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A modified Hamilton-Jacobi formalism is introduced as a tool to obtain the energy-
momentum and angular-momentum tensors for any kind of nonlinear or linearized Maxwell-
collisionless kinetic theories. The emphasis is on linearized theories, for which these tensors are

derived for the first time. The kinetic theories treated—which need not be the same for all
particle species in a plasma—are the Vlasov and kinetic guiding center theories. The
Hamiltonian for the guiding center motion is taken in the form resulting from Dirac’s
constraint theory for nonstandard Lagrangian systems. As an example of the Maxwell-kinetic
guiding center theory, the second-order energy for a perturbed homogeneous magnetized
plasma is calculated with initially vanishing field perturbations. The expression obtained is
compared with the corresponding one of Maxwell-Vlasov theory.

I. INTRODUCTION

In two previous papers"? different forms of generally
valid expressions for the energy cf perturbations of general
Maxwell-Vlasov equilibria are derived by various methods.
A consequence drawn from these expressions was that all
inhomogeneous equilibria of interest allow negative-energy
modes and are therefore potentially nonlinearly unstable.
The proof of this result is based on infinitely strongly local-
ized perturbations. A question therefore arises, to what de-
gree is localization necessary for negative-energy waves. Per-
turbations with extents smaller than typical gyroradii of the
different particle species could lead to anomalous collision
terms in Fokker-Planck-like equations and might thus con-
tribute to anomalous transport. It would, however, also be of
interest to find out which equilibria allow negative-energy
modes with wavelengths larger than the gyroradii. One can,
of course, do this kind of investigation with the energy ex-
pressions mentioned above. A more appropriate procedure
would be to use from the outset theories that have automati-
cally eliminated all perturbations with wavelengths smaller
than the gyroradii. The collisionless guiding center theories
are of this type.

For the case of the nonlinear Maxwell-kinetic guiding
center theory, which included all kinds of drift motions,
especially polarization drift, we were able to obtain com-
pletely general expressions for the conserved energy, and
also the full energy-momentum and angular-momentum
tensors.>* For relativistic theories these quantities were ob-
tained independently by Similon® using a method different
from ours. Our derivations made use of the Hamilton—Jacobi
formalism for the particles. As mentioned in Ref. 1, there
are, however, some difficulties in applying this formalism to
general linearized theory. In Sec. I1 of this paper we present a
modified Hamilton-Jacobi formalism which is simpler than
the original one and circumvents these difficulties. It is ap-
plicable to linearized theories without restriction. For gen-
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eral Hamiltonians that depend upon the electromagnetic po-
tentials ¢(x,2), A(x,?), the electric and magnetic fields
E(x,t), B(x,t), and are arbitrary functions of extended
phase space variables, necessary for describing guiding cen-
ter motion, the new method is used to derive the energy-
momentum and angular-momentum tensors. In Sec. III the
general linearized theory is presented, and in Sec. IV the
corresponding energy-momentum and angular-momentum
tensors are derived on the basis of the formalism described in
Ref. 4. In Sec. V we specialize to the Maxwell-Vlasov case
and obtain for the first time the full energy-momentum ten-
sor for the linearized theory. In Sec. VI we introduce expli-
citly the Hamiltonian for the guiding center motion within
the framework of Dirac’s constraint theory for nonstandard
Lagrangians.® We use the regularized Hamiltonian of Cor-
rea-Restrepo and Wimmel’ and indicate in which way the
derivations for the more familiar unregularized theory are
related to the ones for the regularized theory. Thereby we
make use of the results of Ref. 8, where Dirac’s constraint
theory was previously applied to the nonlinear theory within
the original Hamilton-Jacobi formalism.

In Sec. VII the results of Sec. VI are used to derive for
the Maxwell-kinetic guiding center theory rules for obtain-
ing the energy-momentum tensor for each special case from
its general form. We prefer to present the results in this way
instead of writing out in full detail the very complicated ex-
pressions for the general form of this tensor. At the end of
this section we give an example: the second-order energy for
a perturbed homogeneous system with nonvanishing unper-
turbed magnetic field but vanishing unperturbed electric
field; no initial field perturbations are assumed, i.e., all initial
perturbations are perturbations of the distribution functions
with vanishing corresponding charge density. The expres-
sion obtained is used to derive a sufficient condition for the
existence of negative-energy modes. The result is compared
with a corresponding one of the Maxwell-Vlasov theory.
Finally in Sec. VIII we summarize.
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il. THE MODIFIED HAMILTON-JACOBI FORMALISM
FOR THE MAXWELL~-VLASOV AND KINETIC GUIDING
CENTER THEORIES

Let H, (p;,g;,t) be the Hamiltonian for particles of spe-
cies v in a phase space py, .. P, Gi,--,g, With
(g9,,9:,95) = (X, X3,X3) =X and correspondingly
(p1sP2sP3) = P, Where x is the position in normal space;
n = 4is needed for describing guiding center motion. The x,z
dependence of H, is given by the dependence of H, on the
eleciromagnetic potentials ¢{x,#) and A(x,t) and, for the
kinetic guiding center theory, also on the electric and mag-
netic fields E(x,7) and B(x,¢) and their various derivatives.
The derivatives only occur, when Dirac’s constraint theory
formalism is used. They are absent in a formalism that
avoids the necessity of constraint theory by introducing iner-
tial terms with infinitesimally small masses (see Ref. 3). But
even with Dirac’s formalism the variation of these quantities
makes vanishing contributions to the Euler-Lagrange equa-
tions and to the energy-momentum tensor [see remark after
Eqg. (122) in Sec. VII]. The general formalism is therefore
equivalent to that for Hamiltonians not depending on the
derivatives of E and B.

In addition to H,,, we introduce a reference Hamiltonian
H ' (P,Q,,1) in the phase space P, ...,P,, Q,, ... ,Q, that
will later—at the beginning of Sec. III—be specified to be the
equilibrivm Hamiltonian and then be time independeni. Let,
furthermore, S, (P;,g;,¢) be a mixed-variable generating
function for a canonical transformation between p;,q; with
corresponding Hamiltonian H,, (p;,q;,¢) and P,,Q; with cor-
responding H (>’ (P,;,Q;,t). The quantities p, and Q, are ob-
tained from S, as

as, as.,
_—— > Qf =

g, AP,
and §, must be a solution of the equation

as as. as
~ +H | ——,gt |=HP (P,-,—V,t). 2
ot * (aqt' ? ) op, @

The original Hamilton-Jacobi theory is obtained when
H®=0. If this is the case, then for perturbation theory
there is a problem of finding a solution S’ of the unper-
turbed Hamilton-Jacobi equation with 38 (% /dg, time-inde-
pendent. This is needed for obtaining an energy expression.
In the modified Hamilton—Jacobi formalism we can choose
H {2 as the time-independent equilibrium Hamiltonian. The
time-independent, zeroth-order solution S of Eq. (2) is
then simply S = ZP.q;, which makes the new formalism
applicable in a straightforward way with full generality.

