is derived from a transformed Lagrange two-form o= T 'w=T"'(dy) =

d(T~'y)=dy that is closed do=0.
The transforrned Poisson bracket (4.5) is expressed in phase-space divergence
form as
= 1
gl=— Z 4.7
(7.2 jaZ —(TF(Z 3D, 4.7)

which follows from the Liouville identities 8(J J*)/dZ" = 0. Using the definition
(4.5), the right-hand side of (4.1) now becomes

—T'{f, K} +eE - {x,f) =—{f, K} —eT'E-{T"'x, f}, 4.8)

where T~'x denotes the push forward of the particle position x and T~'E denotes the
push forward of the electric field as it appears in the reduced particle dynamics.

4.2.3. Transformed Vlasov equation
By combining (4.2) and (4.8), we obtain the transformed Vlasov equation

Y [ F R e BT 07 Eal__@f’l
o= | R T E AT R )+ e @49)

where the transformed phase-space dynamics dZ”/dr includes the transformed partial-
time derivative (4.4) as well as the transformed Hamilton equations

o

={Z"K)+eT 'E-{T'x,Z"). (4.10)

NI

Next, the transformed Liouville theorem requires that the transformed Jacobian J
satisfies the evolution equation

03T 9 [(—=dZ°
at+af(jdf)—& @10

Since the transformed Hamilton equations (4.10) satisfy the identity 8(77a) /07" =0,
the transformed Jacobian, therefore, satisfies the equation

0T 0 (H0Z\ _ NTZ")
=i (7 )= 7 ("5 12

Moreover, the transformed Vlasov equation (4.9) can be written in divergence form
as

WIS =z AZ\ of 49 0Z'\ 0 dz"
at __j(z +> oz a7 (‘7>_ aZ" <‘7f ) “4-13)

Downloaded from https://www.cambridge.org/core. University of Texas Libraries, on 01 Jul 2020 at 19:12:41, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50022377816001161


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0022377816001161
https://www.cambridge.org/core

10 A. J. Brizard, P. J. Morrison, J. W. Burby, L. de Guillebon and M. Vittot

4.2.4. Transformed Maxwell equations

Lastly, we turn our attention to the transformation of the Maxwell equations
(3.11)-(3.14). Of course, (3.12) and (3.14) are unchanged by the phase-space
transformation since they are source free. The Maxwell equations (3.11) and (3.13),
however, become

0E B el d(T 'x)
o = ¢V xB 4ne/zjf8 (T"'x—r) ”
= ¢V x B—4nTJ(r), (4.14)
V-E=47e /jf83(T‘1x —r)=4nTo(r), (4.15)
Z

where the meta-push-forward T is applied on the particle current density in (3.11) and
the particle charge density in (3.13), which are both functionals labelled by the field
position r. In (4.14), the push forward of the particle velocity is defined as

d7'x) (A =
T =T <dt>_{r x, K}, (4.16)

where we used the identities 9(7~'x)/0t= T~!(dx/dt) =0 (i.e. the particle position x
does not explicitly depend on time) and {T~'x, T-'x}=T"'({x,x}) =0.

4.3. Transformed functional variations

The variation of an arbitrary functional 7[)7, E, B] is defined in terms of the Fréchet
derivative (3.3), which can be transformed to yield

iS(T“?)
J

-1 -1

T[S(T- )] = / TT6HT
VA

oE B

Here, the push forward of the variation §f on particle phase space:
T @H=8TH+AT DT f=f + (T 81T (4.18)

is expressed in terms of the transformed variation §f on the new phase space and the
commutation operator

(T8I =T"'6T)—8=T""[8(TZ)] (4.19)

0
CVAR
which is similar to the commutator (4.3), with d/d¢ replaced by §. Hence, (4.18) can
be expressed as

T-'(8f) = 6f + TI[S(TZ“)];Zfa =5f + /[5E(r) - 3uf + SB(r) - 0], (4.20)
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Lifting of the Viasov-Maxwell bracket by Lie-transform method 11

where the differential operators dg and op are defined as

- [5(72“)] 9

—a and aB = T71 |:
SE(r) | 0Z

o7z )] i (4.21a,b)

SB(r) | 07"

If we now use the identity 8§F = T[S(T"'F)] in (4.17), we obtain the functional-
variation relations

—1 i@ = ig (4.22)
J 8 | T '
S(T'F)  8F 8F  OF —
SE(r)  SE() /zaEf o e T 29
S(TT'F) _ 8F 8F _ 8F —

Hence, the meta-pull-back operator T~! introduces electromagnetic shifts (Ag, Ag) in
the functional derivatives (4.23)—(4.24) that are due to the dependence of the phase-
space transformation on the electromagnetic fields (E, B), as shown in (4.21).

