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1. Introduction

Ideal magnetohydrodynamics (MHD) is the simplest model in
plasma physics, and is used extensively in the arenas of fu-
sion, space and astrophysical plasmas; see e.g. [1] and references
therein. From a mathematical perspective, ideal MHD represents a
natural extension of ideal hydrodynamics (HD) as it is endowed
with geometric properties that mimic those of ideal HD. Much of
this geometric structure arises from the flux freezing condition,
which is intimately linked with the conservation of magnetic and
cross helicities.

It is a widely accepted maxim that topological invariants play
a key role in several areas of physics. In HD, the fluid helicity
plays a similar role, as it constitutes a measure of the Gauss link-
ing number of vortex lines, as shown in the pioneering work of
[2]. In MHD, an equivalent role is played by the magnetic helic-
ity, whose topological properties were extensively investigated in
[3]. Subsequently, the topological formulations of HD and MHD,
especially their attendant helicities, underwent increasing math-
ematical sophistication; representative examples in this category
include [4-19]. Fluid/magnetic helicities also emerge naturally as
a consequence of the underlying relabeling symmetry of HD and
MHD, on account of Noether’s theorem [20,21]. It is worth noting
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that the relativistic version of helicity [22], and its concomitant
topological properties have been studied in [22-25].

We emphasize that this topological nature has come under
greater experimental scrutiny [26-28] demonstrating that helicity
is converted from links/knots to coils. In addition to the impor-
tance of these helicities as topological invariants, they are also in-
dispensable in understanding the self-organization and relaxation
of fluids/plasmas [29-36]. In the astrophysical context, (magnetic)
helicity has played a pivotal role in solar physics [37-40], helicity
injection [41,42], reconnection [43,44], turbulence [45,46] and dy-
namo theory [46,47]. We observe that concurrent applications and
uses of helicity in fusion plasmas also abound; some examples are
listed in [48].

Although MHD is endowed with several unique properties, it
is also inapplicable in several domains. Hence, several extensions
of ideal MHD have been studied, such as Hall MHD [49], electron
MHD [50], and extended MHD [51]. There has been much inter-
est in Hall MHD, as it possesses helicities and relaxed states akin
to that of ideal MHD [52,53], and has been widely studied as a
model of fast reconnection [54]. Hall MHD can be further gener-
alized to include the effects of electron inertia, thereby resulting
in extended MHD. Alternatively, a model with electron inertia, but
lacking the Hall terms, was proposed in [55,56] with the accompa-
nying title of inertial MHD.

In this paper, we propose to highlight the commonality of all
the extended MHD models through several avenues. These include
the delineation of the appropriate conserved helicities and the ap-
propriate frozen-in fluxes. Furthermore, we demonstrate that all
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of these models possess a virtually identical Hamiltonian structure
[57,58] - the latter refers to the existence of a suitable (conserved)
energy and a noncanonical Poisson bracket. Such Poisson brack-
ets were first constructed for ideal HD and MHD in [59], and are
quite different in structure as the physical Eulerian fields (such as
density, velocity, etc.) are not canonical in nature. An extended dis-
cussion of these brackets, and the advantages of the Hamiltonian
description of fluids/plasmas can be found in [60-62].

The outline of the paper is as follows. The common Hamilto-
nian structure of different extended MHD models is presented in
Section 2. In Section 3, we sketch the unifying topological aspects
of the various extended MHD models. Finally, we summarize our
results in Section 4, and indicate how they could play an important
role in fusion and astrophysical plasmas.

2. Hamiltonian structure of extended MHD models

In this Section, we shall present the dynamical equations of
different extended MHD models, demonstrate the existence of a
common Hamiltonian structure, and thereby construct the associ-
ated helicities and generalized frozen-in fluxes.

2.1. Mathematical preliminaries

We begin with the equations of extended MHD, which comprise
of the continuity equation
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The variables p, V and ] serve as the total mass density, cen-
ter-of-mass velocity and the current respectively. The variable n
appearing in (2) and (3) is the number density, and is defined as
n = p/(m; + me), with m; and m, representing the ion and elec-
tron masses respectively. In the above expressions, observe that
o) =V x B, the total pressure is represented by p whilst p; and
pe denote the ion and electron pressures respectively, § = me/m;
is the mass ratio, and m, represents the mass of the species ‘A’.
Broadly speaking, the above set of equations are derived from the
standard two-fluid theory of plasma physics [1] by neglecting the
displacement current, imposing quasineutrality, and carrying out a
systematic expansion in §. We refer the reader to [1,51,63], where
a detailed, and rigorous, derivation of extended MHD from two-
fluid theory is presented (see also [57]). The regimes of validity for
extended MHD, and the specific conditions under which certain
terms can be eliminated to obtain simpler models, are described
in [1,55,63].

If one adopts the standard Alfvén units, and introduces the dy-

namical variable
V xB
} , (4)
P

which is well-known from electron MHD [50] and collisionless
(two-fluid based) reconnection studies [64,65], we observe that (2)
and (3) can be recast into
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where the assumption of a barotropic equation of state was used
in simplifying the equations. The total enthalpy h, in this scenario,
is related to the pressure p via the relation Vh = p~1Vp, whilst
di =c/ (wpil) and de = ¢/ (wpel) serve as the normalized electron
and ion skin depths respectively. The quantities wp; and wpe are
the ion and electron plasma frequencies respectively, defined via

Wp), = ‘/n,\oqi/soml with ‘A’ denoting the species label. Here, g,
and m, are the charge and mass of the given species, whilst n,q is
a characteristic number density; for this reason, one must view d;
and d. as normalization constants expressed in terms of the fidu-
cial values of the ion and electron plasma frequencies respectively.
The intermediate steps involved in deriving (5) and (6) from (2)
and (3) have been presented in [57].

