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It is shownthatNambudynamicscanbegeneralizedto anynumberof dimensionsby replacingthe0(3) algebra,a prominent
featureof Nambu’sformulation,by anarbitraryLie algebra.For theinfinite dimensionalalgebraofrotationsin phasespaceone
obtainsquantummechanicsin theWeyl—Wigner representationfrom thegeneralizedNambudynamics.Also, this formulation
canbecastinto acanonicalHamiltonianformby anaturalchoiceofcanonicallyconjugatevariables.

1. Introduction new variables.With this parametrization,the non-
canonicalbracketsare transformedinto ordinary

The purposeof this Letteris to providea unified Poisson brackets.Thus, a phase-spacevariational
basisfor variousnoncanonicalPoissonbracketsin- principle canbe constructed.
troducedin the past [1—8]andto give a new and
importantexampleof sucha bracket.This unifica-
tion is obtainedby extendingthe conceptof the tri-
ple bracket introducedby Nambu [9] in his gen- 2. Lie algebraicbasisfor Nambudynamics
eralized version of Hamiltonian dynamics. Our
extensionof the Nambudynamicsinvolvesthe re- - . .

- . Webeginby considennga semi-simpleLie algebra
placementof the Lie algebraofthe rotationgroupin . kwith structureconstantsc andmetnctensorg, (see,
threedimensions,that featuresprominentlyin the

for example,ref. [10]),
onginal formulation, by an arbitrary Lie algebra.
Whenthis algebrais chosento be the (infinite di- g~=—c~,c1k, (1)
mensional)Lie algebraassociatedwith the Weyl—
Wigner representation,we obtain the phase-space that is usedto raiseand lower indices.We havein-
formulationof quantummechanics.The noncanon- troducedthe minussignhereto makeg

0 positivefor
icalbracketfor theWignerfunctionthatresultsfrom the rotation group.
this formulationreducesin the classicallimit to the With Lie algebraswe canassociatedynamicalsys-
well-known bracket for the classical distribution temswhosestatesaredescribedby theelementswL,

function. of the Lie algebra.The w’ areto beviewedasphase-
Ourextensionof Nambudynamicsleadsto a nat- spacecoordinatesof the systemandL, are the al-

ural parametrizationof the original noncanonical gebragenerators.A naturalLie bracketcanbecon-
variablesin termsof canonicallyconjugatepairsof structedfrom the structureconstantsasfollows:
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c~’=C,jk, our constructionreducesto that given by
{A,B}~=w”c4~ (2) Nambu [9],

(9w’ 8w~
[A,B,C]=VA~(VBxVC). (10)

The Jacobi identity satisfied by the structure
In orderto describethedynamicsof a rigid rotatorconstants,
NambuchoseSto be the rotationalkinetic energy

~ (3) andHto be the Casimir, the squareof the total an-

guaranteesthe Jacobiidentity for the bracket{ , }~, gular momentum.In this way he obtained Euler’s
equationfrom his triple bracket (10). It is interest-

{A, {B, C}~}~+{B, {C,A}~}~ ing to note that for this casethe rolesof the Ham-

+ { C, {A, B}.}~ 0. (4) iltonian andthe entropycanbe interchangedasex-
emplified by Nambu’schoice. However, this is a

Such structureswere discoveredby Sophus Lie peculiarityofthe rotationgroupfor which any func-
(1890)andareknownto generateclassicalEulerian tion S in eq. (8) producesa genuineLie bracket.In
dynamicsof various continuousmedia [5]. Also, general,therolesofSandH aredistinctsinceSmust
they havebeen studied in the context of Poisson bethe Casimir in orderfor {A, B}~to satisfy the Ja-
manifolds [11,12]. cobi identity, andthusS canbe viewed asa kine-

