Resistive tearing instability with equilibrium shear flow
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The effect of equilibrium velocity shear on the resistive tearing instability has been
systematically studied, using the boundary layer approach. Both the “constant-3’* tearing

mode, which has a growth rate that scales as § ~3/5

, and the “nonconstant-y”’ tearing mode

[A’'(aS) !> 1], which has a growth rate that scales as S ~'/>, are analyzed in the presence of
flow. Here S is the usual ratio of the resistive diffusion and Alfvén times. It is found that the
shear flow has a significant influence on both the external ideal region and the internal resistive
region. In the external ideal region, the shear flow can dramatically change the value of the
matching quantity A’. In the internal resistive region, the tearing mode is sensitive to the flow
shear at the magnetic null plane: G'(0). When G'(0) is comparable to the magnetic field shear,
F’(0), the scalings of the constant-y tearing mode are changed and the A’ > 0O instability
criterion is removed, provided G'(0)G "(0) — F'(0)F " (0) #£0. The scalings of the
nonconstant-¢ tearing mode remain unchanged. When the flow shear is larger than the
magnetic field shear at the magnetic null plane, both tearing modes are stabilized. Finally, the

transition to ideal instability is discussed.

I. INTRODUCTION

The resistive tearing mode has been studied both ana-
lytically' and numerically.” In the absence of equilibrium
flow, two kinds of tearing modes have been found: the “con-
stant-y”* tearing mode, whose growth rate scales as S ~>/5,
and the “nonconstant-¢” tearing mode, whose growth rate
scales as S ~'/3, where S is the usual ratio of the resistive
diffusion and Alfvén times. Since without resistivity the
magnetic field is frozen into the flow, in the case of small
resistivity it is to be expected that shear flow will have a
profound influence on the tearing mode. This problem is of
interest for laboratory and magnetospheric plasmas.> Be-
cause of the difficulty of this problem, approximations in-
volving the many relevant parameters have been developed.
Assuming the flow and Alfvén velocity have approximately
the same spatial profile, Hofmann? derived a dispersion rela-
tion in which growth rate scales like § ~'/2, Paris and Sy*
found that the scaling remains unchanged when the flow is
significantly below the Alfvén speed. Dobrowolny
et al.’ by using the “frozen-in” equation for the internal
solutions, have shown the possible existence of a number of
scalings with and without viscosity. Bondeson and Persson®
used the constant-y approximation and Fourier trans-
formed the internal equation in order to study the problem
with and without viscosity. All of the above discussions per-
tain to the constant-y tearing mode. To our knowledge, no
one has studied the effect of shear flow on the nonconstant-
tearing mode. Also, except for Hofmann,? the important ef-
fect of shear flow on the external ideal region has not been
considered. Einaudi and Rubini’ have studied the problem
numerically. They do not find instabilities when the flow
shear is large, in contrast to the results of Paris and Sy* and
Bondeson and Persson.® In both Refs. 7 and 8, a transition to
ideal instability is observed.
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In this paper, we adopt the boundary layer approach to
study the resistive tearing mode in the presence of shear
flow. Both the constant-¢ and nonconstant-y tearing modes
are treated. By introducing an assumption similar to that of
Ref. 3, and carefully comparing the orders of the parameters
involved, we arrive at general conclusions. In Table I we
summarize the main conclusions that arise primarily from
the effect of shear flow on the internal resistive region. Also,
this table describes the transition to ideal instability. An ad-
ditional main result of this paper is the recognition that the
presence of flow affects the analysis in the external ideal re-
gion. Flow can drastically change the value of A’. We are
able to explain the numerical results obtained in Refs. 7 and
8. In our present work, viscosity is neglected, but this possi-
bly important effect is left to a future paper.

In the next section, the basic equations are given, and
the notations are indicated. Section III is devoted to the
shear flow effect on the external solutions. In Sec. IV, we
discuss the internal solution in the limits of slow growth and
fast growth, which correspond to the constant-¢ and non-
constant-i tearing modes, respectively. Also, we consider
the limits of small flow shear and flow shear that is compara-
ble to magnetic shear at the magnetic null plane. Compari-
sons are made with previous work. In Sec. V, we discuss the
transition to ideal instability. This is followed by a conclu-
sion section.

Il. BASIC EQUATIONS

We consider an incompressible plasma with uniform re-
sistivity and density in the case of plane slab geometry. The
starting point is the magnetohydrodynamic (MHD) model:

av ) 1
— V)]= -V —(VXB) xB,
p(at+(v ) P+47T( XB) X
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TABLE I. Summary of the effect of equilibrium shear flow on the tearing mode.

Constant-y tearing mode Nonconstant- tearing mode
(a) the growth rate and scale (a) the growth rate and scale
length of the resistive region length of the resistive region
are, respectively, are, respectively,
y aZ/SA'4/5s—1/5 7~a2/3s—ll3’
e~(aS)~ ZISA'I”(l €~(as)—1/3<1
G'(0) T
70) €1 (b) the constant-¢ (b) in this limit, we have
approximation is valid if €la> 1,
€|A’| €1 1 —G'(0)*/F'(0)*40
(¢) small fiow shear G'(0) (¢) small flow shear G'(0)
destabilizes the constant- stabilizes the nonconstant-y
tearing mode tearing mode with sufficiently
large A’
(a) the growth rate and scale (d) there exists a transition to
length of the resistive region ideal instability when A’
are, respectively, becomes negative through
y~(a)| A28 713, A’ = oo (which is made
e~(aS) Vgl possible by the flow in the
external region)
G'(0) .
b) IfG'(0)G " (0) — F'(0)F"(0)#0,
F(0) (b) 0)G"( O)F"(0)#
A’ > 0 instability criterion is
removed
(c) the constant-¢
approximation is valid if
WI1—=G'(0)/F'(0)7]1A’¢| <1
GO stabilized stabilized
F'(0)
a B 17 2 . G W " 2 3 G ” W
_a_=_vxE=TVB+vx(va), (¥ 4+ iaG)( aW) —ia
t 77 i3 ” s ”
=iaF(y" — a*Y) — iaF "y, (1)
V:B=0, Vv=0. . , oo
(¥ +iaG)Y — iaFW=S"'(y" — a’y), (2)

We assume the equilibrium quantities depend only on y. The
equilibrium magnetic field and flow velocity are given, re-
spectively, by

Bo(y) = %Bo, () + 2B, (),

Vo(¥) = Xv, (¥) + 2v,, ().
Since we are interested in the problem where the time scale is
much smaller than the magnetic diffusion time scale, one can
assume an ideal equilibrium and neglect the effect of (7/
41)V?B,(») in the equilibrium equations. With the assumed
forms of vy and B, an ideal equilibrium exists provided there
is a zeroth-order pressure to support the magnetic field:
Po(¥) + B%/8m = const.