We claim that, analogously to Refs. 3 and 4,

L = — zqu dP g, (P,g;t)

oS as. as
X|—~+H, |—= gt | —H (P,-,——ﬁ—,t)]
[ a T (aqi d ) aP,

Di , n

+8+de3x(E2—B2) (3)

is the Lagrangian for the Maxwell-Vlasov or kinetic guiding
center theory, the criterion being that it leads to the correct
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*“particle” contributions to the charge and current densities.
The quantities to be varied are ¢, S, A, and ¢. In expres-
sion (3)

dq dP=dg, " dg, dP,-"-dP,. (4)
In addition, we define d§ as
d*x d = dqg. (5)

The variational principle is
2
5f Ldr=0, (6)
1

with 8 = 88, = 6¢ = 8A == 0at1,,t, and some boundaries
in g, Pspace. Gauge invariance requires that H, and, similar-
ly, H (¥ be of the following form:
H, (p;»q::t)

=H,(p—(e,/0)Ap, " pygs "4, EB) + e, (7)

Variation with respect to ¢,, S,., ¢, and A in Eq. (6) then
yields, respectively,

as, S as.
- +HV (L’qi’t)—H§/O)(Pi7 aPV ’t)=07 (8)

ot 3(],» i
ap., dH, oH @
4 +_3_( %) i( qpv)=o, 9)
gt dg, \ dp; 9P, \ 9Q,
. d J’aﬁ'v N
- v vd dP— * ‘,d dP
2e f¢ 7 2] gE U
1 4
e — o = (), 10
+4 Ew (10)
e, (OH, . 1 48 f H. .
& Zy dgap+ L0 [ Z gpap
27 oy P X ) Gyl
H
curl Y @, di dP
tourl Y | 5B
1 4d 1
— B4+ -—curlB=0, 11
+ 4e At + 41 eur (b
with
aHVEaH\'(pi’qi’t) , (123)
ap; ap; P, = 95,/3g,
OH\" _OH (P (P,Q,1) (12b)
aQ, a0, Q. = 3s,/9P,

In Eq. (9), and often in the following, we use the summation
convention in the form

>abi=ab'and ¥ a,b,=a,b,.

Equation (8) is Eq. (2) again. Equations (10) and (11)
are the inhomogeneous Maxwell equations with “particle,”
polarization, and magnetization contributions to the charge
and current densities. These equations do not have contribu-
tions arising from H {’ since this quantity depends only on
equilibrium field variables that are not dynamical variables,

That the “particle” contributions, which are the first
terms in Egs. (10) and (11), are correct follows from the
properties of the density functions @,: In Appendix A we
prove that the modified Van Vleck determinant
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2

dq; 3P,

solves the mixed-variable continuity equation (9). Its gen-
eral solution can then be written as

¢1 (an:’t) _quf; ’qnt)l (14)
where, as shown in Appendix B, fv can be represented as

?, = det (13)

as,
fv( ,q,,t) _f; ( ’qn )! (15)
dgq;
or
as,
oqt) =fO P — 0t ), 16
TPt = £ ( - ) (16)
and where f, (p;.q;,t) solves the “Vlasov”’ equation
af, + OH, (p;q,t) df, JH, df,
at ap; dg,  9q; Ip;
af..
=——[H,f.]=0, 17
E” [H,,/.] (17)

and £ (P,,Q,,t) solves the “Vlasov” equation for the refer-
ence system

af\” +8H V(P09 OHD FFY
at aP; 3Q; 3Q, aP;
a (f))
= j;t —[H®, 2] =0. (18)

The brackets [ ] are the corresponding Poisson brackets.
The representation (15) yields for any function G(p;,q;,?)

fG(‘;S_' it )(p‘ dg dP
=J oG ) ()

X dg dP
’ ’aq: aPk

=JG(Pi,q,‘:t)fv(Pi’qnt)d& dp,

which shows that Egs. (10) and (11) contain the correct
*““particle” contributions to the charge and current densities.
Altogether we can now replace Eqgs. (8)—(11), in agreement
with Refs. 3 and 4, by the following set of equations:

(19)

af.
H,,f.1=0, 20
-~ A /] (20
p=3e fqudp+dwzf (21)
=Se, | =2f dydp— < Y £ dj
se [ % e 2f
—ccurlzf———fvdqd (22)

This section is concluded by rewriting the theory in a
way that facilitates derivations to come. We introduce the
following notation:
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(x4) = (2% ... %) = (ct,x), (4,) =(—¢,A),
(23a)
oA oA
Fao=—t— "=y, —A,,, (23b)

E, =§(Fo, — Fy), B;= —le-[e Xe[]Fk[, (23¢)
where e; is the unit vector in the i direction,
Fy= —[exXe ]'B, (23d)
E’—-B’= — gFMF"‘, (23e)
JF,
9 =—2 9 =2 9 (23f)
0A;, 04, OF, oF,,
1
a:_a__ﬂ, (23g)
aF,, aF, 2 JE,
d 1 a
= ——fe,Xe 1—, k1,23, 23h
9F,, 2 lexxel gy (23
(Q:) = (607 ,én) - (Ctrx’qm ’qn)’
where “~ is used when time is included,
(B:) = (Bgs -+ sPn) = (PosP:Pas - P )s
(@) = Do, - ,00) = (c1x,Qs, - ,0), (23)
(Pl) = (PO’ vee 9Pn) = (Poyp’P4r 1Pn)3
%pv(pi!qi) = %v(ﬁO’ e 7jn’50’ sor ’qn)
=CPo +HV(P1’ ’Pn’ql""’qn’t)’ (23j)
%S'O)(T)i,@i) = %;O)(T)o’ sﬁnyaoa .. ’Qn)
=cP, + H®(P,,..,P,,Q0,, ...,0,.1),
(23k)
A;=0 for i>3, (231)
dj dP=dg, ---dg, dP,---dP, = dq dP, (23m)
9. _ 9y _ (23n)
ap, apP,
Note 7 is a function of p, — 4,e,/c,i=0, ..n,and F,,,.
The Lagrangian for our theory is then
as,
L = fd dP N G.
2 | dadre [ (a" ")
—;40)(? )] J.d x F,, F# (24)
167

and the corresponding Euler-Lagrange equations (8)—(11)
become

w (3 q) - ff&m(i, 95, ) _o, 25)
9g; dp,
97 AH©@
—?—( —————) J (<pv — )=0, (26)
Fe) B, c?P . 90,
PO fd’dP¢v—+22fd”dP—
v x
A,
( ) LIE 27
oF,, 4T Oxt
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HI. THE LINEARIZED THEORY

