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The Hamiltonian structure of ideal translationally symmetric extended MHD (XMHD) is obtained
by employing a method of Hamiltonian reduction on the three-dimensional noncanonical Poisson
bracket of XMHD. The existence of the continuous spatial translation symmetry allows the introduc-
tion of Clebsch-like forms for the magnetic and velocity fields. Upon employing the chain rule for
functional derivatives, the 3D Poisson bracket is reduced to its symmetric counterpart. The sets of
symmetric Hall, Inertial, and extended MHD Casimir invariants are identified, and used to obtain
energy-Casimir variational principles for generalized XMHD equilibrium equations with arbitrary
macroscopic flows. The obtained set of generalized equations is cast into Grad-Shafranov-Bernoulli
(GSB) type, and special cases are investigated: static plasmas, equilibria with longitudinal flows
only, and Hall MHD equilibria, where the electron inertia is neglected. The barotropic Hall MHD
equilibrium equations are derived as a limiting case of the XMHD GSB system, and a numerically
computed equilibrium configuration is presented that shows the separation of ion-flow from electro-

magnetic surfaces. [http://dx.doi.org/10.1063/1.4986013]

I. INTRODUCTION

By extended MHD (XMHD), we mean the one-fluid
model obtained by reduction of the standard two-fluid
plasma model, when the quasineutrality assumption is
imposed and expansion in the smallness of electron mass is
performed (e.g., Ref. 1). The resulting model has a general-
ized Ohm’s law that contains Hall drift and electron inertia
physics, and it was proven in Ref. 2 that energy conservation
for ideal XMHD, the version treated in this paper, requires
the addition of a commonly neglected term in the momentum
equation related to the electron inertia.

Despite the complexity of XMHD, it was shown in Refs.
3 and 4 to possess a Hamiltonian structure. Moreover, in
Ref. 4, remarkable connections with the Hamiltonian struc-
ture of other models were established, viz., Hall MHD
(HMHD) (e.g., Ref. 5) Inertial MHD (IMHD) (e.g., Refs. 2
and 6) and the usual ideal MHD (highlighted in Ref. 7). In
addition, the derivation of XMHD and its Hamiltonian struc-
ture from its underlying Lagrangian variable action func-
tional was reported in Ref. 8. Recently, the Hamiltonian
structure of two-dimensional incompressible XMHD was
derived in Ref. 9, a reduced XMHD (RXMHD) model that
was used to study Hamiltonian reconnection due to the Hall
and electron inertial terms. The Hamiltonian structure of a
similar collisionless fluid reconnection model was estab-
lished earlier in Ref. 10, and a general treatment of reduced
Hamiltonian models was given in Ref. 11.

Detailed consequences of the original noncanonical
Hamiltonian structure of Morrison and Greene,'> were
explored in a series of papers,"'® including various
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variational principles for equilibria, and their use in ascertain-
ing stability via energy principles that incorporate different
constraints. Given that XMHD is a Hamiltonian theory and
that the investigations of Refs. 14-18 are generic to
Hamiltonian theories, all of the considerations of these and
other works can be worked out for XMHD. This is the main
motivation for conducting this study in the framework of non-
canonical Hamiltonian mechanics, i.e., since XMHD is a
Hamiltonian theory, the existence of the aforementioned vari-
ational principles provides us with a joint tool for the deriva-
tion of equilibrium equations and stability criteria. This study
is focused on equilibria, but may serve as a starting point for a
stability analysis as well. Also, the Hamiltonian formalism is
helpful in order to analyze and describe the geometrical struc-
ture of the dynamics, e.g., the existence of the so-called
Casimir invariants that affect the topological structure of the
phase-space, by constraining the dynamics to evolve within
specific regions. Lastly, the Hamiltonian description may pro-
vide the means for the construction of conservative algorithms
for numerical analyses.'” All these indicate that a Hamiltonian
description, whenever possible, is preferable.

The present paper considers the case of translationally
symmetric compressible plasmas with an emphasis on equi-
librium analyses. We derive the Hamiltonian structure of this
translationally symmetric model by applying a method of
Hamiltonian reduction, which was used in Ref. 14, on the
parent three-dimensional (3D) model. Specifically, we
employ a chain rule reduction on the functional derivatives
of the noncanonical Poisson bracket of XMHD in order to
obtain a bracket expressed in terms of Clebsch-like variables
that globally describe the velocity and the magnetic field.
This reduction leads to the identification of translationally
symmetric Casimir invariants, which due to the spatial sym-
metry, form infinite families of generalized helicities.

24, 092504-1
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Exploiting these invariants along with the Hamiltonian func-
tional, written in terms of the aforementioned variables, we
formulate an Energy-Casimir variational principle that leads
to generalized equilibrium equations describing translationally
symmetric XMHD equilibria with flows, a set of equations
that we cast into the form of a Grad-Shafranov-Bernoulli
(GSB) system, which makes the equilibrium study of the
model tractable.

In comparison to MHD, equilibrium and stability calcu-
lations for XMHD are considerably more complex. This is
because XMHD contains additional physics, viz., XMHD
includes the two-fluid phenomena of Hall drift and electron
inertia, arising from the individual fluid dynamics of ions
and electrons, while maintaining quasineutrality. This gives
rise to a plethora of new effects as evidenced by the com-
plexity of the linear modes present in XMHD (see e.g., Refs.
1 and 20). Even in a reduced two-dimensional case, linear
and nonlinear physics are significantly modified, and the
phenomenon of collisionless reconnection emerges.” Even
the simpler case of HMHD, which we will address, contains
significant complexities not included in MHD.

The present study is organized as follows: in Sec. II, we
review the Hamiltonian field theory of XMHD, along with
some basic aspects and features of noncanonical Hamiltonian
mechanics. Before proceeding to the Hamiltonian reduction,
we present as a preliminary application, the 3D Energy-
Casimir variational principle for deriving equilibrium condi-
tions. In Sec. III, we introduce appropriate representations for
the magnetic and velocity fields, which ensure that they respect
translation symmetry and additionally render the magnetic field
divergence free. Using this representation, the Hamiltonian and
the XMHD Poisson bracket are reduced to their translationally
symmetric counterparts. The Casimir invariants of the symmet-
ric Poisson bracket are computed, and their HMHD and IMHD
analogues are presented. In Sec. IV, we establish the symmet-
ric variational principle, from which we derive generalized
equilibrium equations. Special cases of equilibria are discussed
and studied in detail as applications. In Sec. V, we conclude
and discuss extensions of the present study.

Il. NONCANONICAL HAMILTONIAN STRUCTURE OF
XMHD

A. Hamiltonian formulation

The dynamic equations of the XMHD model, written in
the standard Alfvén units, are the following:

Op ==V - (pv), (1)
02
6,v:v><V><v—V<h+E) +p ' I xB*
ooV xBP
dN(—sz , @)
OB =V x (vx B*) —d;V x {J XPB]
LY w , )
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where
J =V xB, @)
V x B)

B*B+d§Vx( (5)

p

Here, a barotropic equation of state has been assumed, which
means the enthalpy 4 is related to pressure by Vi = p~'Vp,
and the parameters d; and d, are the normalized ion and elec-
tron skin depths, respectively, with dy =c/(w,L) and
s=1e.

As already mentioned in Sec. I, the Hamiltonian struc-
ture of the XMHD model of Egs. (1)-(3) was obtained in
Refs. 3 and 4. More precisely, it was shown that the equa-
tions of motion can be reproduced by using a Hamiltonian
“apparatus” (see Ref. 13 for a comprehensive review) that
consists of the Hamiltonian function

pv* +2pU(p) + B> + d,

H:ljd3x , |V xBf’
2 )y ¢

1
- EJ &x [pvz +2pU(p) +B- B*} , ©6)
1%
where V C R? , and the noncanonical Poisson bracket

{F,G} :Jvd3x {G,V -Fy—F,V -G,

+p YV x V) (F, x Gy)

+p 'B* - [Fy x (V x Gg) — Gy x (V x Fy)]
—dip”'B* - [(V x Fg) x (V x Gg)]

+d2p NV xv)-[(V x Fg:) x (V x Gg-)]}, (7)

where F, := 0F/déu denotes the functional derivative of F
with respect to the dynamic variable u. The bracket of (7)
generalizes the original MHD bracket of Ref. 12 by replac-
ing B by B*, and the addition of the terms involving d,
and d,.

It is evident that the Poisson bracket is antisymmetric,
and in Ref. 3, the authors proved by a tedious calculation
(simplified in Ref. 4) that it satisfies the Jacobi identity. In
view of (6) and (7), the equations of motion can be cast into
the following Hamiltonian form:

ou = {u, H}, ®)
with u = (p, v, B*). Equation (8) can also be written as

ou' =JY %, )
where JV is the Poisson operator that defines the Poisson
bracket according to {F,G} := (F,,J7G,) with (,) being
a pairing defined on the phase(function)-space. A charac-
teristic feature of Poisson brackets of form (7) is that they
have nontrivial kernels, i.e., there exist functionals C that
satisfy

{F,C} =0, VF. (10)
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Such functionals C, called Casimirs, are global invariants of
the dynamical evolution. From (10), it is evident that the
equations of motion are unaffected by the addition of the
Casimir invariants to the Hamiltonian . Therefore, if we
define a family of Hamiltonians, & =H — >, C;, one can
freely write

6,[12 {ll, 8‘}7 (11)

instead of (8) without changing the resultant equations of
motion. It is clear that stationary states are solutions of equa-
tions {u, §} = 0. Hence, from Eq. (9), we understand that
Ju = 0 follows from vanishing of the first variation of the
generalized Hamiltonian functional § (the Energy-Casimir
functional), i.e., equilibrium states satisfy the condition

53:5(71-20,):0. (12)

As pointed out in Refs. 13 and 21, in general, not all equilib-
ria emerge from such variations because of singularities in
the Poisson bracket operator.

Regarding the dynamical evolution, the Casimirs play
a topological role in the structure of the phase space,
since the motion takes place on phase-space surfaces that
are the Casimir level sets, commonly called symplectic
leaves. Assigning initial values to the Casimirs is equiva-
lent to the choice of a symplectic leaf, i.e., a particular
sub-space of the phase space on which the motion is
restricted. The intersection with the energy level sets con-
fines the trajectory of the dynamical evolution, and the
Energy-Casimir extremal points correspond to equilibrium
states. We also note that the stability of equilibrium
points depends on the behavior of the second variation of
the Energy-Casimir functional.

The Casimir invariants for 3D barotropic XMHD have
been calculated in Refs. 3 and 4. The total mass, as it is
expected, is conserved, and there also exist two generalized
Helicity-like invariants

Ci :J d*xp, (13)
Vv
Caz = J Bx (A7) - (B +27'V xv), (14
Vv

with B* = V x A" and /- being the two roots of the qua-
dratic equation 1—dii—d?}> =0, that is A+ = (—d;
*\/d? +4d?)/ (2d?). The two invariants in (14) have
forms similar to the canonical self-helicities of the two-
fluid model, which are composites of the fluid and mag-
netic momenta. However, they are not identical to the
canonical helicities of the 2-fluid model since in the
framework of XMHD, quasineutrality and smallness of the
electron to ion mass ratio are assumed. The XMHD
“canonical momenta” are proportional to V4 A:A.
Regarding the physical interpretation of these invariants,
in comparison to the ordinary MHD magnetic helicity, a
measure of the twist and the linkage of magnetic flux
tubes, these generalized helicities can be seen to measure
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the twist and linkage of the flux tubes of the generalized
fields B + )L;lV x v (or generalized vorticities). The two
parameters A+ account for the differential motion of elec-
trons and ions departing from magnetic field lines.

B. 3D energy-Casimir variational principle

The Energy-Casimir variational principle, employing
the general 3D expressions for the energy and Casimir
invariants, leads to equilibrium conditions satisfied by the
magnetic and velocity fields. In the framework of single-
fluid MHD, the magnetic fields that are solutions of (12)
satisfy the so-called Beltrami condition: V x B = kB,
with the fluid velocity being parallel to B. In the context
of XMHD, due to the form of the Hamiltonian and
Casimir functionals, the magnetic and velocity fields sat-
isfy more complicated, coupled conditions that allow
more complex field configurations. These conditions can
be derived from the vanishing of the first variation of the
Energy-Casimir functional &, i.e., by requiring the vanish-
ing of the coefficients of the arbitrary variations of p, v,
and B*

2 B-B*
ox :5J d3x{pv+pU(p) +———ap
v 2 2
—p. (A +2v) (B + 2,1V %)
—B_(A*+27) - (B 4+ 271V x v)} =0, (15
with B =V x A as usual and A* = A +d>V x B/p. The
parameters o and f.. are Lagrangian multipliers with values

related to the total mass and total generalized helicities.
Equation (15) leads to the following conditions:

VX B=2(f, + B +2(p 0 + 2TV x,

(16)
ov :2(ﬁ+/1;1 + ﬁ,z:‘)B* + 2([3+J;2 n /U:Z)v XV,
)
v’ 2 WP BB+ B) g
BB+ p 2!
2 '<++p2 )J-(VXV):OC, (18)

where the enthalpy h(p) = [pU( p)]p. The enthalpy is related
to pressure P(p) through the following relation:

h(p) = J@. (19)

That the enthalpy % of (19) depends only on a single thermo-
dynamic variable, the specific volume p~', follows from the
barotropic assumption embodied in the choice of internal
energy per unit mass U. For simplicity, our Hamiltonian for-
mulation was restricted in this way, but it can be generalized
to include more thermodynamic variables such as entropy
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per unit mass (see, e.g., Ref. 18 for MHD and Ref. 22 for
XMHD). A common choice for this barotropic thermody-
namic closure is the polytropic equation of state, where
P(p) = kp” with a constant k (independent of entropy). With
this choice,

