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Wave energy flow conservation is demonstrated for Hermitian differential operators that arise
in the Vlasov—-Maxwell theory for propagation perpendicular to a magnetic field. The energy
flow can be related to the bilinear concomitant, for a solution and its complex conjugate, by
using the Lagrange identity of the operator. This bilinear form obeys a conservation law and is
shown to describe the usual Wentzel-Kramers—Brillouin (WKB) energy flow for
asymptotically homogeneous regions. The additivity and lack of uniqueness of the energy flow
expression is discussed for a general superposition of waves with real and complex wave-
numbers. Furthermore, a global energy conservation theorem is demonstrated for an
inhomogeneity in one dimension and generalized reflection and transmission coefficients are

thereby obtained.

I. INTRODUCTION

In the Vlasov—Maxwell theory, wave energy conserva-
tion is commonly associated with Hermitian wave operators.
Such operators arise when particle resonances are not pres-
ent or neglected, e.g., for wave propagation perpendicular to
the magnetic field. In the present paper we wish to examine
the conservation of wave energy flow for Hermitian opera-
tors. Such operators satisfy relations known as Lagrange
identities. The purpose is to show how the general structure
of these identities determines both the conservation law and
the asymptotic properties of the energy flow.

Lagrange identities are well known from the theory of
ordinary differential equations' and in an integrated form
are familiar as Green’s formula in potential theory.” They
establish a relation between an operator, its adjoint, and a
boundary form, which is commonly called the bilinear con-
comitant. More generally, Lagrange identities can be de-
rived for vector systems of differential equations of arbitrary
order, such as those that occur frequently in the Vlasov—
Maxwell theory.>™ For these vector systems explicit La-
grange identities can be obtained where the concomitant is,
in general, only uniquely determined up to the curl of a bilin-
ear vector field. We note in comparison that, in general, the
electromagnetic energy flow in a vacuum can only be identi-
fied as the Poynting vector up to a curl, but this is sufficient
to identify the total energy flow out of a closed surface.

The concomitant of a Hermitian operator is related to a
conserved current of the system, which has previously been
used to express energy flow conservation for simple sys-
tems.>® Here we wish to emphasize the general structure of
these relations and present a discussion independent of the
actual form of the operator. An important issue in this con-
text is the identification of the concomitant expression with
the physical wave energy flow. We find that this can be
achieved asymptotically (i.e., in the boundary regions where
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the system is spatially homogeneous), and for general vector
systems we obtain a straightforward derivation of the Went-
zel-Kramers—Brilliouin (WKB) energy flow expression
from the Lagrange identity. With the relationship between
the concomitant and the energy flow one can demonstrate a
global energy conservation theorem for these Hermitian sys-
tems. For solutions corresponding to general radiative
boundary conditions we discuss the uniqueness and the addi-
tivity (i.e., sum over normal mode energies) of the asympto-
tic energy flow and obtain generalized reflection and trans-
mission coefficients that satisfy global energy conservation
in one dimension.

‘While the concomitant conservation follows most im-
mediately from the Lagrange identity, it may be instructive
to discuss an alternative derivation from a version of
Noether’s theorem.” For Hermitian operators one can find
variational forms that play a role analogous to the action
integral in field theories. However, while the most common
action integrals depend only on the fields and their first de-
rivatives, the present functionals include derivatives up to an
arbitrarily high order. It is this generalization that leads to
the concomitant expression. From the symmetries of the
variational form one obtains in a straightforward way con-
servation laws. These are well known for certain wave La-
grangians describing wave propagation for weakly inhomo-
geneous media.® Using the Lagrange identity one can show
that energy flow conservation follows generally for arbitrary
inhomogeneities from a gauge invariance. Furthermore,
translational invariance for time independent and homoge-
neous media yields energylike and momentum like con-
served quantities that can be related to the concomitant
expression.