4.4. Transformed Hamiltonian functional

As an application of the transformed functional variations (4.22)—(4.24), we consider
the transformed Hamiltonian functional H obtained from the meta-push-forward of the
Hamiltonian functional (3.1):

H=TH=— /<|E|2+|B|2>+ / 77K, 4.25)
81 J, Z

where K = T~'K is the transformed kinetic energy. First, the functional variation of

H yields
— E B o
(SH:/<(SE-+SB-> —l—/[(Sij—l—fS(JK)], (4.26)
, 4 4 7
where §(J K) =87 K + J SK. Here, we have
_ 0 _
=——[TT'6TZ" 4.27
8J 07 [TT ( )1 (4.27)
which follows from (4.12), while
= _ _ _ i 5 —o 0K
SK=8(T'K)=T'6K) — (T 8INT'K=-T I(STZa)a?, (4.28)

where we used §K =0 (i.e. the particle kinetic energy K does not depend on E and B).
Next, by combining (4.27)—(4.28), we find

. 0 —_ —
S(TK)= —ﬁ[jKT”(aTz )], (4.29)
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12 A. J. Brizard, P. J. Morrison, J. W. Burby, L. de Guillebon and M. Vittot
so that integration by parts of this term in (4.26) yields

SH = /(E—HSB B)
47

SH F)
= / <8E(r) %+83(r) 83@) / Sf(Z) (4.30)

where we find the functional variations

/[fj +JKIT'(TZN] fa
VA

SH  —
T_TFK. 431
57 J 4.31)
SH E §SH E
— = of—=—+ A 432
SE 4w /ZEff 4n+EH (4.32)
§H B _8H B _
(SB_4n+/ nf 7 = T A8 (39

Hence, substituting (4.31)-(4.33) into (4.22)—(4.24) yields

717 i
1o 7)) _1oH 2 o (1”[) (4.34)
T o 73 T of
S(T'"H)  &H o E@® _ 0H
SEr —sEm) AP0 = = ke (4.35)
S(T™'H) _ 6H = . B N
5B — 3B MO = =m0 (4.36)

where we see that the terms (AgH, ApH) are exactly cancelled in the functional
derivatives (4.32)—(4.33), which is not the case for a general transformed functional F.

4.5. Transformed Vlasov—Maxwell bracket

The transformed Vlasov—Maxwell bracket is now constructed in a three-step
process with the help of the meta-operators T-! and T. First, we note that the
Vlasov—Maxwell functional bracket (3.2) is itself a functional and thus transforms
as a functional under the action of the meta-push-forward T. Hence, we express the
meta-push-forward of the Vlasov—Maxwell functional bracket (3.2) as

I 1 8F 8¢
T([J’,Q])—/Jf[ ({J T

_4ne/\7f{ <3E( )> T ({ JI?D
- () 7 (=5 )] o

where the Maxwell sub-bracket is unaffected by the meta-push-forward (since it is
independent of the Vlasov distribution function) and we used the distributivity property
of the push-forward operation T~! in the interaction sub-bracket.

})] + [Maxwell sub-bracket]
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Lifting of the Viasov-Maxwell bracket by Lie-transform method 13

Next, we insert the definition of the transformed Poisson bracket (4.5) to obtain

. F G
T(F, G = /jf{ (J ! 6f> (j 16f> } + [Maxwell sub-bracket]

e 1] (i) {rer (5]
(5%@) {T (‘7 158?>}] (4.38)

Lastly, we use the meta-pull-back operation T~' to replace the particle functionals F
and G with the transformed functionals F =T~!F and G = T~'G, which yields the

transformed Vlasov—-Maxwell bracket [F, G]=T(T~'F, T~'G)):
[F,G] = /ij{;géif}
+ 4me / (5?;) - AEJ-“(r)> .V x (5183%) - ABQ(r)>
((ng) AEg(r)> (a;f) ABF(r)>]
—4ne/jf 7! ((SE'Z:)—AE.F(x)> {T x,l(f;}

8G - 18
_ 7 ((SE(gx)_AEg(x)> { x;} , (4.39)

where we substituted the transformed functional variations (4.22)—(4.24). The bracket
(4.39) is similar in form to the bracket (47) of Morrison (2013), but is restricted
since it is essentially a restatement of Vlasov—Maxwell theory, while the bracket of
Morrison (2013) applies to a larger class of theories. We immediately note that the
transformed Vlasov—Maxwell bracket (4.39) automatically satisfies the Jacobi identity

0 = [[F, Gl H1+ (G, H]. F1+[[H, F1. Gl
= T(LF, 1, H1+ (19, H], F1+[[H, F1, 9D, (4.40)

since the original Vlasov—Maxwell bracket (3.2) satisfies the Jacobi identity.
We now show that the transformed Vlasov—Maxwell equations (4.9), (4.14) and

(3.12) can be expressed in Hamiltonian form as [F, H], where
—— 1 8F
7 - [a7
! {J i }
8F §F —
+c/ <8E_AE}—> -VxB-— (éiB_AB]:> -VXE
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14 A. J. Brizard, P. J. Morrison, J. W. Burby, L. de Guillebon and M. Vittot
—4Tce/Jf [ ((SE( ) AE]:(x)> AT 'x, K}

— 71! (E(x)> 7! x,ig , (4.41)
4 T of

where we used (4.34)—(4.36). Upon integration by parts, we obtain

[F H] = —/ ,({f K} +eT'E- (T xf})—/(w:—AB]-“>-(chE)

57 3B
o
+ /(‘F_AE]-'> «[cV x B —4nTJ(r)]
SE
8.F of 8F OE SF 0B
_ 8F OE SF 9B 4.42
/6f8t+,<5E o OB a;)’ -

where we used
/[AE}" (cV x B —47TJ) + AgF - (—cV x E)]

[ G )

=/T1 (a(rz“)> af 8F _ aZ" of 8F
7 ot 9Z° §f  Jz or 9z of

(4.43)

We have thus shown that, as a result of a general phase-space transformation 7,
the transformed Vlasov—Maxwell equations possess a Hamiltonian structure that is
constructed by operators (T, T~!) and meta-operators (T, T~') derived from the
phase-space transformation. Here, the transformed Hamiltonian functional (4.25) is
defined as the meta-push-forward of the Hamiltonian functional H = T, while the

transformed Vlasov—Maxwell bracket (4.39) is defined as [F, G]=T(T'F, T-'G)).

