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ARTICLE INFO ABSTRACT

Communicated by Y. Zhou Cahn-Hilliard-Navier-Stokes (CHNS) systems describe flows with two-phases, e.g., a liquid with bubbles.
Obtaining constitutive relations for general dissipative processes for such systems, which are thermodynam-
ically consistent, can be a challenge. We show how the metriplectic 4-bracket formalism (Morrison and
Updike, 2024) achieves this in a straightforward, in fact algorithmic, manner. First, from the noncanonical
Hamiltonian formulation for the ideal part of a CHNS system we obtain an appropriate Casimir to serve as
the entropy in the metriplectic formalism that describes the dissipation (e.g. viscosity, heat conductivity and
diffusion effects). General thermodynamics with the concentration variable and its thermodynamics conjugate,
the chemical potential, are included. Having expressions for the Hamiltonian (energy), entropy, and Poisson
bracket, we describe a procedure for obtaining a metriplectic 4-bracket that describes thermodynamically
consistent dissipative effects. The 4-bracket formalism leads naturally to a general CHNS system that allows
for anisotropic surface energy effects. This general CHNS system reduces to cases in the literature, to which
we can compare.
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1. Introduction production of entropy, ensuring the relaxation (asymptotic stability)

to thermodynamic equilibrium. Here we propose an algorithm for

The well-known Navier-Stokes equations govern the motion of a
single-phase fluid. However, in the case of two-phase fluids, chemical
reactions, changes of phase, and migration between substances of
phases become significant and cannot be disregarded. J. W. Cahn and
J. E. Hilliard were the first to formulate the mathematical equations
that describe phase separation in a such a binary fluid [1]. Here we
investigate generalizations that combine the Cahn-Hilliard equation
with equations that describe the dynamics of fluid flow, referred to
as Cahn-Hilliard-Navier—Stokes (CHNS) systems. CHNS systems aim to
describe the hydrodynamic properties of a mixture of two phases such
as bubbles in a liquid. To narrow down the already broad scope, we
assume that the two fluids share the same velocity field, yet we allow
for both extended thermodynamics and diffusive interfaces between the
two phases.

A substantial hurdle in developing CHNS type systems, systems
with a variety of constitutive relations, is to ensure thermodynamic
consistency, i.e., adherence to the first law of thermodynamics, which
in this context is to produce a set of dynamical equations that conserve
energy, and the second law which in this context means the dynamical
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constructing such systems, an algorithm that produces a large set of
CHNS systems.

The algorithm has four steps: (i) Select a set of dynamical variables.
For a CHNS system these will be y := {m = pv, p, ¢ = pc, o = ps}, which
are the momentum density, mass density, volume concentration of one
of the constituents, and entropy density, respectively. (ii) The next step
is to select energy and entropy functionals, H and S, dependent on the
dynamical variables. The choice of these functionals is based on the
physics of the phenomena one wishes to describe. (iii) The third step
of the algorithm is to obtain the noncanonical Poisson bracket [see 2]
of the ideal (nondissipative) part of the theory that has the chosen
entropy as a Casimir invariant. Since the work of Morrison and Greene
[3], Poisson brackets for a great many systems, including fluid and
magnetofluid systems, have been found [e.g. 4-8]. Thus, this step may
be immediate. Alternatively, it may be achieved by a coordinate change
from a known Hamiltonian theory in order to align with the chosen en-
tropy functional. In either case, we obtain at this stage a noncanonical
Hamiltonian system. (iv) The final step is to construct a metriplectic

Received 22 February 2024; Received in revised form 17 July 2024; Accepted 19 July 2024

Available online 24 July 2024

0167-2789/© 2024 Elsevier B.V. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://www.elsevier.com/locate/physd
https://www.elsevier.com/locate/physd
mailto:morrison@physics.utexas.edu
https://doi.org/10.1016/j.physd.2024.134303
https://doi.org/10.1016/j.physd.2024.134303
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physd.2024.134303&domain=pdf

A. Zaidni et al.

4-bracket as described in [9]. Although there are standard metriplectic
4-bracket constructions, there is freedom at this last step to describe a
variety of types of dissipation. However, a natural choice follows upon
consideration of the form of an early metriplectic bracket [10]. Given
H, S, and the 4-bracket, the dynamical system with thermodynamically
consistent dissipation is produced.

We apply the algorithm to two cases. First, in Section 2, we consider
a system where the fluid thermodynamics is extended by allowing the
internal energy to depend on a concentration variable, with the chem-
ical potential being its thermodynamic dual. Because Gibbs introduced
the notion of chemical potential, we refer to the Hamiltonian version
of this fluid systems as the Gibbs—Euler (GE) system and the dissipative
version as the Gibbs-Navier-Stokes (GNS) system. It is a thermodynam-
ically consistent version of the compressible Navier-Stokes equations
with the inclusion of this concentration variable for describing a sec-
ond phase of the fluid. The GNS system generalizes the early work
of Eckart [11,12] and the treatment in [13]; it allows for all possible
thermodynamics fluxes. Next, in Section 3, a general form of CHNS
system is produced, a form that models surface tension effects and
allows for diffuse interfaces. Our work is motivated in large part by the
substantial works of Anderson et al. [14] and Guo and Lin [15], which
we generalize by obtaining a class of systems that includes theirs as
special cases. There is a huge literature on this topic and these papers
contain many important references to previous work. [Also, see 16, for
a recent review.]

The GNS system of Section 2 serves as a straightforward example
of our algorithm. In Section 2.1 we describe the set of dynamical
variables, properties of the system, and the energy and entropy func-
tionals H and S. This amounts to the first and second steps of the
algorithm. Then in Section 2.2 the Hamiltonian formulation of the
dissipation free part of the system is presented. This is the third step
of the algorithm where the Poisson bracket is obtained, after a brief
review of the noncanonical Hamiltonian formalism. Given the early
work of Morrison and Greene [3] and the classification of extensions
in [5], this step is immediate. Based on the early and recent works
of Morrison [10] and [9] the fourth step of the algorithm is also
immediate. In Section 2.3 we first review the metriplectic 4-bracket
formalism and present the realization that applies for the GNS system.
Thus, the thermodynamically consistent GNS system is determined. In
Section 2.4 we obtain the metriplectic 2-bracket equations of motion,
and the determined fluxes and affinities, making connection to standard
irreversible thermodynamics. Using the results of Section 2, we proceed
in Section 3 to obtain the main result of the paper, our general CHNS
system that can describe diffuse interface effects. The first and second
steps of our algorithm are taken in Section 3.1, while the third step,
obtaining the correct Poisson bracket, is undertaken in Section 3.2. In
order to complete this step, one must find the Poisson bracket for which
the entropy of the second step is a Casimir invariant, which we find can
be achieved by a simple coordinate transformation. The fourth step of
the algorithm is taken in Section 3.3. Here a choice of metriplectic 4-
bracket gives a general class of thermodynamically consistent CHNS
systems, a class that contains previous results as special cases. The
formalism also shows how one can transform to a simple entropy
variable at the expense of a more complicated internal energy. As in
Section 2, in Section 3.4 we reduce to the metriplectic 2-bracket. Finally
in Section 4 we briefly summarize and make a few comments about
ongoing and future work.