Furthermore, it can be shown that (5) and (6), in conjunction
with (1), conserve the energy:

(7)
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Observe that the above expression does depend on d, but is in-
dependent of d;. We observe that the last term in the above
expression, proportional to d , is absolutely necessary for energy
conservation and emerges via the last term on the RHS of (2). The
latter is often neglected in textbook treatments, leading to erro-
neous conclusions; see [55] for a detailed discussion of the same.

2.2. Common Hamiltonian structure of the extended MHD models and
associated properties

We are now in a position to commence our analysis of the dif-
ferent extended MHD models.

Hall MHD: Hall MHD (HMHD) is a model that neglects electron
inertia, and it amounts to letting de — 0 in (5), (6) and (7). Alter-
natively, it can be viewed as the model wherein the last term on
the RHS of (2) is neglected, along with the last term in the first
line of (3), and all the terms on the second line of (3). The current
formulation of barotropic Hall MHD was presented in [66], and we
shall reproduce it below, as it constitutes a core part of our inves-
tigations:

(F, GYTMHD — —/d3x[ [FoV -Gy + Fyv-VG,]
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B
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B
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and we shall represent this noncanonical bracket as

where (i) {F, G}MHD comprises of the first four lines on the RHS
of (8) and is the ideal MHD bracket first derived in [59], and (ii)
{F, G}Hdll is the last term on the RHS of (8), and is characterized
by the presence of the factor d;. We observe that the Jacobi iden-
tity for this (noncanonical) bracket was first shown in [57], and an
alternative, more detailed, version was presented in [58]. Through
the suitable use of (8), it is easy to establish that there are two
helicities for Hall MHD, which serve as Casimir invariants of the
model; Casimirs are special invariants which satisfy the property
{F,C} =0 for all arbitrary choices of F. The two Casimirs of inter-
est are

C,:/d3xA~B, (10)
D

C,,:/d3x (A+d;V)- (B+d;V x V), (11)
D

which represent the magnetic and ion canonical helicities respec-
tively [67]. Hall MHD exhibits two frozen-in quantities, which be-
have as Lie-dragged 2-forms. These correspond to dynamical equa-
tions of the form

[%-ﬁ-ﬂv] B+d;V xV)-dS=0, (12)
2 ey |B.ds=o0 (13)
ot Ve =Y,

where £x indicates the Lie-derivative with X serving as the flow
field, V. =V —d;V x B/p denotes the electron velocity, whilst B-dS
and (B+d;V x V) -dS constitute the magnetic and ion canonical
vorticity fluxes respectively; here dS represents an area element.
For a discussion of the Lie derivative (and the phenomenon of Lie
dragging) in ideal HD and MHD, we refer the reader to [11,68]. The
two expressions are equivalent to the statement that the canonical
vorticity (curl of the canonical momenta) flux of each species is
Lie-dragged by the corresponding velocity of that species. We shall
return to this issue in greater detail in Section 3.

Inertial MHD: Inertial MHD (IMHD) arises upon setting d; — 0
in (6). The astute reader may wonder why d; — 0 does not au-
tomatically imply d. — 0 as well since m, <« m;. However, we
emphasize that the two parameters are independent. In particu-
lar, inertial MHD is valid when the time scale for changes in the
current is much shorter than the electron gyro period [55]. A prac-
tical use of inertial MHD stems from the fact that a simplified and
reduced version yields the famous Ottaviani-Porcelli reconnection
model [64]. Alternatively, inertial MHD amounts to dropping the
terms on the RHS of the first line of (3). A Hamiltonian formula-
tion for the 2D version was presented in [56], and the full structure
was determined in [57]. An independent bracket for the model was
constructed in the latter, but [58] showed that the inertial MHD
bracket could be mapped to the Hall bracket as follows:

{F,GY!MHD = (F GyHMHD [12d,; B.], (14)

and this indicates that the inertial MHD bracket is exactly identical
to the Hall MHD bracket provided that B— B+ =B*+d,V x V and
di — F2d, in (8). It is evident from (14) that there exist two dif-
ferent transformations that map the Hall MHD bracket to inertial
MHD.

We see that the new variables B, which empower us to tran-
sition between the two brackets, are closely related to the two
helicities of inertial MHD, which have the form

Cru :/d3x (A* £dcV) - (B* £d.V x V). (15)
D

The difference of the above two helicities leads to the Casimir:

C”l =/d3XV-B*, (]6)
D

which resembles the cross-helicity invariant of ideal MHD, after
performing the transformation B — B*. Hence, this highlights the
commonality of inertial and ideal MHD. Just as in Hall MHD, there
exist two Lie-dragged 2-forms, given by

[%-ﬁ-ﬂvi}BidS:O, (17)
where V. =V +d.V x B/p and B4 has already been previously
introduced.

Extended MHD: Finally, we consider extended MHD (XMHD),
which was first derived correctly in [51]; the reader is referred
to [55] where several sources that use incorrect versions of this
model are discussed. Extended MHD comprises of (1), (5) and (6)
in their entirety, and its Hamiltonian formulation was first pre-
sented in [57]. However, the bracket for extended MHD can be
mapped to Hall MHD, as in inertial MHD, as follows:

{F,GYMHD = (F G}PMHD [g; — 2k, ; By, (18)

indicating that the extended MHD bracket is simply recovered via
B— By :=B*+k+V xV and dj — dij — 2k+ in (8), the Hall MHD
bracket [58]. We observe that «4 is determined via the quadratic
equation k2 — dijx —d? =0, implying the existence of two such so-
lutions (k4 and «x_). As a result, it is worth emphasizing that there
are two possible mappings from the Hall MHD bracket to extended
MHD in (18). Upon taking the limits d; — 0 and d. — 0, and map-
ping to the original variables, it is straightforward to verify that
one recovers the inertial and Hall MHD brackets respectively. We
also note that the above definition of B4 reduces to the inertial
MHD definition for B+ when d; — 0.
Extended MHD is also endowed with two helicities, given by

Cri= /d3x (A* +k+V) - (B +k+V x V), (19)
D

and one can verify the existence of two Lie-dragged 2-forms, which
are governed via

[%—i—ﬁvi]Bi-dS:O, (20)
where V4 =V —«1V xB/p and By =B*+«+V x V. We note that
V. and B. duly reduce to their Hall and inertial MHD counter-
parts upon taking de — 0 and d; — O respectively.