5. Local Vlasov-Maxwell equations

Reduced Vlasov—Maxwell equations are often derived through a preliminary phase-
space transformation 7, from the particle phase-space coordinates (x, p) to the local
phase-space coordinates (x, py, p1, ¢) derived from the local magnetic field B(x) EBB,
where py=p - b denotes the parallel component of the particle’s momentum along
the (local) magnetic-field unit vector at the particle’s position x, and p, = |p X b|
denotes the magnitude of the perpendicular component of the particle’s momentum.
It is also convenient to express p, = (2muB)'/? in terms of the lowest-order magnetic
moment u(x,p)=|p X B|2/ (2mB) for guiding-centre (Littlejohn 1983) and gyrocentre
applications (Brizard & Hahm 2007). The local gyroangle ¢ denotes the orientation of
the particle’s perpendicular momentum in the (local) plane perpendicular to b, which
is defined in terms of the differential equation 1= dp/d¢, where the plane locally
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Lifting of the Viasov-Maxwell bracket by Lie-transform method 15

perpendicular to b=1 x o is defined in terms of two arbitrary rotating unit vectors
(L, p). The local momentum is, thus, decomposed under the action of 7, as

Tox.p) = (x. py (x. p)b(x) + p.(x. p) L(x. 1)) (5.1

With the local phase-space coordinates (x, py, i, ¢), the Jacobian is Jy, =mB. Lastly,
we note that, at constant (x, p), the local momentum coordinates (py, @, ¢) are
time-dependent functions through their dependence on B. The results presented in
this section unify the results presented in the recent paper by Morrison et al. (2013)
and highlight the notation introduced in § 4.

5.1. Local Hamiltonian dynamics

Local particle Hamiltonian dynamics is expressed in terms of the local kinetic energy
Ky = pﬁ/2m+ uB and a local Poisson bracket constructed as follows. We begin with
the local non-canonical one-form yy, = [(e/c)A(x) + pHB(x) + p1 (i, x)I(;, x)] - dx,
from which we obtain the local Lagrange two-form @ = dyy = (1/2)woas dz§ A dzg:

e

Wy =
2c

A . - 0 ~ N

Bifey dx' Ady + dpy Ab-dx + %d,u/\J_-dx—pldC Ap-dx, (5.2)
"

where the divergenceless local canonical magnetic field

c - ~
B, =V x A+;(pub+pl(u,B)i)}

P

e e

~ 1~
(VXJ_—2J_XV1nB> (5.3)
includes contributions from the local kinetic particle momentum. Next, we derive the

local Poisson matrix (with components Jg’3 ) as the inverse of the Lagrange matrix
(with components wy,g), which yields the local Poisson bracket

A s 0
(.80 = LI 28 =V g~ o - Ve + By (3 x 3g)
20 BZO c
19 .
= 70%(%10{10, glo), 54

where 9 denotes the local momentum-space gradient:

~of  ~pLdf PO o
of =L 4 1P P _hhria f (5.5)
ap| mBop p, 9 : -

We note that the local Poisson bracket (5.4) automatically satisfies the Jacobi property
since the local Jacobi condition V - Bj =0 is automatically satisfied by (5.3).

The Hamilton equations (3.16) are given in local particle phase space in terms of
the local kinetic energy K, and the local Poisson bracket (5.4) as

2 =1{z%, Ko}o + ¢E - {x, 23 }o, (5.6)

where we used T 'x=x and Ty 'E=E. We note that (5.6) satisfies the local Liouville
theorem 9 (Jy25)/0z5 =0. We also note that when i, is averaged with respect to the
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16 A. J. Brizard, P. J. Morrison, J. W. Burby, L. de Guillebon and M. Vittot

local gyroangle ¢: = § f10d¢/(27), we find (fo) = —pol(py/mB)(V - B)] = 0,
which is a necessary requlrement for the adiabatic invariance of the guiding-centre

magnetic moment (Cary & Brizard 2009).
Using (5.6), the local Vlasov equation is now expressed as

dofo _ dfo | dzg o , . O O o

or — o o om0 VR hog ey &’a; G-D
where the local time partial derivative /3t = T,'(3T,/dt) is derived below
(see (5.20)), with 0yzy/0t evaluated at constant (x, p). We note that, since the
local Hamilton equations (5.6) depend explicitly on the local gyroangle ¢, the local
Vlasov function f; evolves rapidly on the gyromotion time scale.

Lastly, the local Maxwell equations are

OE
7=cv xB—4Tre/ 8@ =N Tofoxo=cV x B —4n],, (5.8)

20

V-E@r) =4ne/ 8@ —nNJofy =400, (5.9)

20

while the source-free Maxwell equations (3.12) and (3.14) remain unchanged. We
now show that the local Vlasov—Maxwell equations (3.12) and (5.7)-(5.8) possess a
Hamiltonian formulation.

5.2. Local coordinate and field variations

The particle velocity is represented in terms of components of the local magnetic field
and, thus, the local particle phase-space coordinates acquire an explicit dependence on
the magnetic field (Morrison et al. 2013).