2. Metriplectic framework and the Gibbs-Navier-Stokes system

In this section we describe general features of the metriplectic
framework in the context of the GNS system, a generalization of the
Navier-Stokes equations that includes the dual thermodynamical vari-
ables of concentration and chemical potential.
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2.1. Description of the Gibbs-Navier—Stokes system

The GNS for 2 phase flow proceeds on familiar ground [11-13].
It amounts to the single phase thermodynamic Navier-Stokes system
or as it is sometimes called the Fourier Navier-Stokes system with the
dispersed phase described by the addition of a concentration variable,
¢, giving the set of dynamical variables y = {v, p,c, s}. Here we review
global aspects of this known system, before showing how it emerges
from the metriplectic formalism.

We suppose the mixture of two phases are contained in a volume
Q, and we consider the following global quantities and their evolution:

M=/P, M =0, (@)

Q

P:/pv, P:—/ Jyon, (2)
Q 0

H=/£|V|2+pu(/},s,¢r), H=—/ J,-n, 3
2?2 o0

c=/,,c, c‘=—/ J, . @

Q 02

S:/ps, S:—/ Js-n+/jpr"d. 5)
Q 02 Q

Here p is the density of the mixture, v is the mass-averaged velocity
of the mixture, s is the specific entropy, and the phase variable ¢
is the specific concentration (dimensionless mass concentration) that
determines how much of the dispersed phase of the mixture is present
at a point x € 2 c R3. The variable ¢ = pc is the mass density
of the dispersed phase. The functionals M, P, H and S are the total
mass, momentum, energy, and entropy of the mixture, respectively,
while C is the total mass of one of the constituents. For convenience
we will omit the incremental volume element for integrations over £,
ie., [, = [, d°x and use an over dot to mean the total derivative d/dz.
The local thermodynamics of the mixture is described by u(p, s, ¢), the
internal energy per unit mass. For convenience the gravitational force
is not considered, although its inclusion is straightforward.

Quantities in the time derivatives of the basic functionals are as
follows: n is the unit outward normal vector of the boundary d<2, J,
is the phase field flux, which depends on the gradient of the chemical
potential, J, is the stress tensor — surface forces — due to pressure and
viscosity, J, the energy flux that contains the rate of work done by the
surface forces (external energy), the rate of heat transfer and the rate of
diffusivity in the phase field (internal energy), J, is the net entropy flux
through the boundary, and s”*? is the local rate of entropy production.
The second law of thermodynamics is expressed by the requirement
that §7°¢ is non-negative.

For the GNS system the fluxes are given by

J.=-D-Vp, )

Jo=pIl—A:Vv, @

J,=-v-A:Vv—k-VT —ub-Vy, )
K

Jy=-% VT, ©

s'mdz%[Vv:X:vV+%VT-r(-VT+v,4-D-w]zo, 10)

where p is the pressure, T is the temperature, I is the unit tensor, &
is the thermal conductivity tensor, D is the diffusion tensor, which
along with x is assumed to be a symmetric and positive definite 2-
tensor, and y is the chemical potential. We allow the possibility that
phenomenological quantities such as ¥ and D can depend on the
dynamical variables. Here, A is the viscosity 4-tensor, the usual rank
4 isotropic Cartesian tensor given by

2
Ajig =n (5i15jk + 6160 — 3
with viscosity coefficients  and ¢ and i, j, k and / taking on values 1,
2, 3. Note, we use boldface as in the fluxes J.,J,, and J, to denote

5ij5kl)+<:5ij6k1y an
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vectors, an over bar as in J,, to denote rank-2 tensors, and a double
over bar as in A to denote rank-4 tensors. A single “-” is used for
neighboring contractions, e.g., (D-Vu); = D; O and we use the double
dot convention, e.g., for the stress tensor (A : Vv); i = AijrOkvys where
repeated indices are summed over.

The volume density variables are y = (m := pv,p,é := pc,0 = ps),
where m is the momentum density, ¢ is entropy per unit volume and é
is the concentration per unit volume. The local energy per unit volume
is given by

ijk

2
m

e= u + pu(p, s, c). 12)
2p

From the specific internal energy, u(p, s, ¢), we have the thermodynamic

relations

du=Tds + L-dp + ude, (13)
p
where
ou > ou dou
==, =p"—, = —. 14
ds dp dc as

Given the content of this section, we have established the first step
of our algorithm for the GNS system, the determination of the dynam-
ical variables w = {m = pv,p,é = pc,0 = ps} or alternatively the set
(v,p,c,s), and the second step of our algorithm by making the choices
of Hamiltonian H of (3) and entropy .S of (5). In the next section,
2.2, we proceed to the third step of the algorithm by obtaining the
Hamiltonian structure for this system. This system without dissipation
is the GE system.

2.2. Noncanonical Poisson bracket of the Gibbs-Euler system

Given that the mixture is assumed to be confined in the domain £,
the Eulerian scalars (volume forms) (p, ¢, s) are functions from space—
time 2 — R — R, while the vector field m maps 2xR — TR, where T2
stands for the tangent bundle of the manifold Q. We will forgo formal
geometric considerations and suppose our infinite-dimensional phase
space has coordinates y = (m, p, ¢, ) and observables are functionals
that map y +~ R at each fixed time. We will denote the space of
such functionals by B. Then a Poisson bracket is a bilinear operator
B x B ~ R that fulfills the Leibniz rule and is a realization of a Lie
algebra [see e.g. 17, chap. 14]. The Leibniz rule follows from that for
the variational or functional derivative of F € B, defined by

F(y +edy)—F(y) [ 6F
A
where 6F /6y is the functional derivative. This expression can be
viewed as the directional derivative of a functional F at y in the
direction Sy [see, e.g., 2, for a formal review of these notions].

The appropriate Poisson bracket, defined on two functionals F,G €
B, for the GE system is the following:

6F[y;6w) = lin% oy
€=

{F,G}:—/m~ [Fin: VG —Gp - VFy| +p [Fp - VG, — Gy, - VF)|
Q

+ 0 [Fp VG, =Gy - VF,| +¢[Fp - VG; — Gy - VFy| 15)

where we compactified our notation by defining F,, := 6F/ém, F,:=
6F /5p, etc., the functional derivatives with respect to the various coor-
dinates y. That this is the appropriate Poisson bracket is immediate; it
is the Lie-Poisson bracket originally given by Morrison and Greene [3]
with the addition of the last line of (15) involving the concentration,
another volume density variable ¢. Adding such a dynamical variable
is common place in the fluid modeling of plasmas over the last decades
and fits within the general theory for extension given by Thiffeault
and Morrison [5]. By construction we have a Poisson bracket that
is a bilinear, antisymmetric, and either by the extension theory or a
relatively easy direct calculation using the techniques of [4] it can be
shown to satisfy the Jacobi identity, i.e.,

{{F.G}.,H}+{{H,F},G} +{{G,H},F} =0, (16)
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for all F,G,H € B. The Leibniz property, which is required for the
Poisson bracket to generate a vector field, is built into the definition of
functional derivative.

Upon inserting any functional of y, say an observable o, into the
Poisson bracket its evolution is determined by

0,0=1{o,H}, a7

where the Hamiltonian functional is the total energy of the system,
where we rewrite (3) as follows:

~ |m|2 c ¢
Hlp,m,0,¢]= [ e = +poulp,—,=|. (18)
Q a2 2 PP

In (17) and henceforth we use the shorthand 0, = d/dr. Using the
following functional derivatives:

Hp=—|v|2/2+u+p/p—sT—c,u, H,=v, H,=T, H;=upu, (19)

the bracket form of (17) gives the ideal two-phase flow system

ov={v,H})=-v-Vv—Vp/p, (20)
0p={pH)y=-v-Vp—pV -v, @1n
0,6={¢H}=-v-Vé—EV v, (22)
d06={c,H =-v-Vo—0cV-v. 23)

Here we have dropped surface terms arising from integration by parts
and have used 6p(x)/6p(x’) = 6(x—x"). Egs. (20)-(22) can also be written
easily using, e.g., Dp/Dt := dp/dt+v-Vp. These equations comprise the
GE system.