EVARAC)

7 (20)

h(p) =
(°) R

From (16) and (18), we obtain the XMHD analogue of the
Bernoulli equation, which reveals the distribution of the
pressure, for the velocity and the magnetic field described by
the mutual solutions of the coupled equations (16) and (17)

- v
P(p)=ap = p7y =35IV xBf, 21)

where P = yP/(y — 1).

lll. SYMMETRIC FORMULATION VIA CHAIN RULE ON
FUNCTIONAL DERIVATIVES

A. Translationally symmetric Poisson bracket

Assuming continuous translational symmetry and adopt-
ing a Cartesian system (x, y, z), the fields B* and v can be
written as follows:

B* = BI(x,y,0)Z + V" (x,y,1) X Z, (22)
v =0.(x,y,0)2 + Vy(x,y,1) X £+ VY(x,y,1), (23)

where z is the ignorable coordinate with the corresponding
unit vector Z along the direction of translational invariance,
Y* is the poloidal flux function of B* and y and Y are
Clebsch-like potentials of the poloidal velocity. The form of
Eq. (22) ensures that the condition V - B = 0 holds, while
the existence of the term VY in Eq. (23) allows for com-
pressibility of the flow [provided the function Y (x,y) is not
harmonic]. Upon setting Y=0 or AY =0 (A = V?, the
Laplacian), we can impose incompressibility of the flow.
Note that in view of the translational symmetry, the repre-
sentation adopted for the velocity field is consistent with the
Helmholtz decomposition theorem and hence it is generic
for the description of any kind of symmetric flow. Taking
the divergence and the curl of Eqs. (22) and (23) give

V.v=AY, (24)

V xv=—Ayz+ Vv, X zZ, (25)
V-B" =0, (26)

V xB" =—-Ay"2+ VB] xz. 27)

For convenience, we define the following quantities: w := AY
or Y=A'wandQ=—Ayory=-A"'Q.

The transition from the general 3D Hamiltonian model to
a translationally symmetric one is accomplished by expressing
the Hamiltonian (6) and the Poisson bracket (7), which are
expressed in terms of the state vector u = {p, v, B*}, to those
in terms of the symmetric state vector urs = {p,v.,y,
Y,B:, "}, This reduction of phase space is achieved by
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mapping the functional derivatives with respect to the original
variables u to functional derivatives with respect to the varia-
bles urg. This mapping is computed using the chain rule for
functional derivatives, obtained by equating first variations in
terms of the two sets of variables. The variation of a functional
Flp,v,B*] is

OF[u] = J &’x (F,0p + Fyov + Fp-0B"), (28)
v
while that in terms of urg is
OF[urs] :J Px[F,8p + Foov. + F,05 + FyoY
D
+Fp: 0B} + Fy-0y], (29)
where D C R? is a restriction of V to R%. Using dy=—A""

=—A"1(:-Vxdov), oY=A'ow=A""(V-dv), and
Y =—A"'(2-V x 6B*), (29) can be rewritten as

oF :J d*x {Fp0p + Fp.z-0v— Ffol(f -V X ov)
D

+FYA'V - 0v + Fp.z - 6B* — Fy: A7 (2 -V x 0B*)} .
(30)

Then, from the self-adjointness of the operator A~ and for
appropriate boundary conditions such that the boundary
terms vanish, we obtain

5F:J dzx(F,,5p+Fv~5v+FB¥ ) 31
D

:J dx [Fy0p + (Fu.z + VFq x 2 — VF,) - ov
D
+(FB;2 - V(A—‘FW) X 2) B, (32)

where we have used the following relations:

FY:AFW7 F)(:_AFQ) (33)

which come from
J d*xFyoY = J d*xF,,0w = J d*x AF,,0Y, (34)
D D D
J d*xF oy :J d*xFodQ = —J d*x AFody, (35)
D D D

since the variations dy and dY are arbitrary. Upon comparing
(31) with (32), the following relations are deduced:

Fy=F,z+VFq xz—VF,, (36)
Fy = Fpz—V(A7F, ) %2, (37)
VXFB':FWf—FVFB*Xf (38)

Substituting Egs. (22), (23), (36), (37), and (38) into the
Poisson bracket of XMHD given by (7), we obtain the trans-
lationally symmetric Poisson bracket of barotropic XMHD
(see Appendix A for details)
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{F, G} :JDdzx {F,AG,, — G,AF,, + p~'Q([Fa,Gq] + [Fw,G,] + VF, - VGq — VFq - VG,) + v.([Fa,p”'G, |
— [Ga,p 'FL] 4 V(p7'Gy) - VFy = V(o7 F) - VG + p 7 FrGy, = p ' GoFy) + 0 ([Fa,p7'Gy |
- [Gg,pleﬂ + [FB;,p*IGU:} - [GB;,p*FUZ} Y VF, - v(p*IGW) ~ VG, - v(p*‘FW) + p PGy
— 0" 'GxFy) + 7 B: ([Fa,Gn.] — [Ga, Fu.] + VFy - VGy. = VGyy - VFp.) + dp* |Gy, p ' Fy |
—[FB;,p*IGWD — dip™'B: [Fp:. Gp:] + d2p ' Q[Fp.,Gp:] + djuz([FB;,p*IGH — [GB;,p*IFWD}, (39)
where [a,b] 1= (Va x Vb) - = (0,a) (0,b) — (0,b) (9ya). Here, we exploited the identity

J d*x[a,blc = J d*x [c,a]b = J d*x b, cla, (40)
D D D
which holds for arbitrary functionals a, b, ¢ under appropriate boundary conditions (e.g., periodic boundary conditions).

The antisymmetry of the bracket (39) follows naturally from the antisymmetry of the Poisson bracket [a, b] = —[b, a] and
the vanishing of the boundary terms arising from integration by parts and Gauss’ theorem. The Jacobi identity of (39)
follows because of the reduction procedure. Similarly, by substitution, the symmetric representation of the Hamiltonian is

given by
2} }

With (41), the translationally symmetric equations of motion take the form durs = {urs, Hrs })T(?HD. The bracket (39) has
a more complicated form than its MHD counterpart obtained in Ref. 14, due to the terms that originate from the ion and elec-
tron contributions, having coefficients d; and d,, respectively. However, a remarkable transformation introduced in Ref. 4 can
simplify it. The new transformed bracket has the form of the translationally symmetric HMHD Poisson bracket, which can be
obtained by setting d, =0 in (39), but with dependence on a generalized magnetic field variable

2
24 |VY|2) +20([Y, 7 + U(p)) + B + VY| +%‘f [(Alp)z + |VB.