The equilibria considered in this section are represented
by

HP(P,00), ¢ (Pogi)s S17(Pug), 4 (x),

while “primary”” perturbations away from these equilibria
are represented by

P (PLg,st), SIV(PLg,t), ALV (x,1),

where the superscript (1) is used since later these perturba-
tions will only be first-order quantities; however, this is not
assumed from the outset. The primary perturbations lead to
first-, second-, and higher-order expressions for the per-
turbed Hamiltonian H,(3S,/9q,,q9,,t) or 5 ,, the unper-
turbed Hamiltonian H {®(P,,8S,/0P,) or 7%, and the La-
grangian [see Eqs. (23k), (32) and (33) below]. The
variations of the variational principle (3), (6) can then be
done in terms of the quantities ¢ {7, S, 4 |1

Variation of the first-order Lagranglan ylelds zero, be-
cause the unperturbed quantities are solutions to the vari-
ational principle and thus variations around them vanish.
The lowest-order perturbation of the Lagrangian that is rel-
evant is therefore of second order, and one can now consider
the perturbations ¢ {"’, §{"’, and 4 |'* as being of first order
only. The second- order Lagrangian in these perturbations is
then the Lagrangian for the linearized theory.

Asg mentioned in Sec. I1, the advantage of the modified
Hamilton-Jacobi formalism over the original one is the sim-~
ple and generally valid form of the time-independent, ze-
roth-order function S (¥’ (P,,q,), namely,

SO(Pug) = 3 Py, (28)
P=1
Up to first order we therefore have
as. as iy as, as'y
Zrap 4, T a—2, (29)
c7t1.~ c7q,v dP, aP,

In the following we again use the notations of Egs. (23). In
order to obtain the second-order Lagrangian we need

S (as Sy m) ax®

94, c ap,
3 (0} 9. €0y
1) v (y 7 v
F!M BF“,?{’ +F.U/l.2’ 8Fff2] 4 (30)
' 2\ 93, c ! 3g, c
3P,3P, 3q, ) X-)
#H o ~ i
2 g aF,‘,‘}’aF s g, ¢
XF& izﬁ)t'o) +l A L azy/(m ,
“GPOF, 2 T T aFRIF ),
(31)
1 %0
s 2 IS 9T -
ap g,
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0 _1 GSE,” 8S~§,“ a2y -

‘ 2 dp, P, 33,04,
Here 79 and 77 are the first- and second-order
expressions in the expansion of

as, S asy
w0 B2 ) = 0 B + o).
(35 ) =0 (P 50)

The terms containing the quantities F )}, = JF | }/dx" and

F f,F',’T occur in the kinetic guiding center theory when Dirac’s
constraint theory formalism is used. Their variations do not,
however, contribute to the Euler-Lagrange equations and
the energy-momentum tensor and therefore do not influence
the general formalism [see the beginning of Sec. II and the
remark after Eq. (92) in Sec. VI].

The density of the second-order Lagrangian following

from Eq. (24) is then

(33)

i

L= — (1/16m)F JF

-2 f d‘% dP [¢O(#D — F O

+¢§'l)(l%ﬁ§’l) _{%ﬂ:f))(l))]' (34)
Variation with respect to @ (", S, and 4 7 i
5f‘d:fd3x Fo 0
b
yields the first-order equations,
ﬂﬂf.” — 0y ...eLA 1 a‘}%j:'m
' c ' 4P
)
+ F D + S =
HA
(35)
(9 [(835” —ﬁ-A {”) 29’{"(0) ¢<0)]
a4, 93, e ' ] AP P,
J <ass.” azﬁ‘f,‘“) g
P, \ 0P, 34, dq, 9g.
62%(0)
X(F;‘L) ai‘) aF(o) ¢(0))+ [¢(l)%ﬂ(0)] ___O (36)
k
Zfdé"‘d?{ © (‘95(“ 5”.,4<,'>) o7
v g, ¢t dP, 9P,
629/(0) (9
e <0) X g v R
O R oy T
X[(‘?Si”_f_v_A“,) 2(%(0) (p(o)
g, ¢ 9P IFO T
+2.£7~ ( i ) ﬂlq)m aﬁ__j{f’if”
axt\ T OFQFY) ¢ 9P
g (37 1 4 2
25?(35*@;” Pt =0 6D

Here we have defined mixed variable Poisson brackets as

(38)
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Equation (28) yields for @ \*, upon making use of Eq. (13), IV. THE ENERGY-MOMENTUM AND ANGULAR-
MOMENTUM TENSORS FOR THE LINEARIZED THEORY

¢ =1 (39) -
v As in Ref. 4 one can show that the energy-momentum
B N se < - P - . . - en T 1 h\l
and simujarly the first-order contribution 1s tensor T is given by
Aoy 9251 (40) T;=zfd3d'ﬁ(‘9$; _ﬁA/,>—————6°f .
" 3P, 3z, > axr ¢ 5(3S,./dx™)
Furthermore, from Eq. (16), it follows that +2F 3L &7, (43)
HP aF’M P
.......... With
N - N d (S8} db 11y
FO OBy, =T wn T -TE=0, kp=123 (44)
aql aPl .
and with
BM Ak
Ak __ Ak Ayp P __ —
Note that Egs. (41) embody the fact that perturbations of £, My =T = Tix, axt 0 kp=123
are assumed to arise solely from changes in the particle or- (45)

bits. With the foregoing equations we obtain from Eq. (14) being the corresponding angular-momentum tensor. The en-
ergy-momentum tensor (43) has been derived without spe-
a5 gifying Z. We can t'herefore use expression (43) for the
o f<o>( 3, @) = (f“” ) . (42) linearized theory by simply replacing ., S,,, 4,,, and F,,, by
07 3P, L, 8,45, and F,). The result is