From the preceding analysis, it is possible to draw the following
conclusions:

e There exists a clear hierarchy of models starting from extended
MHD. Upon neglecting the Hall terms via d; — 0, we arrive at
inertial MHD. Similarly, neglecting electron inertia via de — 0
leads to Hall MHD, and neglecting both of them concurrently
yields ideal MHD.

e This hierarchy is best encapsulated by (18) which demon-
strates the application of the above limits leads to the emer-
gence of inertial, Hall and ideal MHD brackets from the over-
arching extended MHD noncanonical bracket.

e The commonality between all the extended MHD models has
been highlighted through the existence of a common bracket,
whose basic structure takes the form of (8).
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e Owing to this commonality, all extended MHD models are en-
dowed with two helicities, which also serve as Casimir invari-
ants. This feature is clearly inherited from the parent 2-fluid
model, whose bracket exhibits similar properties [69].

e All of the extended MHD models possess two Lie-dragged
2-forms, indicating that generalizations of the frozen-flux con-
dition of ideal MHD can be easily built. Consequently, this
implies that these quantities serve as the analogs of the mag-
netic field in ideal MHD, enabling the generalizations of the
Cauchy formula for the latter.

e The above property makes it possible to construct a unified
(Lagrangian variable) action principle for these models, by
building the constraints into the model a priori, akin to the
ideal MHD action [70]. By employing the reduction procedure,
we can also derive the noncanonical bracket (8) in a rigorous
manner. We note that both these aspects have been success-
fully tackled in [71].

e The unified action principle delineated in [71] is complemen-
tary to the approach espoused in [63], where an alternative
(Eulerian-Lagrangian variable) action principle was studied.

3. Geometric and topological properties of the extended MHD
models

Hitherto, our analyses have not considered the explicit conse-
quences of the commonalities described in Section 2, and have,
instead, focused primarily on highlighting them. Now, we shall
present a few applications of our (unified) Hamiltonian formula-
tion, and highlight its advantages. Henceforth, we shall adopt a
coordinate independent language wherever possible, as it simpli-
fies and generalizes our discussion.

3.1. Generalized circulation and helicity conservation theorems

Firstly, we begin by noting that one can define a generalized
vector potential from By :=B*+k.VxVvia B =Vx AL :=Vx
(A* + k+V). After some extensive algebra, it is possible to show
that

a
a—’%:VAi-vi—vi-v.AiJrvwi, (21)
where V4 =V — k- V x B/p was defined earlier, and
d? J? J-v
Vi o= kwhe — (;<i+d—j)h,-—qsuﬂcharg5 — (22)

In (22), note that h; is the enthalpy of species A, ¢ is the electro-
static potential and J is the current. It is more intuitive to rewrite
(21) as

d
[§+£vi}Ai=dwi, (23)

where AL is the 1-form associated with the components of A..
Similarly, we can introduce the 2-form B4 = dA., whose evolution
is determined by applying the exterior derivative ‘d’ to (23). We
use the fact that d? = 0, along with the commutative property of
the exterior derivative and the Lie derivative [72], thereby leading
us to the relations

d
|:—+2vii| B+ =0, (24)
at

and this is identical to (20). In other words, in our (new) nota-
tion, B+ = B4 - dS. Hence, it is possible to undertake a consistency
check, and verify that (24) leads to

B+

T =V x (Vi X Bi), (25)

upon using V - BL =0 and noting that the vector density B. is
dual to the 2-form By [68]. We can also introduce the 3-form
K+ =A+ AdAL, which we shall return to shortly hereafter.

From fluid mechanics, the conservation of circulation has been
known since the 19th century. It is now straightforward to show
that one can derive a generalized circulation theorem.

d
— / Ay -dl
dt t=to
Li(t)
_d AL(t) —d/d>*A(t)
e . t=to e Ve 755 t=tg
Ly (®) L+ (to)
d
= / AL (0) + (t — to) Lv, Ax + O((t — t0)?)
L+ (to) (=t
oA
- / e oAl = / dys =0, (26)
ot t=t
L+ (to) L+ (to)

where @{‘,i’t denotes the pullback with vector field V1 parametr-
ized by t [73]. The integration is carried over the contour L. (t),
and the above statement indicates that the generalized vorticity
flux is frozen-in for a fluid moving with velocity V. - a general-
ization of the famous frozen-flux condition of ideal MHD. This can
be explicitly worked out, as shown below

d / d
— By -dS =— / B (t)
dt t=to dt t=to
S+(t) S+(0)
doB
_ f P | ey.BL| =o. (27)
at t=t

S+(to)

The 3-forms associated with extended MHD were defined earlier
via K1 := AL AdA4, and we emphasize that Ky := fVi Tr (K1)
represent the generalized helicities of ideal MHD, and Tr denotes
the (ad-invariant) inner product. We shall drop this notation (Tr)
henceforth, but it is implicitly present whenever we deal with
helicity-like quantities. We find that (23) can be duly manipulated
to yield

0K+

- Lv. Ky =dpe AdAL =d(YrdAL), (28)

and by invoking Stokes’ theorem, we end up with

d

R / Ki= / d(Y+dAL) = / Y+dAL =0, (29)
V() V() V()

as long as the generalized vorticity vanishes on the boundary. It
is evident that (29) constitutes another proof for helicity conser-
vation, thereby complementing the earlier (coordinate dependent)
results presented in [57,58,71]. It was shown in [20,21] - see also
[74,75] for associated treatments - that magnetic or fluid helic-
ity conservation was a natural consequence of Noether’s theorem
on account of the (Lagrangian) particle relabeling symmetry of the
ideal HD and MHD actions. By applying a similar procedure to the
extended MHD action [71], the invariance of the helicities of ex-
tended MHD can be established accordingly.