1
HEMHD 5 JDdzx {p (vzz + 1V

. v W) (41)

:Ldzx{g (u§+|Vx|2+ \VTF) +p([X, 7+ U(p)) + ) 2

B. =B +/;'Vxv. (42)
The new magnetic field variable B, in view of Egs. (22) and (23) can be written as
B. =B +/.'Vxv= (B +.'Q): + V(" +12'0.) x 2 =B + V. x 2, (43)
i.e., we have
B =B +27'Q, .=y + 17 'v,. (44)
We can prove that under the change
{p,0:, QY By} = {p,v:, Q Y, B .}
the functional derivatives change as follows:

F, —F, +J.'Fy., Fq—Fq+i.'Fg:, Fy—Fy, F, —F, , Fp —Fg, (45)

with the change in variables of (44). Upon inserting the transformation of the functional derivatives of (45) into (39), we obtain
the following bracket:

(F,G}p""P :JDde{FpAGW —GyAF, 4 p~'Q([Fa,Ga] +[Fy,Gy| + VF,-VGq—VFq-VG,) +0.([Fa,p 'G,.] — [Ga,p~'F..]
+V(p'G) VFu =V (p7'F) VGt p7 FyGe — p7 ' GrFo) 9. ([Fa,p™'Gy. | = |Ga,p ' Fy. |
+ [Fgf, p*lez} - [GB_; : p*va_,} +F, Y (p'Gy. ) = VGV (p ' Fy. ) +p PGy, — p1GrFy. )
+p~'B ([Fa,Gg:] — [Ga,Fp: ]|+ VF,-VGg: =VG,,-VFp:) —v+p~ B> [Fp:,Gp:]
vt ([Gozop Fo | = [Faz0 1G] ) (46)

where v+ = d; — 2/7".
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As was the case for (39), the bracket (46) with the

Hamiltonian (41) generate the translationally symmetric XMHD

. . . XMHD
equations of motion according to Jurs = {urs, Hrs e

B. Translationally symmetric Casimirs

As in the 3D case, there exist Casimir invariants con-
served by the translationally symmetric dynamics. As
already mentioned, the Casimirs satisfy {F,C} = 0, VF. For
the bracket (46), this gives

J d*x (F, Q1+ F,, Q) + FqQ; + F,,Q4
D
+Fp=Qs + Fy, Qg) =0, 47)

where the quantities Q; (i = 1,2, ...,6) are given by the fol-
lowing expressions:

Q, = AC, = Cy, (48)

Q = [Ca,v:] + V- (1:VCy) — v:Cy — [, Cp2 ], (49)
Q; =V-(p7'ave,) - [p7'Q,Ca) — [v,p7'C.]

— pepien| - o782 G (50)

Qy = A(p 'uCe) +A(p71vCy. ) — AC, - [p'0,C.)

-V (p'avea + vV (p7'C,.)

-V (p7'Cy ) + 7 BEVCs: ), 51)
Qs = [p7'Cosp] + [Ca,p™'BZ] + V- (p7'BIVC,)
e (e p'Cy ] + e [p7 B Ce . (52)
Qs = [CQ7 Wt] +V. (lPiVCw) - '/ficT + v+ [Wi,CB;].
(53)

For (47) to be satisfied for arbitrary variations, the coeffi-
cients Q; must vanish separately, i.e.,

Q:;=0, i=1,2,...,6. (54)

Equation Q; = 0, i.e., Cy = 0, implies that the Casimirs are
independent of Y. Equations Q4 = 0 and Q3 = 0 are, respec-
tively, the divergence and the z component of the curl of the
following equation:

V(p~0Co) + V(7. ) - VC,
—0.V(p~lc,) - lﬁiV<p71€¢1> — p 'BXVCp:
—p lQve, x z — p 1QVCy = 0. (55)

We observe that (55) is satisfied automatically for C, = con-
stant, which gives the first Casimir

Cn= J dzxp . (56)
D
Note that, in general, a solution to Q4 = 0 could be satisfied

by C, = fDdzx p® with ® being a harmonic function,
AD =0. The equations Q, =0 and Qg =0 can be
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combined by multiplying the first by v+ and adding it to the
second

v+ Qr+ Qg = [Cgvl//t + ViUZ] +V- [(lpi +Vivz)vcw] =0,
(57)

where we have used that Cy = 0. With the new variable
& =i + vev., (57) becomes

[£+,Ca] = V- (££VCy) =0. (58)
Equivalently, we can write
VCq —2x VC, = E.'VAL, (59)

for £+ # 0 and A+ being arbitrary functions. The z-compo-
nent of the curl of Eq. (59) is

AC, =Cy = [A+, &7 =0, (60)
Therefore, A+ are arbitrary functions of ¢+, i.e.,
Ar = A+ (Y +v=v2). (61)
Now, divergence of (59) translates into
ACo=V-(E7'VAL) =V - (ALE'VEL) = AAL, (62)

where the functions A are related to A+ via A, := &;'A,.
According to (62), we have Cq = A+, up to a harmonic
function, therefore

C= J PxQA« (Yo +vev) + F(BZ e,v:). (63)
D

Inserting (63) into Qg = 0, we obtain
(s, ] + v [, Fp:] = 0. (64)

From (64), we derive Fp= = vilAs + G (o), with G
being an arbitrary function of /., which when combined
with (63) gives the following families of solutions

Cr = [dx (B +veQ)Ax (Yo + vav.) + Fx(v:, 902,
(65)

e :J B G (V) + Fu(vs),  (66)
D

for G- = 0 and A+ = 0 respectively. We remark here that
if after Eq. (62) one takes Cq = A+ + ®@(x,y), with O(x,y)
being a harmonic function, then it is not difficult to prove
that the additional functional, coming from ® will be a
Casimir only if ® = ®(Y. +v+v,) or ® =O(y.). This
would result in special cases of C;” and C;, which may be
valid if the motion of the variables /.. and v, is restricted by a
differential constraint. Having found the dependencies of the
Casimir invariants on Q and B_, it remains to investigate any
additional dependencies on v. and ., represented by F.
Upon substituting (65) into Qs = 0, the latter reduces to

[pfl (f - ’/rf‘wt),tﬁt] =0, (67)
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which additionally gives the following functionals:

¢ = [ pkep + v (68)
D

Cy :J d’x pM(y.), (69)
D

where M.+ and K- are arbitrary functions. The above func-
tionals express the conservation of canonical-like momenta
in the direction of symmetry. Also, they encapsulate conser-
vation of mass, since C,, is the special case with . =1,
and the conservation of the mechanical momentum along the
axis of symmetry. To make this clear, note that Cy4, for exam-
ple, if M. is differentiable, can be written as C4y = fDdzx
p ﬁ’t ds N+ (s) with N« () = M’, (). Under a change
of the integration variable, this takes the form C4 = fDdZ)c p
flb dsN + (Yo + v+v, — v+s). For N+ =1, we recover the
conservation of mechanical momentum along the z-axis.
Notice that in view of (68) and (69), the term F - in (65) and
(66) can be subtracted. It is not difficult to verify that Cf,
Cy,Cy,C, satisfy Qy34=0 as well and therefore all
Casimir-determining equations (54) are satisfied. Also, since
Yo =Y+ +vsv, and BX =B +v:Q (because 2 =d;
figl), the functionals (65)—(69) represent just four indepen-
dent families of invariants. Therefore, one may freely keep
either the set denoted by (+) or the (—) representation. In
terms of the original magnetic variables (Bj7 lﬁ*), the
XMHD Casimir invariants are written as

¢ = J dx (B + pQ) AW + ), (70)
D
c, :j &x (B + Q)G + 7). @)
D
¢ = | ok + ), )
D

¢, :J e pM(y* +77'e.), 73)
D

N

where the parameters A and p are either (4, u) = (A4, u,) or
(op) = (ypu ), withpy =ve + 23" =d; — 232" =270

As discussed above, the Casimirs C3 4 express the con-
servation of mass and the conservation of (canonical)
momenta in the direction of symmetry. In addition, the
Casimirs C; , are the symmetric counterparts of the general-
ized helicities (14). Unlike the 3D Casimirs, the symmetric
invariants form infinite families, due to the existence of the
arbitrary functions A, G, K, M. Later, we will see that these
arbitrary functions are transferred, by the variational princi-
ple, into the equilibrium equations giving in principle the
possibility of constructing infinitely many classes of equilib-
ria, unlike the 3D case where all equilibria obtained from an
energy-Casimir variational principle belong to the same class
[see Egs. (16)—(18)].

C. Hall MHD limit

Hall-MHD neglects electron inertia and therefore is
recovered by the XMHD model for d, — 0. If we assume
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(A, ) = (A4, pu,) and take the limit d, — 0, then B} —
B.,y*— Y, ' —d and u—0. In this case, the
Hamiltonian becomes identical in form to the ordinary MHD
symmetric Hamiltonian, that is

)
+2p([Y, 7] + U(p)) + B2 + |w|2}.

1
e =2 | dx{p(02 + V2P + 9T
D

Also, the HMHD Casimir invariants are

CiMHD — JDdeBZA(x//), (74)
CHMHD — JDd2x (B: + diQ)G(Y + dv.), (75)
CMAD — Ldzx P (), (76)

CHMHAD — JDdzx PM (Y +div.). (77)

If we return to the symmetric XMHD Poisson bracket and
set d, =0, we can verify that the HMHD bracket possesses
the Casimirs (74)—(77). We remark that the “generalized var-
iables” B, + d;Q,  + d;v, appear in (74)—(77) since the ion
canonical helicity [, d*x (A +div)- (B+d;V xv) is a
Casimir invariant in 3D HMHD.*

D. MHD limit

For the MHD limit, we additionally require d; — O in
(74)—(77), which yields only two of the translationally sym-
metric ideal MHD Casimir invariants of Refs. 14-16.
However, it was observed in the first Hamiltonian structure
that contained Hall physics,” that care must be taken with
this limit (see also Ref. 9) which appears at the face value to
not obviously yield the MHD versions of the Casimirs
Clz-IMHD and CIB'-IMHD‘

To see how this transpires, we rewrite the invariants
CIJMHD and CfMHD as follows:

M = Lcﬂxdﬂ (B-+d:Q) x [G(¥) +dr.G (%) + O(?)]

- j dx [d7'B.G()) +QG()) +v.B.G ()
D
+d;Qu.G' () + O(dy)], (78)

M = Ldzxpd;‘ (M) +do. M () +0(d7)], (79

where we have scaled the arbitrary functions G and M by a
factor of d;. If we then take d; — 0, the first term of CIZ{MHD
in (78) is seen to diverge. However, this term is itself a spe-
cial case of C?MHD , S0 it can be subtracted from (78), giving

CHHP — JDdzx (QG() + v.B.G'(¥))

_ J Lx(Vy -V +0.B)G ). (80)
D
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A similar argument applies for the limit of the Casimir C4 of
(79). Therefore, in the MHD limit d; — 0, all Casimirs
approach their translationally symmetric MHD counterparts
of Refs. 14 and 15. To summarize (with a redefinition of the
arbitrary functions G and M), the following translationally
symmetric MHD Casimirs are obtained from the XMHD
Casimirs in the limit d, — 0 followed by d; — 0:

cyHb = JDdszZA(lp), (81)

e — | b+ VU VOGW). 82
it = JDch pK(), (83)

cyt = JDdepsz(w. (84)

Note that the Casimirs C}"# CYHP are identical to the
HMHD Casimir functionals given by (74) and (76). This follows
from the fact that the magnetic helicity is a common Casimir
invariant for both models. The MHD limit of the HMHD model
is also discussed in Refs. 24 and 25, although it is not shown
how to limit the HMHD Casmirs to their MHD values.

E. Inertial MHD limit

Inertial MHD (IMHD) occurs upon setting d; =0, while
d, # 0, the reverse of the limit of Sec. III C. IMHD is valid
when the characteristic time scale for changes in the current
J is significantly shorter than the electron gyro-period.> The
Hamiltonian of translationally symmetric IMHD is H%HD

= HFMHP as given by (41). In the inertial MHD limit
d; — 0, the parameters i+ = (—d;*+\/d? +4d?)/(2d?) go
to =d, ! and hence lim, o . = ¥d,, which leads to the
following form for the Casimir invariants:

CIMHD _ J P (B 4+ d.Q) A" +d.v.), (85)
D

cn _ J &x (B — dQ)G* —d.v),  (86)
D

MM — J d*x pK(Y* + d,v.), (87)
D

D _ J Ex pMW* —d,v.). (88)
D

Upon taking d, — 0 in a manner similar to the d; limits of
Sec. IIID, one can show that the Casimirs of (85)—(88)
become the MHD Casimirs of (81)—(84). For example, upon
setting K = M, limy,_¢ (CQMHD — CQMHD ) /d,  becomes
CYMP  The Casimir C;'P follows similarly.

An interesting property of IMHD is that the well-known
MHD cross helicity is also a Casimir for IMHD, if B — B",6
that is

C, = J d*xv - B, (89)
\4
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is a Casimir invariant of the general 3D IMHD model. For a
translationally symmetric system, inserting the representa-
tions of (22) and (23) into (89) and assuming appropriate
boundary conditions, the symmetric version of the functional
above is

Co= J d*x (vB: +Qy*), (90)
D

which at a first glance is not included in (85)—(88).
However, it is easy to see that upon choosing A = "
+d,v, and G =" —d,v,, the Casimir (90) is recovered
from (C’lMHD — CIZMHD)/ (2d,).

IV. ENERGY-CASIMIR VARIATIONAL PRINCIPLE WITH
SYMMETRY

A. The variational principle

Having determined the invariants of the translationally
symmetric XMHD, we can easily construct the Energy-
Casimir variational principle of (12) for XMHD equilibria
that have translation symmetry. Similar variational principles
with symmetry can be found in Refs. 14-16 and 26.
Gathering together relations (41) and (70)—(73), the Energy-
Casimir principle 0§ = 0 reads as follows:

(SJ d*x {g (vf + |Vl + |VY|2) +p([X, 2] +U(p))
D
BB, N vyt - VY

+= 5 — (Bl + uQ) A" + pwv.)
—(B:+17'Q)G(y" + 77 "v)
—pM(y* 77" e) = pK(y + )} =00, o1

Note, in (91), the Casimir C,, with the harmonic function ®
has been omitted.

For the first variation of (91) to vanish, the coefficients
of the arbitrary variations must separately vanish, yielding
the following conditions:

U2 d2 1 2
op 5+ [pU(p)], — M(¢) = K(e) — p—i {5 (Ay)

"= VB.- V[A(p) + G(9)]
+AY [ (B: + 1Q) A (0) + (B + 27'Q)G (¢)
+p (M’(¢> + ’C’(q))ﬂ } =0 (92)

ov. : pv. — 2 p M (@) — upk' (@)
—u(B: + Q) A'(9) — 27 (B + 47'Q)G () = 0, (93)

1
=|VB.
+2|v z

512V (pVy) — [0, Y] = pAA(@) + 2 'AG(¢),  (94)
0B. : B. = A(¢) + G(¢), (96)

W AY + pM'(¢) + pK' () + (B: + uQ) A' ()
+ (B +27'Q)G (¢) =0, (97)
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where ¢ =" 4+ 2 'v., ¢ := " + uv., and ' denotes the
derivative with respect to argument. For the derivation of the
equilibrium equations above, we used the expressions for B},
Y in terms of the ordinary magnetic field variables y and B.
according to B :=B+d’V x (p7'V xB) = Bl (x,y)z
+ VY (x,y) x £ with B = B (x,y)Z + V{(x,y) x 2

B =B.—d.V-(p"'VB.), (98)
=y —dp Ay (99)

Equation (92) is a Bernoulli law, which describes the
effects of macroscopic ion flows and electron inertia on the
total pressure. Using (96) and (97), the Bernoulli equation
takes the form

UZ 2
P(p) = p[M(¢) + K(9)] —p= ,;1_; (4 + |VB.P].

2
(100)

with the components of the flow velocity being described by
Egs. (93)~(95) and P := p[pU(p)]p =yP/(y— 1), where P
is the total pressure (see Sec. II). Also, note that Eqgs. (96)
and (98) can be used to express the quantity B} in terms of
the arbitrary functions A and G

B: = A(0) +G(9)~ V- [V A(g) |~ 2V [p'VG(9)].
(101)

B. The Grad-Shafranov-Bernoulli system

We can show (see Appendix B) that (93) and (97), with
the help of (94), (95), and the definition (99), can be written
as a Grad-Shafranov-like system of the form

Al
o A (@)V - <+QD)V(P> +op(@ —¢) — 0636%
¢ — A

) = [A(¢) + G($)] A (@) + pK'(0),
(102)

) <w 1
g(¢)

"G (P)V - (TV¢> + pap(0 — @) + “/3%

x (w - ""—““f’) — [A(0) + G()]T(d) + pM ().

1—u
(103)
py =L (-2 (104)
d? 1—Ju )’
where
22 1
o W+ e 0 (liilu)zv o3 1_/1#7

71 :lfz—i—df, Vo= —Cp, Y3 = ALO3. (105)

The above equilibrium equations are coupled to the Bernoulli
law (100), comprising a Grad-Shafranov-Bernoulli (GSB)
system. The existence of three coupled equations for three
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different flux functions, namely V, ¢, ¢, is a direct verifica-
tion that in the XMHD model, the ions and the electrons are
allowed to move individually and separate from the magnetic
surfaces, forming their own flow surfaces. Upon specifying
the free functions A= A(¢), §=G(¢), K=K(p) and
M = M(¢), and adopting an equation of state P = P(p),
one in principle, can solve the GSB system, at least numeri-
cally, to determine the functions ¢, ¢, } and p. The level
sets of the flux function y give the magnetic surfaces, on
which the magnetic field lines lie. From ¢ and ¢, we can
compute

-4
y=2 4 (106)
1—Au
while the poloidal ion flow velocity is given by
1

w= (ﬂA’(q))w + A—‘g/(¢>)v¢) x 2, (107)

and the longitudinal velocity component follows from:
b=t (b 0) (108)

1= u @

Note that the longitudinal component of the magnetic field is
directly related to ¢ and ¢ through (96), and the poloidal
field is simply given by B, = Vi x Z. Thus, all equilibrium
quantities of interest can be specified upon solving the sys-
tem (102)—(104).

C. Special cases of equilibria
1. Equilibria with longitudinal flow (v,=0)
From (107), requiring v,, = 0, we deduce that
G() = —2nA(),

hence ¢ =f(¢). According to (106), " = (f(¢p) — Aug)/
(1 — Au) i.e., two sets of flux surfaces exist, the electron sur-

faces and the magnetic surfaces. The ions and the electrons
can flow in the poloidal direction on the same surfaces, but
their relative velocities are constrained so that the total poloi-
dal velocity vanishes. Substituting (109) into the system
(102) and (103) and using ¢ = @ ("), ¢ = $(Y") yields

(109)

ng V- (FL00 ) 4o =)+, L0 - )
=G0 () + pM), (10)
Aw:dﬁgww*), (111)
with ¢ — ¢ given by
o—¢=(u—2"")[u' W)+ My"]. (12

2. Static equilibria

For the case of static XMHD equilibria, where the
macroscopic flow is neglected completely, we require addi-
tionally v, =0. Hence, the flux functions ¢ and ¢ are equal
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to Y=y —d’p'Ay ie., f(¢)=¢ =y". Hence, Egs.
(110) and (111) reduce to

g v (Fv0 ) 0, L -w)
LG0T W) + M), (113
M= 50—y (114)

As above, two sets of flux surfaces exist, the electron-ion surfa-
ces and the magnetic surfaces. Note that the electrons and the
ions are allowed to move (in order to carry the electric current)
but their velocities should satisfy the constraint m,;v; + m,v,
= 0. In this static case, the Bernoulli equation (100) becomes

2
P = M)+ K] - 52 [(4? + 98] a11s)

closing the GSB system.

3. Hall MHD equilibria

The HMHD GSB equilibrium equations can be obtained
from the system of Egs. (102)—(103) and (100) upon setting
d,=0. To take properly this limit, one should substitute the
third term of the LHS of Egs. (102) and (103) by (104).
Adopting (4, 1) = (44, ), for d. — 0, we have  — 0 and
AL d;; therefore, the independent flux functions are the
poloidal magnetic flux function i and the ion flow function
¢ = + d;v,. Using the definition of ¢, v, becomes

v =d; (¢ — ). (116)
Also, from (107), we take
di / ~
vy, = ;g (¢)Bip, where By, :=V¢ xzZ. (117)

Next, with d,=0, Egs. (102) and (103), in view of (104),
reduce to

09 (E2v0) + Lo -

~[6(6) + AW)]G(9) ~ pM (9) = 0.
AP+ (=) +pK' (9)+ [6(9) + AW A (1) =0. (119)

(118)

Finally, we close the system by writing the Bernoulli equa-
tion (100) with d, =0, in terms of p and the ion and magnetic
flux functions. To do so, we express the kinetic term using
(116) and (117) arriving at

¢—v?| &

/ 2 2
2 | 2 (G() IVl

(120)

P(p)=p|KW) + M(d) -

To summarize, translationally symmetric barotropic Hall
MHD equilibria are governed by the GSB system (118)—(120)
with (), M(¢), A(Y), G(¢) being arbitrary functions,
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and the pressure P(p) obeys a barotropic equation of state.
These are the barotropic translationally symmetric counterparts
of the baroclinic axisymmetric equilibrium equations derived
by an Euler-Lagrange variational principle in Ref. 25 and of
the barotropic axisymmetric equilibrium equations derived in
Ref. 27 by a direct projection of the 3D equilibrium equations.
Other derivations of the two-fluid equilibrium equations, which
do not ignore electron inertia, have been made by various
authors, e.g., Refs. 28-30. As expected, the sets of equilibrium
equations derived there are mostly of the type of the system
(102)—(104) because XMHD is closer to a full two-fluid
description than HMHD.

Despite the simpler structure of HMHD, the system of
(118)—(120) forms rather complex classes of equilibria. It
requires the simultaneous solution of two coupled nonlinear
PDEs, the Grad-Shafranov equations, which are additionally
coupled to a Bernoulli equation and generally the existence
of equilibrium solutions is not guaranteed. Due to this strong
coupling, studies of two-fluid equilibria have been carried
out numerically e.g., see Refs. 31 and 32. Here, we follow
this approach for Hall MHD, giving an example of an equi-
librium configuration (Fig. 1) computed by means of a sim-
ple finite difference iterative code, implemented on Matlab.
More information and possible improvements of this compu-
tation will be given in a future work. For the sake of clarity,
we mention that we used an MHD initial guess for ¥/, and the
ion flux function ¢ was initialized on the basis of this initial

FIG. 1. Ion flow surfaces (solid-red) (¢ = constant) and magnetic surfaces
(dashed-blue) (i = constant) with a dimensionless Hall parameter d; = 0.03
(normalized ion skin depth) for a “straight” Tokamak HMHD equilibrium.
The solid black line represents the boundary. Departure of the flow surfaces
from the magnetic surfaces due to the Hall term in Ohm’s law is observed,
with a separation distance of the order of 0.04 L.



092504-11 Kaltsas, Throumoulopoulos, and Morrison

guess. The initial density p was set as a linear function of ini-
tialized flux function. These quantities are used for the calcu-
lation of their updated counterparts in the next iteration, and
so on, until the resulting state converges. For this particular
example, we adopted the following choices:

G(¢) = go+ 19 + 8297,
A(W) = ao + a1y + axy?,
M($) = mo +midp + mydp?,
KW) = ko + kiyy + ko,
P(p)=pip’, (121)

where y = 5/3 is the specific heat ratio. Note that because
we assumed that the plasma is barotropic, p; can be a con-
stant, or at most a function of p. If we assume additionally
that p is a function of ¥ and ¢, then the mass density should
also be a function of ¥ and ¢, and due to the Bernoulli equa-
tion, Equation (120), v? should be a function of the poloidal
ion and magnetic fluxes, a property that demands certain
restrictions on the permissible equilibrium configurations.
The present study though, can be extended to the more
generic case of baroclinic closure, i.e., when the internal
energy is a function of the density and specific entropies,”
which yield a dependence of the pressure on the flux func-
tions without restricting the equilibria. This will be consid-
ered in our future work.

For the computation of the equilibrium, we imposed
Dirichlet boundary conditions on the fluxes ¥ and ¢ on a D-
shaped boundary relevant to fusion experiments with elonga-
tion k¥ = 1.7 and triangularity 6 = 0.4. In Fig. 1, we observe
the “departure” of the flow surfaces from magnetic surfaces,
a result qualitatively consistent with the configurations pre-
sented in Ref. 32, where the baroclinic, axisymmetric,
HMHD equilibrium equations were solved by means of the
FLOW?2 code. The observed departure is due to the Hall
term d;J x B/p in Ohm’s law, which “breaks” the frozen
flux condition of ideal MHD. In Hall MHD, the flow surfaces
are frozen into the “ion fluid,” while the magnetic surfaces
are frozen into the “electron fluid.” An estimate of the poloi-
dal separation distance Ar, a measure of the departure of the
ion flow surfaces from the magnetic surfaces, was given in
Ref. 25. For typical Tokamak experiments, this quantity is of
the order of the ion poloidal Larmor radius, which is used as
a typical step size in neoclassical transport studies. The sepa-
ration distance can be approximated by Ar ~ d;v./B,. For
our computed equilibrium depicted in Fig. 1, the normalized
poloidal separation distance is Ar ~ 0.04 (for d; = 0.03, and
using the average values of v. and B),).

Although our purpose of this numerical example was to
demonstrate the qualitative way ion surfaces depart from the
magnetic surfaces, which is predicted by HMHD theory, we
briefly mention some equilibrium characteristics of our exam-
ple. The maximum f in the plasma core is f3,,,, = 1.2%, the
current density profile is peaked on the axis, i.e., it appears to
have a maximum in the central region with maximum values
of the order of 1 x By/(poLo), while it reverses in the outer
region. The plasma response to the external magnetic field is
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purely diamagnetic, since the center drops to 0.8 x By from
1 x By at the boundary. Lastly, the flow in the z-direction is
peaked on the axis with a maximum value at 0.25 X vy,
where v4 = Bo//ItoPo, and the poloidal velocity component
has a maximum value of 0.1 x v4. The constants By, po, and
L are reference values for the magnetic field, the mass den-
sity, and the characteristic length scale, respectively. The val-
ues and the shapes of the profiles can be adjusted by
regulating the free parameters in Ansatz (121) and adding
some additional nonlinear terms. However, for the sake of
simplicity, here, we consider this Ansatz with parametric val-
ues that favor fast convergence and results in configurations
with distinct surface separation.

As a final note, a similar numerical procedure as that
employed above for Hall MHD equilibria can be utilized for
the numerical integration of the GS systems (110)—(111) and
(113)—(114) for XMHD equilibria with longitudinal flows
and static XMHD equilibria respectively.

V. CONCLUSION

In this paper, we presented the Hamiltonian formula-
tion of translationally symmetric barotropic extended mag-
netohydrodynamics. We derived the symmetric Casimir
integrals of motion and produced the Energy-Casimir vari-
ational principle for obtaining the generalized equilibrium
equations, which govern XMHD stationary states. These
states may be particularly interesting for the study of 2D
collisionless reconnection configurations. Also, since two-
fluid effects become significant for smaller length scales,
increased values of plasma f, and flows approaching the
ion diamagnetic drift speed, equilibrium studies based on
XMHD equations could be useful for an adequate descrip-
tion of magnetically confined plasmas with such charac-
teristics. The equilibrium system of equations was shown
to be of Grad-Shafranov-Bernoulli type, and we studied
special cases of XMHD equilibria and HMHD equilibria
with arbitrary flow. In the case of HMHD equilibria with
arbitrary flow, we computed a numerical equilibrium on a
D-shaped domain, relevant to fusion experiments. The
resulting configuration is representative of the predicted
separation of the ion-flow and magnetic surfaces.
Extension of the present study to cases of arbitrary sym-
metry, as done for MHD in Ref. 15, in particular, for
helically symmetric configurations, is in progress and will
be published in a future work.
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APPENDIX A: DERIVATION OF THE SYMMETRIC
POISSON BRACKET (39)

1. Compressional part

{F,G} = —Jvd3x (FyV -Gy — G,V - Fy). (A1)
Using the relation V - Fy = —AF,,, we obtain
{F,G}ys = J d*x (F,AG,, — G,AF,). (A2)
D
2. Vortical part
{F,G}" = J Pxp ' (V xv) (Fy xGy). (A3)
Vv
Using (23) and Q := —Ay, the vorticity is
Vxv=Q:+4+Vu, xZ; (A4)

therefore, we have
p ' (V xv)- (Fy x Gy)
=p Q2 (Fy x Gy), + p ' (V. x 2) - (Fy x Gy),-

The subscripts z and p denote the z and poloidal components,
respectively, which read as follows:

(Fy x Gy), = VF,, x VG,, — VFq - (¢ x VGq)z
+(VF, -VGgq)z — (VFqo - VG,)Z, (AS)

(FyxGy),=Fy VGa—Gy VFq+F, VG, % —G, VF, X2,

(A6)
Using [a,b] = (Va x Vb) - 2,
p'Qz - (Fy x Gy), = p 'Q([Fq,Gq] + VF, - VGq
—VFq-VF, +[F.,Gy,]), (A7)

p N (Vo. x 2)-(Fy x Gy), =p ' (F..[Ga,v:] — G, [Fq,v:]
+F,. Vv.-VG,, — G, Vv.-VF,),
(A8)

integrating over the domain D and exploiting (40), it gives
J d*x p Y (V. x 2) - (Fy x Gy),
D

— | dxedlFa.p16.] - [Gap 'R
D
+VF, -V(p™'G,) = VG, -V(p'F,.)

+p 'FyG,, — p”'GyF,.}. (A9)
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Integrating (A7) over D and adding it to (A9) gives the vorti-
cal part of the translationally symmetric bracket.

3. Magnetic field-flow part

The magnetic field-flow (MHD) contribution is

{F,G}’"f:J xp "B [Fy x (VxGg:) — Gy x (V xFg-)];
Vv
(A10)

hence, one needs to compute p 'B*-[Fy x (V x Gg)],
since the second term of (A10) follows by interchanging F'
and G. From (36) and (38), we get
Fy x (V x Gy) = (Fp. + VFq x 2 — VF,)
x (Gyz + VGp: x 2)
=F,VGp: — Gy VFq + [FQ, GB;]E

—Gy-VF,, xZ+VF, -VGgz, (All)

and since B* = B’z + V" x Z, one can derive
p 'B*-Fy, x (V x Gg*)
= p {B.([Fa,Gs:|+VFy - VGg) + Fy, [Gs:, "]

+Gy [y, Fo] = Gy VF, - Vi) (A12)
Integrating over D and using (40) gives
J d’x {p—‘B;([FQ, Gp:| + VF, - VGg!)
D
+W([FQ7PIG¢/*} + [Pleu;,GB;}
+VEF, - v(p*IG;;) +p’1FyGW)}. (A13)

The second term of (A10) can be computed by (A13) upon
interchanging F and G.

4. Hall part
The Hall part of the bracket (7) is

(F, Gy — —d,-J Pxp B - [(V % Fy) % (V x Gy )]
Vv

Using Eq. (38), we obtain

(V x Fg+) x (V x Gg+)

Taking the inner product with p~!B*, the expression above
gives

p! (B: [F:,Gp:| + Fy [Gp:, 47| — Gy [FB;HV]) :
which upon integrating over D and using (40) gives

{F,G}§' = —dedzx {P_'Bif [F5:, G

B T
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5. Electron inertial part
{F,G}mertial — dgj Pxp ' (Vxv)-[(VxFg)x (VxGg)].
Vv

For this part, we take the inner product of (Al4) with
p~'V x v, where the curl of v is given by (A4). Following
the same steps, as before, gives

{F, Gy = de dzx{P_lQ[FB:,GB;‘]
D

ol 6]~ 605}

APPENDIX B: DERIVATION OF (102)—(104)

From (94) and (95), we deduce the following (except for
the gradients of two harmonic functions that can be
neglected):

UVA+'VG = pVy— pVY x 2, (B1)
pVY = yVp x Z. (B2)
Taking the cross product of (B1) with Z gives
vy = p ' [ud (9)Ve + A—‘g’(qs)w)] x 2. (B3)
Now, from the curl of (B3), we obtain
/! U
Ay = uV - %V(p +i7'v. <%V¢) =-Q, (B4

and substituting the expression above into (93) gives

Y

i
(12A 4+ 272GV - ,u%V(p + ;w

A
= 10— O ok oM B (A 071G,

(BS)

where we used v, = (¢ — ¢)/(Au — 1), which follows from
the definitions of ¢ and ¢. Using Eq. (101), we can write Eq.
(BS) as

(18 + ud*) A'V - %w +(/13+/11d§)g’v(%v¢)

_ /lp _ / 1A g
i ¢) +p(uk + 4" M)

+(uA' +27'0) (A +9).

(B6)

Inserting Egs. (98) and (B4) into (97) and following a similar
procedure as above, we derive a second GS-like equation,

Phys. Plasmas 24, 092504 (2017)

(1P +d*) AV - ﬁw + (ﬂ +d§)g'v- (gw)
P p

:dﬁz@_w) oK+ M)+ (A +G)(A+G),

1—Au
(B7)
and y is connected to ¢ and ¢ by
14 ¢ — A
ANyp==(y———7T—). B

The last equation can be derived from (99), using the defini-
tions of ¢ and ¢. Finally, we may refine the GS system a bit
more by combining (B6) and (B7). After careful manipula-
tion, this system leads to (102) and (103).
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