Il. EXACT CONSERVATION RELATIONS

In the Vlasov—Maxwell theory, the propagation of
waves with frequency o and electric field E(x)e
= i(w/c)Ae ~ ™ (for definiteness the gauge condition with
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zero scalar potential is chosen) is governed by vector sys-
tems,

L-A=0, (1)
where
2 .
LA = VX(VXA) -2 A+ 225(0)A,
C [

and i6(w) is a nonlocal conductivity tensor that is assumed
to be Hermitian for real w. Hence, in general, L represents an
integral operator, and under not very restrictive approxima-
tions can be approximated by differential operators of arbi-
trarily high order. A specific form for L from Vlasov-Max-
well theory can be found in Ref. 3. In the following we will
assume that the operator L satisfies a Lagrange identity and
from this structure discuss some consequences for the wave
energy flow in inhomogeneous media. The Lagrange identi-
ty for L and its adjoint L7 is a relation of the form

d* (L) — (LEd)*¢p = iV-J (b, 1) (2)

that holds for arbitrary vector fields ¢ and 4. The vector
iJ(¢,¢) is bilinear with respect to its arguments and is
known as the concomitant. The star denotes the complex
conjugate and the factor / has been inserted for convenience.
In the Appendix we derive Lagrange identities for vector
systems of differential equations of arbitrary order. The con-
comitant here is in general only determined up to the curl of
abilinear vector field, VXXb(¢,¥). This ambiguity, however,
is unimportant for one-dimensional problems and for global
conservation relations as discussed in Sec. III.

From the Lagrange identity (2) there follows by Gauss’
theorem the Green’s formula

Jyd3x[¢*-<L-¢> (L) p] =i L I . (D)

for any volume V with surface dV, and do is the surface
element. If the whole plasma is contained in ¥ and , are
subject to boundary conditions where the surface term van-
ishes, Eq. (3) expresses the general definition of the adjoint
operator L.

Let us now choose ¥ to be a solution of Eq. (1) and ¢ to
satisfy the adjoint equation

L' =0. (4)

Then, according to Eq. (2), J(¢,¥) represents a conserved
current, whose divergence is zero. This relation becomes
especially useful for Hermitian operators, where L = L',
and ¢ = 1 is a solution of the same physical system. The
relation

becomes a conservation law for any solution and its complex
conjugate. We will see that wJ(¥,¥) can be identified as-
ymptotically as a flux, which for the special operator in Eq.
(1) is the wave energy flux. For non-Hermitian operators we
define the energy flux by an expression of the same form,
however, with L replaced by its Hermitian part L,,,

Vedu () = — i b* (L) — (Lyd)*P] . (6)
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Writing L = L,; + /L, with an anti-Hermitian part /L , and
choosing v again as a solution of Eq. (1), we obtain, from
Eq. (6),

Vedy (b)) = — [d*L,d + (L, d)*d] . N
The right-hand side no longer vanishes, and it thus describes

the dissipation of energy associated with L , . Henceforth, we
only analyze the case where L, = 0.

1ll. GLOBAL ENERGY CONSERVATION

We now evaluate the concomitant expression for Her-
mitian operators asymptotically as the system approaches
infinity, where spatial homogeneity is assumed. In such a
region the well-known expression for the WK B wave energy
flow is obtained.” More generally, the uniqueness and the
additivity of the asymptotic energy flow for a general super-
position of waves, including propagating and evanescent
waves, is discussed. For an inhomogeneity in one spatial di-
mension, a global energy conservation theorem is demon-
strated and generalized reflection and transmission coeffi-
cients are obtained.

Let us consider an arbitrary inhomogeneous medium in
a finite volume that is surrounded by spatially homogeneous
regions. Integrating Eq. (5) over a volume whose surface ¥V
lies entirely in the homogeneous medium, one obtains by
Gauss’ theorem a global conservation law for the asymptotic
flux,

doJ () =0. (8)
av

We now show that J(,) represents asymptotically the
wave energy flow, so that Eq. (8) becomes a statement of
global energy conservation.

Asymptotically, the solutions of Eq. (1) can be taken as
a superposition of plane waves,

b= b, (9)

For a homogeneous medium, the form of Eq. (9) is an exact
solution for each mode n (below we frequently suppress the
subscript #) and the operator of Eq. (1) becomes an algebra-
ic system,

D(k)$=0. (10)
Solutions of (10) require that the ith component of ﬁ) satisfy

¢ =D//D¥ (jnot summed) , (11)
where D ¥ is the transpose of the cofactor of D; (D is the

index form of the tensor D), and the indexj is arbitrary. The
solubility condition for nontrivial solutions is

SD,DV=A(k)S, =0,
]

where

A(k) =detD.