Thefactthat thestructureconstantshavethreein- maticalobject. On the otherhandthe Hamiltonian
diceshints at the existenceof a geometricbracket H is freetobechosentogeneratethedynamicsof the
operationon threefunctions.It would beappealing systemof interest.
if all threefunctionsappearedonequalfooting,which
canbeachievedby usingthefully antisymmetricform
of the structureconstants[10], 3. Triple bracket formulation of quantummechanics

c~=gtmgP~c~,~. (5)
Now, wegeneralizethe triple bracketformulation

Thus we introducethe following triple bracket: of the previoussection,which is basedon finite di-

mensionalLie algebra,to accommodatea particular
IJk ÔA 8B 8C (6) infinite dimensionalLie algebrathatwe extractfrom[A, B, C] = c ~ ~ ~

the Weyl—Wigner representation[13,14] of quan-
A simplerelationshipexistsbetween[A, B, C] and turn mechanics(for recent referencessee e.g. ref.

{A, B}~which is mademanifestby insertingthe Cas- [151). Webeginby defining thefollowing family of
imir of the Lie algebra, operators:

S—=~g,~w’w~, (7) E(r’,p’)= $dlexp[i(r’.p_p’.r)/h]

into one of the slotsof the triple bracket,i.e.

xexp[i(r~—p~)/h], (11)[A,B,S]={A,B}~. (8)
wheredT=d~rd”p/(2ith)~, n is the numberof di-

Dueto this relationshiptime evolutioncanbe rep- mensions,andthe hat is usedto indicateoperators.
resentedas follows:

TheoperatorsE(r, p) canbeviewedasa basisspan-
= [F, H, S] (9) ningthespaceof all quantummechanicaloperators,

dt a basisfrom which the Weyl—Wignerrepresentation
is derived.TheWigner functionis obtainedby proj-

whereF is an arbitrarydynamicalvariable. In this ecting the densityoperator~3ontothe basisE, i.e.
formulationthedynamicsis determinedby two gen-
eratingfunctions,the Hamiltonian H andthe Casi- W(r,p)=Tr{

15E(r,p)}, (12)
mir which we shall call the entropy.

In the specialcasewherethe structureconstants p= $ dT’ W(r, p)E(r, p) . (13)
are thoseof therotation groupin threedimensions,
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In analogywith the finite dimensionalcase,Wigner
functionsplay the role of coordinatesfor the Lie al- {A, B}M(z) J dri dr’2 C(z,z1, z2)A(z1)B(z2).
gebraspannedby theoperatorsE. In thesimplestcase

(20)
of a purestate,weobtainWigner’soriginal formula,

The subscriptM is usedsincethisbracketcanbe
W(r,p)=Tr{l ~P>< ~PIE(r,p)}= <~F’IE(r,p)J~‘> shownto be equivalentto

= Jdnsexp(_is.p/h)w(r+s/2)yI*(r_s/2). {A,B}M(r,p)

(14) ~A(r,p) Sifl[~h(ar.3,,—3p.a,) ]B(r,p),

Herewe havechosento work with a dimensionless (21)
Wignerfunction,which requiresanormalizationthat
differs from that of otherauthors(cf. ref. [15]). which is the usualform of theMoyal bracket [161.

ThebasisoperatorsE(z) (z (r, p)) obeythefol- Thisalgebrageneratesa bracketonfunctionalswhich
lowing commutatoralgebra: is an infinite dimensionalanalogueof the bracket

{A, B}~definedby eq. (2),
(ih) [E(z1), E(z2)] =

$ dF3C(z1,z2,z3)E(z3), ,F1~2~3WC1,z2~~3)

wherethe “structurekernel” C(z1,z2,z3) is givenby 6W(~2)6W(z3)

2 x 4” ~6d
C(z1,z2,z3)=

=JdFW~-j~,-~.~. (22)

xsin(~([ziz2]+[z2zs]+[zszi]))~ (16) Now, in completeanalogywith section2, we in-
troducethe triple bracket,

and
[d,~, ~]=J~idr2drsC(z,,z2,zs)

[z1z~]ser,~p~—p1r~. (17)