5.2.1. Local coordinate variations

Since the definition of the local phase-space coordinates depends on the local
magnetic field B = Bb, they are susceptible to variations 6B = 8Bb + BSb in the
magnetic field B = Bb. Hence, at fixed (x, p), we can calculate T, 1[S(Tozg)] = 802
for each local coordinate zj, with §ox =0.

We begin with §p,: first, Top =p - b, so that 3(Topy) =p - 8b; next,
T [8(Top)] = (T5'p) - 8b= (pyb+p. L) - 5b. (5.10)
By using the identity b-8b=0, where §b=8(B/B) = (I — bb) - $B/B, we thus find
Sopy =p.L - 68b. (5.11)
Similarly, we find
Sop. =Ty [8(Top.)1 =T, 'Ip x b+ (p x b/Ip x b))] = —p; L - 8b. (5.12)

and, thus, the local variation of the magnetic moment is

2
Pi pL ~ 0B (PLPHA A) SB
Sot =6 Y —ubs —=— 1 b).—. 5.13
oM = 0o (2mB> gL T P B tu B (5.13)
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Lifting of the Viasov-Maxwell bracket by Lie-transform method 17
We note that the variations (5.11)—(5.13) satisfy the energy conservation law
8Ky = %50;9“ 4 SopuB + uSB=0. (5.14)

The expression for the gyroangle variation §p¢ is derived as follows. From the
identity 8,(T,'p) =0, we find the vector identity

OE(SQP“B+p“SB+ SopJ_I +pj_80j\_ (515)

Using (5.11), the parallel component of (5.15) yields the identity p L(SO(B I) =0,
while its component along 1 s 1dentlcally zero from (5.12). The remaining
component is along p: pHSb 0 +pL80J_ p =0. Using the definition p = —8J_/8§,

we thus find
5o =215 5b. (5.16)
PL
Lastly, we note the local coordinate variations (5.11), (5.13) and (5.16) satisfy the
divergence property 0(80z5)/0z5 = —3& In B. We also have the local partial-time

derivatives dyzg/0t, which are obtained from the expressions for §yzj by substituting
§b with 85/ dt. These local partial derivatives satisfy the divergence property
0(00z5/0t)/0zf = —a In B/dt, which yields 0.7,/0t = d(J00z(/01)/0z; (with Jo =mB)
as a special case of the general equation (4.12) for the transformed Jacobian 7.

5.2.2. Local field variations

We now introduce the pull-back and push-forward operators associated with the
local phase-space transformation: f = Tofy and fy = T,'f. Using these operators, we
construct the relation between the variation §f in particle phase space and the variation
dfp in local particle phase space.

For this purpose, we begin with the push-forward expression

T () =8(Ty' N+ ([T, ", 81To) Ty ' f = 8fo + (LT, ", 81T0) fo, (5.17)
where, using (5.11)—(5.16), the commutation operator [T, 1 81T, is defined as

afy d b
(ATy", 81To) fo = Sofo=3dopy 8f + 50M8*f0 + 5058]20
D)

Sopy 0 St 0 8o¢ 0
_ sp. (%12 Sorfo %0 3o
5B dp, OB dp OB 3¢

6B ~
- B [(mlaufo—l?u%ﬂ) bﬂfo] =5B-3y fy. (5.18)

By inserting (5.18) into (5.17), the push forward T, '(8f) is now expressed in terms
of 8fy and 6B as
T, (8f) = 8fy + 6B - 35 fo, (5.19)
which agrees with (12) and (32) of Morrison et al. (2013).
Another application of the push-forward relation (5.17) involves replacing the
operator 6 with 9/0¢ in order to derive an expression for the local partial-time
derivative dy/0t used in (5.7):

Sfo _ -1 () _ 3 o 0 _%h_ 9B Lo
or — 1o (az)_ az+([T0 ’at] T°>f°_ ar T ar % fo (5.20)
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Returning to the local Vlasov equation (5.7), we therefore find

U 50 : . fo o - o
—xo°*V — — g— — . 5.21
at Op fo=—x0-Vfo— Pnoa o MOB;L Lo— oc (5.21)

Next, we use the identity (0B/0dt) - 81(90) Jo = (0025 /01)0fy/0z and we define the total
local time derivative

doz§ _ dozg s 30z8
dr — 9t 07 ot

o Kolo +€eE - {x, z3 }o, (5.22)

with dx/0t=0, so that the local Vlasov equation (5.21) becomes

% — _%% (5 23)
at dr 973’ '

which can also be expressed in divergence form as (7 fo)/9t = —9(Jofo dozy/dt)/0z.

5.3. Local functionals

Our next step is now to define a transformation from functionals F[f, E, B] to
functionals Fy[fy, E, B] based on the scalar-covariance property: F[f, E, B] =
Folfo, E, B]. Using (4.22)—(4.24), we find

. 18]—“0[T0‘f,E,B]} 1 8F
el U ek e I , 5.24
0 [J 5) To 5fs(z0) 629
8FolTy'f E, Bl _ 8F (5.25)
SE(r) T SE(r)’ '
8FolTy'f. E, B _ % _/ 5 —1) Fo 20
SB(r) SB(r) J, 6fo( 0)
_ Sf() _ (0)
= 550 AR Fo(r). (5.26)

As an application of (5.24)—(5.26), we consider the local Hamiltonian functional

E)*> |B?
o [ (24 2) 4 [ s 5o

from which we obtain §H/8fy = JoKo and §Hy/SE = E/4m, while
SH B(r 3(JoK,
o B®) / (_)f(oo)