Now consider the linearization. We denote perturbed
quantities by the subscript 1 and write them as follows:

L) =fiexp[ilkx + k,z) + ot ].

The linearized equations, obtained by neglecting terms of
second order, are
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where we have used the following definitions:

p=lu g, B
B Ua Védmp

kBy o _ kv

= , k=|k| =k +k2, 3

kB’ kv, Ikl tr 0

u=yla, a=ka, y=
2

4ma - __ 4mpa ="
n

F=

0Ty,

R

) H B — >1.

Here prime denotes differentiation with respect to u, Bis a
measure of the magnetic field, and a is the magnetic shear
length. The above scalings are conventional,'” except we
have scaled the growth rate y by 7, the Alfvén time, rather
than the resistive diffusion time, and G and W, which repre-
sent, respectively, the equilibrium velocity and perturbed ve-
locity, are scaled by the Alfvén velocity.
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Defining # = y/a + iG and w=iW /u, Egs. (1) and
(2) become

(W) —avw= — [F(Yy" —a*y¥) —F"¢], (4)
u(y — Fw) = (aS) "' (¥" — a*¥). (5)

In the case of ideal MHD (S— « ), and Eqgs. (4) and (5)
reduce to

(> + Pw') —a*(#* + FHw=0. (6)

Extending Eq. (6) into the complex u plane, we note the
presence of a singularity that occurs at a point where

W+ F?=(y/a+iG)*+ F?*=0. )

If we assume a magnetic null plane occurs at u =0, i.e,
F(0) = 0, then, by selecting an appropriate reference frame,
we can always let the equilibrium velocity be zero at u =0,
i.e.,, G(0) = 0. In the case of very small growth rate ¥, the
singularities of ideal MHD occur near ¢z = 0. For the tearing
mode under discussion, the small resistivity is only impor-
tant in a thin layer around the ideal MHD singularity where
# = 0. As in the usual tearing mode treatment, we adopt the
boundary layer approach. In the discussion below, we as-
sume F’'(0)#0, and without loss of generality ¥'(0) > 0.
Also, we assume aS0(1), G"(0)/F'(0)30(1), and
F"(0)/F'(0)s0(1).

Il. EXTERNAL IDEAL REGION

Away from the singularity discussed above, we can ne-
glect resistivity (S— oc ). This external ideal region is treated
here with the assumption that the growth rate scales as fol-
lows:

y~S 77 (0<o<l).

Equations (4) and (5) reduce to
¥ — Fw=0, (8)
[((F?=—GHw'] —a*(F*—G*Hw=0. %9

Now consider the behavior of Egs. (8) and (9) as u—0.
Taylor expanding the functions Fand G, keeping the leading
term in Eq. (8), and keeping terms to O (u*) in Eq. (9)
yields
Y~F'(0)uw,

{[F'(0)2 - G'(0)*]u* + [F'(0)F"(0)
- G'(0)G"(0) 12 w') — {[F'(0)* — G'(0)?]1p*
+ [F'(0)F"(0) — G'(0)G " (0) 1’ }w~O. (11)
The reason we retain the term O (u*) in Eq. (11) is to re-
solve the behavior for the case F'2(0) ~ G '2(0).

Assuming F'(0)? — G'(0)?#0, the solutions of Egs.

(10) and (11) behave as follows near u = 0:

(10)

Co( F'(O)F"(0) —G'(0)G"(0) )
~Lofy ul
T * F'(0)> — G'(0)? # Inlu

+Ciy + 0

. F'(0)F"(0) —G'(0)G"(0) )
~F'(0)C, (1 L
¢ ( ) 0 + F'(0)2 _ GI(O)Z f“ lniﬂl

+F(0)C  pu+
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Formally, this solution is the same as the case without flow
[G'(0) = G " (0) = 0]; thus we canstill define the matching
quantity A”:

A:=_l__ﬂp_ o+ —_ Cl+ —Cl—'

¥ dulo- G

Note that Egs. (8) and (9) have the same structure as those
without shear flow, although they differ by the presence of
the term with G2. Thus the shear flow can have as much
influence on A’ as the magnetic field. This is not a surprise,
since in this region the magnetic field is frozen into the flow.
Hofmann® has made some general comments on the shift of
the wavenumber a,, where A’(a,) =0, caused by shear
flow. In Appendix A we consider two examples that demon-
strate the importance of shear flow when calculating A'.

To conclude this section, we obtain the constraint on the
internal solutions imposed by the external solutions. To this
end, we assume that the internal scale length is €, where e € 1.
In the border between the internal and external regions, we
obtain, from Eq. (10),

Y~F' (0)ew~{iF'(0)e/[y/a +iG'(0)e]}W. (12)

Since the internal region is very thin, we can say that,
throughout, ¥, w, and W scale as in relation (12). This is
something similar to what Dobrowolny et al.® called ‘““use of
the frozen-in law for internal solutions.” In the case of no
shear flow, this reduces to

Y~ liaF'(0)e/y1W,
which is the assumption adopted in Furth ez al. (FKR).'

IV. INTERNAL RESISTIVE REGION

The internal resistive region is so thin that the deriva-
tives of yand W are very sensitive to the variation of yand W
in this region. This suggests the introduction of a stretched
variable ¢, defined as

&=p/e,
where, as noted above, € is the scale length of the internal

region. Using Egs. (1) and (2), the rescaled internal equa-
tions become

.G'(0) .
! 5
F'(0)

( /4
aF'(0)e
1.G6"(0) \a*W .
+ 5 i F(0) 74 ) P ie
(i L FTO) 5\
('§+ 2 Fo) ¢ e
F"(O)
F'(0)
( y GO, 1,670
aF'(0)e  F'(0)° 2 F'(0)

(e 1 .F"(0) 2)W
('§ NG

GII (0) W
F'(0)

—ie ¥+ 0(€),

(13)

)y

2
= [aF’(O)eJS]"%+O(62). (14)

Because of the difficulty in solving the above equations di-

rectly, we are going to discuss them in different parameter
limits. There are two parameters of interest. The first is |y/
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aF'(0)e|, which is the ratio of the local Alfvén time to the
anticipated growth time, 1/y. Equivalently, this parameter
is the ratio of the growth “phase velocity” to the Alfvén
velocity in the resistive region. The second parameter is
|G'(0)/F’(0)|, which is the ratio of the flow shear to the
magnetic field shear at the magnetic null plane. We consider
two cases: case A has |y/aF'(0)e| € 1. Here the growth time
is assumed to be long compared to the local Alfvén time
scale. We refer to this as slow growth. Case B has |y/
aF'(0)e| ~1, which we term fast growth. The case

|y/aF’'(0)e|> 1,

where the growth time scale is in the global Alfvén regime,
ie.,

|y/aF’(0)a]~1,

is not discussed in this paper.