The solubility condition determines the possible values of
one component of k in terms of the other components and
the frequency w.
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If L is Hermitian and the components of k are real, then,
as shown in the Appendix, D is Hermitian (D, = D ¥) and
it follows that D7 = D ™*_ Thus, for arbitrary real k,

8,8(k) = 3D, (k)D (k)

=2Dj’*(k)D;';(k) = A*(k)J; . (12)
Equation (12) implies A(k) is a real function of real k;
hence the zeros of A must occur in complex conjugate pairs
in one of the k components if the other two k components are
real.

Now consider a general asymptotic solution

= z Cn {!\,n eikn"‘ ’

where the complex coefficients C, are inserted to allow for
arbitrary normalization of the plane waves ¢ which have
corresponding wavenumbers k,, . The asymptotic expression
for the bilinear concomitant then takes the form

(13)

i(k,, — k¥)x

Jh) = $C3C,d,,e% 0,

(14)
with J,,, =J (r},,,zl,,, ), a spatially independent function. In
the double sum (14) there occur spatially constant terms
when k,, = k* and spatially periodic terms when k., #k}.
We denote by n* the mode with wave vector & ¥, so q?/,,. is the
amplitude of this mode. The constant terms in the expansion
(14) are represented by J,, =J({,,.,¥,,)|C,,|% The La-
grange identity given in Eq. (6) determines the form of the
vector J, in the following way. In Eq. (11) we have written a
relationship that determines all the components ' in terms
of a specific but arbitrary component . Since the problem is
homogeneous, solutions are only determined up to an arbi-
trary multiplicative constant. We thus write

#(K') =a(k')D",

where a(k) is an arbitrary proportionality constant inde-
pendent of i. Using Eq. (A14) yields

#* (k") = a*(k")D (k"*) .

For now k' and k” are arbitrary, but ultimately we set
k' =k, andk” =Kk,,., where A(k,) = A(k,,.) = 0. (Note
k*. =k,,.) From Eq. (6), if we choose a single coefficient of

exp[i(k; — k,*)x] (where we anticipate setting k;, =Kk,
and k.. =k,,., by putting indices on k" and k") we have
— (k;, — k7 *)d .,

_Z[a*(k” YD ?(k,*)D,, (k) Dk, )a*(k,)

—a*(k,. ) D7 (k;*)D,, (k;*)D¥(k;)a(k,)]
= a*(k/. ) D"(k:¥) Ak, )a(k,)

—a*(k,. Ak ¥)D7(k,)a(k)) . (15)
The last equality follows by contraction of the matrix D with
its cofactor transpose. Now if we let k;, -k, and k¥ -k,
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but with k,, #k,, the right-hand side of Eq. (15) vanishes
because A(k,) = A(k*.) = A(k,,) = 0. Hence J,,. =0if
m*#n*. For the case k; - k¥ - k,, we Taylor expand the
middle term of Eq. (15) ink; — k, and k¥ —k,,. Use
D, (k;)— D, (k;*) = (k;, — k”*).ﬁ D, (k,)
and note that the linear expansion of the other terms can be
ignored, since they are multiplied by either

SD7(k,)D,, (k,) = A(k,)S,,
or

zD (k,)D(k,) = A(k,)S,,

both of which vanish. The Taylor expansion, using k *. =k,
and thus &,. = k ¥, yields

_ (k, - k”* ( n‘n + {i):' (k:)

»)=o.

N aD -
— % (k*)Z=(k, ), (k,)C,C, .
Yo ( )ak( )Y, (k,)

(16)

Some basic properties of the asymptotic wave energy
flow follow immediately from Egs. (13)-(16). First we note
that the concomitant (14) can actually be identified asymp-
totically with the wave energy flow. For a single plane wave
with a real wave vector the solution (13) consists of only one
term and the concomitant assumes the form given by Eq.
(16), in agreement with previous expressions for the wave
energy flow in homogeneous media.®® More generally, Eq.
(16) applies also to complex wave vectors k,,, .