Casimir invariants are special functionals € that satisfy
(F.¢}=0 VFeB, 24

and thus are constants of motion for any Hamiltonian. From (15) we
obtain the following equations that a Casimir functional ¢ must satisfy:

V.e(pC) =V -(6¢)=V-(E¢,) =0, (25)
and
m Ve, +0,me,)+pVe,+0VE, +EVE =0, (26)

where we use the shorthand 6¢/6m := &, 6¢/6p = €, etc. and
summation of repeated indices is assumed. For the purpose at hand we
assume ¢ is independent of m, yielding the single condition

pVC, +0 Ve, +EVE, = 0. @7

Eq. (27) is satisfied by

¢= / C(p,0,0) (28)
Q

for any C that is Euler homogeneous of degree one, i.e., satisfies

C(Ap, Ao, A€) = AC(p,0,¢). (29)

The proof of this is straightforward.

To complete the third step of our algorithm, the entropy functional
must be chosen from the set of Casimir invariants. Writing the Euler
homogeneous integrand as

Clp,0,6)=pf(c/p,E/p)

it is clear that

S=/ps=/6 (30)
Q Q

lies in our set of Casimirs. This quantity was first shown to be a Casimir
for the ideal fluid in [4] and used for the thermodynamically consistent
Navier-Stokes metriplectic system in [10]. We note in passing, for other
theories that might have a nontraditional dynamical equilibrium play-
ing the role of thermodynamic equilibrium, one may wish to choose
another Casimir.
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2.3. Metriplectic 4-bracket for the Gibbs-Navier—Stokes system

Now let us turn to our fourth and final step of the algorithm,
construction of the metriplectic 4-bracket. To this end we review the
formalism of [9] in general terms and then apply it to the GNS system,
which is a generalization of an example given in that work.

2.3.1. General metriplectic 4-bracket dynamics

The metriplectic 4-bracket theory was introduced by Morrison and
Updike [9] to describe dissipative dynamics. Let us briefly recall the
metriplectic 4-bracket description in infinite dimensions. In this de-
scription, we consider the dynamics of classical field theories with
multi-component fields

2@ = (7' @0, @0, ., Mz 1) (31)

defined on z = (z!,z2,...,zN) for times r € R. Here we use z to be
a label space coordinate with the volume element d"z, but with the
domain unspecified. In fluid mechanics this domain would be €, the
3-dimensional domain occupied by the fluid and recall we used x for
the coordinate of this point. In general we suppose that x!,..., y™ are
real-valued functions of z and ¢. Given the space of functionals of y, B,
we define 4-bracket as an operator

(34 ):BXBXBXB—>B (32)

such that for any four functionals F,K,G, N € B we have

(F,G;K,N) = /dN/dNr/dNN/deRaﬂy&

51"(2) 5}([3 z") 5)(? (z”) 5)(6 (Z’/’) ’

where R*13(z, 7/, 2", 2""") is a 4-tensor functional operator with coordi-
nate form given by the following integral kernel:

(33)

RP7(z, 2, 2", 2" ) = RAx“(2), 47 (2), dy7 (Z), dx° (2 x(2)], (34)

where «,f,7,6 range over 1,2,..., M. The 4-bracket is assumed to
satisfy the following proprieties:

(i) Linearity in all arguments, e.g., for all 1 € R
(F + AH,K;G,N) = (F,K;G,N) + A(H,K;G, N) (35)

(ii) The algebraic symmetries

(F,K;G,N)=—(K,F;G,N) (36)
(F,K;G,N)=—(F,K;N,G) (37)
(F,K;G,N)=(G,N; F,K) (38)

(iii) Derivation in all arguments, e.g.,

(FH,K;G,N)=F(H,K;G,N)+ (F,K;G,N)H. (39)

Here, as usual, FH denotes point-wise multiplication. In addition, to
ensure entropy production we require

S=(S,H;S,H)>0. (40)

Metriplectic 4-brackets that satisfy (35)-(40) are called minimal metripl
ectic. In Section 2.3.2 we will give a construction that ensures such
appropriate positive semidefiniteness.

The minimal metriplectic properties of metriplectic 4-brackets are
reminiscent of the algebraic properties possessed by a curvature ten-
sor. In fact, every Riemannian manifold naturally has a metriplec-
tic 4-bracket, and (S, H; S, H) provides a notion of sectional curva-
ture [see 9].

From the metriplectic 4-bracket (33), the dissipative dynamics of an
observable o is generated as follows:

d0=(0,H;S, H) = /d”z/d”z’/sz”/sz’" Rabré
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% b0 6H 6 6H
6x(2) 84P(2) 627(2") Sx(2")
If we choose o to be the Hamiltonian H, then H = (H, H;S,H) =0 by
the antisymmetry condition of (36). If we choose o to be the entropy
S, then S = (S, H; S, H) > 0 by (40).
The dissipative dynamics generated by the 4-bracket on our set of
field variables y is given by

(41)

68
620"’

0x"(2) = (x* H; S, H) = / dNz" G (z,7") (42)

where the G-metric is given as follows:
oH o0H
G (z, 2y = /dN r/dN ” Raﬂyb z, Z 7 Z/Il 43
( ) = ( )5Zﬂ(z’) 5 (43)
For the full metriplectic dynamics we would add the Poisson bracket

contribution to the above. Eq. (42) is written so as to show that it
amounts to a gradient system with the entropy S as generator.

2.3.2. General Kulkarni—Nomizu construction

We can easily create specific metriplectic 4-brackets that have the
minimal metriplectic properties: the requisite symmetries and the pos-
itive semidefiniteness (S, H;.S, H). We do this by using the Kulkarni—
-Nomizu (K-N) product [18,19]. See also [20] for relevant theorems.
Consistent with the bracket formulation of (33), we deviate from the
conventional K-N product by working on the dual. Given two symmetric
operator fields, say ), and M, operating on the variational derivatives;
we again use the subscript notation when convenient,

F,_6_F_<5F 8F 5F>
¥ ex eyl e oM
the K-N product is defined as follows:

(EAM)(dF,dK,dG,dN) = X (dF,dG) M (dK,dN)
— X(dF,dN) M (dK,dG)
+M (dF,dG) X (dK,dN)
- M (dF,dN) 2 (dK,dG). (44)

A finite-dimensional form of ¥ would be a symmetric contravariant
2-tensor, say y, and this would give the term
;0f dg

df,dg) =y == 45
ydf,dg) = yaz’()zl (45)
A conventional form of K-N product would involve rank 2 covariant
tensors. The form of (45) suggests a general form in infinite dimensions
would be
Z(dF,dG) = /dN /d ' 3% (z,2") oF i, (46)

bx%(2) 6P (")

where X%f(z,z') is symmetric in both «, # and z, z’ and operates to the
right on both functional derivatives. For example,

(z,2') = Lz, 2 oL, (47)

where LZf is symmetric and £ is a differential operator. This implies,

e.g.,

S(dF,dG) = /dN /d Lz, 2y e oE_pn _0G (48)
5x%(2) SxP(z")

With an expression for M similar to (46), a term in the K-N decompo-
sition would have the following form:

/sz/sz'/sz”/sz'” Zaﬂ(z’ z/)MY‘S(z”,z”’)
oF oG 0K 6N

5}(01(2) 6)(/;(21) 5)”(2//) 5)(5(2”’)’
which could be generalized further by adding filtering kernels.
It is easy to see that brackets constructed with this K-N product
will have all of the algebraic symmetries described in Section 2.3.1.
In addition, it is shown in the Appendix using the Cauchy-Schwarz

(49)
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inequality that positivity of (S, H;S, H) is satisfied, if both ¥ and
M are positive semidefinite. Moreover, if one of X or M is positive
definite, defining an inner product, then the sectional curvature of (37)
satisfies (S, H; .S, H) > 0 with equality if and only if 65/6y « 6H /5.
Thus, it is not difficult to build minimal metriplectic 4-brackets.
Alternative to (46) we can define X(d F,dG) pointwise as

oF oG
Sx%(z) 6P (')
6F 6G
5x%(2) 6xP(z)°
which could follow from (46) if we added an additional argument to
Y. Then, with a corresponding form for M the algebraic curvature
symmetries would be induced in the integrand. This is the case for our
present purposes, where we assume the specific K-N form given in [9],
viz. where the 4-bracket is given by

3(dF,dG)(z) := / dNz' 3%0(z, 7")

= A% (z) (50)

(F,K;G,N) =/ dVzW (X AM)(dF,dK,dG,dN),

where W is an arbitrary weight, possibly depending on y and z, that
multiplies (£ A M) where all of the functional derivatives are evaluated
at the same point, z. (See (52) and (53) below.) In Section 2.3.3 we
will see that this form of 4-bracket is sufficient for the CHNS systems
of interest.

2.3.3. Metriplectic 4-bracket for the GNS system
Now suppose our multi-component field variable y is that for the
multiphase fluid, i.e.,

v (x,1) = (m(x, 1), p(x, 1), €(X, 1), 6(X, 1)) (51)

and consider a specific, but still quite general, form of the K-N construc-
tion, one adaptable to the GNS type of system. For multi-component
fields y of our fluid we could choose

M(dF.dG) = F,, A"°G,,s, (52)
2(dF.dG)=VF,.-B".VG,,, (53)
where repeated indices are to be summed, A’® = A%, and in co-

ordinates Bl‘.'jﬂ is symmetric in both i,j = 1,2,3 and «,f = 1,...,6,
which are indices that range over the six fields of y. Here, the nablas
are contracted on i and j. With the choices of (52) and (53), the
metriplectic 4-bracket is

(F,K;G,N):/ VF,a-B” VG5 K, A’ N,s
Q

— VF,a B -VN,; K, A°G,;s

+ VK,a- B VN, F,, A°G,;

— VK« B -VG, 4 F, A"’ N, . (54
Entropy production is governed by
(S.H;S.H) = /Q VS,a- B VS, H,, A" H,; (55)

5
+ VHy« B -VH, S, A”S,;
5

~2VH,. B VS, S, A°H,;

From the general results of the Appendix it follows that (S, H; .S, H) > 0

for this special case if A%’ and B*’ are positive semidefinite.
Observe that (53) could be replaced by the more general expression

Z(dF,dG)=LFy«- B - LG, (56)

where £ is contained within a general class of pseudodifferential oper-
ators. Later we will see an example of this.

Now consider an even more restrictive K-N product, a special case
of (54) with what appears to be the simplest K-N options. As discussed
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earlier, we do not expect our 4-bracket to depend on functional deriva-
tives with respect to p, which could produce density diffusion. Thus,
for M we take

M(F,dG) = F,G,. 57

The placement of the V in (54) leads to a diffusive type of relaxation,
so this is natural, and the simplest case would be to select X with no
cross terms, i.e.,

3(dF,dG)=VF, : A : VG +VF, A, - VG, +VF,- Ay -VG,, (58)

where the 4-tensor A, and the symmetric 2-tensors A, and A, are to
be determined. We make the following choices

- K
e

S|

> (59)

EII
ﬂ|>ll

s /13:

where A is the isotropic Cartesian 4-tensor given by (11), A, ; are sym-
metric positive definite 2-tensors defined by the previously introduced
% and D. We take the weight W to be the Lagrange multiplier defined
in Section 2.4.1 i.e. W = 1. Then, the 4-bracket reads

(F,K;G,N) = /% [ [K,VEy — F,VKy] 0 At [N,VGy — G,V N,
Q
+ % |[K,VF, - F,VK,] -&- [N,VG, — G,VN,|
+ [K,VF, - F,VK;] - D- [N,VG; - G,VN,] ] . (60)

Upon insertion of H as given by (18) and S from the set of Casimirs
of Section 2.2 to be as in (30), the dynamics is given by

0w = {y* H)+ " H;S, H). (61)

Using H, = v, H, = T, and S; = 1, the following GNS system is

produced:

oov={v,H}+(,H;S,H)=-v-Vv—-Vp/p+ lV-(/T : Vv), (62)
p

op={p,H}+(p,H;S,H)=-v-Vp—pV v, (63)

0= H}+ @ H;S,H)y=-v-Vé—¢V-v+V-(D-Vpu), 64)

d,0={c,H}+(c,H;S,H)

=—v-Va—aV~v+V-(5~VT)+ivr.r(.VT
T T2

1 = 1 -
+=Vv:A:Vv+=Vu-D-Vu. 65
T v+ TVu U (65)

By construction we automatically have energy conservation, i.e., for
(18) H =0, and entropy production

S=(S,H;S,H)

=/l[Vv:/T:VV+1VT-,e-vr+v,4-D-V,4 >0. (66)
0T T

2.4. GNS metriplectic 2-bracket and conventional fluxes and affinities

For completeness we demonstrate two things in this subsection:
how the metriplectic 4-bracket formalism relates to the original binary
metriplectic formalism given in [10,21,22] and how it relates to con-
ventional nonequilibrium thermodynamics, making the connection be-
tween the 4-bracket K-N construction and the phenomenology of ther-
modynamics fluxes and affinities (sometimes called thermodynamic
forces).

2.4.1. GNS metriplectic 2-bracket

As noted above we are concerned with the metriplectic dynamics
introduced in [10,21,22] [see also 23,24], but we mention that other
binary brackets for describing dissipation were presented over the
years [e.g. 25-31]. In addition we mention a recent alternative ap-
proach to multiphase fluids, one based on constrained variational prin-
ciples, that is given in [32]. We refer the reader to [9] for comparisons



A. Zaidni et al.

with other formulations and how they emerge from the metriplectic
4-bracket.

Metriplectic dynamics was introduced as a means of building ther-
modynamically consistent theories in terms of a binary bracket, which
we now call the metriplectic 2-bracket. The theory applies to a wide
class of dynamical systems, including both ordinary and partial differ-
ential equations. Evolution of an observable o using the metriplectic
2-bracket has the following form:

0,0={0,F}—(0,F)y., 67)

where as before {. } is the noncanonical Poisson bracket that generates
the ideal part of the dynamics, while now (F, G)y, the metriplectic 2-
bracket, generates the dissipative part. The functional F represents the
global Helmholtz free energy of the system, and is given by:

F=H-TS, (68)

where again H is the Hamiltonian and S the entropy selected from the
set of Casimirs of the noncanonical Poisson bracket (ensuring {F, .S} =
0 for any functional F), and 7 is a uniform nonnegative constant (a
global temperature). The metriplectic 2-bracket (, ) is assumed to be
bilinear, symmetric, and satisfies

(F,H)y =0 for any functional F. (69)

Thus, metriplectic systems are thermodynamically consistent:

First law (energy conservation):

H={H,F}—-(H,F)y
={H,H}+T(H,S)y =0; (70)

Second law (entropy production):
S={S.F} = (8. Py
=—(S,H)g +7(S,9)y =7(S,5)u 20, 71)

which follows because {S,F} = 0 and (S, H)y = 0. As shown in [9]
the metriplectic 2-bracket emerges from the 4-bracket as follows:

(F,G)y =(F,H;G,H), (72)

where for convenience here and henceforth we set 7 = 1. Because of
the minimal metriplectic properties of the 4-bracket, we are assured to
have the thermodynamic consistency of (70) and (71).

The 2-bracket that emerges from the general 4-bracket of (54) is the
following:

(F,G)y = (F,H;G,H)
= /Q VF,«-B” VG, H,, A" H,s
— VFy«-BY-VH,; H,, A"°G,s
(]
+ VHy« B -VH, F,A"°G,
- VH,o- B VG, F, A”H,, 73)

which in light of the K-N product satisfies (F, H)y = 0 for all F. This
will be true for any choice of the Hamiltonian H. Indeed, a special case
of this was used in (60) to obtain the thermodynamically consistent set
of Egs. (62)-(64). Recall, for this case M and ¥ were chosen as in (57)
and (58), special cases of (52) and (53).

Another 2-bracket can be obtained from (54) by making a conve-
nient choice of variables; viz., instead of the variables y of (134) in
(73) we choose the following:

E(x,1) 1= (m(x,1), p(X, 1), E(X, 1), e(X, 1)), (74)

where the total energy density is used instead of the entropy density as
one of our dynamical variables. That this is possible is well known in
thermodynamics because the entropy must be a monotonic increasing

Physica D: Nonlinear Phenomena 468 (2024) 134303

function of the internal energy, which allows via the inverse function
theorem transformation between the extensive energy or extensive
entropy representations [33]. We will denote these density variables
in order by &,, a = 1,...,6. With this choice the Hamiltonian (18) is
given by

H=/e=/§6, 75)
Q Q

6H /8¢, = b4, the Kronecker delta, and V6H /6¢, = 0. Thus, (73)
reduces to

(F.G)y :(F,H;G,H):/VFgaleﬁ-VGgﬂ, (76)
Q

where without loss of generality we set A% =1 and B*/ = L, for this
case. In Section 2.4.2 we will follow [24] and show how the bracket
of (76) fits into the framework of conventional nonequilibrium ther-
modynamics as, e.g., described in [13]. In this way we will physically
identify the meaning of L.

2.4.2. Fluxes and affinities for the GNS system
A fundamental equations of nonequilibrium thermodynamics is the
general thermodynamic identity

do = X*dé,, @77)

which relates o, the entropy density, to the &, densities associated with
conserved extensive properties and to X* := do/d¢,, quantities called
affinities (or thermodynamic forces). All the densities are characterized
by the following conservation equations:

atéa +V. -.7(1 = 0’ (78)

where J, is at present an unknown flux associated with the density &,.
Then, the evolution of the entropy is given by

006+V-(X°J,)=J, VX" 79

The righthand side of (79) is the dissipative term, which is the sum of
the fluxes J, contracted with VX“. The linear assumption of nonequi-
librium processes amounts to relating fluxes and affinities according to

Jo = LapX?. (80)

If we identify the L, of (80) with that of (76), we see how metriplectic
brackets are related to the flux-affinity relations. Onsager symmetry, as-
sumed to arise from microscopic reversibility, amounts to the symmetry
L,z = Lg, and the semi-definiteness property assures the second law,
i.e., entropy growth. It remains to identify how the fluxes of Section 2.1
enter the picture.

To further identify the meaning of L,; we revisit the thermodynam-
ics of (13), in light of our choice of the variables & of (134). Thus, we
rewrite the thermodynamic relation (13) upon changing variables,

Tdo =de —v-dm — udé — gdp, (81)

where e is the energy density of (12) and g is a modified specific Gibbs
free energy, viz.

g :=u—Ts+p/p—/4c—|V|2/2. (82)

We have assumed in (1) that there is no flux associated with p, i.e., in
CHNS chemical reactions and/or particle creation and annihilation are
ignored. Thus, the phase space for the thermodynamics is smaller than
that for the Hamiltonian dynamics, because the variable p as seen
e.g. in (63) has no dissipative terms. This leads us to focus on the
thermodynamic variables (e, m, ¢) and (81) reduces to

Tdo = de — v -dm — udé. (83)

Comparison of (77) and (83) suggests we require the affinities
associated with m, e, and é. The conventional choices for these affini-
ties are V(1/T), V(-v/T), and V(—u/T), respectively [13]. However,
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examination of (10) or (66) suggests using instead VT, Vv, and Vy, as
was done in [24].

The relationship between the flux-affinity relations in terms of these
two choices of bases are given by the following:

J‘msze-V(l)+me : V(_?v)+me~V<_—”)

T T
=—A:Vy, (84)
JezLee~V<%>+Lcm : V(_?V)+L(,C--V(_T—”>
=-v-(Ad:Vv)—&-VT —uD -V, (85)
J5=L56-V(%)+L5m : V(_TV)+L55~V(_?H)
=-D-Vpu. (86)

Recall J,, is a 2-tensor, thus L,, = L,, is a 3-tensor, L, is a 4-
tensor, and L,; = L, is a 3-tensor. Since J, and J; are vectors,

L,.,L,; = Lg, and L;; are 2-tensors. From (84), (85), and (86), we
identify the components of L, as follows:

Lype=TA-v, Lym=TA, Ln:=0, L,=TuD,

Ly =Tk +Tv-A-v+Tu®D, Lg;=TD. (87)

The metriplectic 2-bracket in terms of the é-variables is given by
(F.G)y :/T [VFe T&+v-A-v+u*D) VG,
Q

+ VFy: A:VGy+VF,-D-VG;

+VF,-(A-V) : VG + VG, - (A-V) : VF,

+ uVF,-D-VG,+uvVG,-D-VF, |. (88)
Upon writing
S = / o(p,e,é,m) (89)

Q

and using standard thermodynamic manipulations we obtain
S,=1/T, Sp=-v/T, and S; =—-pu/T. (90)

Inserting these into (o, .5)y using the 2-bracket of (88) yields the dissi-
pative terms of (62), (64), and with the manipulations of transforming
from e to o, those of the entropy Eq. (65). By direct calculation, as
well as by construction, we obtain (H,S); = 0 and S = (S,S)y =
(S, H;S, H) > 0 which reproduces (66).

To close the circle we transform the bracket of (88) in terms of the
variables (e, m, ¢) to one in terms of (¢, m, é) via the following chain rule
formulas:

G, - G, /T, Gp = Gy —V.G /T, G; > Gz —uG,/T. 91

This calculation gives precisely the bracket of (60).
3. The Cahn-Hilliard-Navier-Stokes system

Now we apply our algorithm to obtain Cahn-Hilliard-Navier-Stokes
(CHNS) systems allows for diffuse-interfaces. We follow the steps in
order, just as in Section 2. However, here we have the additional step
of aligning the desired entropy functional with the Poisson bracket, so
that it is indeed a Casimir invariant.

3.1. Hamiltonian and entropy functional forms

The phenomenon of material transport along an interface is known
as the Marangoni effect. The presence of a surface tension gradient
naturally induces the migration of particles, moving from regions of
low tension to those of high tension. This gradient can be triggered
by a concentration gradient (or also a temperature gradient). In two-
phase theory the interface between phases is regarded as being diffuse.
According to the work of Taylor and Cahn [34], one can model the
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diffuse interface by a single order parameter, say ¢, and with a free
energy functional,

3= / )+ Lvg), ©2)
0?2 €

with I" being a homogeneous function of degree one; further details on
this will be provided later. Here V' can be any non-negative function
that equals zero at ¢ = +1 and ¢ is a small parameter that goes to zero
in the sharp-interface limit. We choose the order parameter ¢ to be the
concentration.

In the isotropic surface energy case [15] develop a phase-field
model for two-phase flow, which is thermodynamically consistent. The
modeling is based on a non-classical choice of energy and entropy,
given respectively by

Hgp = / g [v|% + pu(p, s,¢) + g/luchlz, (93)
Q

Sgp = / ps+ §AS|VC|2, 99
Q

where u and s stand for the classical specific internal energy and
entropy, respectively, while the coefficients A; and 4, are constant
parameters.

Alternatively, [14] propose a model of phase-field of solidification
with convection, the model permits the interface to have an anisotropic
surface energy. The choice of energy and entropy are given by

2
Hymw = /Q 21V + putp.s.0) + £ I*(Vo), 95)

2 5
SAMW=/st—7F Vo), (96)

where the coefficients eg and ez are assumed to be constant and I’
is a homogeneous function of degree one that takes a vector to a real
number.

In this section, we explore a choice of energy and entropy function-
als, from which the previously mentioned choices are special cases, and
we consider the associated functionals, viz.

a
H":/ BV + put %Aurz(Vc):/e;(m, 97)
Q Q
a _ pa 2 . a
50 = /Q ps+ L3,V = /Q ot 98)
5 =/pf+%/1f(T)r2(VC), (99)
Q

where u, s and f stand for the classical specific internal energy, entropy,
and free energy, respectively, the coefficients A; and 4, are constant
parameters, and A,(T) is a parameter depending on the temperature
that will lead to anisotropic surface energy effects. We have defined the
total densities e7 . and o . for later use. The parameter a takes on
two values: a = 0 reduces (97) and (98) to the expressions of Anderson
et al. [14], where we set ei = A, and ei. = —J,, while for a = 1 they
reduce to those used by Guo and Lin [15] provided the choice of an
isotropic surface energy is assumed, viz., I'(V¢) = |Ve|. Thus, as is clear
from (97), (98), and (99), the dimensions of 4, 4, and 4, are either
specific or volumetric depending on the case. As usual, we have the

thermodynamic relation

f=u-Ts, (100)

which allows us to assume the relationship between the coefficients

da (1)
g = — A (101)
To summarize, our expressions (97) and (98) generalize the model
studied by Guo and Lin [15] by including I, which accounts for
anisotropic surface energy effects, while our expressions generalize the
model of Anderson et al. [14] by including the factors of p in the
integrands making all quantities in the integrands specific quantities
multiplied by the density, giving rise to more general sources of energy.

A(T)=2,—-Th and
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Because I' is a homogeneous function of degree unity,

I'(Ap) = AL'(p) for all 1> 0. (102)

Differentiating (102) with respect to 4 and then setting A = 1 yields the
fundamental relation

9r(p)

I'p=p-&:=p— (103)
Pj

Then, differentiating (103) gives a second well-known relation,

or _ 9 0°r

=S Ep=gt-p = (104)

dp;  0p ' 0p;0p; / '

where evidently p; must be a null eigenvector of the matrix 92 /dp;0p I8
Henceforth we will assume the argument of I' to be Vec. For the
case of isotropic surface energy, where I'(Vc) = |Vc|, the associated
homogeneous function of degree zero is given by

E=Vc/|Vel. (105)
From (99) we can obtain a generalized chemical potential
a . 6%° ou 4 1 a
=——=p—=—=V -(Ap'TVe)=pu——=V-(A;p?T&), 106
T TElT (AppI'Ve) = u p (App°I&) (106)

where recall ¢ = pc. For the case of isotropic surface energy, this
becomes

1
”er\ =u— ;V “(AppVe). (107)
Upon setting @ = 1 [the case of 15], this reduces to

1
Hyve = H= 2V (dspVe), (108)

an expression that differs from that in [15] unless 4 rp is constant. If
this is the case and we choose a classical y = ¢> — ¢, corresponding to
the quartic Laudau potential, we obtain

Henl :c3—c—/1fV2c, (109)

the chemical potential of Cahn and Hilliard who indeed make these
assumptions [cf. page 267 of 1]. For « = 0 [the case of 14], we have

W= V-G T, (110)
which allows for the weighted mean curvature effects of anisotropy.

Maintaining the same set of dynamical variables as in (51) (or
an equivalent set) and making the choices of energy and entropy
functionals of (97) and (98), we have completed the first two steps of
the algorithm.

3.2. Noncanonical Poisson bracket of the Cahn-Hilliard-Euler system

To complete the next step of the algorithm, the third step, we need
to manufacture a bracket that has (98) as a Casimir invariant. We
do this by starting from the bracket of (15) in terms of the original
variables v = {m,p,¢,0} and then transforming it to a new set of
dynamical variables ¢ := {m,j,¢, 6%}, giving the same bracket in
terms of new coordinates. We have included the superscript a because
in effect we have two sets of coordinates, corresponding to the desired
entropies of (98) for « = 0 and ¢ = 1. To distinguish the old from
the new, we write the bracket in the transformed variables as {F, G}°.
Because of coordinate invariance, {C,F} = {C% F}* = 0, where
Fly] = Fly“]is any functional written in one or the other coordinates.
The Casimir S = /[, ¢ in our original coordinates is transformed into
a different form in the new coordinates. Specifically, we change the
variables as follows:

aa
m=m, p=p é&=4é 0:&“+‘%ASF2(V6), (111)
where ¢ = jé. Consequently, the entropy S in the old coordinates
written in terms of the new coordinates will, by design, become the

following Casimir for the Poisson bracket in the new coordinates:

Ad
S = / 6%+ L4, r2(vo). (112)
Q 2
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Thus we have manufactured a bracket with the entropy expression of
(98) as a Casimir.

Transformation of the Poisson bracket (15) requires use of the
functional chain rule. For convenience we use

a
6" =0— %Asrz(vC) (113)

and consider the variation of any functional of the new variables. Thus
we use 6p = §j, m = &m, 8¢ = 6¢, and for the entropy variable

669 =60 — %ap"*IASFZ(Vc)ap —p°A,TE- V6 <§>
L a1, 12 4 6¢
=60'—§ap A *(Ve)op — p®A,TE -V 7

P TE Y (%5/)), (a14)
p

where use has been made of (104). Now let F be an arbitrary functional

of the original variables and F the same functional in terms of the new

variables. Thus,

/Fﬁ,- ot + Fy8p + Fra 66 + F3 8¢ (115)
Q

=/Fm‘5m+Fp5p+F550'+FC~55.
Q

Note, no sum over «a is to be done. By identification of terms we obtain

Fy = Fy» Fozﬁ&a’
F,=

a - - é N .
27 A% Py — > V- (p2,TEFu),

F:=F;+ %v (pUATEFs) . (116)
The transformed Poisson bracket is obtained by inserting the expres-
sions of (116) into (15), writing it entirely in terms of the hat variables.
Upon doing this and then dropping the hats, we get for any functionals
F and G the following Poisson bracket:

{F,G}“:—/m- [Fm~VGm—Gm-VFm] 117)
Q0

+p [ Fn -V (G, —ap™ A T?Gpa /2= &V - (0“4, TEG,0)/ ")
~ GV (F, = ap™ AT Fpa /2= &V - (0" A, TEF,0) / )]

+ (09 + 4,12 /2) [Fm VG =Gy - VF(,H]

+ 8| PV (Ge+ V- (0°4,T€G,0) /)

— GV (Fe+ V- (p“A,TEF,) [p) ] .

This bracket is clearly bilinear and skew-symmetric. Because it was
derived from the bracket (15) by a change of variables, satisfaction
of the Jacobi identity is assured. We note, as before, strong boundary
conditions are assumed such that all integrations by parts produce
vanishing boundary terms.

Thus we have completed the third part of our algorithm, the con-
struction of a Poisson bracket that has the entropy functional of (98)
in the set of its Casimir invariants. Recall the integrand of the entropy
is given by

pa
o 7= 0% + T ATH(Ve); (118)
so we find
55 55 1

=1, =—=V.(p?A,T
S04 5¢ p (*4,T¢)
684 a g-1 2 ¢ a
= —p M+ =V (p°4,TE). 119
5y =2 s o (p"4,T€) (119)

Using (119) one can easily check that { F, S} = 0 for all F, which by
construction had to be the case. Now we are free to choose any Hamil-
tonian we desire in (117) to obtain the evolution of any observable o
as follows:

0,0 = {o, H}?, (120)
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In Section 3.1 we proposed the Hamiltonian functional of (97), which
we rewrite as follows in order to make all arguments clear:

H[p,m, o c]—/—+p <p,"—a,f~>+”—a/1ur2 <v <5>> 121
p P 2 P

Using the functional derivatives of this Hamiltonian,

Hi=v, Hu=T,

H’f =—|v]*/2+u+p/p—sT —cu +ap“_]/1u1"2/2+cV ~(p* AT E/p,
H{=pu-V-0'4T8/p, 122)

in the bracket (117) gives the equations of motion in the form of (120).
At this point we could write this out and display a general system of
equations that includes both cases, but we choose to consider them
separately because the general system is unwieldy and not particularly
perspicuous.

Let us first consider the simplified version of our derived Poisson
bracket for the case a = 1, which is as follows:

(F,G}! = —/Qm [Fn- VG = G - VE] + p[Fy - VG, = Gy, - VF,|

= A [Fn V- (pGuTE®Ve) =Gy - V- (pFaTEQ Vo) |

0" [Fpn VG = Gy - VF,u| + ¢ [F - VG; — Gy, - VFS|, (123)

ol —

where ® denotes tensor product of two vectors and consistent with our
convention we have

V-@®v)=(V-uw)jv+u-Vv.

Using (122), the bracket form of (120) gives the ideal diffuse two-phase
flow system

ov={v,H'}! =—v-Vv—1v-(pi+p,1fr§®Vc), (124)
p
op=1{pH'"} ==v-Vp—pV.v, (125)
0é={cH' ) =—v.Vé-¢V v, (126)
1 1
aC)-Toml {JTotal’H} __v'vaTotdl o-TotalV v, (127)

where [ is the unit tensor. Observe in (127) we have chosen the
observable ”T al instead of ¢!, in order to demonstrate its conservation.

Similarly, for the case where a = 0, the Poisson bracket has the
following form:

{F,G}O:—/m- [Fn - VG = Gu - VFy| + p[Fy - VG, - Gy, - VF,]
Q
= A [Fn V- (GolE®Ve) =Gy - V- (Fol'E® V) |
+ A [Fn - V(I?Gp0) = Gy - V (I'*F )] /2
6" [Fp - VG0 — Gy - VEy| + ¢ |Fyy - VG; — Gy - VF;| . (128)

Same as above, using (122), the ideal diffuse two-phase flow system is
produced

a,v={v,H"}° (129)
=—v.Vv- %V- [(p=2,r212) T+ 4 rE@ Ve,
0p={pH ' =—v.Vp—pV.v, (130)
0,¢={¢,H') =—v.Ve-¢V v, @a31)
616%)1;11 { OTotal’ HO}O =-v VJT()ldl "(l)"otal Vv, (132)

where recall from (103), & =0I'(p)/op.

Let us now comment on these two Hamiltonian systems. By con-
struction both the a = 1 and a = 0 systems conserve their Hamiltonians
and entropies, as given by (97) and (98) with ¢ = 1 and a = 0,
respectively. Both systems have momentum equations containing a
term describing anisotropic surface energy (capillary) effects. The a = 0
system of (129)—(132) is identical to the ideal limit of that given in
the work of Anderson et al. [14]. Upon choosing I'(Vc) = |Vc|, the
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a = 1 system of (124)—(127) should correspond to the ideal limit of
that of Guo and Lin [15], but it does not. In fact the system of Guo and
Lin [15] in this limit does not conserve energy. Moreover, the capillary
effect in their momentum equation (equation (3.40)), which should be
replaced by (124) with I'(V¢) = |Ve|, vanishes in the one-dimensional
limit. Since such surface effects are determined by mean or weighted
mean curvature [35], it is clear that this is physically untenable.
Fortunately, our method provides a simple fix to their equations, while
showing how to generalize them to include anisotropic surface effects.

An alternative but equivalent Hamiltonian formulation of the above
systems exists, in fact, one that has a standard entropy functional of
the form of (30). Given that the bracket of (117) was obtained via a
transformation of the bracket of (15), we can transform it back from
one that has (98) as a Casimir to the original that has (5) as a Casimir.
However, to generate equivalent equations of motion, we would have
to transform the Hamiltonian of (97) into a more complicated form.
Tracing back through our transformations, we would replace the coor-
dinate ¢ in the Hamiltonian by ¢ —p?4,I'? /2, which means the internal
energy becomes

u e u(p, (6 — p° A2 /2)/p.E/p),

while otherwise the Hamiltonian remains the same. Just as with finite-
dimensional Hamiltonian systems, one can change coordinates and
arrive at equivalent systems with different Poisson brackets and Hamil-
tonians, and in the noncanonical case different expressions for the
Casimir invariants. Often one has the options of a simple bracket and
complicated Hamiltonian or vice verse.

(133)

3.3. Metriplectic 4-bracket for the Cahn-Hilliard-Navier-Stokes system

Now we turn to the 4th and final step of our algorithm. Just
as in Section 2.3.3 we build a metriplectic 4-bracket using the K-N
construction. We suppose our multi-component field variable is

w(x,1) = (m(x,1), p(X, 1), é(X, 1), 6%(X, 1)) (134)

and in the K-N construction we use a more general expression for ¥
akin to that mentioned in (56), viz.

M(dF,dG) = F,.G,a. (135)

3(dF,dG) = Ay i VG +VF,u- Ay - VG,a
+ VLYUF) - Ay - LUF), (136)

where a, of course, is not to be summed over and the pseudodifferential

operator £{ has the following form:
LIUF) :=V(F;+ V- (p°ATEF ) /p). (137)

Here the tensors A,, A, and A, are defined by (59). Then, the 4-bracket
reads

(F,K;G,N)“:/ [[Ka,,
.Q

— FaVKya] - & [NyaVGa

— FpaVKpy] iA:[NyaVGpy = GaV Ny ]

+ %[KGaVFGa = GyaVNa]

+[Kga LUF) = FraLUK)|- D+ [Nya LUG) — Ggac“(N)]] (138)

Observe, with the exception of the last line this bracket is identical to
that of (60).
Upon insertion of H“ as given by (97) and S from the set of Casimirs

to be as in (98), the dynamics is given by
o = {y*, H}" + (w*, H*; S, H)". (139)

Using E”(H”) = Vﬂr, Hy =v, H” =T, S” =1 and £”(S“) = 0, the
followmg diffuse- 1nterface CHNS system for a=1Iis produced
ov={v,H'}' +(v,H";S", H)!