SB(r) 4w
B(r b
_ B0, / 5 =1 Jofo | =Ko+ 1B) (5.28)
4n % B
On the other hand, equation (5.26) yields
SHo[T,'f,E,B] &
Pollo LB Bl _ OHo 03y, ), (5.29)

SB(r) " SB(r)
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Lifting of the Viasov-Maxwell bracket by Lie-transform method 19
and thus (5.28)—(5.29) yield

SHolTy'f E.B]  §H, o B
= —A =, 5.30
SB(r) 5By Ar T = (5.30)
where we used the identity
b a(uKy) SHo B
AD /5 — 1 JoKodfe /53 — = — . (531
B Ho (x —r)JoKo i x—rJofo B o SBG)  dm (5.31)

5.4. Local Vlasov—Maxwell bracket

Now that we have calculated the local functional variations (5.24)—(5.26), we can
transform the Vlasov—Maxwell bracket (3.2) and obtain the local Vlasov—Maxwell
bracket

[Fo, Golo = To([Ty " Fo, Ty ' Gol)
B 18F 1 (sgo}
_/\70][0{;70 8fo " Jo 8fy
8Fo 8% _ Lo 8% 80 _ yo
+4nc/r{6E-Vx(5B—ABQO> SE VX((SB_A Fo

—4Tce/ Jofo <8]:0{x 15%} 5% {x, 15“‘50} > . (532
2 SE Jo 8fo SE Jo 8fo J o
We note that this form is generic to all phase-space transformations that depend on the
magnetic field only. In addition, because the local Poisson bracket { }o also depends
on magnetic-field gradients (e.g. V x b in B o), the Jacobi identity (3.7) for the local
bracket [, ], might be difficult to prove exp11c1tly

We now show that the local Vlasov—Maxwell equations (3.12) and (5.7)—(5.8) can
be formulated in Hamiltonian form as

0Fo 5.7:08f0+/<5.7:0 oE  §F BB)

. (5.33)
SE 0t 5B 0t

20— 1R, Holy = / 270

W Ofy ot

First, we calculate the local bracket with the local Hamiltonian functional (5.27):

1 8
[Fo, Holo = /jofo{ 0 KO}
0

Jo fo
8 Fo B(r) E®) 8§ Fo O
+4nc/r {(SE(r) -V x A dm -V x <SB(r) Ap fo(r))]
Fo E(x) 1 8F
—4rte/zo Jofo (SE( ) <{x, Ko}y — A {x, jo(sfo}o) , (534

where we used (5.30). Next, after integrating by parts, we obtain

S8 F
FocHolo = — [ 52 (U Kol B ) . oo — ¥ x B@ - %)
20 8f0( 0)

8F, 8Fo
+/,[8E0 (cV x B — 4nJ0)+§ (—cV xE)] (5.35)
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from which we recover (5.33) when the local Vlasov—Maxwell equations (3.12) and
(5.7)—(5.8) are substituted. Here, we used the relation
dozg 9fo

9B O fo= -0 2 (5.36)

—cV x E(x) - dg'fy = o o o
0

to recover the local Vlasov equation (5.23).

6. Dynamical reduction by phase-space transformation

We have seen in §5 that, while the local Vlasov—Maxwell equations (3.12) and
(5.7)—(5.8) possess a Hamiltonian structure defined in terms of the local Hamiltonian
functional (5.27) and the local Vlasov—Maxwell bracket (5.32), the local Vlasov
function f; evolves rapidly on a short gyromotion time scale that needs to be
removed for practical (e.g. numerical) applications. The asymptotic elimination of the
gyromotion time scale from the local Vlasov—Maxwell equations proceeds with the
guiding-centre transformation (x, py, 1, ¢) > (X, p, It, ¢), where the guiding-centre
Hamiltonian dynamics is now decoupled from the gyromotion time scale (Littlejohn
1983; Cary & Brizard 2009).

The guiding-centre phase-space transformation, however, is a non-local transfor-
mation involving displacements in local particle phase space that are expressed as
asymptotic expansions in powers of an ordering parameter € < 1. It is precisely
this non-local feature of the guiding-centre transformation that allows the explicit
introduction of guiding-centre polarization and magnetization effects in guiding-centre
Vlasov—Maxwell theory (Brizard 2013; Tronko & Brizard 2015). Since the guiding-
centre transformation becomes the identity transformation in the limit € — 0, we now
consider the transformation of the local Vlasov—Maxwell Hamiltonian structure under
the action of a general near-identity phase-space transformation.

6.1. Near-identity phase-space transformation

The dynamical reduction of the Vlasov—-Maxwell equations (3.10)—(3.14) is carried
out by a near-identity phase-space transformation 7€ :zy — Z = T zy, where € < 1
denotes an ordering parameter associated with the dynamical reduction. The ordering
parameter € = w T is often chosen by comparing a short orbital time scale 7 with a
long dynamical time scale w™!>> t of interest.

Each reduced phase-space coordinate Z~ is expressed as an asymptotic expansion
in powers of € involving components of the generating vector fields (G;, Gy, ...) on
particle phase space:

7" (zo; €) =722 +€G%(z0) + € (G"‘(zo) + Gﬂ( 0) (ZO)) 4+, 6.1)

where Z° (zo; € =0) =z{ (i.e. to lowest order, the reduced phase-space coordinates are
local). We note that this transformation is invertible (since € < 1), i.e. T “:Z —zp=
T—“Z, where each particle coordinate z§ is expressed as an asymptotic expansion in
terms of the same generating vector fields (G;, G, ...) on reduced phase space.