For a general superposition of waves, the sum in Eq.
(14) also contains spatially oscillating interference terms
J,.. with k,, #k¥*. According to Eq. (15) these terms are
restricted by an orthogonality constraint,
(k* —k,, )*d,,. =0, but are otherwise not determined by
the Lagrange identity. As previously mentioned, the con-
comitant expression is in general only uniquely defined up to
the curl of an arbitrary bilinear vector field b(¥,¥). This
quantity has the asymptotic form

VXb(h) = — 3 (k¥ — k,,) Xb,,, C3C,, e,

(17)

where b, is defined as J,,,. This expression is zero for
k,, = k* and otherwise spatially oscillating. In general, the
ambiguity of the asymptotic concomitant expression can be
removed by taking the spatial average in Eq. (14).
Consider now a global energy conservation theorem for
an inhomogeneity in one dimension. For simplicity of nota-
tion we denote by k£ and J the vector components along the
inhomogeneity direction and assume the same transverse
wave vector for all waves. The possible values &, of k are
given by the roots of the local dispersion relation. In this case

9k
Hence, J,, is given by

J" =J"."C"C"c =
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the oscillating terms in  Eq. (14)  yield
(k* — k,)J,,C.,C* =0 and therefore J becomes
J(\b,l’)) = Z 'CnIZJnn + Z CnCn‘Jnn' . (18)

n n
k, real k, complex

We now restrict ourselves to scattering problems where for
definiteness at x = — oo an incoming wave 7; its amplitude,
real &, and dw/dk > 0 are given. For a 2N th-order differen-
tial equation this incoming wave induces N reflected (trans-
mitted) waves. Suppose n, (n,) of these waves have real k
values with dw/dk <0 (dw/dk>0),and N—n, (N —n,)
of these waves are evanescent with complex & values and
Im & <0 (Im k> 0) as required for spatially decaying solu-
tions. Thus Eq. (18) can be written as

I =Jiilci'2+ zlcnlz‘]nn =J;+ ZJ" , X<0,
' ' (192)

and

JW) = 3|C, 1", = DT x>0, (19b)

where n, (n,) refers to the real &, reflected (transmitted)
solutions. Note that the assumed boundary conditions elimi-
nate either C, or C,, in the summation over the complex k
solutions; the restricted summation will be indicated by n <
(n”) when x <0 (x> 0). Since J(¥,%) is conserved, we ob-
tain our fundamental scattering relationship

Ji+dJ0 =D,

We can rewrite Eq. (20) somewhat to emphasize a more
physical interpretation. Note that

(20)

a D ~

Jn, = ¢: %Z‘(kn )¢n
Ay ~, 3D - ~ dD -

= - — Ak - * T k ,
A’w ¢n aw( n)'pn Ugn¢n a(t)( n)wn

where v, the group velocity, is given by

dw A,
UV =——= —
dk A,
(The above relation follows from

(d /dk) [fp"‘D (ko (k) )1}] = 0, and manipulations similar to
those used in obtaining Eq. (16).) For the specific operator
of Eq. (1) it can be shown® that

i 22 G — oy 2 b=l
do o

is exactly the wave energy density of mode » and J° is the
action. Therefore, J, = v,,J° is the action flux. Now divid-
ing by the incident flux |J; | and defining refiection and trans-
mission coefficients as

J, J,
n= T T n = ’
Al ;|
one obtains
58 Phys. Fluids B, Vol. 1, No. 1, January 1989

oR,+No,T,=o0,. 21)
> )y

Here o, is the sign of wz?;’,',‘ (8D /dw) fb,, , which is negative for
negative energy waves.

IV. WAVE ACTION, ENERGY, AND MOMENTUM
CONSERVATION

We now discuss a version of Noether’s theorem and re-
lations for wave action, energy, and momentum in space-
and time-dependent media. For Hermitian operators the
wave fields can be derived from a variational principle and
Noether’s theorem provides a general method to obtain field
invariants corresponding to the symmetries of the action
function. Since this functional depends on derivatives of the
field up to an arbitrarily high order, the conserved quantities
can be expressed in compact form by the concomitant. The
Lagrangian formalism for wave propagation in slowly vary-
ing media is thereby generalized to arbitrary inhomogene-
ities.