T4 = zfd" dP( 53" e’A(x))[ 0 (85'5," e A“’) 9270
’ ¢ ? Y an c aPA 8Pk

+fOFD 209/5’0) 8 ( (©0) 85'“’) a‘?ﬁ’m]
Y 9P, OF i°’ P, ] 4P,
__ZFLI)Zfd- dP[ (0) (BS(” __elA(l)) —2%(0) f<o> (1) 82%05'0) ]
3G c aPk 6‘F 0 T OF ;31’ aF [‘,2)
_#F;‘L)F(I)M_i_aﬁ ( qudpf(o)(%ﬂ(z) %(0)(2)) —_ = F“’F“)T"). (46)

In this expression one has to use the Euler-Lagrange equation (35) together with Eq. (30) in order to eliminate dS /3¢
wherever it occurs. Specifically these equations yield the following expression for this purpose:

as Q3] e
LA I PN Sf,”,Hf,O)
at ¢ ° [ ]
4] 0
& a0, OE  py OH (47)
c gP “OGFQ
The angu]ar-momentum tensor corresponding to T' 7% is
M(ZMI\_ T(ZM T(ZMXP (48)
Since .#°® does not depend explicitly on time, we have
aT(Z)A
Fra =0, (49)
x
which means that there is energy conservation. However, generally .%°‘?’ depends explicitly on x and therefore one has
9T 4 (2)
£ = — 9.2 , p=123. (50)
ax/l 8x" explicit

Nevertheless, for certain symmetries of the equilibrium one can use the energy-momentum tensor to construct quantities,
such as the angular-momentum tensor in the case of rotational symmetry, that obey a local conservation law of the form (49).

V. THE ENERGY-MOMENTUM TENSOR FOR THE LINEARIZED MAXWELL-VLASOV THEORY
In the Maxwell-Vlasov theory the extension of phase space introduced in the above formalism is not needed, i.e., n = 3,
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§ dg =1, and for greater clarity we now write d P instead of dP. Furthermore, H, does not depend on F,

therefore reduces to

ash e

.- Equation (46)

a2H(0)

as(l) e
T(Z)/l ZfdsP[( A(l))( __VA(I)) j'(O)
° g, ¢ 93, ¢ 3P, dP,
as v as M\ aF©®
( 3 eTA m) (f(m ap ) 3P, _ﬁF‘(‘fl’)pmM
Y4 < / N I4 L2230} s
+ 5,1 [zfdstcO) [(QS(U _e_vA gl)) (a'gf»l) _‘-’_A (n) G°H
a3, c 3G, ¢ 3P, 3P,
_asjz” a'srj'” aZHLO)]_I_ 1 F(I)F(l)ra} (51)
P, 3P, 37, dg, 160 ™ ’
|
with To this end we add to the right-hand side of Eq. (55) the
P SH© vanishing expression
| =le—>—]. 52
(7)) & ,
dedeP__[(_[Sil),H£0)]
Equation (52) denotes a vector with four components: the gP ) o
timelike component A =0 has the value ¢; the spacelike + &y A 9H , ) as, f«n]
components 4 = 1,2,3 are the components of the particle c JpP
velocity of species v. | 8 . 0
Of special interest is, of course, the energy, which we can —fd xd°P { P( [SHS ']
compare with results obtained in Refs. 1 and 2. For © o
)7 =/.{ = O we have, expressed in terms of the quantities with- + 3 Al 9H ) s, v oy ( _ [ S H io)]
out tilde, ¢ ap
AH\ g [asV
a5 (» S 4, %%y ) 9, v o)
T§ = ZJ.‘“P[ & (_a %A.‘") PR T )ap ( ax )} (36)
o , i © and we write
X(BSV ——e—VAf(”) 3 H |
Y e ) ap o, fy medg— a0 2 g
1, 98 a8 82H‘°’] T ¢ P "
27 9P, aP, awox 2 . (572)
OiH O
as o o 35 Hy 2 S qmgw e (57b)
—_ al‘ —e‘,A aP 2 [ c?P,aPk
. We then obtain
— (B2 L B, 53
+ 8o ( + ) ( ) F(z) Zfdg, 3P[(1 35(” as(l) 52H(0)
with = P
0 . . SH©® 2 gx' dgx* JP, P,
a: __VA(()1)= _ [SLI)’HLO)] -{——VA(“' aPV 1 as(l) 53“) azH(O)
¢ c
(54) 2 P, JdP, Ox'dx*
from Eq. (47). The perturbation of the energy F® is then +H, 6S“’ g [s, Hf,o’]) )
ax c?P
F(2)=fTéZ)Od3x. (55) +(—-[S$,”,H£,O)] _HV])[SLI)J‘()O)]}
It will be given in a form that can immediately be compared + RS f (B2 4 B2y 3y (58)
with an expression in Ref. 2. 8 '
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With
as 5‘1)

1 aS(l) a

198 4

1
SOHO] = —[SD,[SO,HO SOHO© SO H©
[S(l) [S(l)H(o)]]+ 1 aS“) aS(l) azH(O)
2 9x' Jx* IP,IP,
(1 3¢ 3277 (0) (h 3¢
1 95, asi?’ 3°Hf 1 [H“” asy 8S (59)
2 9P, 9P, axax* 217 ax oGP
¥
fde d3pP [H(O) as.” 8Sf,1) 1/(0) = (e/c)A*x — ed*, (64a)
g IP 17 where
_ _stxdspaSil) asy [H©,fO]=0 A* = A 4 (mc/e) [v,8(qs/v5)b+ Vi ], (64b)
P 60) = e+ uB + (m/2) (g + %), (64c)
and v; = c(EXB)/B?, (64d)
dxd PSSO HOT1FO® b =B/B, (64e)
f x [0 [82. 52T 1f5 and y is the magnetic moment of the gyrating particle.
The antisymmetric function g(z) with z = ¢, /v, does
- 3 g3 (1 £(0) ©0) ¢ o
- f d’xd°P[S.2f7][H7.8.7], (61) the regularization, where v, is some constant velocity. The
biai ith Eq. (57 nonregularized theory is obtained for g(z) = z, in which
one obtains with Eq. (57a) case the solution of Eq. (68) below for g, resulting from the
F = z f dxd3P {i [SO,fO1[H?,S] Lagrangian (64) is ¢, = vy = bex. In the regularized theory
v 2 - T tT 8(z) =zshould still hold for small |z|. For large |z|, however,
5 JSOLFO] + Hv;ff.o’] . (62) g must stay finite such that with vy > V. One has
. . L 008 00) <, =LED/mE) | (65)
Relation (62) agrees with Ref. 2 if one identifies becurl b
Phere = PRrer2 and EyRef2 = — Sil)here A pOSSible ChOiCC fOI' g(Z) iS
g(z) =tanhz (66)