The reduced Jacobian of the transformation (6.1) is constructed from the local
Jacobian [J, =mB and the generating vector fields (G, G,, ...) as

2

_ 0 € 0
T=To— = | TG + G5+ = =Gi— (Gl +-- )+ . (62)
ke 2 9z,

Downloaded from https://www.cambridge.org/core. University of Texas Libraries, on 01 Jul 2020 at 19:12:41, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50022377816001161


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0022377816001161
https://www.cambridge.org/core

Lifting of the Viasov-Maxwell bracket by Lie-transform method 21

We note that, while the local particle phase-space coordinates z, are independent of
the electric field E, the reduced phase-space coordinates Z(zy; E, B), and the reduced
Jacobian (6.2), generally depend on the electromagnetic fields (but not the local
Vlasov distribution f;).

6.2. Push-forward and pull-back operators

The reduction phase-space transformation (6.1) and its inverse induce transformations
in function space (Littlejohn 1982), where the push-forward operator

T ifo=>f=T fo=fooT (6.3)

transforms a function f on local particle phase space into a function f on reduced
phase space, while the pull-back operator

T f>fo=Tf=foT" (6.4)
transforms a function f on reduced phase space into a function f; on local particle
phase space. These induced transformations satisfy the scalar-covariance property, e.g.
Jozo) = T¢f (z0) =f (T z0) =f (Z). Moreover, the action of the push-forward operator on
the phase-space infinitesimal volume yields the Jacobian transformation T~¢(J, d®z) =

J d°Z, from which we obtain the Jacobian expansion (6.2). It is also useful to express
the reduced Jacobian (6.2) as

T=(T T [1-€d-G—€d- (G—1G -dG)+ | =T T)T.. (65

where 7. is defined by the identity T~(d%) = J. d°Z.
The reduced Poisson bracket {, }. is constructed from the local Poisson bracket
{, }o in terms of the push-forward and pull-back operators:
f —op 02

r = —€ €r €— —_ v 721
f.8le=T"(Tf, T8 = 8Za1 b= jaZ“(jf{Z s 8le), (6.6)

where the divergence form uses the reduced Liouville property 8(77aﬂ) /0Z° =0.

Lastly, since the reduced Poisson matrix (with components 77 = (z°, 7’ }e) is
defined as the inverse of the reduced Lagrange matrix (with components w,z defined
as the components of an exact two-form @ = T “w, in reduced phase space), the
Jacobi property of the reduced Poisson bracket (6.6) is guaranteed by the identity
dw =0, i.e. the exterior derivative of an exact two-form @ = dI" is automatically
zero. A direct proof of the Jacobi identity for the reduced Poisson bracket (6.6)
follows from the push-forward transformation T~¢{f, {g, h}o}o = {f, {g, h}c}., where
the definition (6.6) for the reduced Poisson bracket has been used twice. Hence, since
the local Poisson bracket {, }, satisfies the Jacobi identity, then so does the reduced
Poisson bracket (6.6).

6.3. Reduced phase-space displacements

We now define two complementary phase-space displacements in terms of push-
forward and pull-back operators as follows. The local particle phase-space displacement
A% is defined in terms of the pull-back operator as

+.en (6.7

o 2Gs
A%zo) =70 — T°Z = —€G(z0) — (Ga (zo) + = Gﬂ( 0) (ZO))

<o

while the reduced phase-space displacement A“(Z) =Tz —Z" is defined in terms

of the push forward operator as A = T A“. Lastly, we note that the Jacobian 7.
defined in (6.5) can be expressed as J. =1+ dA” /BZ =0(T~ Ez"‘)/aZa
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6.4. Reduced partial-time derivative

Since the phase-space transformations considered here are time-dependent transfor-
mations (which nonetheless preserve time), the operation of time differentiation does
not commute with the push-forward and pull-back operators (6.3)—(6.4). Hence, we
define the reduced partial-time derivative

0c . (9 3 dZ 3
— =T € — TE = — —, 68
ot (at ) ot + ot dZ" (©£)

where, using (6.7), we obtain the definition

0.2" 9o(TZ" 002% 0y A”
=T_E{O( ):|:T_E<OZ() 0 )’

ot ot ot ot

(6.9)

and the partial-time derivative 8.7 /3t = —9(J9.Z" /31)/dZ" of the reduced Jacobian
(6.5) follows from (4.12).

6.5. Reduced Hamiltonian dynamics
Next, we transform the non-canonical Hamilton equations (3.16) to obtain

df = aaz: +{Z° K} +eTE - {Tx,Z"}., (6.10)
where the push forward of the kinetic energy is
FET’GK:K—GG‘{‘&—K—GZ [GgaK—lG'fa (G‘;BK)} SE (6.11)
9z* 0z 2 " 0zf 9z*
The reduced Hamilton equations (6.10) satisfy the reduced Liouville theorem
4.7 _ (d.Z" 3.7
% + a;‘ <‘7 dr ) - a;‘ {‘7 (ddt B aaz )} =0, 6.12)

which follows from (6.10) and the reduced Liouville property 8(770”8) /0Z° =0.

7. Reduced Vlasov-Maxwell equations

The phase-space transformation (6.1), and its associated induced operators and
meta-operators, allows us to derive the set of reduced Vlasov—Maxwell equations
(Brizard 2008). Examples of such reduced Vlasov—Maxwell equations include the
nonlinear gyrokinetic Vlasov—Maxwell equations (Brizard & Hahm 2007; Krommes
2012), which yield important numerical advantages (Garbet et al. 2010) in the
computer simulations of the turbulent evolution of magnetized fusion plasmas.