In the following we consider wave propagation in a me-
dium with an arbitrary space and time dependence. We as-
sume that the system can be described by a Hermitian opera-
tor L, which satisfies a Lagrange identity in
four-dimensional space-time x*,

L) — L (b = ib—i;fﬂ(mb,zp) . (22)

with & (V*,b,x*) = Y*L-p. We choose the notation 4 # for
a four-dimensional vector with time component 4 ° and use
the repeated index sum notation. The number of compo-
nents of the fields vy is unconstrained, but .¢ is assumed to be
a scalar covariant quantity. We define the variational form

S—_—jd“x £ (4 ,x) (23)

and note that the wave equation (1) follows from the vari-
ational principle 85 = 0 with respect to variations of 1 and
V*. Let us now assume an infinitesimal point transforma-
tion,

Xt = x* + Oxt(x"),

. (24)
PY(x*) = P(x) + SP(x*) .
The Jacobian of the transformation of x* is
14 i ox* (25)
axt

and the change of { at x* is defined as
Sh=0(x*) — P(x*) = SP(x*) — Sx* -a%zp(xﬂ) )
X
(26)

With Egs. (25) and (26), the variation of S(¢) correspond-
ing to the transformation (24) assumes the form
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88 = |d*x & (¥ 4,%*) — f‘“" ZL(¢P*¢x*)
_ f d“x(&i’ v —%xﬂ)
e )

= fd“x( SY* Ly + P*Le 5 + %(f&x“)) ,
(27)
where

8.L = L (P*F(x)), Yx(x)), X(x)) — L(*(x),¥(x),x)

expanded to first order. We now use the Lagrange identity
(22) to obtain

6S=fd"x[ S9* (L) + Sb-(Lp)*]

4 _i (T8 Sy 7
+fd x 2L, T + 2601 @8)
If ¥ is an extremal of the variational form (23) and S is
invariant with respect to the transformation for an arbitrary
volume (i.e., &S = 0), then Noether’s theorem follows in the
form

a -
—{iJ* Y, 6Y) + Lox*]| =0.
ax#[ (¥, 89) ]

(29)
Let us now consider the particular transformation ¢ — ey,
corresponding to a uniform phase shift of the fields. The
infinitesimal changes here are 6x*=0 and &)= &
= j56y. Under this transformation the variational form
(23) remains invariant, which is called a gauge invariance of
the first kind (or sometimes called global gauge invariance).
According to Noether’s theorem (29) this symmetry leads
to the conservation law

a u —_

ax"J (b)) =0.

This conservation law possesses an indeterminancy, since
any transformation

Jo5J% 4+ Va, JoJ—0,a4+VXb,

with vector fields a and b, leaves Eq. (30) invariant. Never-
theless, asymptotically where we have an exact expansion of
plane waves with given frequencies and wave vectors, the
ambiguous terms vanish and unique expressions are then
obtained.

Integrating Eq. (30) over a volume V that encloses the
whole system yields a field invariant

(30)

/°=fd3xJ°(w,xb) . (D)
v

The asymptotic expression for J°(,) can be found from
Eq. (22) in analogy with the treatment in Sec. III. For a
single wave « e~ “’ we obtain

d

32
™ (32)

ToCh) = (= D).

The expression (32) is commonly called the wave action,
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which is generalized by Eq. (31) to arbitrary inhomogene-
ities.

For time-independent homogeneous media Eq. (23) is
also invariant with respect to infinitesimal translations dx* .
Using Eq. (26) with #(x* ) = 0, we find from Eq. (29) the
conservation law

) ( . d )]
ZuH{i =] =0. 33)
axt ¥ 6x"¢ (

This defines a stress tensor with components that are an en-

ergy
W:de’x:fd%J%lb,i&,\b)=a)/0 (34)
v v

and a momentum flux tensor

7 =fd3xJ(¢,IV¢) - _ Jd3x1b*-a—lz~1b=kvg/°,
| 4 v ak
(35)
where Eq. (32) has been used.