WehavechosenthenamestructurekernelsinceC(z1, x 63 6 ‘~‘

z2, z3), like c~,is antisymmetricunderthe inter- 6W(z1) 6W(z2) 6W(z3)’ (23)
changeof its arguments, whered, 3, and ‘~fare arbitraryfunctionalsof W.
C( z1, z2,z3)= — C(Z2~Z1~z3) Following Nambuwe obtain theevolutionequation

for a functionalF[ W} in termsof our triplebracket
=C(z2,z3,z1), (18) intheform

andsatisfiesthe Jacobiidentity,
(24)

dtJ dF [C(z1, z2, z)C(z,z3, Thenaturalchoicefor the Hamiltonianis J*”, theen-

+C(z2, z3,z)C(z,z1, z’) ergy of the system,

+C(z3, z1,z)C(z,z2, z’)] )~[ W] = JdI’ W(r,p)H(r,p), (25)

=0. (19)
where

The structurekernel C( z1, z2, z3) definesa Lie al-
gebrafor phase-spacefunctionsas follows: H(r,p) = -~--- + V(r) . (26)

2m
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Similarly, thereisa naturalchoicefor theentropy~9’,
{A(w(q,p)), B(w(q,p) )}qp(q, p)

sincethe groupof transformationsgeneratedby the
structurekernel C has a continuousversionof the — ÔA ÔB ÔA ÔB
Casimirusedin section2. Indeed,owing to the an- = ôq’ op1 — Op, Oq’
tisymmetryof C,

OA OB
w”cZ——-—m{A(w),B(w)}~(w). (33)

{d,.9’}~=0 (27) = Ow’Ow~
for all functionalsd if Similarly,

.9’~$drW2(z). (28) {d[W[Q,P]],3[W[P,Q]]}0~[Q,P]

Eqs. (23)—(25)and(28)generatetheusual (cf. e.g. $ dr( Sd 53 Sd 59
refs. [15,16]) time evolution of the Wigner func- SQ(z)SP(z)— SP(z)&Q(z))
tion, i.e. Jdf ~2 dr3 W(z1)C(z1,z2, z3)

(29)

Sd 63
In theclassicallimit, whenh—+0, theMoyal bracket X sW(z2) SW(z3)

reducesto the standardPoisson bracket and the
bracket (22) for functionalsof Wignerfunctionsre- ~d [WI, 3 [ W]}c[ W] . (34)
ducesto that forclassicaldistributionfunctions.Such Since the canonicalbracketsgeneratethe equa-
bracketswere previouslyintroduced[3,8] to castthe tionsof motion in the usualway, wecanalsoderive
Vlasov equationinto Hamiltonianform, theseequationsform the phase-spaceactionprinci-

ple. In particular,for theWignerfunctionthe action
is

4. Transformation to a canonicalHamiltonian form

S[Q, F] = $ dt($ dFP(z,t)O,Q(z,t)In this sectionwe introducea generalmethodfor
expressingnoncanonicalbracketsoftheform (2) and
(22) in termsof canonicallyconjugatevariables.The — $ dT1 ~2 dr3 H(z1)C(z1, z2, z3)
methodis ageneralizationof thatusedtoexpressthe
Vlasovequationin canonicalHamiltonianform [4]. XQ(z2,t)P(z3,t)), (35)
Thenew canonicalvariables,which maybe viewed
asgeneralizedClebschpotentials,are relatedto the

whereQ andP arevariedindependently.If Q andP
original phase-spacecoordinatesby the following satisfy the resultingHamiltonianequations,the W
expressions,for finite and infinite dimensionalcases,

constructedfrom eq. (31) obeyseq. (29).respectively:

w’=c~q”p~, (30)

5. Conclusion
W(z)= J~C(z,zi,z2)Q(zi)P(z2). (31)

WehavegeneralizedNambudynamicsto include
Using the chainrule arbitraryLie algebras,evenof infinite dimension.An

OF OF , k OF OF importantexampleof this constructionis quantum
= i— c,~q, = ~— c~”p,,, (32) mechanics in the Weyl—Wigner representation.

Hence,alreadyquantizedtheoriesfit into thisframe-
andtheJacobiidentity thefollowingrelationshipbe- work andthe quantizationattemptedby Nambuap-
tweenthe two bracketsis obtained: pearsto be unnecessary.Wehaveshown how non-
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