7.1. Reduced Vlasov equation
The reduced Vlasov equation is defined as the push forward of the Vlasov equation

(3.17):
9
0=T7° (g{“ + {/o, Ko}o + ¢E - {x,fo}o>
= %Jr{f, K} +eT“E - {T*x, f}., (7.1)
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which, using (6.8), yields
of  dZ" 9 32" _a - f
o - ( (Z', K)o +eTE-(Tx, }e> Y a2

ot dr 9Z" ot

where the reduced Vlasov distribution f = T~f, is defined as the push forward of the
local particle Vlasov distribution fy. The reduced Vlasov equation (7.2) can also be
written in divergence form as

0=

8(7f) 9 4.z
at az ( >

(7.3)
where we used the reduced Liouville theorem (6.12).
7.2. Reduced Maxwell equations

The reduced Maxwell equations are obtained from (5.8)—(5.9) by transforming the
local current and charge densities by meta-push-forward operation:

% —cV X B(r) = —4ne/j(Z)f(Z)5 X+p.—r) <dX di;;)
= —4nTJ,(r), (7.4)
V.-E(r)=4mne / TDfZ)8* X +p, —r)=4nT00(r), (7.5)
VA

while the remaining Maxwell equations (3.12) and (3.14) are unaffected by the
dynamical reduction. In (7.4), the push forward of the particle velocity v = dx/dr is
introduced:

_o (dox fdo . = _ dX dp. - _ -
T —=)|=T"°¢|—TX = € =1IX K. 76
( dt ) [dt ( +p€)] dt + dt X +p., K} (7.6)

In addition, the reduced charge and current densities in (7.4)—(7.6) involve the reduced
spatial displacement p, = T ‘x — X, which plays an important part in the definition
of the reduced polarization and magnetization (Brizard 2008) in the reduced Maxwell
equations (7.4)—(7.5). The meta-push-forward of the (local) charge density in (7.5)
yields the transformation T¢py = o, — V - P., where o, denotes the reduced charge

density, defined as
o) =e / X - T ZF @), (7.7)

and the reduced polarization charge density g,, = —V - P, is expressed in terms of
the reduced polarization P,, defined as (Brizard 2008, 2009)

P.(r)= 8/53()( T IVAVATIVAR S (7.8)
z

The meta-push-forward of the (local) current density in (7.4) yields the transformation
T<Jo=J.+ 0P, /0t +cV x M., where J. denotes the reduced current density, defined
as

S S
J.)=e / $X -0 T @i @), (7.9)
Z
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Jyor = 0P./0t denotes the reduced polarization current density and the reduced
magnetization current density J,,, =cV x M, is expressed in terms of the reduced
magnetization M., defined as (Brizard 2008, 2009)

— 1d.p, d X
M.(r)= < /33(X—r)pe x [ =P TDfZ)+-- (7.10)
cJz 2 dr
Hence, the reduced Maxwell equations (7.4)—(7.5) may also be written as
9D. 4nJ (7.11)
e = AT, .

ot

V.D,=4ng., (7.12)

where the reduced electromagnetic fields are D, =FE + 4nP. and H. =B — 4nM..

8. Lie-transform lift of the Vlasov-Maxwell bracket

In complete analogy with the definition of the reduced Poisson bracket (6.6), we
now define the reduced Vlasov—Maxwell bracket [, ].:

[F, Gle = T*((T~*F), (TG)]o), (8.1)

which acts on functionals of the reduced Vlasov distribution f and the electromagnetic
fields (E, B). The reduced bracket (8.1) satisfies the standard antisymmetry and
Leibniz properties. By introducing the double functional-bracket transformation

T ([Fo, [Go, Hololo) = T (T (TFp), T (T [sz']rigo);'ﬂ'fE (T*Ho)lo)1o)
= [TFo, [TGo, T*Holele = [F, [G, Hlcle, (8.2)

we note that the reduced Vlasov—Maxwell bracket [, ]. satisfies the Jacobi property:

[?7 [?a E]e]e + [6’ [E, -T]e]e + [E’ [.T, ?]e]e = 09 (83)

since the local Vlasov—Maxwell bracket [, ]y satisfies the Jacobi property.

8.1. Reduced Vlasov—Maxwell bracket

In what follows, we combine the local phase-space transformation 7, and the
near-identity phase-space transformation 7€ into a single phase-space transformation
T.=T¢ o7, Hence, we introduce the operators T, = T,T¢ and T;l =T°T, Uas well
as the meta-operators T, =TT, and ’]I‘;l =T, e,

The reduced Vlasov—Maxwell bracket (4.39) now becomes

[F.Gl. = T.AT,'F. T.'G))
18F 168G
_/‘7 {Jaf J5f}

-1 -1 -1 -1
+4nc/ (T F) v §(TG) (T G) v (T F)

. X . X
SE(r) SB(r) SE(r) SB(r)
Downloaded from https://www.cambridge.org/core. University of Texas Libraries, on 01 Jul 2020 at 19:12:41, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50022377816001161



https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0022377816001161
https://www.cambridge.org/core

Lifting of the Viasov-Maxwell bracket by Lie-transform method 25

S(T-'F) o — 168G
_4ne[W-[/ijS(X_‘_pe_r){X—i_pE 7 }]

5
ST'D) | [0, = A
+4ne/r o -[/ija <X+pe—r>{X+pe,j8f}J, (84)

where the reduced functional derivatives are defined as

S(T]'F)  6F _/T_1 [3(T€Z“)] af OF
7 €

SE(r)  SE(r) SE(r) | 9Z° 5f(Z)
— ﬁ AT
= S50 A F(r), (8.5)
S(T.'F)  oF _/T_1 [8(T€Za)] 3f 8F
SB(ry  8B(r) J; ° | SB(r) | 9Z" 5f(Z)
— 5’7: €T
= 550 — AYF @), (8.6)
with o -
[ 8(TSVF) :/ s, = ST
T <5E(x) >_ ra X +p. r)icSE(r) . (8.7)

We will now show that the reduced Vlasov—Maxwell bracket (8.4) can be used to
derive the reduced Vlasov equation (7.2) and the reduced Maxwell equations (3.12)
and (7.4).

8.2. Hamiltonian formulation of the reduced Vlasov—-Maxwell equations
By inserting the reduced Hamiltonian functional

_ 1 —
H[f,E,B]ETHo:&t/(|E|2+|B|2)+/ij(E,B) (8.8)
r VA

in the reduced Vlasov—Maxwell bracket (8.4), and integrating by parts, we obtain

_ o
[F, H] = /6; {f. K} +4me (/53(X+pe—r){x+pe,f}g.‘Mﬂ

f SE(r)
8(T; ‘]—“) S(T-'H)
v [Soeev x (amr) )—’H;J(r)
-1 —177
cane [T g (M) | 59
. SB(r) SE(r)

where K=H — eT_'®, and the meta push forward TJ=Jc+0P./dt+cV x M, of
the particle-current density is given by (7.4), with §H/8f = 7K and {X + o, K} =
d.X/dt +d.p_./dt. In addition, the functional derivatives

S(T,'"H) _[E(r) - S(T.ZH\ of
SE(r) _[475 +/Z € ( SE(r) )37‘
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S(Tzlﬁ)_ B(r) L (S(TZYHYN of e B
SB(r) _[411 +/ZT6 <53(,)> JK} APH="". @1

are used in the Maxwell sub-bracket while T '[§(T 'H)/SE(x)] = T.'E/4w is used
in the interaction sub-bracket.
By combining these expressions, we find

[?aﬁ]ez /58.‘]/?- {f‘ K}e +€T lE {X-"_pe?f}]
+ / <3F A“)f) - (cV x B—4nT.J) — (‘SF — A;;’Jf) - (cV x E)
8F 9 §F OE OF OB
/ ff+ <F-+f->, (8.12)

SE oB
8f ot SE 9t 6B ot

where we used the reduced Maxwell equations (3.12) and (7.4). We also substituted
the reduced Vlasov equation (7.2):

—=a

of o e = - 32" of
Y K —eT'E-(X+P,. [} — 2L 8.13
o {f, K}e —eT, X+0.f} % 37 (8.13)
where
32" of - NT.ZH] of
at 0Z" € ot 0Z"

= /[8E T (‘WGZ )> RN S <8(T Za)) fa] . (8.14)
ot SE(r) ) 0Z" ot 8B(r) ) oZ

so that we made use of the identity in (8.9):

OE OB a.Z" of 8F
AYF . — 4 AVF. — _/ < L 8.15
/,<EJT A7 ot 7 ot 0Z" §f 8.15)

Hence, the reduced Vlasov—Maxwell equations can be expressed as (8.12) in terms
of the reduced Hamiltonian functional (8.8) and the reduced Vlasov—Maxwell
bracket (8.4).

9. Summary

The reduced Vlasov—Maxwell bracket (8.4) has been derived from the local Vlasov—
Maxwell bracket (5.32) by Lie-transform methods based on the dynamical reduction
associated with a near-identity phase-space transformation 7€ and its inverse 7T .
These phase-space transformations induce transformations on functions denoted by the
push-forward operator T~ ¢fy =f, o7 ¢ and the pull-back operator Tf =f o T¢. These
pull-back and push-forward operators, in turn, induce transformations on functionals
denoted by the meta-push-forward operator T¢ and meta-pull-back operator T ¢, which
guarantee the Jacobi property (8.3) for the reduced Vlasov—Maxwell bracket.

In future work, we will explore the Hamiltonian formulation of the guiding-centre
Vlasov—Maxwell equations, following recent works by Burby et al. (2015a) and Burby,
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Brizard & Qin (2015b), as well as the variational formulations of guiding-centre
Vlasov—Maxwell theory derived by Brizard & Tronci (2016). In particular, we will
focus on investigating how the Hamiltonian properties of the reduced Vlasov—Maxwell
bracket (8.4) survive (i) the closure problem: the process of truncation of the
guiding-centre Vlasov—Maxwell bracket at a finite order in € (so far expressions
have been derived at all orders in €) and (ii) the averaging problem: the process by
which the gyroangle is eliminated from the guiding-centre Vlasov—Maxwell bracket
(since guiding-centre VIlasov—Maxwell equations do not involve the fast gyromotion
time scale). In (8.4)—(8.6), since the terms p, and A(Eﬁ)B are expected to contain
gyroangle-independent and gyroangle-dependent contributions resulting from the
guiding-centre transformation, the gyroangle averaging and closure problems of the
guiding-centre Vlasov—Maxwell bracket will be addressed explicitly.
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