For inhomogeneous, time-dependent media the change
of these quantities is given by

O g O o ke a )
8x"J (\P,l 8x"¢) v (ava b
Expression (36) follows from Eq. (22) and the relation
a
x>
which itself follows since .¥ =0 when Ly = L' ¢* = 0.
To illustrate the general procedure we now consider a
specific example describing wave propagation in a cold plas-

ma with no external fields. In our chosen gauge the wave
equation for the four-vector potential 4# has the form

(36)

L (*bx) =0, (37

VX (VXA) + (1/c*)37A + [0} (x,)/*]A=0, (38)

where w,, is the plasma frequency and c is the speed of light.
We have allowed for the possibility that the medium is space
and time dependent, but require @, to approach a constant
asymptotically in space and time.

Since the operator of Eq. (38) is self-adjoint the vari-
ational form exists with

g ==l A*-(VxVx +Lazy 3'2’-)-A L (39
167 c o
and Eqgs. (22) and (30) imply
Py . [a,( _LiaraAa— A-a,A*))
It 167 c?
+ V- [(VXA*) XA — (VxA)xA*]] =0.
(40)
Thus
JO = (i/16mc%) (A*3,A — A-d,A*), (41)
J= — (i/16m)[(VXA*) XA — (VXA)XA*]. (42)

It is evident from Egs. (34) and (31) that time indepen-
dence of the medium results in the simple relation between
wave action and energy,
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W=al°. (43)

To see this explicitly in the case w? = const we note that the
wave energy density that can be derived by Eq. (38) is

1 (1 2, D0 2
W=— —2—|A,| +——2—-|A| +|Vx4/?}. (44)
16m \¢c c
From Eq. (41) we have
JO = (w/87c?)|A4|*. (45)

To show Eq. (43) we use the dispersion relation
A = (0® ~w}) (0 — w’ — k**) =0, with branches cor-
responding to cold plasma oscillations and electromagnetic
transverse waves. Using A~e ~ '+ ** jn Eq. (44) and as-
suming either transverse waves (k-A = 0) or longitudinal
waves (kXA = 0) results in the following:

W= (0*/c*)(|4|*/87) =aJ°. (46)

V. DISCUSSION

In the preceding sections we have shown that Lagrange
identities for Hermitian operators determine conservation
laws that are related to action, energy, and momentum con-
servation. We are mainly concerned with the Vlasov-Max-
well theory of wave propagation in an inhomogeneous time-
independent plasma equilibrium. Here Hermitian operators
arise for wave propagation perpendicular to the magnetic
field and the Lagrange identities can be expected to be val-
id.>* In general, the plasma response can be written as a
differential operator of infinite order. If this operator is ap-
plied to plane waves the resulting series often have an infinite
radius of convergence and accurate approximations can of-
ten be obtained for truncations of finite orders. It is assumed
that a corresponding truncation of the differential operator
can be justified, leading to differential equations of an arbi-
trary high order. An example can be found in Refs. 3, 4, and
6if wave propagation in a thermal plasma perpendicular to a
uniform magnetic field is considered. (We know that it is
only for perpendicular propagation that Hermiticity is satis-
fied, otherwise Landau damping introduces an anti-Hermi-
tian component to the wave operators.) For waves with a
given frequency the action (31) and the energy (34) as well
as the corresponding flows are related by a constant factor.
The demonstration of global energy conservation for these
Hermitian systems is the main result of this work.

For time-dependent Hermitian operators one can readi-
ly generalize the three-dimensional spatial conservation law
to a continuity equation for the wave action. The energy then
becomes an independent quantity, which in general is no
longer conserved. One should, however, notice that the Her-
mitian form of the time-dependent Vlasov—-Maxwell opera-
tor is less obvious and this structure may apply to special
cases with an adiabatically slow time variation only.
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APPENDIX: OPERATOR IDENTITIES

In this appendix we consider vector systems of differen-
tial equations of arbitrary order # and derive explicit expres-
sions for the adjoint operator and the concomitant. The op-
erator has the general form

n 3
L=3 5 ™o,

m=0a,  a,=1

(A1)

Rzl

and for simplicity of notation is written in the symbolic form

L= 3 L"= 3 a"v, (A2)
m=20 m=0
where
am=q;

ij s

V'=VeVe ' --@V.
Nt

mlimes

Here summation over the indices of the gradients is always
implicitly assumed. We start with the derivative of mth or-
der, L™ . Using repeatedly the product rule one obtains, for
arbitrary fields ¢ and ¥,the identity