VI. HAMILTONIAN FOR THE GUIDING CENTER MOTION

We start with a Lagrangian for the guiding center mo-
tion. Such a Lagrangian was given by Littlejohn® and later in
somewhat modified form by Wimmel.'° Correa-Restrepo
and Wimmel’ observed a difficulty with these Lagrangians,
namely that they are singular for large parallel velocities if
B-curl (B/B) 0. This led them to propose a simple regular-
ization method for removing the singular behavior while re-
taining the variational form of the theory. They applied this
method to the nonrelativistic guiding center theory without
polarization drift. Later, in Ref. 8 the same method was em-
ployed to derive regular kinetic guiding center theories by
means of the original Hamiltonian-Jacobi theory.® Here we,
too, apply the regularized Lagrangian that is only slightly
more complicated than the unregularized one in order to
avoid possible difficulties. In the following the unregularized
theory is obtained, if preferred, simply by replacing the func-
tion g(z) by z.

The Lagrangian is defined in terms of the variables

t, x=1(4,,9.,9:), and gq,, (63)

where g, is an additional variable needed in guiding center
theory. Here, L is of nonstandard form since it is not a con-
vex function of x; it is given by the following linear function
of x (the index for the particle species being suppressed)
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Upon varying with respect to x, the variational principle
with L given by Eq. (64) yields

d e d . ag*
A*¥ |+ - — (A*Xx) —e—=0 67
dt( )+cax( R ©7n
and varying with respect to ¢, yields
m(bx g'(g./v5) —q,) =0, (68)
where g’ = dg/dz. In Eq. (67) one has
o *
i(EA*) edAr _x._a_A*+§_giaA . (69)
dt \c c dt ¢ I c dt dq,
Therefore, by defining
* *
E* — _10Ar 98 , B*=curl A*, v=x,
c Jt ax
(70)
we can rewrite Eq. (67) as
E* + (1/¢c)vXB* — (m/e)g'q,b=0. 71
Crossing Eq. (71) with b yields
bXE* + (1/c)vBf — (1/c)v;B* =0, B =bB*
(72)
From Eq. (68) we find
bex = U" = q,;/g’. (73)
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When this is inserted in Eq. (72), we obtain the guiding
center velocity v = v, as a function of 4 x, g,, which will
enter the Hamiltonian in Dirac’s constraint theory:

v=V, = (q,/8'B})B* 4 (¢/B})E*Xb. (74)

Another “velocity” that is needed is ¢, = V,, which follows
from Eq. (71) upon muitiplication by B*:

gs =V, = (e/mg’) (1/B¥)E*-B*, (75)
The momenta canonical to x and ¢, follow from Eq, (64):
dL e aL
= = — AKX, == 0. 76
P % o Pa £y (76)

With these momenta the “primary” Hamiltonian H, in the
sense of Dirac’s constraint theory® is

dL JdL

H,=x—+ g, — — L = ed*, 77
14 E)x g4 aq4 ¢ ( )
and thus Dirac’s Hamiltonian is given by
H=ed* + v «(p — {e/c)A*) + V,p,. (78)
In addition to
aH , JdH
X = — = . ==V, s 79
ap g> Ya N 4 (7%

which are equivalent to Egs. (67) and (68), one has the
equations

p= __6_H_= —e%‘*(ﬁvg)'(p—fﬁx*)

ox ox ox
av,
g o
and
0H e ,
b= = —mae =gt (p-AT) e

(81)

By using Egs. (67) and (68) these two equations can be
rewritten as

d{ e P e v,

Llp_fa*)= Ly Wp—-Eax)— ,

ar (” p ) (ax vg) (p c ) ox O
(82)

Py = —-—g'(p——gA*), (83)

c

This shows that relations (76) are possible solutions, but not
theonly ones, and that p — (e/c)A* and p, are not constants
of motion. In order to guarantee that relations (76) are satis-
fied, the distribution function f{q,,p,,¢) must be of the form

S=8(p,)8(p — (e/c)A¥)h(x,q,1), (84)

where 4 cannot be a constant of motion, because p, and
p — (e/c)A* are not constants of motion. However, it holds
that

8(py)8(p — (e/c)A*)dp, d’p = const along orbits (85)
and, of course, also that

d’xdg, d’°pdp, = const and f= const along the orbits.
Hence it follows that

k(x,q9,,2)d *x dg, = const along the orbits. (86)
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We therefore write
B(x,g4:1) = h(x,45.0)f, (X,g4,0), (87)

with & being a density in (x, g, ) space and the guiding center
distribution function f, being a constant of motion.
The equation for fis

af  d (3H a (5}1 )
=4 —i—=f )= |=f =0 88

at  dg; (api f) dp, \9g; d 5%
Integration of this equation over the full (p, p, ) space yields,
with fgiven by Eq. (84), an equation for A:

oh d J

e e (Y BY 4+ —— (V h) = 0. 89
o ax(g)-l-&b(a (39)
It was found in Refs. 7 and 8, corresponding to a result ob-
tained by a different method in Ref. 3, that

;I=B|Tg'(q,;/vo) (90)

solves this equation. This can also be proved directly by
means of Eqgs. (74), (75), (73), and the “Maxwell” equa-
tions for E* and B* which follow from Egs. (70) (note that
Jd A*/dtis apartial time derivative at constant x and constant
q, ). Finally we arrive at

f= 5(174 )5(11 - (E/C)A*)B ﬁkg'(q‘t/vo ).f;;(xyq47/uyt)3
(91)

where f, is a solution of the drift-kinetic equation

af, . af, _

% + v, Ew + ¥, 2. =0. (92)
In f, a dependence on the magnetic moment p has been add-
ed; this appears in the various expressions only as a param-
eter distinguishing between different “kinds” of particles.
Later, one must sum over all these kinds of particles in order
to obtain the total energy-momentum tensor, i.e., one inte-
grates over . In the nonregularized case, ¢, is identical o
vy . Note that the form (91) of / has the consequence that in
the Lagrangian (3), any variation of v, [see Eq. (78)] is
multiplied by zero. Thus, although v, also depends on the
derivatives of E and B, which is not the case with the rest of
H, this dependence is unimportant for both the variational
principle and the energy-momentum tensor.

Whereas Eq. (91) for fis sufficient in the nonlinear the-
ory to pick out the correct solutions, this is not the case with
the linearized theory. The constraints (76), which must
hold along the orbits, mean for p, = O that

aS aS(O) as(l) P aS(h
dq, g,  dg. ' g,
=0 along the orbits. (93)

Here, P, = 0 is guaranteed by relation (91) when used for
the unperturbed distribution function. Hence S’ must
obey

T}
) =0 along the orbits. (94)
dq,

The constraint for p means that

95 =S A* along the orbits (95)

dx ¢
or that
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5@ gsm
ox | ax

=S A*O(x,q,) + S A*V(x,g,.t) along the orbits.
¢ c
(96)
The equilibrium distribution function guarantees

s @

=P(1) = A*“’)lmt» .0, (D), (97)

/7 V7
4

where P(t), Q(¢), and Q, () refer to the unperturbed orbits.
In Egs. (95) and (96) x, g, mean x(2), g, (¢), which refer to
the perturbed orbits.

Up to first order we can write

x(2) = Q1) +xV(2), g, (1) =0y (1) +¢{"(2)

(98)
and then find from Eq. (96)
as(l) e . J i, d
I == t
e GOl 894)
X A*(Q(2),0, (1)
+§A*“’(Q(t),Q4(t),t). (99)
Furthermore, it holds that
3 _3s©@ s O
=22 = P —x()+Z2—, (100
Q) 3P P + P x(2) + P (100a)
as  as®  gsw as 100b
1) = = = t ’
Q. (1) 2P, ap, + aP, g, () + ap, ( )
from which it follows that
95 T _xp, = —giV(0). 101
3P X P, gs (1) (101)

We can now consider for a certain instant of time 7 a
distribution of perturbations x“”\(?), qf,”(‘t\)A in (x, q4)
space, which we denote by §(x, 9., ¢), £, (X, 4,4, ). Thus Egs.
(101) and (99) become

ash as
= = g, = —£, 102
9P aP, 54 (102)
asM e a a e
—_ = — 4 = ] A*¥O® X, +—A*“).
% c(g % &4 8q4) (%,44) c
(103)
The latter relation is more transparent when
V=(1/m) [P — (e/c)A*®(x,4,)] (104)
is introduced. This implies that
as\ _as®m _g(iA*(m).éE_‘l’_
gx ip & lv c\d arp
asw e ( a )
—_ = A*@ ), 105
ax ly +c ax ¢ (105)
If, in addition, we use
*(0)
eIAYT _ g o, (106)
c dq, Yo

as follows from Eq. (64), we can replace Eq. (103) by
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as ™

~

24 po + € A¥(D.
(107)

The zeroth-order distribution function always selects
V=P, =0. It is therefore reasonable to expand S’ in
powers of V and P, . Since only first-order derivatives of § ")
occur explicit knowledge of SV up to first orderin V and P,

is sufficient:
1S sulty

LA,

s S(l)(x,q4)—§~mV—§4P4

[T

Iv 0

+ higher-order terms, (108)
where the first-order terms are chosen so as to yield the rela-
tions (102) for P, = V = 0. In addition, we obtain from Eq.
(108) at P, =V =0

aS(l)I aS(l) E(iA*(O)\.g (109)
o le ox  c\ox /
and
asm =a§<1>+g(iA*(o>>,g
99, le dq, c\Jgq,
S
=95 mgpog o, (110)
94, Yo

From Eq. (107) we find, again with Eq. (108), &, and the
components of § perpendicular to B*®, § _:

Q)
P B*<o>.(§§____£A*m), (111)
mg,BTr(O) Jx c

_ ¢ o), ;D e (1) (0) (D)
b = b G~ Ao
- B*<°’x(—a§:) ——EA*“’)] : (112)
The full displacement vector § is then
E=§,, +4(xq,)B*. (113)
We find A from condition (110):
1 s W s
A= — + mg' = b0 )
_ 1 a8 4 b B*(©
mg’Bﬁ‘(O) aq4 eB *(O)ZBir(O)
QD
(B cae)

The last quantity needed for T is A", It has to be in
agreement with the constraints. Since these constraints must
hold along the orbits, corresponding constraints for their
time derivatives along the orbits must also be valid:

das _ed d as

——=0 at t"“t
dt x cdt dt dq,

These conditions can be viewed as being equations for the
new quantities (d /dt)§ and (d /dt)£,. They could be solved
for these quantities for any A", This is, however, not neces-
sary, since T * does not depend on (d/dt)§ and/or
(d /dt)&,. We thus have the result that the following quanti-
ties can be freely chosen:

(115)
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AV AN SO (x g, 1) (116a)
while ¢'! is subjected to the constraint
V-ED = 4rp 0. (116b)

The p dependence of § has been added for the reason
given after Eq. (92).

Vil. THE ENERGY-MOMENTUM TENSOR FOR THE
LINEARIZED MAXWELL-KINETIC GUIDING CENTER

LR 4| =8 ot el AREE RN VT S W ARSI YT R AW § Rawl R

THEORY

In this section we use the results of the previous section
to derive general rules for obtaining in each special case the,

21 Fonee 2la sy
0L LIIC

rather complicated, energy-momentum tensor 7 :,
Maxwell-kinetic guiding center theory, This amounts to tai-
loring Egs. (46) and (47) to the case at hand. It follows from
Eqgs. (84), (102), (109), (110) and from the remark after
Eq. (92) that all terms which contain f{® undifferentiated,

the following substitutions have to be made in Eq. (46):

re s fad (S )
= og; 3q, c )7
asiv g [(GS(V”——E"-A“’) dffi"’]

ag, c ’

9P, o, 3P,

_ _ZJ [( sy ELAW);,“”
L Y

g, c *

S(l) a%(O)
9P, 9P,

as a®
3P,

]+szhm

P— (e, /c)A*®, P, 0, (117a)
a5\ 98" (2 puo)g, B
x  dx | ¢ \ox © g,
(117b)
aS(U aS(l)
s — &, S — &, 117¢
3P £ aP, s (117c)
er.:éJrf,o)' ‘—'erplti(o) *y (117d)

& being given by Eqs. (112)-(114) and £, by Eq. (111).
There is one term containing derivatives of £ %, namely,

(l) e A(l))

A
r,

x 4 ( © fi—)
g, ap;

This term can be written as

(118)

5 f db dBf©

aH©
el
(119)

o0 (822
é’P 4z, L\ a3, c ’

where this expression is understood again with the substitutions (117).
Whenever the quantity 45 (/8¢ occurs, it is to be replaced according to Eq. (47) by

asy
at
We note further that
427
3P, 3P,
and that in Eq. (32) one has
o 2%(0)
op.7 aF(O) aF(O)

piy op,T

= U,

pAy 4

iF(]) F
2

e Ay~ [SOHO]+ 2 oA - (w0 Ty g2

(0}

H®, (120)

E® 3B

(121)

(122)

because of the constraints built into £ and F,, , involving only v,, V.

We give, in addition, a few helpful relations:

F(I) a :__I__E(l), a 1

g
(1)
P OFQ 2 __(E x

JE© S0 2

i 3 3
) (E’(’” gEp "B s — B

(4}] d _E(l). a +B(l), g

“OFQ T 9E®

All derivatives like 3 /3 E‘© have the meaning
3 _ 3
_5—.E(—°) B E E=E'? ]
Of special interest are

(125)
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1
BB(O’)A‘S"O(I —8;0) + —2—<B(”X

3B ™

d
aE“”),,&M (1—85)

) (1=8,0)(1—8,0), (123)

(124)

(e;XB(O))
B (02

_ (E(O)xei)
=¢ B On

) (126)

2B ’go)
T gon

({1

Vg . (127)
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As an illustration, we derive the second-order energy for
a perturbed homogeneous system with nonvanishing unper-
turbed magnetic field but vanishing unperturbed electric
field. We restrict to a case that was of special interest in the
Maxwell-Vlasov theory, namely, that no field perturbations
are initially present, i.e., all initial perturbations are pertur-
bations of the distribution functions with vanishing corre-
sponding charge density. Thus

B@%0, EQ=0, F{=0, 4’=0
» -_ ’ -_ s P -_ .
Equation (46) for T {° then reduces to

fa” dP___aSm ____( (0) a____SjV”)
at g P,

+ zfdé dPfONHP — FO),  (129)

(128)

(2)0 _
Ty

and Eq. (120) to

aS (.l)
F =[SO HD]. 130
£y [ ] (130)
Equations (32) and (33) yield
FP = 0D = (131)
Furthermore, one has from
Egs. (64): A*O = A© 4 (m c/e,)vyg(q,/v,)b®,
(132a)
e, ¢* @ =uB® + (m,/2)q;; (132b)
Eq. (70): B*® =B, (132¢)
Eq. (74): v‘o) (g,/g )b ; (132d)
Eq. (75): V,=0. (132e)
As a consequence, one obtains
AH ©
v _—0 (133)
dq,
and it holds that
b(O). i A(O) — 0, A(O).b(o) =0. (134)
This leads to
[s,H @] =2 po ki (135)
g

i R
E= —— 2 (b“”xa : )) . b® 98" )
e, m

B© dx 4 g,
(136)
9 (n
£, =1 po. 2 (137)
m.g' ax
The second-order energy F *’ then becomes
O e
=2fd3xdq4dyhf,°)(° g i)
= ax 9q,
s w
( b ) (138)
g ax
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and, with Eqs. (87) and (90) as well as with Eqs. (136) and
(137),

©
F® = fd x dg, d,u o

V

x(._a_SEZb(O).i_!_ 35(” a)
dq, dx ax oq,
8S“’
x(g b©- pw ) (139)

Introducing complex quantities by the rule

AB—JReA* B (140)
and with
S0~ etx, (141)
one obtains
F@ — VZqu4
><(k-b‘°>)zi<|§“’|2q—‘>
dq. v !
- _ VZqu4 du —— (kb(o))zlS(”|2
J
xq—“,——f;‘&’<q4,u), (142)
g 9q,

where ¥ is a normalization volume. We note that F® de-
pends on S (V only via |§ (V]2

Since the first-order charge density p‘” is a g,, u inte-
gral over an expression that is linear in 3 (D, one can satisfy
the assumption p'’ = 0 (made at the beginning of this ex-
ample) by a proper distribution of positive and negative val-
ues of § ¥, on which F > does not depend.

Recalling that according to Eq. (68) ¢, /g’ is the compo-
nent of the velocity parallel to B‘®, we see that expression
(142) resembles the corresponding ones obtained within the
framework of the Maxwell-Vlasov theory for homogeneous
equilibria with B> = 0 and for infinitely strongly localized
perturbations of general equilibria. The most important dif-
ference is seen in the following respective terms:

I
(kv)ke (143a)
Vlasov theory
and
(kb©@)2 4 9« 9 © (143b)
' a kinetic guiding center theory

Whereas in the Maxwell-Vlasov theory any deviation of £’
from being a monotonic function of |v| allows negative ener-
gy modes to exist, it is solely the v, dependence of the distri-
bution function in the kinetic guiding center theory that is
decisive; the u dependence does not matter. The condition
for the existence of negative-energy modes, which in the
Maxwell-Vlasov theory is

o

av

(kev)ke (144a)

>0, for some Kk,v,v,

is replaced in the Maxwell-kinetic guiding center theory by
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18 3
g 9q,

The restricted class of initial conditions for which expression
(142) is valid means, however, that the inequality (144b) is
only a sufficient condition. We expect that in the kinetic
guiding center theory, initially nonvanishing field perturba-
tions will be important. We remark that the sufficient condi-
tion (144b) for the existence of negative energy modes,
when applied to distribution functions
f(m(q‘wu) —f‘”’(e,y) with 6:___#3:()) + %m‘,(q‘;/g’)z, be-
comes

(. p(© ANY 5f“”(e,u) _ -
\ g/ g e e
(145)
In this form it is similar to the well-known sufficient
stability condition'’
af(())

0.
¢ o

Condition (144b) or (145) does not, however, imply that
the system is linearly unstable, but there is the possibility of
nonlinear instability.'?

(kb'”) >0, for some kg,,v. (144b)

Viil. SUMMARY

The introduction of a modified Hamilton-Jacobi for-
malism as a tool allows straightforward construction of the
energy-momentum and angular momentum tensors for any
kind of nonlinear or linearized Maxwell-collisionless kinetic
theories, which may be different for different particle species
ina plasma, without any restriction. Contrary to the original
Hamilton-Jacobi theory, which consists of an equation for
the mixed-variable generating function for a canonical trans-
formation to variables with vanishing corresponding Hamil-
tonian, the modified Hamilton-Jacobi theory deals with a
canonical transformation from the perturbed to the unper-
turbed system or, more generally, from the system consid-
ered to some reference system. The application to the Max-
well-Vlasov theory is possible without any further
developments. The Maxwell-kinetic guniding center theory
has on the particle side to do with a nonstandard Lagrangian
system. This was handled within the formalism of Dirac’s
constraint theory. The constraints led in the nonlinear theo-
ry to a special form of the distribution function defined in an
extended phase space. It contains the guiding center distri-
bution function defined in vy, i, ¥ space, where u is the
magnetic moment. In the linearized theory the constraints
introduce, in addition, a displacement vector in v, x space
similar to that in x space occurring in macroscopic theories.
As an example of the Maxwell-kinetic guiding center theory
the second-order energy for a perturbed homogeneous mag-
netized plasma is calculated with initially vanishing field
perturbations. The expression is compared with a corre-
sponding one of the Maxwell-Vlasov theory. As long as the
possible existence of negative-energy modes follows solely
from the vy dependence of the unperturbed guiding center
distribution function, the y-dependence does not matter.
The criterion found is the same as in the Maxwell-Viasov
theory for wave propagation parallel to B‘?, The condition
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is, of course, only a sufficient condition because of the class
of initial perturbations considered. It is expected that in the
kinetic guiding center theory initially nonvanishing field
perturbations will be important.
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APPENDIX A: PROOF THAT &, GIVEN BY EQ. (13)
SOLVES EQ. (9)

The proof is similar to those in Refs. 13 and 14 for the
I ith \/nn ‘Ilnnl/ Aata

1o nt
gl ECK aeteérminant.

Let A, be the cofactor of 335, /dq, JP, in the determi-

§A0v=l ﬁ‘"” (A1)
bioq, o, ||

With this definition (under the summation convention given
in Sec. II)

6'25’,. _ azs, P (A2)
k aq, (9P,\ e aq,\ aP[ "'¢v ik
and
~ 935S,
8P, = Ay ——m (A3)
dq; OP,

then hold. With these relations, Eq. (8), and with notation
(12), we have

&%, | o,
g " 9rdg, oP,

|- (G )
=4y —— | —H. | = 9.t
dgq, 9P, 9y,
as.
HYP——
i ('aP, )]
[ J (GH‘, a3s, )
=d,| - (e
dg; \ dp, Oq, AP,
+ 3 (o”lef” as. )]
P, 9Q, 0P, dg;

_ 3 (aH‘.) . OH, g .

_—_._._¢‘
dg, \ dp, dp, dq,
P (aHtf”) 5 4 AH 5
3P, 30, wHP 50, 0P, @y

__ 9 (c%zi.,\)+ 3 (ﬁHtf”A) (Ad)
h dq, \ dp, o P, a0, )

which proves the statement.

APPENDIX B: PROOF OF RELATIONS (15) AND (16)
When
@, =P (Pog,t) (B1)
is inserted in Eq. (9), one obtaijns for}”‘. with the notation
(12)
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7. L df. OHD &F,
_j:‘_ _aH‘ _?Z‘____‘ .A=0' (B2)
ot dp; 9, 9Q;, P,
For
n as.
./:~(annt) =f\ (——,q,»t>, (B3)
dq;

with a notation for £, corresponding to Eq. (12), the follow-
ing relations hold:

af. _af. LY. 9%,
g 3  3p, 9q, Ot

_af af,.( OH, OH,

- + — _
ot ap; dq; ap,
v azs. " JH'® 3%s, ) (B4)
dq, 9q, dQ, JP, dq; ’

of. _df. L9 9%,

, (B5)
dq, dq, dp, 9q, g,
%_%__.azs“ (B6)

aPl —apl 3(],31’, '
Using Egs. (B4)-(B6) in Eq. (B2) yields the equation

%+—8H"%——— 0 (B7)
at dp, dq, dq, 9P,

for f.(p,,q.,t), which is Eq. (17). Relation (15) is thus

proved.
For
N oS,
v Pn o) = i'm(PU . ’t) (B8)
fo(Pg S aP.
one has, with a notation for £{?’ corresponding to Eq. (12),
af. ™ IF® s,
a 30, 0P, 31
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_ e af:f”( oH, 3°S,
a0 dp, 3q, IP,
BH™  GH™ 42§,
v + v 3 ) (B9)
AP, 30, AP, dP,
. IO s,
i, _ ) 9°S, (B10)
g, 3Q, JdP, dq,
af. L Gre 9.
7 _ A . B11)
P, AP. 30, dP, P,

Inserting Eqs. (B9)-(B11) into Eq. (B2) yields
e H ' gr™ AH 'Y Jr®
f‘ + ¥ f\ . f — 0 (BIZ)
at ar.  a4Q, aQ, dP,

for £ (P,,Q,,t), which is Eq. (18). Relation (16) is thus
proved.

'P. J. Morrison and D. Pfirsch, Phys. Rev. A 40, 3898 (1989).

2P. J. Morrison and D. Pfirsch, Phys. Fluids B 2, 1105 (1990).

*D. Pfirsch, Z. Naturforsch. 39a, 1 (1984).

*D. Pfirsch and P. J. Morrison, Phys. Rev. A 32, 1714 (1985).

3P. L. Similon, Phys. Lett. A 112, 33 (1985); see also B. H. Boghosian,
Ph.D. dissertation, University of California at Davis, 1987.

%P. A. M. Dirac, Can. J. Math. 2, 129 (1950); Proc. R. Soc. London Ser. A
246, 326 (1958); K. Sundermeyer, Constraint Dynamics, Lecture Notes
in Physics, edited by H. Araki, J. Ehlers, K. Hepp, R. Kippenhahn, H. A,
Weidenmiiller, and J. Zittartz (Springer, Berlin, 1982), Vol. 169.

"D. Correa-Restrepo and H. K. Wimmel, Phys. Scr. 32, 552 (1985).

8D. Correa-Restrepo, D. Pfirsch, and H. K. Wimmel, Physica A 136, 433
(1986).

°R. G. Littlejohn, J. Plasma Phys. 29, 111 (1983).

10H. K. Wimmel, Phys. Scr. 29, 141 (1984).

'], B. Taylor, Phys. Fluids 6, 1529 (1963); 7, 767 (1964).

12p_J. Morrison and M. Kotschenreuther, in Nonlinear World, 1V Interna-
tional Workshop on Nonlinear and Turbulent Processes in Physics, Kiev,
U.S.S.R,, edited by V. G. Bar'yakhtar, V. M. Chernousenko, N. S. Erok-
hin, A. G. Sitenko, and V. E. Zakharov (World Scientific, Singapore,
1990), p. 910.

3], H. Van Vleck, Proc, Natl. Acad. Sci. USA 14, 178 (1928).

14D, Pfirsch, Arch. Rat. Mech. Anal. 29, 323 (1968).

D. Pfirsch and P. J. Morrison 283

Downloaded 09 Nov 2009 to 128.83.63.21. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp



