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Expressions for the energy content of one-dimensional electrostatic perturbations about
homogeneous equilibria are revisited. The well-known dielectric energy, & p, is compared with
the exact plasma free energy expression, 8F, that is conserved by the Vlasov—Poisson

system [Phys. Rev. A 40, 3898 (1989) and Phys. Fluids B 2, 1105 (1990)]. The former is an
expression in terms of the perturbed electric field amplitude, while the latter is determined

by a generating function, which describes perturbations of the distribution function that respect
the important constraint of dynamical accessibility of the system. Thus the comparison
requires solving the Vlasov equation for such a perturbation of the distribution function in
terms of the electric field. This is done for neutral modes of oscillation that occur for
equilibria with stationary inflection points, and it is seen that for these special modes §°F=& ,
In the case of unstable and corresponding damped modes it is seen that 8°F£% p; in

fact 8°F=0. This failure of the dielectric energy expression persists even for arbitrarily small
growth and damping rates since & j, is nonzero in this limit, whereas 8°F remains zero.

In the case of general perturbations about stable equilibria, the two expressions are not
equivalent; the exact energy density is given by an expression proportional to

o|E(kw) |2|e(k,w) |2/61(k,a)), where E(k,w) is the Fourier transform in space and time of
the perturbed electric field (or equivalently the electric field associated with a single

Van Kampen mode) and e(k,w) is the dielectric function with @ and k real and independent.
The connection between the new exact energy expression and the at-best approximate

& p is described. The new expression motivates natural definitions of Hamiltonian action
variables and signature. A general linear integral transform (or equivalently a

coordinate transformation) is introduced that maps the linear version of the noncanonical
Hamiltonian structure, which describes the Vlasov equation, to action-angle

(diagonal) form.

I. INTRODUCTION

Expressions for the energy contained in the perturba-
tion away from equilibria are important for, among other
things, ascertaining stability. If such an energy is positive
definite then the system is stable, while if the energy is
indefinite then either the system is unstable or there exist
negative energy modes. Negative energy modes are of im-
portance since their presence can lead to nonlinear (finite
or infinitesimal amplitude) instability and if dissipation is
added they can become linearly unstable. Therefore, a pre-
cise understanding of the energy in a perturbation is im-
portant to have.

Early work on such electrostatic instabilities in homo-
geneous plasmas!™> and their relation to energy were based
on the well-known expression for the energy of a dispersive

dielectric medium®® and generalizations thereof,’
V d(weg) )

where €y, is the real part of the dielectric function, V is the
volume of a periodicity box, and E(k,w) is the perturbed
electric field amplitude for a mode with wave vector k and
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frequency w(k). This expression is derived for general me-
dia described by Maxwell’s equations and the dielectric
function. It is often believed that relation (1) is valid if the
imaginary part of the dielectric function, €, is negligible,
but it will be seen that this is not sufficient.

Another expression was discovered by Kruskal and
Oberman'® for the perturbed energy, which in the case of
the one-dimensional Vlasov—Poisson system with homoge-
neous monotonic equilibria, is given by

m, 812 .1 -
g’Ko—_-_% 2 J;,J.mdvdx—l-gr fV‘SEd ,
(2)

where v is the species label, 8E is the perturbed electric
field, f9 is the equilibrium distribution function that is as-
sumed to be a monotonic decreasing function of the square
of the velocity, and §f, is the perturbation of the distribu-
tion function.

In previous work!'"* we derived a general expression
for the energy of arbitrary perturbations of arbitrary three-
dimensional Vlasov—-Mazxwell equilibria, an expression that
does not suffer from having a singularity at external points
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of the equilibrium distribution function. (The origin of this
singularity is discussed in Sec. VIIL.) The derivation pro-
ceeds from the general nonlinear Vlasov—-Maxwell energy
expression, which is expanded up to second order in the
perturbations in such a way as to preserve the constraint of
dynamical accessibility of the system. Since it preserves this
constraint we have called it the free energy, and since it is
a second-order quantity we have denoted it in previous

work by 82F.
YWULRN UJ L ¥ v &

One purpose of the present paper is to compare 8°F,
specialized to one-dimensional electrostatic perturbations
of homogeneous magnetic field free plasmas, with the di-
electric energy expression, & 5. Since the derivation of &
is not general, accordingly, it will be seen that this quantity
is not in general correct. The correct expression is given by
Eq. (98) below.

Expression (98) for 8°F suggests a transformation to
action- angle variables. A second purpose of this paper is to
introduce a general linear integral transform pair that ac-
complishes this feat. This transform is a coordinate trans-
formation that maps the linearization of the noncanonical
Hamiltonian structure (Poisson bracket)15 that describes
the Vlasov (and other) systems to the action-angle vari-
ables, thereby solving the spectral problem for stable equi-
libria,

In Sec. II a derivation of the dielectric energy is given,
a derivation that is more complete than usual. Section III
contains a simple derivation of the exact Vlasov free energy
expression for the one-dimensional case, which is similar to
Eq. (2), but is valid for arbitrary equilibrium distribution
functions; it does not become singular at velocities for
which 3% /v vanishes. The crucial point is, as mentioned
above, to impose the constraint of dynamical accessibility.
In Sec. IV we solve the linearized Vlasov equation for the
distribution function in terms of the electrostatic potential
and the initial value of the perturbation of the distribution
function. Two choices of initial conditions and forms for
the electric field are considered in Secs. V and V1. First we
consider a special kind of neutral (undamped) mode'® that
occurs at stationary inflection points of stable equilibrium
distribution functions. It is seen that the energy of these
modes is identical to the dielectric energy of Eq. (1). This
is followed by showing that for “real” damped and grow-
ing modes, as distinct from Landau modes, the energy is
identically zero. In Sec. VII we consider the energy of
arbitrary perturbations about stable equilibria by expand-
ing initial conditions of the linear problem in terms of Van
Kampen modes. After reviewing the Van Kampen decom-
position, in Sec. VII A, we calculate the energy for such a
general perturbation and obtain the new energy expression
given by Eq. (98) of Sec. VII B. In Sec. VII C we show the
relationship between the new energy and the commonly
used, although at-best only approximate, dielectric energy.
In Sec. VIII we discuss dynamical accessibility; in partic-
ular, we show the consequences that arise if this condition
is not imposed. As noted above the new energy (of Sec.
VII B) leads to a natural definition of Hamiltonian-type
action variables, which is described in Sec. IX A along
with a discussion of signature and bifurcations. The trans-
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form pair is introduced in Sec. IX B and used in Sec. IX C.
We conclude with Sec. X.

M AME RNIBEFEAMOIALMAL El EATRAQTATIA
H gD rvn VINE"HINECNOIVINAL CLEVIRVOIATLTIV

PERTURBATIONS OF HOMOGENEOUS PLASMAS

In this section the energy is derived in a model where
the electric field is described by the appropriate Maxwell
equation, while the *“plasma” is described by a phenome-
nological dielectric function. Comparison to a plasma de-
scribed by the Vlasov equation is made.

Consider a gedanken experiment in which a current
and field free plasma is perturbed by an electric field in the
x direction. This field is assumed to result from a current
8j, in the x direction that flows in an artificial medium that
spatially coexists with the plasma. The current does not
arise from an electric field but is imposed by an external
agent. The only interaction between the artificial medium
and the plasma is by means of the electric field. The Max-

........ P PRPAPE.L Ry it aala

WCu cquauuu lat QEsSCrines I.Illb Situation lb

E
‘(‘9?+47T(8j+6je)=0. (3)

Here 8E and §j are, respectively, the electric field and
plasma current density of the perturbation. Assuming

8fere Ot I, (4)
where w=wg+iu and, for now, u>0and — w0 <#<0. It is
assumed that 6E and &j are generated solely by §j,; thus,
their space and time dependencies are identical to those of
8j., and Eq. (3) becomes

—iwbE+4mw(8§j+6j,) =0. (5)

According to usual response theory, the plasma is assumed
to be adequately described by a dielectric function e(k,w),

SE+i(4m/w)8j=¢€(k,w)8E, (6)
and hence,
8j.,= (iw/4m)e(k,w)SE. (7)

Now the energy absorbed by the plasma, & p, due to
6j,, is calculated from the power absorbed by the plasma.
The latter quantity, which is equal to that liberated by the
artificial medium, is given by

1
P=—; f (8),+57%) (BE+5E*)d’x
V

4
== (8jF8E+ 8/ BE*). (8)

Here, and henceforth, real quadratic expressions like the
power are evaluated by inserting real quantities, e.g., in this
case

1(8je+87%), 1(8E+8E*).
Upon making use of (7), (8) becomes
V|8E|?
P=iz ym [w*e*(k,0) —we(k,w)]. 9
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Assuming e(k,wg) possesses real and imaginary parts, i.e.,
e(k,wg) =eg(k,ogp) +ie/(kwg), (10)
Eq. (9) can be written as
P=i(V/167) |SE|*[0*eg(k,0*) +iv*e (ko)

—weglk,w) —ive(kw)]. (1)
Also, assuming e€(k,wg+in) can be approximated by
) . de(k,wg)
e(k,a)R+z,u)ze(k,wR)+zy-——a—, (12)
DR

yields for (11)

P ad SE|%| 2 9 k
—lml | (NE[WRGR( wr)]

+sze,(k,wR)) . (13)

Since the power is related to the plasma energy by

14 ) a R
g},:m jéEl ( aTR [wReR(krwR)] +7 el(k’wR)) .
(14)

In Eq. (14) no connection between & and wg was as-
sumed; however, now such a connection is established. As-
suming €,;540 the dispersion relation e(k,wg+iy)=0 can
be approximately solved, in the so-called small growth rate
expansion, as follows:

e[(k,C()R)
_3€R/aa)R )

Recall u is a property of the current &j,, while in light of
the above ¥ arises from the dispersion relation. Because of
the expansions used, both quantities must be small. With
(15), (14) becomes

er(k,og) =0, y= (15)

% pm o |8E "o e enlhon) [ 1— 16
P=T1g |9E | 0r 5 €l ’wR)( —;) (16)

For unstable plasmas one can take ;=¥ and obtain the
result & =0, a result that is in fact correct for a Vlasov
plasma, as will be seen below in Sec. V. In this unstable
case SE-40 at r=0 is obtained with §7,=0; i.e., only the
self-consistent 8E and & contribute. This case could be
called self-consistent “adiabatic” turn-on. For a mode with
v <0 one can choose p <0 and in this case the time interval
0<1t < o is considered. The energy at t=0 is given by the
energy that has been transferred to the artificial medium
during this time interval. If y=p then again 6,=0 and
% p=0, again a valid result for a Vlasov plasma, as will be
seen in Sec. V below. This case could be called self-
consistent “adiabatic” turn-off.

It is important to point out that the validity of the
above results, for both the growing and damped modes,
depends upon ¥ being the imaginary part of a root of the
dielectric function. In the case of a Vlasov plasma such
modes may exist, but these must be distinguished from
solutions of the Landau problem where the contour of in-
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tegration is deformed. In the latter case the above analysis
is invalid. For a stable Vlasov plasma a dielectric function
e(k,w) strictly speaking does not exist; i.e., there does not
exist a function whose vanishing determines exact expo-
nential time dependence. The expression with the de-
formed contour used for obtaining Landau damping pro-
duces solutions that are only asymptotically valid in the
limit of large time where the electric field decays exponen-
tially, and one cannot self-consistently turn off, as in the
above case of a stable mode, a perturbed electric field that
is only asymptotically of the form 8E~e~"".

Several authors’ have attempted to obtain energy ex-
pressions by solving the linearized Vlasov equation with
the adiabatic turn-on assumption. Generally these expres-
sions are deficient in two respects. First, they are not con-
stants of motion so their use in energy arguments must be
viewed with caution. Second, the presence of resonant par-
ticles leads to singularities. This is because a finite amount
of energy is deposited in the plasma in each wave period
over an infinite interval of time. This behavior is recovered
from Eq. (16) by keeping y fixed and taking the limit
n—0.

The limit where u> |y|, but still small, is also of in-
terest, since in this case Eq. (16) reduces to & p of Eq. (1).
Although this limit can be appropriate for dielectric media,
it is only valid for a Vlasov plasma when there exist the
neutral modes described in Sec. IV where €;=0. In the case
of weakly Landau-damped modes a self-consistent expo-
nential adiabatic turn-on (or turn-off) is not possible. In
Sec. VII C we will discuss this point further.

We conclude this section by remarking that & as
given by (1) corresponds to the first term of (14). This
quantity is sometimes referred to as the wave energy, while
the second term, the one involving €;, is sometimes identi-
fied with the energy of the resonant particles. Such a dis-
tinction might be useful, but makes sense only for u=1y;
i.e., in the self-consistent case. With Landau damping this
is not possible for the reasons given above.

Ill. 5°F FOR ONE-DIMENSIONAL ELECTROSTATIC
PERTURBATIONS OF HOMOGENEOUS
PLASMAS

Here we present a simple derivation of the Vlasov en-
ergy expression for homogeneous current and field free
equilibria. The unperturbed distribution function FO vy is
general except for the requirement that it allow purely elec-
trostatic perturbations with the electric field vector SE in
the x direction. The Maxwell equation that describes these
perturbations is

86E45'0 1
7-{-"]—1 (17)

where 8j, as in Sec. II, is the current density of the pertur-
bation in the x direction. From Eq. (17) one obtains

3 (8E)?
E‘ 8

+8/8E=0. (18)
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This relation is now integrated over the periodicity box of
volume ¥, where the limit V- « could be taken. The
second term of the resulting equation can be expressed as

f 8/8E d*x= Y, "’Vf d*x f d*v ufVSE, (19)
| 4 v 1 4
with

V= (0, =0,0,50,),

where jf,“(x,v,t) is the perturbation of the distribution
function. Introduction of

= f Fak dv, dv,
leads to
f S8E d'x= 3 evf &x f dv v5f 5E.
Vv v | 4

The quantity j‘v” obeys the first-order Vlasov equation

avl) avl) . p:] 0)
i) ik ° SE i ,

(20)

(21)

at T dx =_“m_v dv (22)
from which it follows that
asf, dsf, ard
at B Y ax —_—6 ET (23)
In this equation we have introduced the definition
fo= fﬁo)dvy dv,. (24)

Now the important condition of dynamical accessibil-
ity is imposed, This condition stipulates that the initial 8f,
denoted by 6fv be producible by regular forces 6K, that
must be derivable from a Hamiltonian. The generation of
6f‘, by 8K, also requires an initial condition, which by
definition must be taken as sz ,=0. It follows then from the
first-order Vlasov (or Liouville) equation with e, 0F re-
placed by 6K, that

o o afs
5f . (x,0,t=0)=8f,(x0,5) =8f,({x,0,5=0) —a

£
X f 8K [x+v(r—s5),7]dT,
0 (25)
where we have used a mock time s to generate the real
initial condition, 8f,(x,v,¢=0), for the dynamics under the
self-consistent force e OF.
In light of the initial condition 6fv(x,v s=0)=0, Eq.
(25) has the form

sy
‘Sf&':qv(x)v’t)E ’ (26)

where q,(x,v,¢t) is regular at the zeros of 3f%dv. This
quantity ¢, obeys the equation

dq, g, e,
3tV T m,

(27)
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which does not contain df>/dv. Relation (26) is a special
case of the form for f{!’ found in Ref. 14 for general three-
dimensional equilibria and general three-dimensional per-
turbations:

FV=1g,.f7],

where the bracket on the right-hand side means the Pois-
son bracket,

b _Ga 0b da db
) =% 33 x

(28)

(29)

The functions g,(x,v,?) are first-order generating functions
for canonical transformations. For g,=g,(x,v,¢) one also
finds that

1 3g,0f,
8fv= [gwfo] m ax aU (30)
and therefore
1 dg,
qv(x9v’t) =m_vg’ (31)

which also follows directly from (25); since 8K, is a
Hamiltonian force it must be derivable from a potential.
The generating function g, obeys the df%/dv-independent
equation

9g, 98y
FTR §=ev6¢9 (32)
where 8¢ is the electrostatic potential associated with E.
Equation (32) is a special case of the following general
equation of Ref. 14:

dg,

98y 0y _
= T [8wH,)1=8H,,

(33)
where H!? is the unperturbed Hamiltonian and 8H, is its
perturbation. The derivation in Ref. 14 makes use of Lie-
type canonical transformations that guarantee dynamic ac-
cessibility in general. This method allows one to obtain the
perturbations of the distribution functions to arbitrary or-
der. Especially, the second-order perturbation is given by

=12 FfO1 1M 8,18,/ 11,

where g{?) is a second-order quantity while g,, as men-
tioned before, is a first-order quantity. This representation
was used to obtain the following second-order energy from
the exact nonlinear energy expression, for arbitrary sys-
tems and arbitrary perturbations:

(34)

1 1
=3 5 [ aplHO )l V)+g; [ 08 &
’ (35)

Expression (35) is a free energy since by its derivation the
perturbed quantities are forced to satisfy the dynamical
accessibility constraint. One can show explicitly that the
perturbations given by Egs. (30) and (34) automatically
preserve all the well-known invariants,
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ciri= | [euradzay, (36)

to first and second order, respectively. Therefore, writing
the perturbations in the form of (30) and (34) is a math-
ematical way of stating the Gardner'” restacking principle
to first and second order, respectively.

For the present derivation, which is not possible in
neneml the second-order distribution function is not

needed Also, the representation (30) need not be used
explicitly, but knowledge of this representation allows us to
solve the first-order Vlasov equation (23) for 8E instead of
for 6f,;

. 5
f5j55d3 =_vaf d3xf dowsf,| L2
| 4 v | 4 — o at

asf,\ 1 .
TV ) afa (38)
Since
as 19(81,)
fy 13(8f,) (39)

vax 2 dx
the integration over x makes the second term of (38) van-
ish. In a similar way, the d8f,/dt term leads to

d m, o v(8f,)?
PN WA e 3
J;BﬁEd =—5 zv 2 fydxf_m dv73—a 3

(40)

Combination of this result with the electric field contribu-
tion of Eq. (18) yields

d 3 m, ©
al -2 7

Therefore, we have obtained the following constant of mo-
tion;

52F=f d3x(_2 m? "
| 4 v — o0

According to its derivation this quantity is the energy of
the perturbation. It is formally the same expression as that
of Eq. (2), but here 8f, is restricted by the condition of
dynamical accessibility. Thus, 3/%/dv is allowed to vanish
at various velocities. Also, f° can be any function of v and
is not restricted to depend on v* alone.

In Sec. VIII we discuss more generally the implications
of dynamical accessibility.

VS (BE)Y
RaFY. 7" )

(41)

v(8f,)* (BE)?
61:‘,/ij 6v+ 8 )

(42)
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IV. 5°F IN TERMS OF 5E(x,f) AND 6f(x,v,t=0);
ENERGY TRANSFER DURING LANDAU DAMPING

Now we express the energy relation (42) in terms of
the initial value solution of Eq. (23). This is a first step in
the task of writing the energy in terms of the field ampli-
tudes and will be of special interest for explaining the en-
ergy transport caused by Landau damping. Henceforth, a
single species and a constant neutralizing background are
assumed.

The general solution of Eq. (23), in light of Eq. (26),
can be written as

(43)

where Zf(x,v) =¢q(x,0,0). (The caret notation is used
throughout the paper to denote initial values.) Inserting
(43) into (42) yields

§F= —% fyd3x f:, dv v%f—; [c?+e2( J-O' 6Ed¢)2

~ [t 1
—2eqf SE dr| 4— f dPx 8EX(x,t),  (44)
0 87 Jy

where the unspecified arguments of ¢ and 8E are given by
a=a(x'—vt9v)’
SE=68E[x+v(r—1),7].

Observe that Eq. (44) is only partially written in terms of
8E since it contains terms involving the initial perturbed
distribution function through g. Later we will fulfill the
mentioned task of writing 8°F entirely in terms of 8E(x,t).
That this is possible is somewhat surprising, since there
does not exist a unique perturbed distribution function cor-
responding to a given initial perturbed electric field (as
evidenced by Landau damping). This “paradox” will be
discussed further in Sec. VII B.

Now we restrict to the case of a single plane wave
perturbation:

(45)

A 1 e A ikx
q(x,v)=5 ( p Ou(v)e +c.c.),

1 . (46)
SE(x,t) =§[Ek(t)e'k"+ c.c.].

More general perturbations can be represented in terms of
Fourier integrals by simply summing over these plane
waves and taking the limit ¥ — . The energy for plane
wave perturbations is obtained from Eq. (44) upon inser-

tion of Eq. (46),
f dvv [[lez

N .
-3 (Q* L E (r)e*r dq'+c.c.)

52F=“““ | Ex|?—

2
+[ f Ex(re* ar| |, (47)
0
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where we have defined

f=nofo.

The form of the energy given by (47) sheds light on
the energy transfer for Landau-damped waves. The electric
field perturbation E(¢) approaches zero as f— . There-
fore the first term, which represents the electric field en-
ergy, vanishes asymptotically. This energy then shows up
in the terms containing time integrals that are zero at =0
but do not necessarily vanish as z— «. These time integrals
are part of the particle contribution to the energy; i.e., their
kinetic energy. Kinetic energy is also contained in the con-
stant term involving | Q| 2, that represents the initial per-
turbation of the particle energy. Therefore, the energy ex-
pression (47) provides a clear description of the energy
flow, a description that cannot be obtained from the dielec-
tric energy & p. In Sec. VII we continue this discussion,
although in a different way.

In Appendix A we develop an expression analogous to
Eq. (47) for general electrostatic perturbations about gen-
eral three-dimensional equilibria that possess action-angle
variables for the equilibrium trajectories. Similar argu-
ments about energy transfer apply.

(48)

V. ENERGY OF NEUTRAL OSCILLATIONS

With this section we begin investigation of special
types of perturbations. First, the neutral oscillations with
real frequency o discussed in Ref. 16 are considered. These
neutral modes can occur for marginally stable equilibrium
distribution functions that have a point v, such that
Afo(v,)/v=3*f4(v, ) /3> =0. We note here that there are
other kinds of marginally stable equilibria for which neu-
tral modes do not exist. For these equilibria the limit of
vanishing damping is only obtained for k=0, but w/k non-
zero and finite. Since k=0 there exists no perturbation.
Nonvanishing perturbations of these equilibria are
Landau-damped modes, which will be treated later in Sec.
VIL

The frequency w and wave number & of the neutral
modes are determined from v,=w/k=u and

_ —Pf afo dv

B v—u
where the integral is along the real v axis (as is the case for
all v integrals in this paper). For complex perturbations
proportional to ¢**~™ the quantities 8f and S8E are
uniquely related by

eng af /v
5fk=l ;‘,2 6Ek —u .

=0, (49)

(50)

The energy expressions require real quantities, i.e.,

8fi+8ft OB +S8ER
2 2

The dielectric energy then becomes
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de V |SE. |2
D_wa T k!
2
w0 (» dfy/d vV
=-—-I§ de 16 |6Ek|2. (51)

The first term in the energy expression (42) gives the fol-
lowing contribution to 8*F:

m © vi6fk|2
Tany J_,, afo/ov

=“Pf of /I 1

o—w)? % 16z 0Bl
where E; has been introduced according to Eq. (46). Upon
writing v as

dv

(52)

v=_(v—u)+u,

the v—u contribution is seen to cancel the electric field
energy in Eq. (42) because €=0, while the u contribution
yields exactly & p. Thus complete agreement exists between
the two kinds of energy formulas for these neutral modes.
This is possible because there exists a unique relation be-

twean 8Ff and SE at anv time Since €. —=0 acoordinge to Fa
WECH &) alil 040 al ally uine. Siill £;=v qCCOrGing 10 4.

(1) &pis exactly &,
The energy of these neutral modes was previously ob-
tained in Ref. 16.

Vi. ENERGY OF GROWING AND DAMPED MODES

The next type of special perturbations are growing and
corresponding damped modes in an unstable system. The
perturbations §f and SE are related to each other in the
same way as for the neutral modes of the preceding section.
The relation is given by Eq. (50), but u is complex since
the dielectric function e(k,») now has complex roots
w/k=u, where w=wpg+iy. Since € is a real function of
w/k and k, there are always pairs of complex conjugate
roots ¥ and u* and hence, corresponding growing and
damped modes. It is worth noting that such damped modes
must exist for all unstable equilibria of Hamiltonian sys-
tems like the Vlasov equation (see, e.g., Ref. 13), since for
these systems discrete eigenvalues occur in pairs or quar-
tets; i.e., as Twp iy (see, e.g., Ref. 18). We should like to
emphasize that these damped modes are normal modes in
the strict sense and not Landau-damped modes. Normal
modes being solutions valid for all times, while Landau
modes are only approximate solutions, valid in the limit
t— 4 co.

Equation (44) with (50) now yields the energy

2
@, [ afo v
82F—-—|Ek‘2( F}f,f 5 To=aT? dv). (53)

With

v 1 u u*
[v—u|?" u—u* ( v—u v—u* ) ’
Eq. (53) becomes
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afo/av

62F=— | Ex| (1

U— u*FJ‘

u* cop (= af /v \

(54)
(S

Since both u# and u* satisfy the dispersion relation €=0, it
holds that

Pf a o/av —pf dfe/dv

+ dv=1.
Hence, §°F=0. Although this result was presaged in Sec.
I1, it could have easily been obtained without the foregoing
calculations: for unstable and corresponding damped
waves 6°F must be at once proportional to e, and time
independent; in order for both properties to be fulfilled
simultaneously, 8 F=0.
To evaluate the dielectric energy the real part of e,

(55)

=1 wf, [~ —7v “r afoav ={ (56)
€x __/?J_w |v—u|* dv ’ (20)

is needed, whence it follows that

d aGR 8uR aER 0 57
3k R 3u, 3k Tk =% (57)
Using (56) for e; and €=0 one derives
aGR 2
dk "k’
and it also holds that

auR 1
T (vg—1,),

(58)

where v, is the group velocity and v,=uy is the phase
velocity. Combining the above yields the known result'’

wp —8-55—2 % . (59)
dwgp ~ vp—V,

Expression (59) is also valid for the neutral modes of the
previous section, where ex=¢€ and wy=w. It is nonzero
and therefore & ;, is nonzero (except in a frame of refer-
ence in which vp=0). That & ;, is nonzero is true even for
y—0, while the exact energy 6°F remains zero in this limit.
As outlined in Ref. 13, the relevant fame of reference for
homogeneous unperturbed systems is the center-of-mass
reset frame in which v, usually does not vanish.

The discrepancy between the exact and the dielectric
energy has its origin in the fact that e(k,w) is not analytic
at y=0. This is easily seen by shifting the path of integra-
tion in the € expression (49) such that

2 2
), 19fp(v+u) . @, dfolu)
6=1—Z2-Pf ;Tduq:lﬂ? o

The upper sign holds when u;>0, while the lower sign
holds when #; < 0. The presence of the two different signs
displays the nonanalytic character of € as u;—0.

(60)
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The usual procedure for obtaining the small growth or
damping rate, ¥, relies on the nonanalyticity of €. Expand-
ing €, as in Sec. II, in the smallness of y,

. . deg(k,wg)
ezeR(k,wR)+te,(k,mR)+zy~———a—;;—zO, (61)
results in
€;(k,wg)
ex(k,wg) =0, y= —W. (62)

(Although € is not analytic at y=0 one can Taylor expand
on each side of y=0.) We emphasize that €,(k,wg) would
be zero if € were analytic, as is the case, e.g., for fluid
theories or theories that exclude resonant particles. When €
is analytic the above procedure is not sufficient to deter-
mine ¥; one must expand to second order:

, der 7V Per o P
~e(k wR)-H‘}’aw ‘i‘aszU, (63)
which in contrast to the above yields the result
der yz 3ex
z}/a =0, e(kwg)— 3 AR 0. (64)

R

Note, here dep/0wgr=0 determines wg, while the second
equation determines y. Thus if € were analytic and unstable
modes existed, dep/dwgr =0, and this would imply & ,=0,
even for arbitrarily small y, as occurs for 82°F. Also, note
the discrepancy is evident from Eq. (14) where it is seen
that & ;5% ;, when €;(k,wg)50.

This singular limit between growing and damped
modes and neutral oscillations is not peculiar to the Vlasov
equation. It arises in general Hamiltonian systems; e.g., the
energy in a simple harmonic oscillator is a positive quan-
tity proportional to the spring constant and the amplitude
squared. If the spring constant changes sign, purely grow-
ing and damped modes with zero energy occur. The be-
havior of the energy in this transition, like that discussed
above for the Vlasov equation, is nonanalytic, although
unlike the above the energy is continuous.

VIl. ENERGY OF GENERAL PERTURBATIONS IN
STABLE PLASMAS

This section contains the derivation of the general en-
ergy expression for stable equilibria, an expression that is
written in terms of the electric field associated with a single
Van Kampen mode. We emphasize that although the equi-
librium distribution function is stable it need not be mono-
tonic. In Sec. VII A the Van Kampen decomposition?® is
reviewed and interpreted in light of the dynamical accessi-
bility condition. In Sec. VII B the new energy expression is
obtained. This section concludes with Sec. VII C where a
comparison of the new energy expression and the dielectric
energy is made.
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A. Van Kampen mode review

Consider again the linearized Vlasov equation

asf dsf e __3f°

a0 G tm OF 5 =0 63
and Poisson’s equation

d6F ®

——=4me f &f dv (66)

Van Kampen’s procedure begins by assuming a two-
parameter family of solutions, labeled by real quantities &
and u=w/k, of the form

8f (x,v,t;u) =™ = kuth (k up),

where the function A(k,u,v) remains to be determined. In-
serting (67) into (66) produces the electric field associated
with a single member of the family of incipient solutions

(67)

SE(x,t) = E(k,u)e*—ikut (68)
Insertion of (67) and (68) in (65) yields

ik W)= —5 Bokay L 69

ik(v—u)h( ,u,v)——m (k,u) E (69)

Since u and v are real there exists a singularity at u=v that
is handled by solving (69) in a distributional sense accord-
ing to
ie ~df°

h(k,uv)= E Ew P
where P denotes the principal value, §(v—u) is the Dirac
delta distribution, and C is yet to be determined. Another
singularity exists at k=0, but this is resolved by simply
requiring £(O,u) =0, a condition that removes a homoge-
neous perturbed electric field. The unknown C is obtained
by inserting (67), (70), and (68) into Poisson’s equation,
giving

+C(k u)é(v—u), (70)

ik ~ e ~ (o 8%
C(k, u)— E—ﬁEPJ. S dv. (71
Now, substitution of this value for C in (70) yields
(ku0)= k E at (v—u)

@) (e Of/I
X(“ﬁ”f_w )

s
= B(ku) @ (hkup),

4me (72)

where the Van Kampen mode is denoted by & (k,u,v).
It remains to show that ¥ (k,u,v) forms a complete
basis for expanding the general solution as

1 o ik . .
— - ikx — ikut
&f=3 Ekl f_w as EGu) & (kuw)e du,
(73)

which requires that the %’s be capable of expanding an
(essentially) arbitrary initial condition. [Note, the factor of
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1/2 is consistent with our convention for representing real
quantities and the original field amplitudes E(k,u) have
been replaced by E(k,u)du.] Therefore, it must be possible
to satisfy the following equation for the Fourier coefficients

of an arbitrary initial perturbed distribution function

Fflkw):

. k(o
) =Zl7r_e f_w du E(hk,u) G (ku,p). (74)

Given the initial value f( k,v) the expansion requires find-
ing the amplitudes E(k,u). Since the basis & is given by

1 1
& (k,u,v) =€7(k,kv) p Pu_—_—5+eR(k,kv)5(v—u),
(75)

insertion of (75) in (74) leads to the following expression
that must be solved for E:

~ ik @ dfy (= E(ku) ik
f(k,v):R-l—(-T—a-l-)— J\—_w v— du nE(k,U)
2 '
oy (e AfIW
x(l—ﬁpf_w — v (76)

The task of solving for E is accomplished by splitting
the functions df,/dv and E, and the principal value expres-
sions, into parts that are analytic in the upper and lower
half complex v plane, respectively. Appealing to (B3) and
(B4) of Appendix B yields

[("a’l")f(%)_l

(E +E_)

f(kv)——
X(E_—E, )+
o5[(%) -2) Jeoe
+
=iE+ 1-2171‘2—,%%)
.
e (%)

4e
Observe that = products do not occur, so that j/"\is the sum
of terms analytic in the upper- and lower-half planes, re-
spectively. Defining

(77)

e(kkv)y=1-27i % (—GL )

+
(78)
e*(k, kv)_1+2mp-( )

and assuming ?has the splitting described in Appendix B,
yields

(79)
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Since the splitting is unique (cf. Ref. 20)

A ik A .k
f+=%E+6, f__—ET;E 6*

(80)
and since the plasma is assumed to be stable,
e(k,kv)£0, Im kv>0,
(81)
€*(k,kv)£0, Im kv<O;
therefore
4te f [+ 47e f_
=k €’ E_=7—e—;’ (82)

The quantities £, and E_ are used to construct E(k,u):

E(ku)=E,+E._

fo 7
=% ( e++e*)

41r
l I [GR(f++f— —161(f+_f—)]
4me 1 ~ 1 (= flev)
=-l7(—W (GRf‘(k,u)—GIEPf_w v —u dU)
4me A
=7w(€nf(k,u)
2
wpafo(u) ® f(kU)
+F du P e U —u v). (83)

Equation (83) determines E(k,u) in terms of the initial
condition f. Substituting this result together with (75) into
(73), one obtains the solution §f(x,v,1). .

We note here that if the initial condition f is chosen to
be proportional to dfy/dv, then §f(x,v,t) is also propor-
tional to df/dv and hence fulfills the condition of dynam-
ical accessibility for all time.

B. Calculation of the energy of a general perturbation

Now we are equipped to obtain the energy of a general
perturbation that is expanded in terms of Van Kampen
modes. The expansion of the perturbed distribution func-
tion, as given by Eq. (73), is inserted into the energy ex-
pression of Eq. (42). The difficulty occurs in the second
term where there are several integrations that need to be
performed. First consider the x integration of this second
term. Since dfy/dv is independent of x,

m ® v(6f)2d 7
2 f v f e ST
o k \?
=—-—z _wdvdulduzm(z;‘rz)
X E*(k,u))E(k,uy) G (k,uy,0) G (kup,v)e k-,
(84)
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where we have used the reality condition E*(k,u)
=FE(—k,u), which follows from (73) since ¥ (k,u,v)
=Y (—k,u,w). The v integration amounts to evaluating
the quantity,

w G k’ ’ g k; 1}
J‘ (kyuy,0) S ( uzv)vdv, (85)

afo/dv

where & is given by (75). This integral is complicated
because & possesses singular as well as regular parts.
However, the energy is time independent and one can do
the evaluation for — o« (terms vanishing as t— « cancel
at finite time). Terms that possess bounded, integrable,
absolute values must phase mix to zero by the Riemann—
Lebesgue lemma, while singular terms can give rise to non-
vanishing contributions. We denote the 8-function portion
of & by 6 and consider the three types of terms separately.
For convenience let

1
p(u)_l—p f —_——j;gdv, (86)

where the k dependence is suppressed.

Considering first the term that scales as the product of
the two 8 functions, the §—8& contribution; it behaves as
follows:

fw a(v—ul)6(v—uz)6p("1)ep(“2)af+,/aud"
[ep(ul) ]Zul
=5(“1_“2)W’ (87)

which clearly gives rise to a nonvanishing term.
Next consider the two §-non-8 contributions. The first
is given by

? 1 afo
__f 5(v u])ep(ul)P u — al) afo/avd
. uy (uy—uy)
i ) 7? s (88)

where the equality follows from the definition of principal
value given by Eq. (B4) of Appendix B, which amounts to

v—0

p 1 , 1 1 1

Uy—v ) ( uz—v-—iv+u2—v+iv )

The second contribution is simply obtained by interchang-
ing the subscripts 1 and 2,

ii ( )C‘) uy(uy—uy) 29

v?)ep “ R (uy—up) 442" (89)
Summing (88) and (89) yields

lim @, [ulfp(ul) €, (13} 1 (uy—uy) (90)

(uy—uy)*++ ’

v—0

a quantity that is regular in u, and u,. Thus, when (90) is
multiplied by the E’s, which are assumed to be obtained
from reasonable initial conditions and are thus integrable,
and muitiplied by the factor exp[ —ik(u;,— u,)¢] and then
integrated, it vanishes in the limit 7— co.
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Last, consider the non-8-non-8 contribution:

Treatment of the principal values in this expression is

cof, 1 af, wIZ, 1 af, somewhat delicate so several steps are included (below
fdvafo/av}-fpuz—végijpul—vﬁg' (91)  1lim v—0 is to be assumed):
]
i 1 1 1 1 1 1
P =— —+ ; —+ ;
u—v uy—v 4| uy—v—iv u—v+iv || uy—v—iv ' u,—v+iv
1 1 1 1 1 1 1 1 1
=2 —- —4 —¢ —+ —* —+ — -
U —V—IV Uy—V—iV U —V+iV Uy~ VIV U —U—iv Uy— ViV U —U+ IV Uy—U—iv
1 1 1 1 1 1 1 1 1
T4 u—v—iv uy—v—iv | uy—u, U —v+iv uy—v+iv u2—u1+4 Uy —v—iv
1 1 1 1 1 9
Tuy—v+iv | uy—uy+2iv +3 [ Uy—v+iv. up—v—iv | uy—u;—2iv’ (92)
r
After performing the necessary v integration, the first two le(k,ku) |2
terms above are seen to be regular at u; —u,=0 and there- 52F"—- 2 f du e (oka) |E(ku)|?
fore yield vanishing contributions when ¢— . When the
last two expressions are decomposed by the well-known |e( )| )
formula, Z fd ey [EUe) | (98)

1 1
il_l’}(l) E=P Find(x), (93)

the & functions in these brackets lead to

i
7 [81~0) +8(u—0)]

uz—u1+2iv

iT 1
-7 [8(u;—v)+6(uy—v)] P T

.}
= [8(u—0) +8(u,—0)16(uy—uy); (94)

whence we obtain

ot 4

nlk-ful fO 8(11] uz). (95)

Finally, because of Landau damping the electrostatic
field energy vanishes when #— 0. Therefore the only sur-
viving contributions are Eqs. (87) and (95), which yield

62F——V—— 2 fdux( ) | E(k,uy) |?

u€,(u)) w, 3o
(afo/al 172*"‘lau (96)
Using
29 k
k=0, extko)=e,(u), exlkw)=—7 g 20O,
97)

we obtain the following remarkable formula for the free
energy:
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The latter equality follows upon introducing the usual
Fourier-transformed electric field as

E(kw)=(1/]k|)E(k,u).

Although this formula for 8°F may seem similar to
& p» it is not. We emphasize once again that unlike & p, 8°F
is exact. The quantities k and o that appear in € are real
and independent; they are not tied together by a dispersion
relation, and the quantity E(k,w) is the Fourier (not La-
place) transform of the electric field as described below,
where k and o are independent.

An interesting feature that is brought out by the above
derivation is that the initial perturbed distribution function
determines uniquely the perturbed electric field for all
times, and conversely. Recall that E(k,w) is given in (82)
by the initial perturbation of the distribution function.
From E(k,w) one can clearly obtain 8E(x,t) for £>0; how-
ever, in addition one obtains 8E(x,t) for  <0. This artifi-
cial past history corresponds to solving the linearized Via-
sov equation backward in time, which leads to Landau
damping backward in time. Conversely, it is possible to
arbitrarily »prescribe E(k,w) and then obtain the corre-
sponding f by using Eq. (76). However, for dynamical
accessibility E(k,w) must be chosen proportional to
dfo/0u. Although the state of the system is completely
determined by &f at a single time, its determination re-
quires 8E for all time; 8E at a single time is incomplete.

Equation (98) looks as if it would diverge or would
not be well defined at places where €;(k,w) vanishes for
some w/k, i.e., at the zeros of 3fy(w/k)/dv. But this is not
so if the condition of dynamical accessibility is fulfilled,
since in this case E(k,w) «<dfy(w/k)/dv [see Eq. (83)]
and the integrand of 8°F is proportional to 3fy(w/k)/dv.
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Also, it is evident that the energy must be finite since (98)
is numerically equal to 8%F as given by (42), an expression
that is well defined for dynamically accessible perturba-
tions.

C. Deficiency of the dielectric energy—The problem
of Landau damping

In Sec. I1 it was argued that the dielectric energy in the
case of Landau damping does not relate in a well-defined
way to the exact energy, or to what is commonly called the
wave energy. In this subsection we demonstrate this explic-
itly by comparing & ; with the exact energy of Eq. (98).
This is done by considering various time dependencies for
the self-consistent electric field.

Accordmg to Eq. (83), E(k,w) « e,/j\e| 2 if the initial
perturbation of the distribution function f fulfills the con-
dition of dynamical accessibility. Therefore E(k,w) has
poles in the complex  plane at the solutions @ =cwq— iy of
the Landau dispersion relation; i.e., é=0 where now the
contour is deformed into the lower half plane. This means
that the main contribution to the o integral of Eq. (98)
comes from the interval

(99)

Assuming now the small “damping” rate ordering, we ex-
pand the dielectric function as before [cf. (61) and (62)] as

Do—Y <0 <Wo+Y.

aGR
€(k,wo—iy) =€(k,wg) —iy 7—=0;

EP (100)
whence it follows that
deg
€r(k,00) =0, €(k, wo)—?’a (101)
Taylor expanding ez (k,w) about wy,
deg 1 e
ex(ko) = (0—wo) 3 R+ (0~ coo)2 x+
(102)
yields
€|? 0—wy) >+ Je
€| (( 0)2 Yz) O€r (103)
€7 Y 6a>o

It is then natural to choose an approximate form for
E(k,w) that is in agreement with its aforesaid property;
ie.,

1 4
WW 6E(k,mo).

This corresponds to the following time-dependent field am-
plitude:

E(k,t) =8E(k,wg)e@fe=7It, (105)

which reflects the time behavior of Landau damping, in-
cluding the backward Landau damping mentioned above.
This could be viewed as a sort of self-consistent turn-on
followed by a self-consistent turn-off. Of course, for phys-
ically reasonable f there is a smooth transition from neg-
ative to positive time, since then E(k,w) vanishes for

E(kow)= (104)
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- == oo at a rate faster than any power of . Substitut-
ing (103) and (104) into the energy expression (98) pro-
duces

.. Ve
8F-———woa |8E (ko) |2, (106)

an expression that agrees to within a factor of 1/2 with the
dielectric energy for t=0. However, we note here two ca-
veats. First, to obtain this formula a number of approxi-
mations were required. If instead of (104) a form for
E(k,0) that possesses a more realistic asymptotic behavior
at t=0 is used, then (106) is again only reproduced to
within a numerical factor. Such cases are considered below
and in Appendix C. Second, the approximate expressions
so obtained for 8°F are, like the exact expression (98),
constant in time, whereas the dielectric energy has a damp-
ing factor e~% on the right-hand side. This damping fac-
tor must be present in the dielectric energy expression in
order for this quantity to describe Landau-damped pertur-
bations. The presence of a damping factor pinpoints the
principal deficiency of & p, for if € were an energy it
would be a constant of the motion. Also, we emphasize
that the discussion of & ;, of Sec. II shows that the deriva-
tion of this quantity is generally defined only in terms of
the initial value of the electric field.

A phenomenon that displays the deficiency of € in a
striking way is the plasma echo. Although the echo phe-
nomenon is nonlinear, linear waves launched with a time
interval are of central importance. The two linear waves
are Landau damped in turn, until the dielectric energy of
both of them is nearly zero and there is no “apparent”
disturbance in the plasma. If the dielectric energy were
really the energy of the perturbations, then nothing further
could happen. But, since 5°F is not zero, the two waves can
still interact nonlinearly and make a phenomenon like the
echo, whereby it is possible to recover a significant portion
of the original dielectric energy.

To illustrate that the factor of 1/2 between 8°F and & ),
seen above is incidental, E(k,w) is chosen instead of (105)
to be

E(kw) =4y cosh[qr(clo—a)o)/Z'y] BE(k,0); (107)
hence,
— it
E(k,t)=m OE (k,wy). (108)

The time dependence again shows forward and backward
Landau damping for large |¢|, but now there is a smooth
transition from negative to positive times. Because of the
proportionality between E and €,/|€|? Eq. (103) should
now be replaced by

le|? m(w—ay) \ deg
—;—ycosh(—iy—) a—wo (109)
Using (108) and (109), one obtains
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T

B F=-

S Ton |6E(k o) |2,

(110)

which is smaller by a factor of #/8 than (106). The pro-
portionality constant in this case is positive, but in general
it is determined by the time profile E(k,t). Appendix C
contains an example where this constant can even have
either sign. This is an important result since it means that

tho cion nf tha inans anorav ic nnt narpcenrilv rorvontly ormen
i 0‘5,‘ UJ c wuve l‘:"cls)’ & 1V nrcicoowrs “.y LUIICLLl_y 5‘(/5"

by the dielectric energy, even when the damping rate vy is
sufficiently small. Hence the distinction between positive
and negative energy perturbations as well as the magnitude
of the energy may not be correctly given by the dielectric
energy in the small growth rate limit. Also, if ¥ is not small
the exact energy expression must be used in all cases. We
emphasize, in addition, that the dielectric energy is usually,
especially for three-dimensional equilibria and three-

UlHlCIlhlUIldl ClCLllUIIldgllCllb per lul'Ud.LlUﬂb, IIluLIl more
complicated to use than 8°F.

Vill. DYNAMICAL ACCESSIBILITY

It was emphasized in several places in the text that the
condition of dynamical accessibility is a crucial concept.
First we describe here the ramification if this condition is
not imposed. The derivation of relation (42) for 8%F indi-
cates that the free energy may not be uniquely defined.
Now this ambiguity is discussed. We restrict to equilibria
with simple zeros v, of (1/v) (8fy/dv), although a similar
treatment exists for higher-order zeros.

The ambiguity in the derivation of relation (42) can be
made explicit by writing

v

afya0- "t

+Cﬁ( (111)

v v
dfo/dv af/dv ) ’
where the constants ¢, are arbitrary. Insertion of (111) in
Eq. (42) yields

SE)? 5f)?
§2F = fd’ ((8) N dv7—v(§;v)

My 3 (7 as( Y Y.
+§k:cV2 fydxf_wdvv(afv) ‘S(afo/av)’

(112)
the integration over v in the last term yields
U,'v
zc 2 y:(a/av)ul/v)(af?/av)]u:v
xf Px[8f,(x;,1)]1% (113)
V hd

For any differentiable function G, [6f,(x,v; ,1)] it holds
that
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d f d*x G; [ 6 )
dt Jv x iv[ fv(xyviv’t ]

aG;, 3sf,
v 35f, Ot
38f, 35f,
3 v v _
— fd aﬁfv( 3,y )_o, (114)

which means that the total number of particles at v;, stays

constant. The contribution (113) to 8°F is therefore also a
constant of motion; of course, otherwise the constants c,
would not be arbitrary.

The “energy” expression (112) is therefore a mixture
consisting of a genuine energy and other constants of mo-
tion. The question is, whether one can separate out the

5!:11u1uc CIlClsy IHC pllllblpdl leuc lllLCsldl lll \ l. 14) ¢X-
cludes particles with v = Vi, Since these particles as a

whole, i.e., integrated over x, do not take part in the dy-
namics they should not be part of the energy. Therefore,
the energy should only contain the principal value contri-
bution and not that due to the § function, and the genuine
energy 82F is given by setting all the constants ¢,=0.

Although there is then an energy even without impos-
ing the condition of dynamical accessibility, violation of
this condition would nevertheless mean that one has left
the framework of Vlasov theory.

As noted above initial perturbations that arise from
Hamiltonian forces, such as the electromagnetic force are
dynamically accessible. This includes, for example, self-
consistent fluctuations in the plasma. However, initial per-
turbations of the distribution function that violate the con-
dition of dynamical accessibility are possible with particle
sources and sinks, such as, ionization, recombination, in-
jection, and losses through the plasma boundary, Dynam-
ical accessibility is also violated if phenomenological fric-
tion (forces o« —v) and diffusion in phase space are
allowed. If such influences lead to an initial distribution
f?,,new and if one can distinguish between new unperturbed
forces and exact forces (see the example below), then the
time evolution of this function can be described by (see
Ref. 14)

Fonew(X,v,8) =elfvnew' 10 (x00 (x,v,8),v§” (x,v,1)),
(115)

where

x((,o) (x,v,t) =const, v(()o) (x,v,t) =const, (116)
describe the ‘“undisturbed” orbits of the ‘“new system”
(i.e., where the dynamics is relative to an equilibrium lo-
cated on a new symplectic leaf) and g, .., is 2 generating
function for Lie-type canonical transformations from exact
new orbits to new unperturbed orbits with
8y new(%,9,0) =0. An undisturbed new system can, for in-
stance, be defined by spatially averaging. To first order the
distribution functions f,, ..., are
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fv,new(x’v)t) =J v,new [X(\)Ul (X,V,t),vau’ (xrv:t) ]

+ [g v,new’f?/,ncw ] .

Now restrict to the case of a homogeneous undisturbed

(117)

£,
new oyachu, for which the new uupCL turbed forces Valllbu.,

introduce the spatial average of f?,,new,

FyW) ={fSnew) o (118)
and define the perturbation 8f, by
8Fy=Funew—Fy=Ssnew—Fy+ [8upewnS vinen]

=£ux (x,%,),7 (x,v,1))
+ [8ynew F1- (119)

Note that FO is allowed to deviate considerably from the
original unperturbed distribution f2, but the new §f, must
be small again.

The function £, solves the unperturbed Vlasov equa-
tion, i.e.,

af vh af vh
3 +v g =0. (120)
Therefore, f,, drops out of the linearized Vlasov equation
3sf, 98f, e, Q6F
a TV = m o e (121)
and one can solve this equation in the form
SE— ﬁ» 1 d [gv,new’Fg] d [gv,new’F?z]
" e, AF/dv & ' ax
(122)

The right-hand side has no singularities at the zeros of
6130,,/811. Insertion of (122) and (119) yields the new rela-
tion

f SISE dx
vV

@ v
= 2": m, fV dsx f_w dv m(fvh"' [gv,new’Fg] )
( a[gv,new’F?'] a[gv,new,Fgl )
X + .

3 LA (123)

The Poisson bracket in the first parentheses yields again
(40) with 8f, replaced by [gv,new,ig] and f° by FO. Inte-
gration by parts of the

fvhu ( d [gv,newaF?/] [gv,newJ;‘?,] /ax)

contribution with respect to x transforms this expression
into— [gvnew,Fo]v(afvh/ax) and because of (120) further
into [g,, new,1’?‘)]v(c')f w/0t). Hence, the total f,, contribution
has (8/3t) (f l8ynewFo) in the integrand and therefore

f&j&Ed3x

| 4
ad m, 3 © v
5 2 2 L‘”Lwd"a?’ 2
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X ( [gv,ncw’ﬁ] 2 + 2 igv,new’F‘z]fvh) .

Combination with the electric field energy term yields the
constant of the motion

(124)

oo -3 % I ot et

(5)

(125)

+2[gu,new11;0]fvh) +—— ) =const.
/

This expression differs from (42) in that its initial value is
given by the electric field energy only because of g,, e, =0
initially. If f,,=[g,,F° ] then the missing initial particle
energy perturbation is just given by a term [g,;,F°? in
addition to the term [g, ,...Fo]” in (125), leading there to
a replacement of the quantity in parentheses by
kvynew-i—g,,,,,io] This is then again of the form (42) and a
constant of the motion. If f,,7[g,,F°] one is confronted
again with the problem described above. The dynamically
relevant energy is given by (125) with fz,, added in the
parentheses and the integral defined as a principal value
integral.

We point out that for general equilibria, where the
equilibrium distribution function is a function of the en-
ergy, analysis similar to that described in this section is
possible. In general the ambiguity occurs at critical energy
surfaces.

IX. CANONICAL HAMILTONIAN DESCRIPTION—
ACTION-ANGLE VARIABLES AND SIGNATURE

In this section we obtain action-angle variables for the
linear Vlasov problem. This is done in Sec. IX A by ap-
pealing to the form of 8%F of Eq. (98). Also, in Sec. IX A
the notion of signature is introduced and a general discus-
sion of the importance of action-angle variables and signa-
ture is made by comparison with the case for finite degree-
of-freedom Hamiltonian systems. In Sec. IX B a general
linear integral transform is introduced, for which the Van
Kampen mode development of Sec. VII is a special case.
New completeness and orthogonality-type relations that
are needed in Sec. IX C are proven. The transform tran-
scends the application of this paper and is of general utility
for solving linear fluid and plasma problems in terms of
singular eigenfunctions. This is seen in Sec. IX C where the
transform is used to map the linearized version of the non-
canonical bracket structure of Ref. 15 to canonical action-
angle variables. Since noncanonical bracket structures of
this form describe a plethora of continuum models, the
transform in effect applies with remarkable generality to a
variety of linear problems. The general treatment with ad-
ditional examples will be presented in a future publication.

A. Discussion of action-angle variables and signature

1t is of interest to compare the energy expression of Eq.
(98) with the Hamiltonian for a stable, nondegenerate, N
degree-of-freedom system written in terms of action-angle
variables:
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N
H= 2 oy, (126)

where by choice the action variable J,, is positive and the

sign of @, can be positive or negative. Upon defining
a=(k,u),
wo= | ku|sgn(kuey) (127)
and
AN G TPNE 128
a=16']; |€](k,ku)| | ( 1u)| s ( )
Eq. (98) takes the form of Eq. (126); i.c,,
8F= 2, | duod, (129)
k=1

By its derivation this expression is valid for stable equilib-
ria even though €; can have either sign. If the neutral
modes of Sec. IV are present then a discrete sum over these

modes must be added to {129). The definitions of (127)

and (128) are somewhat arbitrary. The definition of the
action variable J, is incomplete since there is no guarantee
that this quantity is a canonical variable. Also, we have
quite arbitrarily attached the signature to w, [for finite
systems it can also be determined from the Lagrange
bracket of the linear eigenfunctions (cf. Ref. 18)], but this
is not important so long as there is a unique sign attached
to each mode.

Signature is known to be important for finite systems
because it can determine the kinds of bifurcations that are
possible. Stable nondegenerate systems can always be writ-
ten in the form of Eq. (126), but if a parameter of the
system is varied so that the frequencies move along the real
axis of the complex o plane then a transition to instability
is possible when frequencies collide, at which point the
Hamiltonian can no longer be written in this form. Since
for Hamiltonian systems real frequencies must occur in
pairs *wm, two types of collisions are possible. A mode @
can collide with its mate — at the origin giving birth to a
damped and a growing mode. The signature of the collid-
ing pair is not important for this bifurcation, since the
signature of the Hamiltonian can change as the frequencies
go through zero. If the Hamiltonian was originally positive
definite, and thus stable, it can change signature and be-
come unstable. However, signature is important for the
second kind of bifurcation, which occurs when pairs collide
simultaneously on the positive and negative parts of the
real axis. The possible outcomes are described by a theo-
rem due to Krein,2! which states that in order for a tran-
sition to instability the colliding modes must have opposite
signature. If the Hamiltonian were initially positive definite
then a collision of positive signature modes away from the
origin cannot change the Hamiltonian to indefinite, and
therefore instability is not possible.

In infinite dimensional Hamiltonian systems such as
the Vlasov equation,!>!*?2-2 the situation is more compli-
cated since in addition to discrete eigenmodes there is a
continuous spectrum. Equation (127) assigns a signature
to a Van Kampen mode, which can be used to delimit the
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possible bifurcations. For example, two positive signature
neutral modes (whose presence require a slight generaliza-
tion of the formalism in this paper) imbedded in a negative
continuum could collide and become unstable, or perhaps

t+ahla
unstable modes could be

negative and positive continua meet. Positive definiteness
of the energy does not rule out these possibilities. However,
it is energetically impossible for unstable modes to be born
from positive continua. Classification of bifurcations with
continua will be the subject of future work.

In the remainder of this section the heuristic identifi-
cation of the action variables above is made precise.

born at thn knnndnrtes wherc

B. A general integral transform pair; orthogonality,
completeness and other relations

We introduce the following general linear integral
transform:

i re
fk(v,t)=;§§; J_w E(u,0) G5 (u,0)du, (130)

where

G(up)=elkw) — P—1—+£R(k v)é(v—u). (131)
This differs from the Van Kampen decomposition since
(130) is to be viewed as a coordinate transformation between
arbitrary time-dependent Fourier amplitudes E(u,t) and
Jfx(v.t). Here the notation has been slightly modified for
convenience and to emphasize the generality of the trans-
form. The symbol e=egz+ie; has been changed to
£=g£g+ig; to emphasize that the identities we are to derive
are valid for general complex valued functions that do not
possess zeros for real v. The choice for £ depends upon the
problem at hand, since one desires a & that diagonalizes
the Hamiltonian for the linear dynamics. The prefactor
(ik)/(4me) has been retained for cultural heritage. From
the development of Sec. VII A {cf. in particular (83)] and
Appendix B it is evident that the inverse of this transform
exists and is given by

Ewn=1r | fulonFiuordn (132)
where
El(k u) 1 1 gR(kau)
7w =1 P P e e PO
(133)

In (131) and (133) symmetry in k is assumed.

The above transform is a general physical decomposi-
tion that may apply to a variety of systems. The delta
function represents free streaming or free particle propa-
gation, while the principal part represents the effect of in-
teraction. In Appendix D the transform is used to obtain
the Van Kampen solution by a traditional integral trans-
form approach.

Insertion of (132) in (130) yields
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fk(UJ)=J'_°o fw G (up’) G 5(up) fr(v' ) du dv'.
® e (134)

Since the basis &% is complete and since & defines the
inverse iransform, the completeness relation follows from

(134),

f 9k(u,v )G (uv)du=6(v—v'). (135)
Similarly, insertion of (130) in (132) yields,
f ge W) (u' v)dv=56(u—u’). (136)

Orthogonality relations similar to (135) and (136) appear
in the works of Case.?®

In the remainder of this subsection two additional non-
trivial orthogonality-type relations [given by (144) and
(146) below] are obtained. Because of these relations the
integral transform of (130) defines a class of linear canon-
ical transformations in that they preserve the diagonal
form of the Poisson bracket. This is seen in Sec. IX C, to
where the reader can turn without loss of continuity.

Consider the integral

f Q(u) G5 (uw') G5 (u,v)du

fw () F5(uw') G (uw)du=Q(v) |£]|26(v—v") +

Ty

Now consider the well-known Kramers—Kronig rela-
tion for causal complex-valued functions,

d),(u)

<I>R(v)_1+—Pf (140)

This relation is valid for functions ® (%) that are analytic
in the upper-half complex u# plane and obtain there the
value unity for |u|— 0. A class of functions fulfilling
these conditions is given by

R(u)

1 %
¢(u)=1+;f —=_qu, v>0, (141)

U—v—Iv

where R(u) is continuous and satisfies condition (B2). If
R(u) is real and v— 40, the Kramers—Kronig relations
(140) for @ are the same relations as obtained directly
from the definition of ¥, which yields
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1 g,(k, v)ez(kv ) ( Q(u) u—-Pf

7 —o [Q()er(kw)e (k') — Qv )er(kv ) e (k) ].

{ P
_ 2 ERTAYE
=Q(v)exrd(v—v) e

1
— Qv )eg(kv e (kv)] +? er(k,v)e (k')

Xf O(u )u 00— du, (137)

where the emmhfv follows elmnlv upon mcm*hng (131)

and performmg the S-function mtegrals The integral of the
third term on the right-hand side of (137) is evaluated by
again decomposing the principal value product as in (92).
This results in

f O(u) -2~

1 Y
=Q()8(s—0") +—— (P o)
v—uvy

g(u) du),
u

_pf”
e VU'—

which is a variant of the Poincaré—Bertrand formula (see,
e.g., Ref. 26). Combining (137) with (138) yields the fol-
lowing identity:

(138)

- am,)
e UV —U

(139)

<I>R(v)—1——Pf du, O (v)=R(v).

Another Kramers—Kronig-type relation exists for the func-
tion 1/®(v). This function fulfills the above-mentioned
conditions if ®(v) has no zeros in the upper-half v plane,
including the real axis. Since

RescoR pn1__ P 142
‘2 e Mo "o (142)
the Kramers—Kronig relations yield
q)R 1 © <I>1(u)/|d>[2
W—1=—;Pf_m o du (143)

For completeness we mention that any function of ®(v)
that is analytic in the upper-half v plane and that is unity
for ®=1 can be used in the Kramers-Kronig relations.
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Now choosing ®=¢, Q(u)=¢;/|£|* and making use of (143), Eq. (139) produces

er(k,u)

f_: et 2 Gi(uv") G (up)du=¢e,(kp)d(v—0"). (144)
Another relation like (139), but involving ¢, exists:
[7 e Fsun T wdv= s 0w etk Potu—w) + 5 1m0 (p [ g,
Q,(_v) dv) g L@erku)e(ku’) — Qu ) eg(ku e (k) ]|
(145)

Upon setting @=¢;, =¢, and making use of (140),
(145) yields

f” e1(k0) T (u,0) T (u' v)dv

g/(k,u)

Wa(u u ) (146)

This last expression is used in a transformation below; the
inverse of this transformation requires (144).

C. Transformation to action-angle variables

The Vlasov-Poisson equation is an infintie dimensional
Hamiltonian system or field theory, but because the distri-
bution function does not constitute canonically conjugate
variables the Poisson bracket is of the following noncanon-
ical form Ref. 15:

6F 86G
where F and G are arbitrary functionals, [, ] is the ordi-
nary Poisson bracket of (29), and 6F/8f is the functional

derivative. In terms of (147) the Vlasov equation is com-
pactly written as

of
=D,

where the Hamiltonian H is the total energy functional,

d&’x d, (147)

(148)

1 1
o 2 B Byt 2 3
H—fzmvfdxdv+8ﬂfE d’x. (149)
Two features of the bracket of Eq. (147) warrant mention:
first, the form is obviously not canonical (note, e.g., it is an
explicit function of f) and second, the bracket is degener-
ate in the sense that

{C,F}=0, (150)

for all functionals F, where C, the so-called Casimir invari-
ants, are given by (36). Because of the degeneracy the
bracket { , } can only generate dynamics in constraint
“surfaces” (sometimes called symplectic leaves) deter-
mined by the constants C; hence the degeneracy is tanta-
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mount to dynamical accessibility. For further details we
refer the reader to Refs. 11, 13, 22-24, and 27.

The Hamiltonian description of the linearized dynam-
ics of interest here is obtained by expanding both the above
noncanonical Poisson bracket and the Hamiltonian. As-
suming f=f°(v) +8f and expanding yields the linearized
bracket

' 6F 8G

in terms of which the linearized Vlasov-Poisson equation
can be compactly written as follows:

66f

d*x dv, (151)

{fyazyF}L (152)
Representing 8f as a Fourier series,
8f (xuit) =5 S fwnes, (153)

——‘00

the functional derivative has the Fourier series (cf. Ref.
28),

8F & [BFY\ .. 2 3
88f 2 (W)k ‘sz 8k

k=—o =—

e* (154)

and upon insertion of (154) and the corresponding expres-
sion for G in (151), the bracket becomes

Foy=—r Sk 7 4
{ ’G}L—mV Pt} v

aj"( 5F 8G G 6F
8f18f_k Ofx8f _k

Note the k=0 component vanishes; this is part of the de-
generacy associated with dynamical accessibility, which
arises when one assumes the existence of the Fourier trans-
form of the quantities above.

In order to transform from the independent coordi-
nates f and f_; to E; and E_ ; as defined by (132), the
chain rule for functional differentiation must be obtained.
Varying an arbitrary functional F[ f;]=FLf [E]] yields,

)du. (155)
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oF
SF= k}_"m dv 57, 8f%
= Y (7 aue=sE, (156)
k=—o J oo k
From Eq. (132)
6Ek(ut)=—— f Sfon)Biup)ds,  (157)

— o0

which, upon substitution into (156) and noting that 5/} is
an arbitrary variation, results in the following connection
between the functional derivatives:

OF 47re ‘
D) f i ‘“"’6Ek( Nk

Inserting (158) and a similar formula for §G/8E; into
(155) yields,

£ t(4are)23°~lr°°d [
{F,G},= kz.l k-J—oo UJ_w

m

(158)

) ad
X f_ du’ ~£ G (u0)F° (u'0)

8F 8G 8G oF
( SE (1) 8E_i(u')  S8Ei(u') SE_i(u) )

(159)

Upon requiring

o2 3f

er(ku)=¢;(k, ku)-——'rrp 0’ (160)

reverting to the notation E(k,u) =E;(u), and making use
of Eq. (146), (159) becomes

16 «

Fey=— Xk " du
e(kku) [ 8F &G
XTe(kun) |2 ( SE(k,u) SE(— ko)

8G 8F
" 8E(k,u) SE(—k,u) )

It is clear from (161) [and (155)] that only dynamics with
df /3t < 3f°/dv is possible. This is the remaining part of
the degeneracy associated with dynamical accessibility.
Now this degeneracy is eliminated altogether and the dy-
namics is defined in terms of canonical coordinates that lie
within and span the constraint surfaces (symplectic
leaves).

From (161) the time dependence of E(k,u,t) is gener-
ated:

JE 5 .
E‘_={E’6 F}; = —ikuE,

(161)

(162)

where the last equality follows from 82F of Eq. (98) re-
written as
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€ ku 2 2
(163)

Observe that the time dependence derived in this way is
precisely that assumed for the Van Kampen mode decom-
position.

The action variables given in Sec. IX A, with their
corresponding angles, follow directly from the transforma-
uon

16]61'
E(—ku)= —Vla—z-’a P,
IGIEII —i
E(k,u)= WJ e a,

when €;> 0, and the following when €; <0:

16]¢/|
E(ku)— T]Tz.f
E(—ku)= \/l letl ;s

With the chain rule the P01sson bracket becomes

i © d 5F5_G_ 6G SF 166
6= 2 ) "(6&6@‘6%61.,)' (166)

The content of this section, which points to the solu-
tion of the complete spectral problem for a large class of
operators, can be interpreted either as a diagonalizing co-
ordinate transformation to action-angle variables or as the
integral transform technique as expounded in Appendix D.