*L7d =V (¢*a™V" " ') + [( — V)*a"]V" "

- v(g [(— 9y~ gramlvm—rp)

+ [(=V)"d*a™]p. (A3)
Comparison with Eq. (2) and (A2) shows that
me —_ ( _ v)mamT ,
(A4)

i3 () = }:: [(~V)>~'¢*am]V"—rup,

with (a:;f""""")f = (a;" “")*. If the matrix a3’ "®~ is not
completely symmetric with respect to the indices a,---a,,,
the expression (A4) is not uniquely defined and depends on
the ordering in which the product rule in (A3) is applied to
different gradients. On the other hand, L™ and L™ are
unique since a™ and a™" are here contracted with the com-
pletely symmetric tensor V™. As a consequence two different
representations for the concomitant can only differ by the
curl of a bilinear vector field, VXb{(é,}). An example of this
ambiguity is discussed in Sec. V.

For the general operator (A2) the identity (A3) holds
for each term from m = 1 uptom = n, while thetermm = 0
produces no boundary term. Summation over m then yields

Lt = 2 (—V)mam,
m=0 (AS)
,‘J(¢,¢) = 2 z [( _V)P—l¢t.am]vm—h¢.

m=1p=1

For Hermitian operators Eq. (A5) does not express explicit-
ly the Hermitian form.
A general form for Hermitian operators is
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N
L, = Z (—=—V)"G™"V", (A6)
mn=0
where the matrix G™" satisfies the condition
G;"=(G;™*. (A7)
Defining
N
TW) = 3 (— D"V},
n=0
N
Q) = 3 [(—V)"$*]T(¥), (A8)
N m
o) = 5 3 [(—V)P-'¢*]v"=2T"(¥),

m=1p=1
we obtain by the same procedure as in Eq. (A3) the identity
o*Lyb = Q(d4) + V(o)) .

The expression Q(d,¥) is a Hermitian form satisfying

Q*(1,4) = S[(V*)-G™(V"$)]*

(A9)

= 3 (V)G (V')

=Y (V'$*)-G™ (V™) = 2($,9) . (Al0)
Interchanging ¢ and ¥ in Eq. (A9) and taking the complex

conjugate yield
Y (Lyd)* = Q*(, ) + VI* () .

Subtracting Eq. (A11) from Eq. (A9) and observing Eq.
(A10) one obtains the Lagrange identity for L, with the
concomitant

(All)
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3 (o) = 1(d,%) —I*($,9) .

We give the form of the algebraic operators that corre-
spond to L and L' in the asymptotic limit. These are ob-
tained by substituting V— /k in Egs. (A2) and (AS5) yielding

(Al12)

n

L- Y a"(K)™=D(k),
"‘j" (A13)
Lt- ) a™( — k)" =D"(k).
=0

e -

When L is Hermitian, then D is Hermitian for real k, but is
not, in general, Hermitian for complex k.
Finally note that it follows from Eq. (A13) that

D3(k) = D;(k*). Therefore D¥*(k) = D’(k*). This
leads to the relation used in the text,
D" (k
o =27 ® e — 3k )D (k%) (A14)

Drr‘(kl "(k*)

'E. L. Ince, Ordinary Differential Equations (Dover, New York, 1956).

2R. Courant and D. Hilbert, Methods of Mathematical Physics (Intersci-
ence, New York, 1953).

*H. L. Berk, R. R. Dominguez, and E. K. Maschke, Phys. Fluids 24, 2245
(1981).

“R. R. Dominguez and H. L. Berk, Phys. Fluids 27, 1142 (1984).

%). Heading, An Introduction to Phase-Integral Methods (Wiley, New
York, 1962).

5P. L. Colestock and R. J. Kashuba, Nucl. Fusion 23, 763 (1983).

L. N. Gelfand and S. V. Fomin, Calculus of Variations (Prentice~Hall,
Englewood Cliffs, NJ, 1963).

¥G. B. Whitham, Linear and Nonlinear Waves (Wiley, New York, 1974).

°H. L. Berk and D. Pfirsch, J. Math. Phys. 21, 2054 (1980).

Kull, Berk, and Morrison 61

Downloaded 16 Dec 2009 to 128.83.61.179. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp



