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The effect of small viscosity on the “constant ¢” tearing mode in the presence of shear flow is
analyzed using the boundary-layer approach. It is found that the influence of viscosity depends
upon the parameter G'(0)/F’(0), where G’(0) and F’(0) denote the flow shear and magnetic
field shear at the magnetic null plane, respectively. When {G'(0)/F'(0)| €1, the tearing mode

growth rate is suppressed by the viscosity, but not completely stabilized. When

|G’ (0)/F'(0)| ~(1) and the viscosity is comparable to the resistivity, the growth rate
vanishes as [1 — G’ (0)%/F'(0)?]"3, when G'(0)?— F'(0)? from below. In the case where
1 — [G'(0)*/F’(0)?] <0 matching cannot be achieved and the tearing mode vanishes.

1. INTRODUCTION

Resistive tearing instability is important in many con-
texts, ranging from transferring magnetic energy to kinetic
energy in solar physics to sawtooth phenomena in tokamaks.
The presence of shear flow is of interest in rotating plasmas
and astrophysics, for instance, coronal loops, the magneto-
pause boundary, plasma streams in the solar wind, and ex-
tragalactic jets. In this paper we generalize previous work'
by including, in addition to equilibrium shear flow, viscosity.
Generally, the viscosity is described by a complicated tensor.
However, since plasma motion tends to exhibit transverse
gradients near the magnetic null plane, the appropriate vis-
cosity is the transverse component.” Since this viscosity is
often comparable to the resistivity in laboratory plasmas®
and much larger than the resistivity in astrophysical plas-
mas, such as those that occur in the solar wind and active
coronal regions,’ one expects this to be an important effect.
Moreover, since the tearing instability produces vorticity,
and equilibrium shear flow can enhance this production, the
diffusive nature of viscosity should have a significant influ-
ence, one that depends upon the equilibrium shear flow.

Previously, the effect of viscosity on the resistive tearing
mode without flow was treated.”* These authors found that
the growth is suppressed while the width of the singular lay-
er is increased. Also, Dobrowolny et al.> have given scalings
in the case where it is assumed that the viscosity is compara-
ble to the resistivity. Assuming that the viscous term domi-
nates the inertial term in the singular layer, and that the
shear flow is small, Bondeson and Persson® solved the “con-
stant ¢” tearing mode problem by making use of Fourier
transforms. Recently, Einaudi and Rubini® have investigat-
ed this problem numerically.

Here we generalize the work of Ref. 6 by allowing the
equilibrium shear flow to be large. As in this reference, we
Fourier transform the internal singular layer equations in
order to derive growth rate expressions. We find that for
small viscosity there is a general tendency to diminish the
growth rate. Also, when the viscosity becomes comparable
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to the resistivity and the flow shear is larger than the magnet-
ic field shear at the magnetic null plane, there is no “‘constant
¥” tearing mode. Matching in this case cannot be achieved.
Another result of this paper is to justify the constant ¥ ap-
proximation.

In Sec. II the basic equations are set up and we briefly
discuss the role of viscosity in both the external region and
the internal singular layer. In Sec. III the internal singular
layer equations are discussed in two shear flow limits. Final-
ly, in Sec. IV we summarize.

Ii. BASIC EQUATIONS

We begin with the following incompressible dissipative
magnetohydrodynamic (MHD) equations:

p(él + (v-V)v) = —~Vp+jixXB+pWVWiv+S,

at
VXB =4rJ,
E+vXB=1J,
dB
5 = — VXE,
V-B=0,
Vv =0,

where S, is a momentum source. Another implicit source
term is the external electrical field, which is the inductive
part of E. The source terms are introduced to compensate for
the dissipation in the equilibrium state; they do not appear in
the linearized equations. We assume that the equilibrium
magnetic and velocity fields have the form

B, = By, ()X + By, ()2,

vO = U()x (y)‘2 + vOz (}')2,

and we denote the perturbed quantities by subscript 1 and
write them as follows:

f] =f1 (y)ei(kg+ KzZ) + iml.
Introducing the scalings
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W_vi ,p_ﬁ s, =&
Ua ' B’ F TH

Sy =1,/T74, Y=l0Ty,

where the prime denotes the differentiation with respect to
U, Bis the measure of the magnetic field, and a is the magnet-
ic shear length, results in the following linearized perturba-
tion equations:

(y 4+ iaGY(W'" —a*W) — iaG"W
. ” 2 ” l a4W
= iaF(y" — a*¢) — iaF "y + — s (D
S, du’
(y + iaGYy — iaFW = (1/8S: ) (¢" — a%). (2)

We assume that both resistivity and viscosity are very small,
i.e., §;->1, Sx > 1. For convenience, we choose a reference
frame such that G(0) = 0, where u = O is the location of the
magnetic null plane. Only the tearing mode is considered.
Unlike the case without viscosity, the small resistivity and
viscosity are not only important in the internal singular lay-
er, but also important in a thin layer at the external physical
boundary. This boundary layer will affect the matching
quantity A’, which is defined by A'=(1/¢) (dy/du)|" .
However, if the boundary is far away from the singular layer,
this effect is negligible. In the internal singular layer, the
viscosity influences magnetic diffusion by diffusing the vor-
ticity produced in the tearing instability. We discuss this
problem in the following section. Without loss of generality,
we assume F'(0)>0. Also, we assume
|G"(0)/F'(0)|s(1), |F"(0)/F'(0)|s£(1), and
asd(l).

HI. INTERNAL SINGULAR LAYER
Assuming that the scale length of the internal singular

layer is €, we consider Egs. (1) and (2) near x = 0. Using
the stretched variable § = u/e, Egs. (1) and (2) become

2
(ot For T Fo <)
B
e 1;’:;8)’ y+B ‘z;’f + o), (3)
(Fwe * ﬁf&’“i if&’ <)y
(er i e st ce

where B and C are defined as
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B=1/aF'(0)€'S,,
C=1/aF'(0)€S,.

The quantities B and C measure, respectively, the diffusion
of the vorticity and magnetic fields in the singular layer.
When the viscosity is very small compared with resistivity,
i.e.,, B/C<«1, magnetic diffusion dominates vorticity diffu-
sion. In'this case the viscosity only alters numerical coeffi-
cients of the tearing mode growth rate; the scaling is un-
changed. Here we omit this case, but consider the more
interesting case where viscosity is comparable to or larger
than the resistivity and the “constant ¥’ approximation is
assumed. As discussed in Ref. 1, the “‘constant ¥’ approxi-
mation requires that |y/aF’(0)e| €1. This implies that the
anticipated growth time is much longer than the local Alfvén
time at the magnetic null plane. Also we consider the prob-
lem in two shear flow limits. One is the very small shear flow
case, where flow shear is very small compared to the magnet-
ic field shear at the null plane. In the other limit the flow
shear is comparable to the magnetic field shear.

(3

A. Very small shear flow

In this limit we assume |G '(0)/F'(0)| S |y/aF'(0)¢€],
which implies the flow shear is so small that the convection
terms are at most comparable to the inertia terms. From the
constraint imposed by the external solution, we have the or-
dering W~ [y/aF'(0)€]y in the internal singular layer.'
Thus even though the viscosity is much larger than the resis-
tivity, the magnetic diffusion still dominates the vorticity
diffusion. In order to facilitate comparison of the orders of

various terms, we replace Wby a new variable ¢ defined by
W
= ) (6)
Y T iy/aF (0)e]

and rewrite Egs. (3) and (4) as
__( ¥ )2(1+iaG'(0)e)ﬁ
aF'(0)e % a*

2 rre) %
aF'(0)e) ac*

1 F"(0) 2) 3% _F"(0)
(§+ WO ar CFo) v
N 7
+ ﬁ(e aF’(O)e) ’ M
Y 1 ,aG'(0)e ) _ ]
aF’'(0)e [( ti ¥ St
1.G"0) ,, 3%y ( y )
—_—— =C 7 .
T e C Ve T m e ) @

In order to find the solutions matching the external solu-
tions, we must have the scaling

B[S, 78 ~CSx/8, ~1,

instead of [ |y|/aF'(0)e]C~ 1 as required in the case of zero
viscosity.!? This implies that the viscous term dominates the
inertial term in Eq. (7), and the width of the internal singu-
lar layer scales as
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e~[aF'(0)y/S:S, ]~ (9)

The natural expansion parameter in Eqs. (7) and (8) is
{[y/aF'(0)€]/Sx/8,}, instead of [y/aF’'(0)€]® in the
case of no viscosity.! This implies the following expansions:

Sk

_vf(_r  [S=Y
"_g(aF'w)e SV) Yo

v [5k
= z(aF(O)e‘\/ )¢"

Inserting Eqgs. (10) into Egs. (7) and (8), the leading order
of Egs. (7) and (8) yields ¥, = const, as expected. To the
first order, Eqs. (7) and (8) yield

(10)

& 3@,
Sk At
=§82¢. € F (@,
a*  {[y/aF’ (O)e],/SR/S,,_} F'(0)
(11)
— Sp 9%,

—P=C /—— 12
Yo —EPo S, 3§2 (12)
where

Po =@o — w'ﬁo

Y
1 €

——1

2 {ly/aF’ (O)e]\/SR/SV}

We reduce the order of Egs. (11) and (12) by Fourier trans-
formation,

" =f°° ey, (kydk,

7 =f e B, (k)dk.

The transformed equations are

,SV
B — kg, (k
Sy Po (k)

= i 9 g2
= ’d[ ¥, (k)]

_ € F"(0)
{[y/aF'(0)el|/Sx/S,} F'(0)

S
¢oa<k>—fd%¢o(k>=—c /S—“k2¢.(k>. (14)
| 4

Integration of Eqgs. (13) and (14) gives
Po(0%) —F,(07) = — ity

(15)
k2¢1(k)|gt_. € F (0)

Y-
{{y/aF'(0)e] /S /5,} F'(0)
(16)

Using Eq. (14), Eq. (16) yields

i¢0(0+)_i¢,(o )_;

FII (0)
dk dk ySg€e F'(0)

Y. (17)
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After Fourier transformation, the matching quantity A’ be-

comes
ao Ldbl= __ NS/Sy [ @
e dt |- aF'(0)éY, dc?
. veSk (d%(O*
= —ir
o dk
dao(ov))
—_ . 18
+ K (18)
Combining Egs. (15), (17), and (18), we have
(_A_’_iF”(O)) Po(0™) _(5 l.F”(O))
T F'(0)/ dp,(0)/dk T F'(0)
@ (07)
—_— = Y8 (19)
de, (0~ )/dk Px
When k #0, we obtain from Eqs. (13) and (14)
2=
TPW _ pekag, k) =0, (20)

dk?
with the boundary condition that @, (k) vanishes at infinity.
Equation (20) is a special case of Eq. (A1), which is solved
in the Appendix in terms of Kummer functions. Applying
Eq. (A6) yields the quantities ¢, (0*)/[dg, (0*)/dk ],
which are then substituted into Eq. (19), yielding

173 T (1)? S\ V6
y=i(iaF'(0)) SUIPIRY (—V) A,
T ra)? Sy

18
(21)

Neglecting the small shear flow in the corresponding result
of Ref. 6 produces a growth rate equal to that given in Eq.
21).

Now we check the validity of our assumption
|[y/aF'(0)€]l{{Sg /S| €1, the assumption that implies the
“constant 3" approximation. Equations (9) and (21) give

[[y/aF'(0)e]|JSg/S,|~|€eA'| €1,
verifying the assumption. The form of the above is the same
as the case without viscosity; however, viscosity increases
the scale length of the internal singular layer. Obviously, our
approximation is not valid when A'— «. This case is the
regime with nonconstant ¥ tearing mode.! We do not con-
sider this case here.

In the case without viscosity, the small flow shear G '(0)
contributes a destabilizing correction to the growth rate of

ﬁ[(G'(O)/F'(O) )2]

y/aF’'(0)e

(see Refs. 1 and 7). When viscosity is included and it is
assumed that the viscous term dominates the inertial and
convection terms, not only are the scalings changed, but also
the correction to the growth rate due to G’ (0) is changed to
Z[G'(0)/F'(0)], and thus neglected. In the numerical
work of Ref. 5, the scaling of Eq. (21) was obtained in the
limit G'(0) =0. We also want to emphasize that even
though the flow shear at the magnetic null plane is small, the
flow in the external ideal region could be large, which can
significantly change the matching quantity A'.! For the pro-
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file (5b) of Ref. 5 where G’(0) =0, when the flow scale
length is small the |A'} value is too large for the validity of
our “constant ¥’ assumption.' In this case a mixture of tear-
ing and Kelvin~-Helmbholtz instabilities occurs and it turns
out® that small viscosity has no significant influence. How-
ever, a very large viscosity will stabilize the instability.

B. Comparable shear flow

Inthislimit, wehavetheordering G'(0)/F’(0) ~ £ (1),
and ¥~ Win the internal singular layer.! Thus the convec-
tion term now dominates the inertial term, and the vorticity
diffusion is greatly enhanced. The relative magnitude of re-
sistivity and viscosity becomes important and decides which
diffusive effect dominates in the singular layer. We consider
the case where viscosity is comparable to the resistivity.
Thus in Egs. (3) and (4), assume B~ C~ 1. This gives the
scale length of the singular layer

e~[aF'(0)Sg] =~ [aF'(0)S,]~ ">,

and the appropriate expansions become

v=3 (o)

y n
W=S[—1} w.
z,,:(aF'(O)e) "

Inserting the above into Egs. (3) and (4), the leading
order leads to
[G'(0)/F’(0)]¢y = W, = const,

which means in addition to the “constant ¢’ approximation,
we have a “constant ¥’ approximation in this limit.
To first order, Egs. (3) and (4) yield

(22)

W 6O P e GO
a*  F'(0)° a* y/aF'(0)e F'(0) °
' 2 ' 4
=(1_ G (0)2)§6 Vg GO I
F'(0)? a? F'(0) a5+
e O, (23)

" y/aF'(0)e F'(0)

_ 92
Yo — i, = c—ag"; , 24)
where
Wl = W, - g,(O) ¢1 _1— 6:
0) 2 y/aF'(0)e
G'(0)F"(0) —F'(0)G"(0)
X .
3 F'(0)? Yo

Equations (23) and (24) are similar to Egs. (11) and
(12). Again, Fourier transforming and following the same
procedure as in the previous limit yields equations analogous
to Eqgs. (19) and (20),

(§+I.F'(0)F"(0)—G'(O)G"w)) W(O+)
T G'(0)? — F'(0)? dw(0+)/dk
_ (5_ ; F'(0)F"(0) — G'(O)G”(O))
™ G'(0)*> - F'(0)?
oD €S; (25)
dW, (0-)/dk Veiks
when k #0,
[G'(OYF' (0] —1 d*W, (k) _G'(0) B+C
c dk? F'(0) C
dw, (k) G'(0)\ 3
k" (Bk“—Zk )W k) =0,
% &k F'(0) 1)
(26)

with the boundary condition that _W! (k) vanishes at infin-
ity.

Equation (26) is exactly the same as Eq. (Al) in the
Appendix with A=G'(0)/F’(0). When
G'(0)?/F'(0)> 1, there are no appropriate solutions to Eq.
(26) that satisfy the boundary condition. Thus no ‘“‘constant
¥” tearing mode exists. When G '(0)%/F’(0)* < 1, applying
Eq. (A6) to Eq. (25) yields

_ T ' 2 1/3 ' 2 2y ~1/6 rad— 15 o 5
_3-ATQ) aF,(o)(l_G(O) )] [4S_R+G(0) (I_S_R)] 5= A (4 ) (+16)
2r T®) F'(0)? S,  F'(0)? Sy rg—i6 TrG+19
' ” _ ’ ” T(-18 r 16
+ i FOF"(0) = G'(0)G"(0) 4- Td+y 27
G'(0)* — F'(0)? FrG-46) TG+

where

_ G'(0)/F'(0) (S — 5,)

~ JG(0)/F(0)(S; —5,)  + 45:5,
[6] <1.

The above result is very different from the case without
viscosity,' but if G'(0)/F’(0) = 0 the growth rate expres-
sion for small shear flow, Eq. (21), is obtained. The assump-
tion |y/aF'(0)e| €1 requires |€A’| €1 as before. However,

6
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'
the special case 1 — [G'(0)?/F'(0)?] -0 needs to be dis-
cussed.

IfF'(0)F"(0) — G’'(0)G"(0) #0and Sy #S,, there
is a singularity at 1 — [G'(0)%*/F'(0)?] = O for the growth
rate, ie., as 1 — [G'(0)*/F’'(0)*] -0 (from above), the
imaginary part diverges, while the real part approaches zero
as [1 — G'(0)*/F’'(0)*]">. The “constant "’ approxima-
tion is not valid for any values of A’, due to the large imagi-
nary part of the growth rate.
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IfF'(0)F"(0) — G'(0)G"(0) =0,0rSz =5, there
is no imaginary part of the growth rate expression, and the
““constant 1"’ approximation is valid for all values of A’ when
1—[G'(0)*/F'(0)*] >0.

Einaudi and Rubini®> have not explored this limit in de-
tail. Qualitatively, their results agree with ours in that the
growth rate is suppressed when viscosity is comparable to
resistivity and G'(0)/F'(0) ~ £ (1).

When the viscosity is much larger than the resistivity,
vorticity diffusion dominates magnetic field diffusion. In
this case there is streamline as well as magnetic field recon-
nection, and the viscosity enhances the growth rate. This has
been shown in the numerical work of Ref. 5.

IV. SUMMARY AND DISCUSSION

We have investigated the effect of viscosity on the “con-
stant 3"’ tearing mode, with the presence of equilibrium
shear flow. This problem has been treated in two shear flow
limits. When the flow shear is much smaller than the mag-
netic field shear at the magnetic null plane magnetic diffu-
sion dominates vorticity diffusion and the scale length of the
internal singular layer is changed from Sz ?*° to
(SzS)) ~ /%, while the scaling of the growth rate is changed
from S z *°to S g ¥ (S, /Sg)"®. The influence of G’ (0) is
negligible, however, the flow in the external ideal region can
be large and significantly change the matching quantity A'.
When the flow shear is comparable to the magnetic shear,
and the viscosity is comparabie to the resistivity, vorticity
diffusion is as important as magnetic diffusion in the singular
layer. The scaling of the growth rate is changed from S z /2
to S z % and the scaling of the singular layer remains as
S z 7. Moreover, the A’ > 0 instability criterion, which is
removed in the «case of mno viscosity and
G'(0)G"(0) — F'(0O)F"(0)#0, is restored. When
G'(0)*/F'(0)*> 1, there is no “constant ¢ tearing mode.

We have also discussed the special case where
1—[G'(0)*/F’'(0)*] 0. In this case, if G’'(0)
XG"(0) — F'(0)F"(0) =0,0rS, = Sg,the*“constanty”
approximation is valid for all values of A’, and the growth
rate goes to zero with a factor [1 — G'(0)*/F'(0)?]'",
while if G'(0)G"(0) — F'(0)F”"(0) #0 and S, #Sx,
there is a singularity at 1 — [G'(0)*/F'(0)?] =0 for the
imaginary part of the growth rate, and the “constant ¢’ ap-
proximation is not valid for any value of A’. Thus our calcu-
lation is not valid in this case. However, we can still conclude
that the tearing instability is totally suppressed when 1
— [G'(0)*/F'(0)*] -0, since there is no tearing mode
when G'(0)*/F’(0)*> 1, and the growth rate has a factor of
[1—G'(0)*/F’(0)*]'* when G'(0)*/F'(0)*< 1.

Finally, in the case G'(0)/F'(0) ~ £ (1) with viscosity
much larger than resistivity, vorticity diffusion dominates
magnetic field diffusion and viscosity enhances the growth
rate.’
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APPENDIX: SOLUTION OF THE GENERAL SECOND-
ORDER SINGULAR LAYER EQUATION

We consider the equation
A2 —1dY AB+O) ., df

Bk* —24k)f=0,
C dk? C dk+( 4
(A1)

where 4, B, and C are real parameters and B> 0, C> 0. We
seek solutions of Eq. (A1) subject to the boundary condition
lim, ., f(k) = 0 and allowing discontinuity at k£ = 0.

Equation (A1) is similar to the equation discussed in
Ref. 6. In terms of the variables

z=[JAXB—=C)"+4BC /(4> —1)]k?,

d, =i{[4B+CO)/AZB-C7T+4BC] +1}, (A2)
—d, z

g=e "'

Eq. (A1) becomes

2
zﬂ+(3+z)i’£+(i%+%6)g=o, (A3)

dz 37 7) dz

where
§=A(B—C)/JA*(B—C)>+4BC,
|6] < 1.

It is easily seen that the signs of d , and d _ are opposite if
A? <1, and the same if 42> 1.

Equation (A3) is a Kummer equation.®* When 42> 1,
there is no solution that satisfies the boundary condition.
When 4 < 1, the appropriate solution is

f=e U0 —1622), (A4)
if k <0, and
f=e UG +163 —2), (A5)

if k> 0. In the above, U is the Kummer function.
Using the expansion of Kummer’s function for small
arguments®

U(ab,z) ~—T ( L
sin(7#b) \['(1 +a — b)I'(b)
—zl*bé), 0<b< 1.
'a)T'2—-b»5)

We obtain from Egs. (A4) and (AS)

flooy _Trg-9
df(0~)/dk  T(HTG—16)

1—A2 173
X ,
(32JA2(B— C)’* +4BC )

flory — TArg+9)
df(0*)/dk rHra+ 4o
42 1/3
( 1-4 ) . (A6)
3%J4%*(B - C)? + 4BC
The above results will be used in Sec. I11.
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