3.2. Topological aspects of the generalized helicities of extended MHD

Now, we shall take a greater look at the topological ramifi-
cations of K+ and (29), viz. the generalized helicities and their
conservation properties respectively.

Let us begin by recalling that A, and A_ serve as 1-forms,
appropriately constructed from Ay, where the latter was defined
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towards the beginning of Section 3.1. If one lets de — 0 and d; — 0,
we have already indicated that the vector potential A follows from
A.. Yet, it is important to recognize that all other versions of ex-
tended MHD have, not one, but two such 1-forms. It is well known
that the general expression for a helicity-type quantity is given by
H= [, P AdP, where M is a compact 3-manifold and P is a
1-form. We have dropped the inner product operator (Tr) as noted
earlier. Hence, one can duly construct two helicity-like quantities
by setting P = A+ and the corresponding (generalized) helicities
are given by K.

We have reiterated the above steps because the crucial as-
pect of our work is that these generalized 1-forms, 2-forms and
helicities can be seen as the exact analogues of the vector po-
tential/velocity, magnetic field/vorticity, and magnetic/fluid helicity
respectively. As a result, we are in the remarkable position of ex-
ploiting every known topological property of ideal HD or MHD by
generalizing it to extended MHD via the variable transformations
introduced here, and in [58].

For instance, consider the description of the fluid helicity in
terms of thin vortex filaments, which are represented collectively
by an oriented knot (or link) in M. The expression for the fluid
helicity is given by

H:Z‘)iszijLZZViVijif’ (30)
i ij

where v; denotes the vortex circulation, whilst Lk; and Lk;; are the
self-linking and Gauss linking numbers respectively [6,76]. More-
over, we observe that Lk; = Wr; + Twj, implying that the self-
linking number can be decomposed into its writhing and twisting
numbers; the latter duo are topologically relevant in their own
right [6,13,14,77]. The decomposition of helicity into its various
components has also been verified empirically through a series of
ingenious experiments [26-28], and numerical simulations in dy-
namos [78]. If we replace the vortex filaments, circulation, etc. by
the generalized counterparts (corresponding to B.), we find that
the generalized helicities can be decomposed in a manner exactly
identical to (30).

For all its elegance and utility, the linking number is beset by
a number of limitations. The foremost amongst them is that it
cannot distinguish between certain topological configurations, such
as the Whitehead link and the Borromean rings [79]. The con-
ventional means of distinguishing between such configurations is
via the Massey product [80] and its generalizations [81], or other
higher-order invariants [82-84]. As per the correspondence be-
tween ideal MHD (or HD) and the different variants of extended
MHD established earlier, we may be able to construct the equiv-
alent (higher-order) topological invariants for the latter class of
models. It is at this juncture that we introduce the remarkable in-
sight provided by Witten [85] between topological quantum field
theory (TQFT) and knot theory. In particular, Witten demonstrated
that the Jones polynomial, a staple of knot theory, could be natu-
rally interpreted in terms of the Chern-Simons action of (2+ 1)
Yang-Mills theory. The Chern-Simons action for a non-Abelian
field theory is given by

2
S:/(P/\dP+§P/\PAP), (31)
M

up to constant factors. Now, suppose that the underlying gauge
group is Abelian, and this choice eliminates the second term on
the RHS of the above expression. Consequently, we are led to
the striking result that the helicity is an Abelian Chern-Simons
action [86,87]. As a result, one can employ the versatile mathemat-
ical formulations of Chern-Simons theory (a 3-dimensional TQFT)
[88-90] in the realm of plasma and fluid models, thereby open-
ing up a potentially rich and diverse line of future research, as

these methods are more sophisticated than standard paradigm of
computing the linking number(s); for instance, the Jones polyno-
mial is capable of distinguishing between the Whitehead link and
the Borromean rings (which have an identical linking number of
zero, as previously mentioned). Despite the inherent mathemati-
cal richness of the helicity/Chern-Simons correspondence, it hasn’t
been sufficiently exploited from a knot-theoretic perspective — the
mathematical works by [11,91,92] on the Jones and HOMFLYPT
polynomials in HD and MHD constitute the only such examples
of this specific line of inquiry. Although [91,92] utilized the formal
equivalence between the fluid (or magnetic) helicity and Abelian
Chern-Simons theory, there have been prior studies in high en-
ergy physics and topological hydrodynamics that were cognizant
of this concept (see e.g. [11,86]). It is also straightforward to ap-
ply this framework to non-Abelian magnetofluid models, as briefly
stated in [87].

Thus, we are free to import the results of [11,91,92] in the
context of the generalized helicities. In particular, following the
mathematical reasoning delineated in [91], we are free to compute
the Jones polynomial for a given configuration of the generalized
helicity (of which there are two in all). The proof relies on the con-
struction of the skein relations by means of the Kauffman bracket
polynomial, and then introducing orientation to obtain the skein
relations of the corresponding Jones polynomial. Let us interpret
the results from the preceding discussion for the (simpler) case
of Hall MHD. One of the Jones polynomials would arise from the
magnetic helicity, whilst the other arises from the canonical helic-
ity. The difference of these two helicities is the sum of the cross
and fluid helicities. Hence, the associated Jones polynomial, arising
from this remainder, would encapsulate the topological properties
of the fluid and cross helicities.

Quite intriguingly, the Chern-Simons forms are odd-dimensional
differential forms [93], implying that the Chern-Simons action (31)
is meaningful only for odd dimensions, given that it is proportional
to the integral of the Chern-Simons form. In turn, owing to its
identification with the generalized helicities, the latter acquire this
distinct mathematical structure only in odd dimensions. Ipso facto,
this may imply that helicities (magnetic, fluid or generalized) of
this form will naturally emerge in non-relativistic (3D) theories,
but not, perforce, in the case of relativistic theories, as they are in-
trinsically four-dimensional in nature. In particular, we note that
relativistic MHD possesses a cross helicity akin to its 3D counter-
part, but the 4D version of the conventional (3D) magnetic helicity
has proven to be elusive from a Hamiltonian perspective [94], al-
though it has been derived through other avenues [22,23,25].

It must be recognized that knot polynomials are not the only
means of distinguishing between different topological configura-
tions. Thus, one can easily utilize more powerful mathematical
formalisms to study ideal and extended MHD, examples of which
include Khovanov and Heegaard Floer homologies, and possibly
contact topology on account of its relevance in Legendrian knots
[95,96]. In the theory of contact structures, one deals with a plane
field £ on a manifold M, which can be locally represented as the
kernel of a 1-form « (the contact form). A necessary condition for
the plane field to be a contact structure is that o A do is non-
zero. If we identify o with AL, it is evident that Ky := AL AdAL
must be non-zero - as a result, a potential connection between
the generalized helicities (constructed from the integrals of i)
and contact geometry arises. We also note that the relationship
between contact topology and hydrodynamics has already been
probed in the context of Beltrami fields by [97].

At this stage, we observe that K. =0 also leads to several in-
teresting results that arise from the Frobenius theorem; see for e.g.
Theorem 2.2.26 (p. 93) of [73]. The condition K+ =0 is equivalent
to the associated plane field & = kera being closed under the Lie
bracket. Mathematically, the latter amounts to the following state-
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ment: if vy and v, are sections of &, their Lie bracket [vq, v2]
must also be a section of . If a plane field is closed under the Lie
bracket, the Frobenius theorem implies that & is foliated (simply
covered) by surfaces (tangent to &) [98]. Given that the Frobenius
theorem has important ramifications for integrability, and the ev-
ident connections with the generalized helicities via K., we shall
defer further investigations to future publications.

Apart from the topological properties of helicity, as seen in
isolation, one can also probe its relationship with energy. For in-
stance, a classic result by Moffatt [4] established a relation be-
tween the minimum magnetic energy Enin, the flux & and the
volume V of a magnetic flux tube as follows:

Epin = m®2v =173, (32)

where m depends on the specific properties of the knot, and it is
a topological invariant; see also [5,8,17] for similar results. When
dealing with extended MHD, the magnetic component of the en-
ergy density must be transformed from B2 to B-B*. As a result,
it is natural to ask whether one generalize the result (32) to ex-
tended MHD, and we intend to pursue this line of inquiry in our
subsequent works.

The applications we have outlined thus far barely scratch the
surface. There are many other results from HD and MHD that
can be imported to extended MHD involving helicity. For instance,
one such example is helicity injection. This phenomenon has been
widely studied in the solar context [41,42] as it has important
ramifications, but there have been no studies dealing with general-
ized helicity injection. We shall leave such subjects for later inves-
tigations - it is our present goal to highlight the correspondence
with HD/MHD, thereby paving the way for conducting in-depth re-
search in these areas.

4. Discussion and conclusion

In this paper, we have emphasized and exploited the inherent
mathematical power of the unified Hamiltonian structure of sev-
eral extended MHD models. This enterprise was rendered possible
owing to the work of [57], and the unified Hamiltonian (and its
underlying action principle) structure was established in [58,71].

Quite evidently, a host of avenues open up for future analy-
ses. The first, and possibly, the most significant is the derivation
of reduced extended MHD models that retain the Hamiltonian
properties of the parent model. Such models are likely to be of
considerable relevance in reconnection studies, thereby furthering
the basic approach adopted in [64,65,99,100]. For this reason, it is
equally important to conduct a detailed examination of their sta-
bility via Hamiltonian methods, analogous to the extensive study of
ideal MHD by [101]. We also note the possibility of using extended
MHD models to study dynamos and jets [102], as well as helicity
injection [31], the last of which appears to be a completely un-
explored arena. Although these models are endowed with the ion
and electron skin depths, the absence of the corresponding Lar-
mor radii is evident. To rectify this limitation, it is feasible to use
the gyromap [103,104] in the extended MHD context, to develop a
gyroviscous theory analogous to the one formulated by Braginskii.

From the unified Hamiltonian structure of these models, we
demonstrated that they possess a common class of Casimir in-
variants - the generalized helicities. Motivated by these helici-
ties, we sought the generalizations of the vorticity (or magnetic
field), and thereby established the existence of two Lie-dragged
2-forms. Thus, the whole enterprise demonstrated that the topo-
logical properties of these models are a natural consequence of
their Hamiltonian structure. We believe that this is a vital, but
rather unrecognized, fact that merits further attention. By con-
structing these helicities and 2-forms, we derived properties such

as the generalization of Kelvin’s circulation theorem in a geomet-
ric setting. Moreover, we also showed that these helicities can be
viewed as Abelian Chern-Simons theories, and that the method-
ology introduced by Witten, for gaining insights into topological
quantum field theory, could be employed here. Consequently, we
concluded that the Jones polynomials may be used to characterize
different (generalized vorticity) configurations, serving as a more
powerful tool than the standard Gauss linking number used to
characterize fluid or magnetic helicity. By introducing such topo-
logical methods for characterizing helicity, their relevance in the
domains of astrophysics and fusion is self-evident. One such ap-
plication, of paramount importance, is to deploy these topological
methods in gaining a better understanding of solar magnetic fields
[105].

In summary, we have used the noncanonical Hamiltonian for-
mulation of extended MHD models to arrive at their common
mathematical structure, which manifests itself via the existence
of generalized helicities and Lie-dragged 2-forms. These helicities,
which are topological invariants, can be further studied through a
host of techniques, including the Jones polynomial [11,91]. From a
conceptual point-of-view, our results are elegant, as they exemplify
the spirit of unification common to most physical theories. On the
other hand, we also believe that the results presented herein pos-
sess manifold concrete applications, especially since the helicities
serve both as important topological invariants, and crucial medi-
ators of relaxation and self-organization, reconnection, turbulence,
and magnetic field generation (dynamos) in fusion and astrophysi-
cal plasmas.

Acknowledgements

ML was supported by the NSF Grant No. AGS-1338944 and the
DOE Grant No. DE-AC02-09CH-11466. PJM was supported by DOE
Office of Fusion Energy Sciences, under DE-FG02-04ER-54742. ML
wishes to acknowledge Eric d’Avignon, Lee Gunderson, Stuart Hud-
son, Timothy Magee, Swadesh Mahajan and Taliya Sahihi for their
perceptive insights and remarks.

References

[1] J.P.H. Goedbloed, S. Poedts, Principles of Magnetohydrodynamics, Cambridge
Univ. Press, 2004.
[2] H.K. Moffatt, J. Fluid Mech. 35 (1969) 117.
[3] M.A. Berger, G.B. Field, ]. Fluid Mech. 147 (1984) 133.
[4] H.K. Moffatt, Nature 347 (1990) 367.
[5] M.H. Freedman, Z.-X. He, Ann. Math. 134 (1991) 189.
[6] H.K. Moffatt, R.L. Ricca, Proc. R. Soc. A 439 (1992) 411.
[7] HK. Moffatt, A. Tsinober, Annu. Rev. Fluid Mech. 24 (1992) 281.
[8] M.A. Berger, Phys. Rev. Lett. 70 (1993) 705.
[9] G. Hornig, K. Schindler, Phys. Plasmas 3 (1996) 781.
[10] RW. Ghrist, PJ. Holmes, M.C. Sullivan, Knots and Links in Three-Dimensional
Flows, Lecture Notes in Mathematics, vol. 1654, Springer, 1997.
[11] V.I. Arnold, B.A. Khesin, Topological Methods in Hydrodynamics, Applied
Mathematical Sciences, vol. 125, Springer, 1998.
[12] R.L. Ricca, D.C. Samuels, C.F. Barenghi, ]. Fluid Mech. 391 (1999) 29.
[13] J. Cantarella, D. DeTurck, H. Gluck, ]J. Math. Phys. 42 (2001) 876.
[14] M.A. Berger, C. Prior, ]. Phys. A 39 (2006) 8321.
[15] J.-L. Thiffeault, M.D. Finn, Proc. R. Soc. A 364 (2006) 3251.
[16] E. Ghys, in: Proceedings of the International Congress of Mathemati-
cians, vol. 1, Madrid, Spain, 2006, European Mathematical Society, 2007,
pp. 247-277.
[17] R.L. Ricca, Proc. R. Soc. Lond. Ser. A 464 (2008) 293.
[18] A. Enciso, D. Peralta-Salas, Ann. Math. 175 (2012) 345.
[19] G.M. Webb, B. Dasgupta, ].F. McKenzie, Q. Hu, G.P. Zank, ]. Phys. A 47 (2014)
095501.
[20] N. Padhye, PJ. Morrison, Phys. Lett. A 219 (1996) 287.
[21] N. Padhye, PJ. Morrison, Plasma Phys. Rep. 22 (1996) 8609.
[22] S.M. Mahajan, Phys. Rev. Lett. 90 (2003) 035001.
[23] Z. Yoshida, Y. Kawazura, T. Yokoyama, J. Math. Phys. 55 (2014) 043101.
[24] Y. Kawazura, Z. Yoshida, Y. Fukumoto, J. Phys. A 47 (2014) 465501.
[25] F. Pegoraro, Phys. Plasmas 22 (2015) 112106.
[26] D. Kleckner, W.T.M. Irvine, Nat. Phys. 9 (2013) 253.


http://refhub.elsevier.com/S0375-9601(16)30216-X/bib47503034s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib47503034s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4D3639s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib42463834s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4D6F66663930s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib46483931s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4D523932s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4D543932s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib426572673933s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib486F53633936s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4748533937s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4748533937s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib414B3938s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib414B3938s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib5253423939s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4344473031s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib42503036s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib54463036s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4768793037s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4768793037s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4768793037s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib5269633038s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4550533132s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib575A3134s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib575A3134s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib504D3936s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib50414D3936s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4D61683033s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib594B593134s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4B59463134s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib5065673135s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4B493133s1

2406 M. Lingam et al. / Physics Letters A 380 (2016) 2400-2406

[27] M.W. Scheeler, D. Kleckner, D. Proment, G.L. Kindlmann, W.T.M. Irvine, Proc.
Natl. Acad. Sci. 111 (2014) 15350.

[28] D. Kleckner, M.W. Scheeler, W.T.M. Irvine, Phys. Fluids 26 (2014) 091105.

[29] L. Woltjer, Proc. Natl. Acad. Sci. 44 (1958) 489.

[30] J.B. Taylor, Phys. Rev. Lett. 33 (1974) 1139.

[31] JM. Finn, TM. Antonsen, Comments Plasma Phys. Control. Fusion 9 (1985)
111

[32] J.B. Taylor, Rev. Mod. Phys. 58 (1986) 741.

[33] H. Ji, S.C. Prager, J.S. Sarff, Phys. Rev. Lett. 74 (1995) 2945.

[34] M.A. Berger, Plasma Phys. Control. Fusion 41 (1999) 167.

[35] AR. Yeates, G. Hornig, A.L. Wilmot-Smith, Phys. Rev. Lett. 105 (2010) 085002.

[36] C.B. Smiet, S. Candelaresi, A. Thompson, ]J. Swearngin, J.W. Dalhuisen, D.
Bouwmeester, Phys. Rev. Lett. 115 (2015) 095001.

[37] M.A. Berger, Geophys. Astrophys. Fluid Dyn. 30 (1984) 79.

[38] B.C. Low, Phys. Plasmas 1 (1994) 1684.

[39] M.A. Berger, M. Asgari-Targhi, Astrophys. J. 705 (2009) 347.

[40] A.A. Pevtsov, M.A. Berger, A. Nindos, A.A. Norton, L. van Driel-Gesztelyi, Space
Sci. Rev. 186 (2014) 285.

[41] A. Nindos, ]. Zhang, H. Zhang, Astrophys. J. 594 (2003) 1033.

[42] H. Jeong, ]. Chae, Astrophys. J. 671 (2007) 1022.

[43] D.I Pontin, Adv. Space Res. 47 (2011) 1508.

[44] D.I Pontin, A.L. Wilmot-Smith, G. Hornig, K. Galsgaard, Astron. Astrophys. 525
(2011) A57.

[45] D. Biskamp, Magnetohydrodynamic Turbulence, Cambridge Univ. Press, 2003.

[46] A. Brandenburg, K. Subramanian, Phys. Rep. 417 (2005) 1.

[47] A. Brandenburg, D. Sokoloff, K. Subramanian, Space Sci. Rev. 169 (2012) 123.

[48] A.H. Boozer, Phys. Fluids 29 (1986) 4123.

[49] M. Lighthill, Philos. Trans. R. Soc. 252 (1960) 397.

[50] A.V. Gordeev, A.S. Kingsep, L.I. Rudakov, Phys. Rep. 243 (1994) 215.

[51] R. Liist, Fortschr. Phys. 7 (1959) 503.

[52] S.M. Mahajan, Z. Yoshida, Phys. Rev. Lett. 81 (1998) 4863.

[53] Z. Yoshida, S.M. Mahajan, Phys. Rev. Lett. 88 (2002) 095001.

[54] D. Biskamp, Magnetic Reconnection in Plasmas, Cambridge Univ. Press, 2000.

[55] K. Kimura, PJ. Morrison, Phys. Plasmas 21 (2014) 082101.

[56] M. Lingam, PJ. Morrison, E. Tassi, Phys. Lett. A 379 (2015) 570.

[57] H.M. Abdelhamid, Y. Kawazura, Z. Yoshida, ]. Phys. A 48 (2015) 235502.

[58] M. Lingam, PJ. Morrison, G. Miloshevich, Phys. Plasmas 22 (2015) 072111.

[59] PJ. Morrison, J.M. Greene, Phys. Rev. Lett. 45 (1980) 790.

[60] PJ. Morrison, in: M. Tabor, Y.M. Treve (Eds.), Mathematical Methods in Hy-
drodynamics and Integrability in Dynamical Systems, in: American Institute
of Physics Conference Series, vol. 88, 1982, pp. 13-46.

[61] D.D. Holm, J.E. Marsden, T. Ratiu, A. Weinstein, Phys. Rep. 123 (1985) 1.

[62] PJ. Morrison, Rev. Mod. Phys. 70 (1998) 467.

[63] I. Keramidas Charidakos, M. Lingam, PJ. Morrison, R.L. White, A. Wurm, Phys.
Plasmas 21 (2014) 092118.

[64] M. Ottaviani, F. Porcelli, Phys. Rev. Lett. 71 (1993) 3802.

[65] E. Cafaro, D. Grasso, F. Pegoraro, F. Porcelli, A. Saluzzi, Phys. Rev. Lett. 80
(1998) 4430.

[66] Z. Yoshida, E. Hameiri, J. Phys. A 46 (2013) 335502.

[67] L. Turner, IEEE Trans. Plasma Sci. 14 (1986) 849.

[68] A.V. Tur, V.V. Yanovsky, J. Fluid Mech. 248 (1993) 67.

[69] R.G. Spencer, A.N. Kaufman, Phys. Rev. A 25 (1982) 2437.

[70] W.A. Newcomb, Nucl. Fusion Suppl. 2 (1962) 451.

[71] E.C. D'Avignon, PJ. Morrison, M. Lingam, arXiv:1512.00942, Phys. Plasmas
(2016), in press.

[72] V.I. Arnold, Mathematical Methods of Classical Mechanics, Graduate Texts in
Mathematics, vol. 60, Springer, 1978.

[73] R. Abraham, J.E. Marsden, Foundations of Mechanics, Benjamin-Cummings,
Reading, MA, 1978.

[74] M.G. Calkin, Can. ]. Phys. 41 (1963) 2241.

[75] A. Yahalom, J. Math. Phys. 36 (1995) 1324.

[76] R.L. Ricca, H.K. Moffatt, in: H.K. Moffatt, G.M. Zaslavsky, P. Comte, M. Tabor
(Eds.), Topological Aspects of the Dynamics of Fluids and Plasmas, in: NATO
ASI Series E: Applied Sciences, vol. 218, Kluwer, Dordrecht, 1992, pp. 225-236.

[77] T. Sahihi, H. Eshraghi, ]. Math. Phys. 55 (2014) 083101.

[78] M. Asgari-Targhi, M. Berger, Geophys. Astrophys. Fluid Dyn. 103 (2009) 69.