S F=—

16k1f du

(164)

X. CONCLUSIONS

One goal of this paper was to comprehensively con-
sider energy expressions for perturbations of homogeneous
Vlasov—Poisson equilibria. To this end the dielectric energy
and the exact plasma free energy, which respects the im-
portant constraint of dynamical accessibility, were com-
pared in special cases. For the case of stable equilibria we
were led to the general energy expression of (98). Another
goal of this paper was to obtain in an unambiguous way the
Hamiltonian action variables for stable linear Vlasov equi-
libria. This required the introduction of the integral trans-
form pair, which maps the linearized noncanonical Poisson
bracket for the Vlasov equation to the desired canonical
action-angle form.

Several avenues for future work naturally come to
mind. One is to obtain the generalization of (98) for elec-
tromagnetic perturbations about homogeneous equilibria
and inhomogeneous equilibria with various field configu-
rations. Also, the action-angle variables are natural vari-
ables to use for perturbation theory. In the case of unstable
equilibria Hamiltonian systems no longer possess action-
angle variables, but other normal forms exist and the tech-
niques of Ref. 25 can be used to define a transformation to
these coordinates. Since the Poisson bracket of Sec. IX C
applies to a variety of fluid and plasma systems, the inte-
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gral transform pair is a most general transformation. One
can transform a plethora of systems to these variables for
diagonalization. This will be the subject of a future paper.
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APPENDIX A: ELECTROSTATIC ENERGY FOR
THREE-DIMENSIONAL EQUILIBRIA

Assuming 0= 10 (0 alone, where
HO =(ma*/2) +ev¢(°), Eq. (35) can be written as

aro

v

8 F=_Y fd3x d’p [gVJEI“”]2

! 2 2
+-— f&E d°x. (A1)

8r
For convenience, below we omit the species label v and
assume a volume of size 27.

Enroute to eliminating g in terms of SE we write g

=g(J,0) where (J,0) are equilibrium action-angle vari-
ables for the particles, which are assumed to exist. Recall

1
—— «dx,
J; oy ﬁqp b4

where the individual components J; are defined in terms of
the closed contours ¥, In terms of action-angle variables

HO=HOJ);
i.e., all the angles conjugate to J are ignorable. The main
reason for using these variables is that Eq. (33) simplifies
to

og g
—+Q(J) -%=6H, (A2)

at

where SH=eb¢[x(8,J),t] and Q=9H®/3J. The general
solutions of Eq. (A2) are given by

3
8= —4r Y fdﬁ%%; (mQ)?|gu|2—8r%e X | &

Lm,p

t .
X ( f xp-El(T)e’“'(l+p)’d1')+417'3e2
0

gplm

: . ¢ . , dx
X (j xq.Em(,T)ezn-(m+Q)T d,,.)(f Xp.El(Tr)e:n-(l+p)r d,,.l) +1T3 z Em'EI‘ :9_5 \ 6(m+l+p),
0 0 P

where §(m) =0 unless m=0 in which case it is unity.

APPENDIX B: THE f=f_+f_ SPLITTING

8(J,0,) =g(0—Q,J)
+ ft SH(x(0+Q(7—1),d),7)dr. (A3)
0

The perturbed distribution function is obtained from (28)
as follows:

fV=l8f0l ——,;m [&.H®], (A4)
where
g ¢ 3
[g,H“”]:ﬂ-ag—eJo [(“'aa )x SE(x,t)dr,
(AS)

where x is shorthand for x=x(0+ (7—1)Q,J). Inserting
(AS5) into (Al) yields

1 afo
1o D 3, 43
8°F= 2Jd¢dJW[( )
+e (f 6E - -ﬂdr)
2e0- 28 ("sE- Znar| 1~ (sE2
‘e'%ﬁ, " 36 T*%f %
(A6)
where the volume element transforms as d°x d°p=d°0 d*J.

The existence of action-angle variables requires period-
icity, and so we can expand as follows:

2(0.3)= 2 gn(J)e™®,

x(0,J) = 2, X (J)e™?, (A7)

SE[x(8,3),t]=6E(6,J,1) = 2, En(J,t)e™®.

Inserting Eqs. (A7) into (A6), and integrating over 6 re-
sults in the following energy expression:

'Ff%Y (Q2'm) (2+p)gmd (m+l+p)e—iﬂ'(m+l+p)t

a .
f dU%{%S (Qp) (2m)S(1+p+m-q)e~ I+p+m+a)y

(A8)

Lmp

The method used by Van Kampen for solving the initial value problem requires a splitting of a function f(x) of a
single real variable into the sum of two functions with complex extension that are analytic in the upper and lower half
planes, respectively. In order to obtain this splitting we represent f(x) as follows:
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f(x)=lim (B1)

1 [ v

el I =
This formula is valid if f(x) satisfies the Holder condition
| f(xX)—f(x")| <M|x—x"|® for all x and x’, with a <1
and M constant. Jump discontinuities can be allowed, but
the right-hand side produces the arithmetic mean of the
values of f on each side.

Assuming further that

lim f(x)=0, (B2)
[x] - e
Eq. (B1) can be decomposed as
. 1 o f(x")dx'
fGx) = lim %( o X —x—iv
v=0t ®
o f(x')dx'
- w x’—x+iv)
=1, (x)+f_(x). (B3)

This defines the splitting needed in the text.

The extension into the complex plane of the function
f+(—)(2) has several important properties: (i) it is ana-
lytic in the upper- (lower-) half plane, (ii) it approaches
Si(-y{x) as y—0, (iii) it approaches 0 as y—+(—) 0.
Also, most importantly, the splitting is unique.?

Similarly the principal value integral can be repre-
sented as

w f(x")dx'
e Tox "mf mwf(" ax'
o1 w  f(x")dx' ©  f(x")dx' )
= lim = —— -
oot 2( e X' —x—Iv o X —x+iv

sim[ f(x)—f_(x)]. (B4)

For this formula to be valid, the conditions on f(x) are the
same as those required for Eq. (B3).

The above decomposition is introduced somewhat dif-
ferently than that originally given by Van Kampen, which
beings with the Fourier transform of f(x). The compari-
son can be made by writing /', and f_ in terms of Fourier
integrals, making use of the following identities:

1

© PR
Tt ), S,
—A= V]

— 0
- ! i =if =5 =P gy
X' —x4iv e

Substituting these into (C3), and then interchanging the p
and x’ integrations yields

(x) f dp e+1px( fw f(xl)ei(—x’+iv)p dx’)

1 (= ([ s
+—ﬂf dpe“‘”‘(f f(x')e’(‘x"")l’dx’).

Upon defining
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1 J'eo f(x,)e(—ix'_v)pdxlEF+(p), P>0,
F(p)= o

EJW f(xNe &+ ax'=F_(p), p<O,

we obtain

S =f 1 (x)+f_(x)

© . 0 N
=f dp etP*F_ (p)+ f dp et'"F_(p)
0 — o0

_ J'co dp e+ipXF(p)’

where it is seen that f, and f_ are the positive and neg-
ative frequency parts of the Fourier transform, respec-
tively.

APPENDIX C: PROPORTIONALITY CONSTANT OF
SEC. VI C

In this appendix an example is given where the pro-
portionality constant between 8°F, in the small ¥ approx-
imation, and &, can have either sign. To this end we
choose

Y

1
ko)~ 2 oy

I 2
—(1/2) (0—wp)/ ¥
+B TFZ e )6E(k,w0).

(C1)

The first term on the right-hand side could also be replaced
by any other function leading to an asymptotic behavior

E(k,t) »e™@le="VISE(k,wq). (C2)
From (C1)
E(k,t) =e~ o0 (e~ 4 Be=VDPPY 8 (K og),  (C3)

which also possesses the correct asymptotic behavior.
The requirements for |€|%/¢; are

le]? der le]? 1
e w=w0= P E—Ic:E. (c4)
From (C1) one obtains
E(k,w0)=(i+ b )6E(k,a)o). (Cs)
" 2wy
One should therefore represent |€|%/¢; as
le]> 171 B
6_1__( T )6E(ka)0) (C6)
Insertion in (98) yields
V deg
8F= [6E(kwo)|z(1+ [B)(1+B)woa
(C7)
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The factor (1 + 7/2B8)(1 + B) obtains its minimum for
B = Buin = A (2/7) + 1]. Its value there is — §(7/2)
X[l — (2/m)]%. Thus the factor ranges in value from
some finite negative number to + oo.

APPENDIX D: VAN KAMPEN SOLUTION AS AN
INTEGRAL TRANSFORM

Here the Van Kampen solution of the linear Vlasov
equation is solved by effecting a “traditional” integral
transform approach. For convenience we define

Fy = (f) = f " 07w, (D1)

ro=2(h=[" Fwg woa, (D2)
where & and 9 are given by (131) and (133), with the k
dependence suppressed, respectively. At this point the
function ¢ is assumed unknown. The following properties
of the transform .# can easily be established:

Er

/(51)=W, (D3)

~ €& 1 (=

L f)=uf T f £ dv, (D4)
the first by making use of (146) and the second from a
standard property of the Hilbert transform (see, e.g., Ref.
29). Other properties of the .# transform can similarly be
obtained.

Using (D4) the .#-transformed linear Vlasov equa-
tion is seen to be given by

=0.
(D5)

Solution of (D4) is hampered by the presence of the last
two terms, and # (3f°/3v) is not in general anything spe-
cific. However, upon choosing £=g¢, it is seen that these
two terms cancel, yielding

afO)

O eFikeL 1 (% favraf Sk
g Tikuf =i W;f_mf vt D ES

af . ~

§+zkuf=0, (D6)
an equation that is trivially solved by

f=Ee", (D7)

where E is arbitrary and can be used to set the initial value.
Thus upon inverting the transform (and reinstating the k
and ¢ dependencies) the solution is obtained

E(k,u) % (kuv)e™ ™ du.
(D8)

Flkot) =2 (= f”

— o0
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The above procedure amounts to solving the underlying
Riemann-Hilbert problem (Ref. 26).
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