=-v-Vv- %v- [p1+ A;pTE ® V]
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+ /-1Jv (A1 V), (140)

dp=1{p.H'} +(p.H": S H!
=-v-Vp—pV.v, (141)

o={eH" ) +@ H"; S, H)!

— P A 1

=-v-Vé-¢V-v+V-(D-Vup),

= {O—’i'olal’Hl}l + (0-"1“0[211’I{l;Sl’Ifl)1

1 1
Total ~ OTotal Vv

+LVT~)_<~VT
T2

(142)
1
aYo_To[al
=-v- Vg

+V- (V1) (143)
+%VV CAc VV+%V[4}~'D'V/4}.
Similarly, for « = 0 we obtain
ov={v, H} + (v, H"; 5O, HO)°
= —v.Vy- %V- [ (p= 2122014 4,5 @ Ve

1

+ ;v-(/f D V), (144)

0p = {p. H)® + (p, H; 5%, HO)?
=-V-Vp—pV-v, (145)
9,6 = {& H*)O + (&, HO; S°, HO)"
=—v-Ve—¢V-v+V-(D-Vud),
9,09 11 = (0% HOYO + (00, . H': SO, HO)P

- _v. 0o _ 0 .
=-v VO-Tmal GTolalv v

(146)

(147)
+V-<E~VT)+LVT‘E‘VT

T T2

1 LoE. lo o 7 0
# VYA VY Vil D VA,

Thus we have extracted from our general system with arbitrary a, two
thermodynamically consistent CHNS systems. By construction both the
a =1 and a = 0 systems must conserve energy and both must produce
entropy, which we find is governed by the following:

Sa = (8% H S H"
_ / 1
0 T

3.4. Metriplectic 2-bracket for the Cahn-Hilliard-Navier-Stokes system

[Vv:X:Vv+%VT.rc~VT+V,4;~D~w; >0. (148)

Proceeding as in the previous section, using L{(H®) = V(u — /]—]V .
(Appl&)=Vug, Hy =v, H], =T, the metriplectic 2-bracket emerges
directly from the 4-bracket as follows:

(F,G)yo = (F,H*; G, H")" (149)

= /Q% [ [TV Fo= FoeW¥] A2 [TVGyy = GV
+ % [TVF,u — FpuVT| -k - [TVGya — G,a VT
+ [TLUF) = Fou Vi D-[TLUG) - GoViit] |,

which is the analog of (60) for the GNS system in Section 2.3.3.

Now we could proceed as in Section 2.4.1 and obtain the analog
of L,; by transforming to the coordinates &% := (m, p, ¢, e%ml), where
el 18 the total energy density defined in (97). This would lead to
a metriplectic 2-bracket analogous to (76) and the concomitant flux
and affinity relations analogous to (87) would emerge. Because this is

hardly more enlightening than (149), we do not record this result here.
4. Summary and conclusions
In this paper we have described the metriplectic 4-bracket formal-

ism and how it can algorithmically be used in the context of multiphase
fluids to construct thermodynamically consistent models, ones that
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conserve energy and produce entropy. In particular, we have used
it in Section 2 to obtain the GE Hamiltonian system, which adds a
concentration variable to conventional Eulerian fluid mechanics, and
to the GNS system, a generalization of the Navier—Stokes system that
is thermodynamically consistent with the collection of thermodynamic
fluxes. Then, in Section 3 we used the algorithm to obtain a class of
Hamiltonian fluid systems that allow for anisotropic surface effects,
followed by the construction of a general class of CHNS systems that
couple Cahn-Hilliard physics with that of Navier—Stokes dynamics, in a
thermodynamically consistent way. The systems we obtain generalizes
previous work by including anisotropic effects in the surface tension
and all phenomenological parameters.

A cornerstone of Hamiltonian dynamics is its geometric invariance
under coordinate changes. Because the minimal metriplectic properties
are algebraic and geometric, they too are invariant under coordinate
changes. Thus, we can write our CHNS class of dissipative systems with
a standard entropy functional of the form of (30), but with a more
complicated Hamiltonian using (133).

From the examples presented, it is clear that the 4-bracket formal-
ism can be applied to obtain a wide variety of dynamical systems in
various fields. In fact it was recently applied to obtain generalized
collision operators in kinetic theory [36] and a thermodynamically
consistent model for radiation hydrodynamics [37]. Although incom-
pressible flows do not have the usual thermodynamics associated with
compression and pressure, they can be included in the metriplectic
formalism by using the techniques of Chandre et al. [38].

The metriplectic 4-bracket formalism also provides an avenue for
designing structure preserving numerical algorithms [see e.g. 39]. Any
discretization that preserves the symmetries of the 4-bracket, which is
not a difficult task, will be thermodynamically consistent on the semi-
discrete level, i.e. produce a set of ordinary differential equations that
conserve energy and produce entropy.
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Appendix. Semidefinite curvature

We define the binary operations (-,-)> and (-,-),, that satisfy all
of the axioms of an inner product space, except the non-degeneracy
condition

6F oG

F,G)y = sz/sz' b Z,Z’ _—

(F.G); 1= [ s
[N [ Nty gys o my_ OF 5G

(F,G)yp .—/d z /d 2" M7 (2", 2 )—5)(}'(2")—5}(5(2”’)’

where ¥ and M are positive semi-definites. We have the Cauchy-
Schwarz inequality

[(F,G)s| < V(F,F)s V(G,G)s = | Flls|IGl 5.

Lemma 1. A metriplectic quadravector constructed using the K— N product,
has non-negative sectional curvature,

K(F,G) = / dNz / a7z / sz’/ alNz" $(z, 2y M* (" 2"
5F  6G 5F 5G
X

+ other terms.
Sx(2) 6xP(2") Sx7(2") 6 x%(2"")

Proof. Direct calculation gives
K(F.G) = IFIIIGI5, = 2F.G)s(F.G)y + |GIZIFI,.
The following inequality

2
(IFI Gl = G £ 1 Fllpr)” 2 0
implies
IFISNGIR, + IGIZIFIS, = 20 Fllp I Fll £ IG A IG5
> 2(F,G)s| [{F.G)y|
2 2(F,G)x(F,G)
where the second inequality follows from the Cauchy-Schwarz inequal-

ity. Evidently, the last inequality implies K(F,G) > 0 for all F and
G.

Lemma 2. We suppose that X is positive definite, defining an inner product.
Given any two X-arbitrary linearly independent 5F /5y and 5G /5y, then
the sectional curvature is strictly positive (K(F,G) > 0).

Proof. Since §F /8y and 6G/§y are X-Linearly independent, the Cauc
hy-Schwarz inequality given by

[KF.G)s| <IIFlzIG]ls.
In the same way we have

(IFI£ NGy — ”G”Z”F”M)2 20
implies
IFINGIR, + IGIZIFNS, = 20 Fllp I Fll £ IG 1G5
> 2(F,G) 5| |(F.G) |
> 2(F,G)s(F,G)y.
Hence, we deduce that K(F,G) > 0.

Finite-dimensional versions of these two lemmas were first reported
in [9].
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