[79] L.H. Kauffman, Knots and Physics, World Scientific, 2013.

[80] M.A. Berger, J. Phys. A 23 (1990) 2787.

[81] G. Hornig, C. Mayer, J. Phys. A 35 (2002) 3945.

[82] A. Ruzmaikin, P. Akhmetiev, Phys. Plasmas 1 (1994) 331.

[83] H.V. Bodecker, Phys. Rev. Lett. 92 (2004) 030406.

[84] P.M. Akhmetiev, . Geom. Phys. 53 (2005) 180.

[85] E. Witten, Commun. Math. Phys. 121 (1989) 351.

[86] R. Jackiw, V.P. Nair, S.-Y. Pi, A.P. Polychronakos, J. Phys. A 37 (2004) R327.

[87] B.A. Bambah, S.M. Mahajan, C. Mukku, Phys. Rev. Lett. 97 (2006) 072301.

[88] M. Atiyah, The Geometry and Physics of Knots, Cambridge Univ. Press, 1990.

[89] J.C. Baez, J.P. Muniain, Gauge Fields, Knots, and Gravity, World Scientific, 1994.

[90] G.V. Dunne, in: A. Comtet, T. Jolicoeur, S. Ouvry, F. David (Eds.), Topological
Aspects of Low Dimensional Systems, Springer-Verlag, 1999, pp. 177-263.

[91] X. Liu, R.L. Ricca, J. Phys. A 45 (2012) 205501.

[92] X. Liu, R.L. Ricca, J. Fluid Mech. 773 (2015) 34.

[93] T. Frankel, The Geometry of Physics: An Introduction, Cambridge Univ. Press,
2011

[94] E. D’Avignon, PJ. Morrison, F. Pegoraro, Phys. Rev. D 91 (2015) 084050.

[95] J.B. Etnyre, in: W. Menasco, M. Thistlethwaite (Eds.), Handbook of Knot The-
ory, Elsevier, Amsterdam, 2005, pp. 105-185.

[96] H. Geiges, An Introduction to Contact Topology, Cambridge Univ. Press, 2008.

[97] J. Etnyre, R. Ghrist, Nonlinearity 13 (2000) 441.

[98] L. Nirenberg, Lectures on Linear Partial Differential Equations, CBMS Regional
Conference Series in Mathematics, vol. 17, American Mathematical Society,
1973.

[99] E. Tassi, PJ. Morrison, EL. Waelbroeck, D. Grasso, Plasma Phys. Control. Fusion
50 (2008) 085014.

[100] M. Hirota, Y. Hattori, PJ. Morrison, Phys. Plasmas 22 (2015) 052114.
[101] T. Andreussi, PJ. Morrison, F. Pegoraro, Phys. Plasmas 20 (2013) 092104.
[102] M. Lingam, S.M. Mahajan, Mon. Not. R. Astron. Soc. 449 (2015) L36.
[103] PJ. Morrison, M. Lingam, R. Acevedo, Phys. Plasmas 21 (2014) 082102.
[104] M. Lingam, PJ. Morrison, Phys. Lett. A 378 (2014) 3526.

[105] D.W. Longcope, Living Rev. Sol. Phys. 2 (2005) 7.


http://refhub.elsevier.com/S0375-9601(16)30216-X/bib534B504B493134s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib534B504B493134s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4B53493134s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib573538s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib543734s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib46413835s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib46413835s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib543836s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4A50533935s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib426572673939s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib5948573130s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib5365743135s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib5365743135s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib426572673834s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4C6F773934s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4241543039s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib506574616C3134s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib506574616C3134s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4E5A5A3033s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4A433037s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib506F6E743131s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib505748473131s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib505748473131s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4269736B3033s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib42533035s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4253533132s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib426F6F3836s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4C3630s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib474B523934s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4C3539s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4D593938s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib594D3032s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4269736B3030s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4B4D3134s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4C4D543134s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib414B593135s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4C4D4D3135s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4D473830s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib706A6D3832s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib706A6D3832s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib706A6D3832s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib484D52573835s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4D3938s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4B4C4D57573134s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4B4C4D57573134s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4F503933s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib43475050533938s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib43475050533938s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib59483133s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib5475726E3836s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib54593933s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib534B3832s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4E6577636F6D623632s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib444D4C3135s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib444D4C3135s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib41726E3738s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib41726E3738s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib414D3738s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib414D3738s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib43616C3633s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib5961683935s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib524D3932s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib524D3932s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib524D3932s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib53453134s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4154423039s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4B6175663133s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib426572673930s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib484D3032s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib52413934s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib5642483034s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib416B683035s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib5769743839s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4A4E50503034s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib424D4D3036s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4174693930s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib424D3934s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib44756E3939s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib44756E3939s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4C523132s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4C523135s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib54463131s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib54463131s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib44414D503135s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib45543035s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib45543035s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4765693038s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib45473030s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4E69723733s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4E69723733s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4E69723733s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib544D57473038s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib544D57473038s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib48484D3135s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib414D503133s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4C4D3135s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4D4C413134s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4C694D6F3134s1
http://refhub.elsevier.com/S0375-9601(16)30216-X/bib4C6F6E673035s1

	Concomitant Hamiltonian and topological structures of extended magnetohydrodynamics
	1 Introduction
	2 Hamiltonian structure of extended MHD models
	2.1 Mathematical preliminaries
	2.2 Common Hamiltonian structure of the extended MHD models and associated properties

	3 Geometric and topological properties of the extended MHD models
	3.1 Generalized circulation and helicity conservation theorems
	3.2 Topological aspects of the generalized helicities of extended MHD

	4 Discussion and conclusion
	Acknowledgements
	References