A. Slow growth; |v/aF '(0)e| <1

As noted above, in this limit, the anticipated growth
time scale is assumed to be much longer than the local Alf-
vén time scale. We expect that magnetic diffusion is going to
be effective on this time scale. In the case of no flow, this limit
corresponds to the classical constant-y tearing mode, which
has a growth rate that scales as S ~*/°. Below we consider the
problem in two different flow shear limits. In both cases, first
order in € is the highest order matched. .

1. Very small internal flow shear

In this limit,

|G'(0)/F'(0)| < |p/aF'(0)e|,
i.e., the flow shear is so small that the inertial terms still
dominate the convection terms in the resistive region. Thus
it is expected that the shear flow will not change the internal
ordering in this limit.

We find it convenient to introduce a new variable ¢ de-
fined by

@ =1{W—[G'(0)/F'(0)1y}/{ — ily/aF'(0)e]}.

(15)

Using (12), the constraint imposed by the outer solution,
implies ¢ ~ 1. Now, let

vy =¥ (16)
where # is the measure of ¥ and # is a factor of O(1). Equa-
tions (13) and (14) become

¥ zf’(“ .aG’(O)eg‘)'aztp
(aF’(O)e) [ I T

G"(O)z) ¥ GO
_ 1 —
[é’( F'(0)? + aF’'(0)e F'(0)

6;2 F”(O) ii‘_/’__
2F'(0) ] 9¢?

O(—?—— e) R
aF'(0)e
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+€_F”(0) Y+

17
70) (17)

14 2
(aF’(O)e) Hy—ée)
14 3y ( 4
= Tarores a2 2\ aF (e 6)'

Using [#/aF’(0)€]? as a small parameter, we expand @and
¥ as follows:

(18)

o -~

2n
=2 (aF (0)6) Pns
v (7 Y
v ,.;o(aF'(O)e) Y-

Consistency at leading order requires that
7/[aF'(0)]1%€'S~0(1)

(19)

or
|7€’S |~ | [7/aF’(0)e]*| <1,

which implies the resistive skin diffusion time is much
shorter than the anticipated growth time. For convenience,
we set

7/[aF'(0)]%'S = 4. (20)
Thus # is the growth rate for the flow free tearing mode.

Inserting Eq. (19) into Eqs. (17) and (18) yields, to leading
order,

a ¢’()
=0; 2
% -5 (21)
hence ¥, = C, + C,{. It is evident from Sec. III that match-

ing to the extemal solutions can only be achieved if

lim %, = const.

€1~ o
This implies C, = 0 and
¥, = C, = const . (22)
This is the so-called constant-y approximation.
In first order we obtain the equations
Af~  .aG'(0)e 3%y,
p+ 12202 g) 22
7 >
2 ”
¢| € F"(0)
= — , 23
d ac? [i//aF’(O)e]z F'(0) Yo (23)
Yo — o) =4 2L (24)
0 a é_ 2

Let y o= — h /4, = 1, and define

1 _aG'(0)e _ G'(0) aF'(0)e, G'(0)
7 F'(0) 7 F'(0)’
__4eF"(0)/F'(0) _ 1 F"(0)
" [#/aF'(0)e]>  7eS F'(0)

Using the above definition, Egs. (23) and (24) become

N 1 n
(7 + i) agz——§2h=r§—/lp, (25)
2

LTIy (R V) 2
% 4 +— § (26)

These equations are equlvalent to those obtained in Ref. 4,
which yield the following upon enforcing matching to the
external solutions:
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= [[(1)/27T () 1**[aF" (0)A?]?/*S =5,

€= [I‘(A)/27/2r(3)17.]l/S[aF'(O)] —2/5A11/5S —2/5 ,
P=1=3iddp +A%(w/16 + A1) + O(A*), (27)

where I'(x) is the gamma function. In the case where the
internal flow shear is very small, the internal analysis re-
mains the same as that without flow, and as a result the
scaling is unchanged. From the results of Egs. (27), Paris
and Sy* and Bondeson and Persson® conclude that small
flow shear destabilizes the tearing mode. Even though the
flow shear at the magnetic null plane is small, the fiow in the
external region could be large, in which case there is a signifi-
cant influence on the value of A’, as discussed in Appendix
A.

Now let us check our assumptions. For the expansion in
Egs. (19) to be valid, we require

|y/aF’'(0)e|?~ (aS) ~2/3|A’|%° ~€|A’| €1 . (28)

For the boundary layer approach to be valid, we must have
€€l ie,

(aS)—2/5|A1l1/5<1 (29)
which implies the resistivity must be very small. When A"is

very large, the above assumptions are not valid. When a is
very small, we assume A’ ~ 1/a and Eq. (28) yields

as>Ss v, 30)

which is consistent with the limit obtained by FKR' for the
constant-y tearing mode in the case of no flow.

2. Comparable internal flow shear

In this limit we suppose |G'(0)/F’'(0)| ~ O(1), which
implies that now the convection terms dominate the inertial
terms in the resistive region. Thus there is a change in the
tearing mode ordering. This limit has been studied by Hof-
mann® with the assumptions G "(0) =0, F"(0) =0, and
1— G'(0)*/F’(0)>>0. But here we remove these con-
straints. Equation (12) implies here ¢~ W, and now in Eqgs.
(13) and (14), the natural expansion parameter is
[¥/aF’(0)€], instead of [y/aF’(0)€]>. Thus the equations
analogous to Egs. (19) are

v= 2 (aF (0)e>n Yo

o0 ,}/ n
W= —r VY w,. 31
,,;o(aF'(O)e> " 1)

This is the same expansion as that adopted by Hofmann.?
Similarly, we assume [aF'(0)€’S] ™' ~0(1), i.e.,

|ye’S | ~|y/aF ' (0)e| <1,
which implies the internal resistive skin time is much shorter
than the anticipated growth time. For definiteness we choose
[aF’(0)eS]~! = 1, which implies that the internal scale
length

€= [aF'(0)S] 3. (32)

To leading order, the solutions that match to the exter-
nal solutions are

G (0)

z/ro W, = const . (33)
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To first order Eqgs. (13) and (14) yield

G'(0) 3*W, _ 3%, 34
F'(0) a?> o2’
G'(0) ) %Y,
W, )= )
wo+ig (L o) = (35)

Equation (34) implies W, = [F'(0)/G’'(0) ], (generality
is not lost by dropping the two integration constants). We
insert this into Eq. (35) and obtain

. F'(0) ( G'(O)z) 99,
—i 1— = .
=250 For) " e
This is an inhomogeneous Airy equation, which has the fol-
lowing solution®:

¢1 —_ e—14m1-r/3A 217.¢0 Hl( _/1
where m is an integer,
1 2O (1 -
G'(0)

(36)

—1§e1'2m1r/3) , (37)

G’ (0 ) 2 ) —1/3
F'(0)? ] ’
and Hi({) is the inhomogeneous Airy function. Itis algebra-

ic for large |¢ | when |arg(e?™™3 A ~'£)| < 27/3. Choosing
m=0if

F'(0) (1_ G'(0)2>

G'(0) F'(0)?
andm= —1if

F'(0) (1 _' G’(O)z)

G'(0) F'(0)?

yields a solution that is algebraic in a sector that includes the
real axis. For large |£ |, the asymptotic behavior satisfies

Y~ (A %Po/O 14+ 0(1/ED)], (38)
which is valid in the sector — 77/6 < arg { < 7/6, when
F'(0) (1 . G'(O)z)
G'(0) F'(0)?
while if
F'(0) (1 _ G'(O)Z)
G'(0) F'(0)*

it is valid in the sector — #/6 <arg § < 77/6.
To second order, Egs. (13) and (14) yield

G'(0) 3*W,
F'(0) d¢?
_ 9%, , ilG'(0)/F'(0)1(3%4,/3?)
ac? & —i[y/aG'(0)e]

€
[v/aF'(0)€]

LE(0)/F'(0) 1 — [G"(O)/F' (D)W,

, , (39)
& —ily/aG’(0)e€]
;60 . 1, ¢
W€
htigno St S
G"©) . F"(0) ) 3%,
_ w,) = .
X(F’(O) Yo F'0) °/ a2 (40)

Note we have kept the singularity at { =i [‘y/aGb’(O)e] in
Eg. (39). Equation (39) yields, upon insertion of Eq. (35)
and integration,
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G'(0) 32 Wage

F'(0) agz
3 A3
=j (33’!’2 i f ;—z[y/aG '/(}E)é;e] %
[7/aF (0)6]2 §~z[y/a§G '(0)€]
><F (O)F”(O} (0)G2 (O)G”(O) " (41

Now consider each of the integrals of Eq. (41):
JW 2¢2 dt = |~ - €A’y ,
a7 %l o. [y/aF (el

where A’ is the matching quantity defined in Sec. III. From
Eq. (40) we obtain

W,

(42)

* G'(0) 3%,

= d
cw OE7 —w» F'(0) 87 3
_G'0 €AY, (@3)
F'(0) [y/aF'(0)e]?’
a5 _——— (44)

-w &—i[¥/aG'(0)€]
where we take the upper sign when Re(y)/G '(0) > 0, other-
wise the lower sign is taken. Using the results of Eq. (38),

f _3¢l§ f _3¢l§ dé—
§— 1[7//aG’(0)e] & z[y/aG (e

where T is a contour in the complex ¢ plane. If

F'(0) (1__ G'(0)2)<0
G'(0) F'(0)?
T is closed in the lower half-plane, while if
F'(0) (1_ G’(O)"’)
G'(0) F'(0)°

T is closed in the upper half-plane. So if

F'0) (, G’(O)z)Re(r)
G(O)\ F'(0)?/ G'(0)

then

J‘ A g

&— t[y/aG (0)el
We obtain from Eq. (41), upon insertion of Egs. (42)-(45),
F"(0)F'(0) —G'(0)G"(0)
F'(0)? — G'(0)? '

Since a pure imaginary A’ cannot be made equal to the exter-
nal real A’, matching cannot be achieved in this case.

If
F’(0) (1 _
G'(0)

dg=0. (43)

A= +ir

G'(O)z) Re(y)

F'(0)*/ G'(0)

J‘ A8
§— l[y/aG (0)e]

0, (46)

= +27i 0(..._-——-7’ )
dg = & 2mitpy + aG'(0)e
(47)
where we take the upper sign when
F'(0)/G"(0)[1 — G'(0)*/F'(0)*] >0,

otherwise the lower sign is taken. We obtain from Eq. (41)
upon insertion of Egs. (42)—(44) and (47)
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' 2
= 28—1/2[ 10(1_6(0))
7=+ (275) aG'(0) _“——F'(O)Z
i — . F"(O)F'(D) -—G’(O)G”(O))]V”
A
X( Fir F (0 —G'(0) , (48)

where the sign of growth rate y is determined by Eq. (46).
Obviously, the above analysis is not valid when 1 — G*(0)?%/
F'(0)2=0.
From Eq. (46) we see that only when
[1—G'(0)*/F'(0)*1>0
does there exist a growing tearing mode. When
[1-G'(0/F'(0)*] <0,

the kinetic energy overpowers the magnetic energy in the
internal resistive region, the flow freezes the magnetic field
and suppresses the tearing instability. This is not necessarily
accompanied by an ideal mode. Numerically, Einaudi and
Rubini’ solved the initial value problem for the following
equilibrium profiles: F= tanh u, G= G,tanh bu. They
found the same scaling as Eq. (48) when |G'(0)/
F'(0)| ~O(1). However, they also found that the tearing
mode could be stabilized at some value |G'(0)/F'(0)| <1,
instead of |G'(0)/F'(0)| = 1. This can be explained by the
influence of shear flow on the value of A'.

For the hyperbolic tangent profiles,
F"(0)F'(0) — G"(0)G'(0) =0, and the negative value of
A’ can stabilize the tearing mode. In the first example of
Appendix A, we evaluate A’ for a piecewise linear approxi-
mation of tanh [cf. Egs. (A1) and (A2)]. Assume that G,
the quantity that measures thé magnitude of the flow, is less
than unity. From Egs. (A6) and (A7) and Fig. 1, we con-
clude that when the flow shear length b is less than the mag-
netic shear length, but

G’ (0)*/F'(0)>’=G}/b* <1,
then at some value of b, A’ = 0. This qualitatively explains
the stabilization seen in the numerical work on Ref. 7.

The result of Eq. (48) is different from that of Ref. 3 in
that the second derivatives of the magnetic field and shear
flow are included. This is far from trivial since it removes
the A’>0  instability  criterion if F'(0)F”(0)

— G'(0)G " (0)#0. In Refs. 4 and 6, they arrived at a simi-
lar conclusion by neglecting G " (0), but in their growth rate
expression, they omitted the very important factor
1 — G’(0)2/F’(0)2 Thustheir growthrate does not stabilize
when G'(0)%/F'(0)%> 1. The authors of Ref. 7 noticed the
discrepancy between their numerical results and the growth
rate expression of Ref. 4. Our result explains this discrepan-
cy.

To end this section, let us check our assumptions. From
Egs. (32) and (48) we obtain

ezl -2
aF'(0)e F'(0)?
The validity of our boundary layer approach requires €<1,
ie,

(@S)~ <1, (50)

which requires that the resistivity must be small. Equation
(49) is similar to Eq. (28); it cannot be satisfied when |A'] is

<1, (49)
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(a)

-2a/tonh @

FIG. 1. Influence of equilibrium shear flow on the matching quantity A'.
(a) Sketch of functions B,(@) and B _(&); B,and [3_are the parameters at
which A'(B,a&) = 0and A'(B_,&) = o, respectively. (b) Sketch of vari-
ation of A’ with parameter B.

verylargeexceptinthecase 1 — G'(0)%/F'(0)*-0. Wecon-
sider the case of very large |A'] in the next section.

B. Fast growth; |y/aF '(0)e| ~1

In this limit, the anticipated time scale is comparable to
the local Alfvén time. In the case of no flow, this limit corre-
sponds to the nonconstant-y tearing mode with a growth
rate that scales as § ~'/3.210

Equation (12) implies in this limit that ¢~ W, assum-
ing |G'(0)/F'(0)| S0(1).

Neglecting the terms of order O(¢€), Egs. (13) and (14)
become

v ;GO ) _ie 9 51
(aF’(O)e o) b ) aer Gb
y . G'(0) ) W 1 %y
(aF’(O)e o ) T = e oes

(52)
Defining
; G0
A=_7 =
oF (e T F©0) 6 8=
Equations (51) and (52) become
3 Y
A? ,
ac ( a;) ¢ a;z (33)
1 %
A(Y—E4) = (54)

aF'(0)eS dt?
Integration of Eq. (53) yields
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=—a2® c=x,
§ 3 R —¢= ac + Co=
where C, is a constant and we have defined a new dependent
variable X.
Substituting Eq. (55) into Eq. (54), we obtain
[ a’x ( A4 /ag) .4
' 2 = + 4 | aF
aF’'(0)e’s L a¢ ¢ A

(55)

9
2
=AX +2- (X = Co) . (56)
In the case of very small flow shear, ie.,
|G'(0)/F'(0)| <1, we expand X and ¥ as
G'(0)
x=5 % (Fg)"
_ ( ))
r= nzoy"( F'(0)
The leading order of Eq. (56) is
1 (82X0 2 BXO)
aF’'(0)e’S \ 9¢? & a
Yoy (GO 2y oy (58)

aF'(0)e ~° Yo
This equation has been solved in Ref. 10in the case of A’ < 0.
In Appendix B we treat the case of |A’(aS) ~'/*|> 1. In the
case where A’ — «, Eq. (58) has the solution

Co=0, Xo=e ¢, (59)
yo/aF'(0)e = 1/aF'(0)eS=1.
To first order, Eq. (56) yields
X, 2 dx, 2
-=—=L-q X
ar T (TN
=% +§(1 +ﬁ)Xo—;2(g+ﬁ)Xo.
9 Yo Yo
The appropriate solution for the above equation is
"=0, X_%ga —é, (60)
To the second order, Eq. (56) yields
a’X, 2 9X, 2
——=——=-q X
i Tt (TR
X, ( 7’1) X, (7’1 Y2 )
=—L X+ X X
a §+'}’o 3§+ 1+ . o+ &X,

2
+e - (e+ L —Lxo+ (64 1) x,]
Yo Yo Yo
=e—¢”2[—i§6+§“+(i—ﬁ)§2+1'3—] :
6 2 % Yo
The appropriate solutions of the above equations are

=(712§6"'332§4"'153§2)e_;:/2: Y/ Vo=3%- (61)

Collecting the results of Egs. (59)-(61) yields
G 9 ( G’ (0))
Y=% -+ F ) 14 F(0)
2
— F'(0 2/3S——I/3(1 5 G’ (0) )

[aF'(0)] T For T

(62)
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Thus we see that shear flow in this ordering tends to stabilize
the A" = o tearing mode.

For the case where A’ # oo, but |(aS) ~'/3A’|> 1, there
is a correction of O[1/(aS)~'/>A’] to the case of no flow
(see Appendix B). Including a small shear flow, the growth
rate is

Y _,_56107° 0( 1 G’(O)).

Yo 8 F'(0)? (as)~3A" F'(0)

(63)

For sufficiently large |A’|, we can say that the small shear
flow is stabilizing.

When G'(0)/F’'(0) ~O0(1), i.e., the convection terms
are comparable to the inertial terms in the internal region,
the quantity 4 in Eq. (56) isstill ~O(1). The scaling should
remainunchanged exceptinthecase 1 — G'(0)%/F’'(0)*>-0.
When 1 — G'(0)%/F'(0)?>-0, the scalings change to the
constant-1 tearing mode scalings, as we discussed at the end
of last section. Thus the tearing mode with |(aS) ~'/*A’|> 1
is stabilized when 1 — G'(0)*/F'(0)*-~0", approaching
zero from below. It is reasonable to ascribe this result
to the idea that the flow freezes the magnetic field and
suppresses the tearing mode with |(aS)~'?A’|> 1 when
1 — G'(0)*/F'(0)* <0. This conjecture agrees with the nu-
merical results in Ref. 7.

Our assumption |y/aF‘(0)e|~1 is always satisfied if
|eA’|>1and 1 — G’(0)*/F’(0)?40. This is seen by exami-
nation of Eqs. (59), (63), and (B15). The requirement of
e<1 leads to (aS) ~'/*>> 1, which requires very small resis-
tivity.

V. TRANSITION TO IDEAL INSTABILITY

Since shear flow itself can drive Kelvin—-Helmholtz in-
stability, a potentially powerful instability, the results of the
preceding sections could be overshadowed. However, the
necessary condition for this to happen is that the flow veloc-
ity not be bounded by the magnetic field everywhere, in any
reference frame.!! For all of the tearing modes treated here
there exist velocity profiles that are Kelvin—Helmholtz sta-
ble.

An interesting case is where the Kelvin—-Helmholtz in-
stability is near marginality, since here its growth rate can be
comparable to that of tearing. Also, the tearing analysis in
the external ideal region corresponds to that of marginal
ideal instability, so here is a natural place to begin tracking
the transition from tearing to Kelvin—-Helmholtz instability.
In Refs. 7 and 8 this transition was tracked numerically as
the appropriate values of the flow parameters were varied.
The profiles considered were F=tanhyu and either
G = G, sech(u/b) or G = G, sech?(u/b). In this section we
track this transition analytically by expanding about the
ideal instability at marginality.

For tractability we approximate the hyperbolic profiles
by piecewise linear profiles, as discussed in example 2 of
Appendix A, although we have changed frames so that
G(0) = 0. These profiles are linear in three regions: || < b,
u>b, and u < — b. Consider first the ideal problem with
b<1 and |u| < b. For convenience we define
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H=Ju>+F’w; (64)
hence Eq. (6) can be rewritten as
d*H ( 2 o’/a? )
-\~ —"5——1H=0,
d#Z (#2 — w2/a2)2 (65)

where w = — iy.
Marginal solutions are given by solving the equation
d’Hy
du?
in the region |u| < b, and matching the solutionsatu = + b

and u = 41 to the appropriately decaying solution as
£— + . Equation (66) has two solutions:

H 3 =sinh au , (67)
with the matching condition @ — tanh @ff tanh @ = 0; and
HS =coshau, (68)

with the matching condition 1 — @ tanh @ — @ = 0. In the
above expressions, @ and S are defined as in Eq. (A10). For
the details of matching, we refer the reader to Appendix A.
Hereafter, we denote the quantities corresponding to a neu-
tral solution by ¥, and fix the wave vector a.

From Egs. (67), (68), (A3), and (A10), we see that
H 3 corresponds to the external tearing solution for the case
where A’ = o ; similarly, HS corresponds to A’ = 0.

Now upon multiplying Eq. (65) by Hy, and Eq. (66) by
H, and subtracting, we obtain

wz / az

dH
_ii_(HNfl_f!._H._N)_-. ———>—'>——HH,.
du du du (12 — 0*/a?)?
(69)
Defining y = w'/w yields, with Eq. (64),
1 dH 17
oot e | 70
H du Y + u— o*/a? o

Shortly, we will need to use Eq. (70).

Consider now instability that is near the neutral mode,
i.e., H—H, and o = §w. Correspondingly, we assume the
flow parameters

Gy=Goy +8G, b=by +8b.

In the discussion below we neglect terms of second order.
Integration of Eq. (69) yields

(L4 L&)
Hdy Hy du

bm

_b;

L 2 /2

” w*/a
= — — e HH,, du , 71
J.-—b,,“,’ (W —o¥a)r H b

where the limit b,,, is the smaller of b and by . The upper and
lower signs are used to avoid the discontinuity at u = bm, as
seen in Eq. (75). Using Eq. (70) and the symmetry of the
problem, we obtain

(_l-ﬁ_.-l_i’?’_ﬁ)
Hduy Hy du

b

=2[y(b ) —yn(b )]
~b,;‘,‘
(72)

Since the solution y(u) depends implicitly on w, and the flow
parameters G, and b, we have

Y (@,b,Goyp) — yn (0.6, Gonspt)
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zay(ﬂ) w=0 6w+M w=0 6b
do y_y, b |,_s,
Go = Gyn Gy = Gyn
dyp)
+ weo 0Gy. 73
a6, 1325, 7
Go = Gopn

Using Eq. (6), y(u) satisfies the Riccati equation
dy s 2 (B4 F? _
—=a -y -, +1)=Fa. (74
& a L F? y, y(£h=%F (74)

Here (4% + F?)yis continuous, as seen by the integration of
Eq. (74) and y(x) must have a jump at . = b:

y(b ) =A{[b2— (w/a — Gy)*}/(b?—w*/a®)}y(b ™).
(7%

For |u| < b, we can write the solution of Eq. (74) as follows:
y((l),b,Go,,u) = y(w,b’G();#) - }’(ﬁ),b,Go;b - )
[62 — (w/a — G,)?]

+ . (76)
(b2 —w?/a®) y(b™)
Assuming p®> — G3#0 for b<|u| <1,
( (b, ) )
dw ::b(’)v
G, = Gyn
is a real quantity up to first order. Let
dy(b )
E=E—""T—"| w=0 - (77)
do b= by
Gy, = Gon

Using Egs. (74) and (76), we have

(b)) Gon
— w=0 = — ala—Byyn(bF)],
b b=b<’)v b?v [ NYN\O N ]
G, = Gon
ay(b ) 2Goy
—_ = _ = — b ¥
3G, | 272 v Oa)
G, = Goy
+ (1 _ G(Z)N)a}ﬁv(.u) ,
b?v IGon lu=s3
(78)

where By, is defined as in Eq. (A10). and yy, (b ;) satisfies
Eq. (A11). Note that y(x) is independent of the parameter b
forb<pu<l.

Combining Eqs. (72), (73), (77), and (78), the left-
hand side of Eq. (71) becomes

dH
HHN(_I_EE__I__N)
Hduy H, du

b

_'b,:
GZ
zZHN(bN)z{g(SG) — bON a[a —3NyN(b;)]5b

2
N

2
N

G,
— [2 b"” yu(b )
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2 +
- (1 - G°”)—-—ay(b” ) ]5(;0} . (79)
b3 ) a6,

For the right-hand side of Eq. (71), we evaluate the integral
by considering the contour shown in Fig. 2(a). Assuming
the imaginary part of w is less than zero, we obtain

_J'b"’ w/a?
—b, (”Z_wZ/a2)2
_ 27in* L( HY )
a? du\ (u—ow/a)?

HH, du

u= —ow/a
_ [5i1raa), for H, = H 33 =sinh ay, (80)
" | —yima/w, for Hy=HS = coshap.

We insert Eqs. (79) and (80) into Eq. (71). For the case
H, = HY, thereis no valid solution, since Eq. (80) diverges
and Eq. (79) vanishes in the limit §b = dw = §G, = 0. This
means the neutral mode corresponding to A’ = O1is an isolat-
ed mode (at fixed ).
For the case H, = H § the mode is not isolated and we
obtain the following:
b =2(— (Giy/bi)afa—B, yy(by)]6b
—{Q2Gon/b73)y% (b §)
— (1= Gon/b3) [Op5 (b 5 ) ]/9Go}5Gy)
X sinh®(aby )/{liam — 2[sinh®(aby)]}g. (81)

For the profile analogous to that studied in Ref. 10, b is set to
1, yw(u) = —a, for |u|>1, and B=1— G} Then Eq.
(81) becomes

(a) e
A 4 A
= b " bm Re u
(b) Im2Z
ﬂ\
AT 12 ~
& (o ReZ

FIG. 2. Integral contours. (a) The integral contour used in Sec. V. (b) The
integral contour used in Appendix B.
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da» = [4aG,y sinh® a/ (Liar — 2g sinh® a) |6G,.

There exists instability when 8G,, > 0; meanwhile 88 <0.
Now we evaluate Gy, the flow parameter corresponding to
the neutral mode for @ = 0.45. This is done in order to com-
pare with Ref. 10. Using Eq. (A15) gives

1-Giy=F,= — (a—tanha)/a

whence Ggy = 1.03. In Ref. 10, they observed strong ideal
instability at G~ 1.2. This roughly agrees with our above
analysis.

For the profile discussed in Ref. 7, G, is fixed at unity.
Thus Eq. (78) becomes

—2(Giy/bi)ala— B, yy(b 5 ) ]sinh*(aby )b
liaw — 2g sinh’*(aby) '

We see from Eq. (A12) and Fig. 1(a) that [y3(b )| <«
and |B_ | <1. Thus the instability appears when &b <0;
meanwhile 8f < 0, as a result of Eq. (A13).

In both cases, when the flow parameter is varied so that
3 is decreased from 3 , there exists instability. Using Fig.
1(b), we conclude that an ideal instability appears when A’
becomes negative through .

When a small resistivity is included in the above prob-
lem, there is no influence on the neutral mode corresponding
to A’ =0, while for the neutral mode corresponding to
A" = w0, the growth rate is increased from zero to
[aF'(0)]?/3S ~ "3 When the flow parameters are perturbed
further, the A’ value becomes negative and there exists a
mixture of tearing and ideal instabilities. This connection of
the tearing and ideal modes is similar to that discussed in
Ref. 10.

Sw =

VIi. SUMMARY

In the present paper, we have systematically studied the
tearing mode in the presence of shear flow. It is found that
the shear flow has a significant influence on both the con-
stant-1 and the nonconstant-¢ tearing modes. In the exter-
nal ideal region the magnetic field is frozen into the flow, and
hence the shear flow can dramatically change the value of
the matching quantity A’. Some flow profiles can change the
scaling from constant-y to nonconstant-i tearing. In the in-
ternal resistive region, the tearing mode is very sensitive to
the flow shear at the magnetic null plane; i.e., G'(0); G’ (0)
changes the order of the convection terms. When G'(0) is
very small the inertial terms still dominate the convection
terms. Thus the scaling remains unchanged for both tearing
modes, G'(0) stabilizes the nonconstant-y tearing mode
with sufficiently large A’, while the constant-1 tearing mode
is destabilized. In the case where G '(0) is comparable with
the magnetic field shear, F’(0), the convection terms over-
take the inertial terms in the constant- tearing mode, and
thus its growth rate is changed from S =3/ to § ~'/2. The
scale length of the singular layer is changed from S~%/5 to
S~'3and the A’ > Oinstability criterion is removed provided
G'(0)G"(0) — F'(0)F"(0)#0. For the nonconstant-¥
tearing mode, the inertial terms are comparable to convec-
tion terms, and the scaling remains unchanged. When the
flow shear is larger than the magnetic field shear at the mag-
netic null plane, the flow freezes the magnetic field and stabi-
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lizes the tearing mode. Additionally, we have shown the pa-
rameter regions for the validity of the constant-¢ and
nonconstant-y tearing modes. Finally, since the shear flow
can drive ideal instability, we discussed the transition from
the tearing mode to the ideal mode in two examples. It is
found that this happens when the value of the matching
quantity A’ becomes negative through A’ = o, which is sim-
ilar to the m = 1 tearing mode in Ref. 10.
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APPENDIX A: A’ VALUE IN THE PRESENCE OF
EQUILIBRIUM SHEAR FLOW

Here we evaluate the A’ value in the presence of the
equilibrium shear flow. We assume the equilibrium magnet-
ic field has the form

F=lp|, lul<l; F=1, p>1 F=—1, p<—1

(A1)
This piecewise linear profile can be viewed as a rough ap-
proximation of the profile F = tanh u.
In the first example, we assume the equilibrium shear
flow to be

G = (Gyb)u,
G= —G, p< —=.

This piecewise linear profile can be viewed as an approxima-
tion of the profile G = G, tanh (u/b).
For convenience we define

b, G=G, b;
| < o H> (A2)

y=w'/w
and

1 —x, tanh x, — x,x,

flxpx,) = (A3)

x, — tanh x, + x,x, tanh x,
The reason for these definitions will become clear below.
Consider first the case where b < 1. In the region |u| < b, Egs.
(8) and (9) become

¥ =pw,

w” + 2w/ — a*w =0,
which have the solution

Yy=A, sinhou+ B, coshau.
Here the 4, and B are as yet undetermined constants for
the solution in the region O <u<b, and 4 _ and B_ are con-
stants for the solution in the region — b<u <0. We have

allowed for the discontinuity at 2 = O that arises because of
the resistive layer. Thus A’ is given by
at

=G5
=qaf = — ==},
Yo B, B._

Theconstants 4, and B, are determined by the boundary
conditions at 4 = + . To find these constants we must
trace the solution for || > 1 through the regions b<u <1
and — b <p < — 1. In these regions Egs. (8) and (9) are
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¢ = pw,

w” + 2uw'/ (W — Gjy) —afw=0.
Equation (A4) has no simple solution, but it is transformed
into a Riccati equation by y = w'/w. We obtain

(A4)

y =a®>—y —2uy/(u* —G}). (AS)

In the outer region, |¢| > 1, the solutions are trivially given
by

J

w~e_a|/-"|'

From this we obtain two conditions y(1) = —a and
y( — 1) = a. We can replace the two unknown quantities in
A'yie,A, /B, ,by y( + b)=y, . These quantities are in
turn determined by solving the Riccati equation (AS5) sub-
ject to the boundary conditions y(1)= —a and
y( — 1) = a. Matching at g = + b yields

_ (4, /B, )ab + abtanh(ab) — (4, /B )tanh(ab) F 1

Ve bt (4, /B, )b tanh(ab)

which implies
A4, + a’btanh(ab) Fa —aby,
a = .
B, +y, btanh(ab) — ab 4+ tanh(ab)

Using the symmetry of the Riccati equation
(y— —y, pu— —pu) and the symmetry in the boundary

conditions [y(+1)= Fa], we conclude that
y, = — y_. Finally we obtain the following expression for
A

A" =2af(a,B), (A6)

where the function fwas defined above in Eq. (A3), & = ab,
and B = — (1/a)y(b). The complete determination of A’
has been reduced to finding 3, which, as noted, requires solv-
ing Eq. (A5). However, the qualitative nature of the solu-
tion can be estimated. Assuming G3 <1 and G3/b* <1, it
can be shown that — o« <y(b) < — a. This implies

l1<B< . (A7)

Moreover, as G3/b*—1, B— .
Similarly in the case where 4> 1 we obtain
A'=2af(a,p),

where
B= — (1/a)y(1),

and y satisfies the Riccati equation

dy 2 2 2u
L ==y ——F 5y pb)= —a. (A8)
du Y —vygr”

Assuming G3<1, we obtain from the above

— a <y(1) <0. This implies

0<B<«1. (A9)

Note that as b2/G} — 0, f—1.

In the second example, we assume the equilibrium shear
flow to be

G=0, |uj<b; G= —G, |u|>b.
This profile is a linear approximation for either of the pro-
files

G = Gy(sech(u/b) — 1), G = Gysech®(u/b) — 1).
The linear profile has a discontinuity at |¢| = b. Since
(F? — G?)w'(u) is continuous, as seen by integration of Eq.
(9), w' (1) must have a jump at u = b, and therefore so does
yp).
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b

Following the procedure used in the first example, but
accounting for this jump, we obtain, when b < 1,

A’ =2af(a,p),
where a = ab, .
B=—/a)yy(b~ )= — (1/a)(1 = Gi/bH)y(b ™),

(A10)
and y(u) satisfies the Riccati equation for b * <u<1:
dy o 2 2u
= —a®—y — , y(1)= —a. (All)
d Voo e? y

Assuming G2 —1 from above, we obtain, from Egs.
(All), —a<y(b™) <0, which implies

B <0. (A12)
Using Egs. (A10) and (A11), we obtain
G} G2
9B _ — -0 y(b+)__i(1_.__2)_‘££
ab ab’ a b2/)dulu—s-
1 G%)(z
=—f{1——)=yh*) —~[a*— b+2) 0.
a( 52 b)’( ) —[a® =y )] )>
(A13)
As b—0,8- — . When b> 1,
A’ =2af(a,B),
where

[(2—G3re ** — Gie )
[2—Gle ™+ Gie ] *
In all the above cases, A’ has the form
A’ =2af(ap),

where@ = ab, if b < 1, otherwise @ = . In the above expres-
sion, & and 8 measure the influence of the shear flow. In the
caseof noflow,a=aand = 1.

At criticality, A’ = 0, which implies f(&,5;) = 0. This
defines a curve

B=

Bo(@)=(1 —atanh a)/a. (Al4)
Similarly, at A’ = o, fl@,8,, ) = « implies
B. (@)= — (a —tanh @)/a. (A15)

Both S,(@) and B, (&) are monotonic decreasing functions
of &, which are shown in Fig. 1(a). Also the variation of A’
with S at fixed @ is shown in Fig. 1(b). We see that the shear
flow can drastically change the value of A'.
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APPENDIX B: NONCONSTANT-y TEARING MODE WITH
|[[aF'(0)1S~V3A"|> 1

The case of the no flow tearing mode with A’ ~O(1) and
A’ <0 has been analyzed in Refs. 1 and 10. Here we discuss
the case where [A'|> 1.

Let
[@F'(0)1%€*S /o =1, A=vy/[aF'(0)]23S~17,
(BI)
and rewrite Eq. (58) as'®
X, 23X, -
—'———-=/13/2X 2X__C ,
3’ ¢ o o+ & (Xo 0) (B2)
where
4 ' ( 14 )2 ¢
XY=~ —tp= —|—F] ==+ C,
0= 3¢ aF () a T

The solution of the above that matches the external solution
should be asymptotic to C,, We obtain, from Eq. (B2),

X, ~ Co— (A¥/EDC,. (B3)

We redefine
= (1 axX,/at)d.
A,:.f_ao(/g)( o/§)§‘ (B4)
€C,

Let X = X, — C,, £ ? = ¢, and rewrite Eq. (B2) as

9% 13X 1, 5 1

(229 (A4 nX=—A%C,

ar 2 4( +0 4 0

We find it convenient to convert this equation to a homoge-
neous equation by differentiation’*:

X 19

ar* 2 o
Assume :? = K f-€"v{z)dz, where K is a constant and C is
the path to be decided later. Substituting it into Eq. (BS) we

obtain
33/2
( — -5—22 _4 z)v]ez‘ dz
2 4

Jol A=

+ zze‘"(z2 - %)v(z) lc =0.

43/2
[~z - )5+ (32520
4/dz 2 4
which yields

p=(z—§) " Az T oA, (B6)

Now we need to choose a path so that Eq. (B3) is satisfied
and

ze"(22 — Dv(2)|c
= z2¢"(z — 1) _(1+/‘1»‘/2)/4(z+ 1) —(1-)1”2)/4|C =0.

When A3/2> 1, the path can be chosen from z= —} to
z == 0. By a substitution

we get the solution obtained in Ref, 10. For the case A3,
z= —} becomes a singular point. In order to extend our

1 s ax 13
(AL ¥ —0.(B5
A= (B5)

Let
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solution to include 4 /% < 1, we modify our path as in Fig.
2(b). Thus

A~ 1\ -G+ 1\-6B-2Y
X:Kje"(z—-——) (z+——) dz
c 2 2

1 — 5+ A%/ 1 —(5-A%¥%/4
=K1 & (z - _) (z + —-) dz
¢, 2 2
+K( —1 + e—iﬂ(f»-—}."’z)/Z)J'Q P
—1/2+8

X( 1 )— (5+/‘1-"2)/4( 1 )—(s —A¥2y/4
o zZ+4— .
2 2

Now consider the case where |1—1%2/¢1. Define
(1 —4%?)/4 = o, and rewrite Eq. (B7) as

~ 1 —3/240 1 —l—0
X=K e"(z~ -—) (z +—) dz
Cs 2 2

1\-32+0
+ 2ok e’ (z - ——)
—1/2+8 2

(B7)

- 1l—0
X (z -+ %) dz. (B8)
When - «
~ 1\—52 K
X~ —iK e (—) Qric)dz =2 *ro =
— 1246 2 t
. (B9)
Comparison with (B3) yields
K= —A3%2Cy2"*n0. (B10)

We choose the radius § of C5 so that 1»8Ro. Let
z+ 4= 8¢” in C,; then

J‘ t( 1)—3/2+0( + l)—l—ad
ez —— zZ4+— 'z
Cs 2 2

—_ ez!( _i+6ei9) -—3/2+a§—oe—i<?6d(i€)

Cs
=27e~ V2 4 O(o). (B11)

For the second term of Eq. (B8), we estimate the order of
magnitude as below:

1 —-3/2+4+0 1 —l—0 .
Uﬂ & (z - —) (z + —) dz(2mio)
—1/2+6 2 2

-1—0
§21roJO (z—{-l) dz~clnb~0(o).
—1/24 8 2
(B12)
Substituting Egs. (B11) and (B12) into Eq. (B8), we obtain
X= — (A32C/25%) [e= VP £ O(a)].  (BI3)
For definiteness, we choose
—~A32Cy25%0 =1. (B14)

Substituting Eq. (B13) into Eq. (B4), we obtain
A" = (A3%4ce)m>1,
or

v={1—2J7/3[aF'(0)S ] '*A’}aF’'(0)]*/3S ~ /.
(B15)

The above analysis requires |[aF’(0)S]!?A’|» 1.
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