Nonlinear interactions of tearing modes in the presence of shear flow
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The interaction of two near-marginal tearing modes in the presence of shear flow is studied. To
find the time asymptotic states, the resistive magnetohydrodynamic (MHD) equations are
reduced to four amplitude equations, using center manifold reduction. These amplitude
equations are subject to the constraints due to the symmetries of the physical problem. For the
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Presence of flow breaks the reflection symmetry, while the translation symmetry is preserved,
and hence flow allows the coefficients of the amplitude equations to be complex. Bifurcation
analysis is employed to find various possible time asymptotic states. In particular, the
oscillating magnetic island states discovered numerically by Persson and Bondeson [Phys.
Fluids 29, 2997 (1986) ] are discussed. It is found that the flow-introduced parameters
(imaginary part of the coefficients) play an important role in driving these oscillating islands.

I. INTRODUCTION

Resistive tearing instability is important in many
aspects; it concerns problems such as confinement in labora-
tory plasmas and conversion of magnetic energy to thermal
and kinetic energy. The nonlinear evolution of a single tear-
ing mode has received much attention.' Saramito and
Maschke® applied bifurcation theory for compact operators
to the general problem of the nonlinear solution of the three-
dimensional (3-D) incompressible viscoresistive magneto-
hydrodynamic (MHD) equations, and they proposed that
there exists a saturated tearing mode state when S, (the
magnetic Reynolds number) exceeds the critical value,
where the original equilibrium loses stability. Recently,
Grauer’ has studied the nonlinear interactions of two tear-
ing modes near marginal stability. Applying center manifold
reduction, the resistive MHD equations were reduced to
four amplitude equations, which are significantly easier to
analyze. Compared with the usual small-amplitude expan-
sion, center manifold expansion has two advantages.® First,
the center manifold has been rigorously shown to be locally
attractive,”!° i.e., any solutions that stay sufficiently close to
the original equilibrium must eventually converge to the
center manifold. Thus local time-asymptotic states, such as
steady states and periodic solutions, must lie in the center
manifold. Here, “local” means that the solution is close to
the original equilibrium. Second, unlike the usual small-am-
plitude expansion in which the dependence upon small pa-
rameters must be specified, in center manifold expansion the
order of magnitude of all variables is naturally expressed in
terms of the (small) distance from the marginal equilibrium
state. However, the calculation of the coefficients in the cen-
ter manifold reduction is as tedious as the small-amplitude
expansion and usually numerical evaluation is required.

If the model considered possesses certain symmetries,
the reduced equations can be discussed in general terms
without knowing the coefficients. Even though the presence
of symmetry may complicate the problem by forcing the
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marginal modes to have a multiplicity larger than unity, it
can greatly simplify the reduced equations by selecting only
the terms satisfying symmetry constraints.!""'? Recent stud-
ies of mode interactions for systems possessing symmetries
have been very successful in explaining complicated behav-
ior in some experiments; for example, Taylor-Couette
flow,”* and Faraday’s experiment.'* The model used by
Grauer possesses O(2) symmetry: rotations, elements of
SO(2), act by translation of X—X + X,,, and reflections,
elements of Z(2), act by flipping X —» — X, where X denotes
a coordinate of the system. This O(2) symmetry is common
for systems with circular or periodic slab geometry. Features
of O(2) symmetry-constrained amplitude equations have
been well studied by Dangelmayr,'> Armbruster er al.,'®
and many others.!""'? In these references it is shown that
such systems can saturate at various types of symmetry-
broken states depending on the parameter domain. The pre-
dicted solutions of mixed mode and traveling and standing
waves have been observed in Grauer’s simulations.’

In many circumstances the plasma equilibrium is not
static. For example, in recent tokamak experiments, shear
flow plays an important role in the transition from low- to
high-confinement mode. When shear flow is present, the re-
flection symmetry in Grauer’s model will be broken, while
the translation symmetry survives. Consequently, shear flow
is expected to affect the nonlinear evolution of tearing
modes. In recent numerical simulations, based on straight-
cylinder-reduced magnetohydrodynamic equations, Pers-
son and Bondeson'” have discovered nonlinear oscillating
island states for the evolution of tearing modes, which are
driven unstable by shear flow. They also found that the oscil-
lating island states remain when the spectrum is limited to
include only the modes m/n = 2/1 and 4/2.

In the present paper, we also study the nonlinear evolu-
tion of tearing modes in the presence of shear flow. We treat
a slab geometry model in which the equilibrium profile can
be adjusted so that two modes with wave numbers @ and 2«
are near marginal, while other modes are stable. Thus the
nonlinear evolution in this model is dominated by the inter-
action of modes a and 2a. The slab geometry is adopted for
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simplicity and to be consistent with our previous linear cal-
culations.'®'® Since magnetic reconnection occurs only in a
very thin layer, slab geometry provides a physical picture for
understanding more complicated geometries, such as cylin-
drical and toroidal. To find the asymptotic states of the non-
linear interaction, the dissipative MHD equations are re-
duced to four amplitude equations, using center manifold
reduction. The model that we will use is similar to the one
used in Ref. 7; however, the breaking of reflection by the
presence of shear flow allows the coefficients of the reduced
equations to be complex. Thus the dynamics of the reduced
amplitude equations is more complicated. Employing bifur-
cation analysis, various structures in addition to the oscillat-
ing island states are discovered. Also the roles of the new
parameters introduced by flow (imaginary parts of the coef-
ficients) are identified.

In Sec. II, the basic equations are described, and the
linear results are briefly reviewed. Section III is devoted to
the center manifold reduction, in light of the constraints of
symmetry on the reduced equations. Solutions of the re-
duced equations are discussed in Sec. V. Finally, Sec. VI
contains a discussion and a summary.

1l. BASIC EQUATIONS AND LINEAR PROBLEM

We start from the incompressible dissipative MHD
equations

where all quantities are dimensionless. Space is scaled with
a, the width of the current sheet; time with the Alfvén time
7a = B /\J4mp, where B is a characteristic measure of the
magnetic field; and velocity is scaled with V, =a/7,. The
quantities S, =47a*/n7, > 1,5, =a’/vr, > 1, where y and
v are, respectively, the resistivity and the kinematic viscos-
ity.

Assuming slab geometry and independence of the z co-
ordinate, the magnetic and velocity fields can be represented
as follows: B = 2 Vi¥(x,y), V = 2X Vg (x,p). Thus Eq. (1)
becomes

‘Z_‘tl + V.V =BV + § 7 'V2Q,
_‘Z_’rf+z-(v¢xv¢) =Sz Y—E, (2)

where () andj are, respectively, the vorticity and current in z
direction, i.e., Q = Vig¢=(3*/dx* + 3%/ )bj = V3 i E,
is the external electrical field, which is applied to compen-
sate the magnetic diffusion in the equilibrium state, We as-
sume that the equilibrium state depends only on y, and mag-
netic diffusion dominates the vorticity diffusion, i.e.,
S /8 g ' <1. In the equilibrium state,

Let ¢‘ = ¢0 (y) + ¢1 (xyyyt)) ¢ = ¢O (J’) + ¢1 (x,y,l), where

av . s the subscripts 0 and 1 denote the equilibrium and perturba-
5 + VW= — (Vi/p)VP+ (VXB)XB + S, 'V?V, tion states, respectively. Equations (2) become
JB 4 V%(bl) (¢t)
— = —VX[S7'(VXB VX (VXB), 1 ——( =L N($,.¢,), 3
P X[S7(VXB)] + VX (VXB) (1) 2\ 4, ¢1+(¢,¢‘) (3)
V¥V=0, V-B=0, where
i
d d d d
S — lv4 ’ -~ V2 o AP v R ¥ VZ e il R
v Vi) ax 0 ») dx % ax T wo) ax [V XVj, — Vg, XV,

L= 3 P , N@LY) =2 — Vi, XV

—W)()")a—‘ S7'Vi+ g — : '

X 3x

Here, prime denotes differentiation with respect to y. We
assume that the magnetic null plane is at y =0, i.e,
By (0) = — ¢3(0) =0.

Assuming periodic boundary conditions in the x direc-
tion, the perturbed streamfunctions can be expanded as

P (xyt) =3 Py, (p0)e" ™ 4-ce,

, (4)
i (xpt) =Y ¢y, (n,1)e" ™ +cc.,

where @ = 27/L, and L is the period in the x direction.

The linear tearing mode problem with shear flow has
been studied before.'”! In the region away from the mag-
netic null plane (external ideal region), the magnetic field is
frozen into the flow; hence the global flow can dramatically
change the matching quantity
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A'=—-—1— (aﬁz’x (0+) _ ap, (0~ ))
¥ dy dy

In the region around the magnetic null plane, the tearing
mode is very sensitive to the flow shear. If
[y/aB§(0)e| < |V §(0)/B§(0)], where y is the growth rate
and € is the resistive layer scale length, then convection
dominates the inertia term and the scaling of the tearing
mode growth rate will change.'® Hence, near marginal sta-
bility, even small flow shear will cause 2 significant change in
the linear problem.'” It has also been shown that the stable
tearing mode can be driven unstable'®!*?? by strong shear
flow [VF§(0)/Bs(0)~(1)], provided ¥§(0)F{(0)
— B§(0)B{(0)#£0and S, €S, < 1. In this case, the condi-
tion of A'> 0 for instability is removed; such destabilized
tearing modes have been found numerically.!’
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The magnetic field and shear flow are characterized by
parameters, such as their magnitudes and shear lengths.
Near the parameter values, where two modes with wave
numbers @ and 2« are marginally stable (and all other
modes are stable), the nonlinear evolution can be studied
analytically. There are many situations where we can find
such critical parameter values. One example is a piecewise
continuous magnetic field with a separated double jet flow

f1, y>1,
B, (») ={y, vl <1,
-1, y<—1;
(01 ly[ > b,
Yoy =1V0: b>|y|>1,
0, <1

Here, flow only exists in the external ideal region and the
tearing mode is unstable only if A’ > 0. With the assumed
profiles, A’ is equal to zero at the wave number «,, where

[1—a tanh(a,) ]

Qo

V(z) + (2 _ V(z))eZao(b—l)
— V3 + (2= V3o

Assuming 1 < ¥} <2, there exist two solutions for @, and
by choosing appropriate values of ¥, and b, we are able to get
A, =0and A, =0, while A, <0 for n>3. Thus the above
profiles describe the desired multiple instability. Another
example can be constructed from a magnetic profile where
all the tearing modes are stable, i.e., A, <0 for all n, by in-
cluding a shear flow that drives the tearing mode unstable.
This is the case treated in the numerical simulations of Pers-
son and Bondeson. Again, by choosing the parameters
V'(0)/B’(0),¥"(0)/B"(0), andS ; '/S  'appropriately,
the modes a and 2« can be driven simultaneously unstable
while the other modes remain stable.

=(1-¥3)

Iil. CENTER MANIFOLD REDUCTION

Center manifold reduction and related theorems can be
found in many references'®**** and we give only a brief de-
scription. For simplicity and clarity, let us first look at a
finite-dimensional dynamical system

X=AX + N(X,Y), (5)
Y= BY + M(X,Y), (6)

where matrices 4 and B describe the marginally stable and
stable linear modes, respectively. Observe that the matrix A
need not be diagonalizable, i.e., it can possess a nontrivial
Jordan form. The matrices M and N denote the nonlinear
terms and M(0,0) =0, N(0,0) =0. Thus (X,Y) = (0,0) is
an equilibrium state (fixed point). For the equations linear-
ized about (X,Y) = (0,0), there exists an invariant space
given by (X,Y) = (X,0). When the nonlinear terms are in-
cluded, the center manifold theorem states that there still
exists an invariant subspace called the center manifold. The
center manifold is tangent to the center eigenspace at
(X,Y) = (0,0), as shown in Fig. 1, and has the same dimen-
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FIG. 1. Depiction of the center manifold.

sion as X. Thus the center manifold can be expressed as a
“graph of a function”; i.e., as

(X,Y) = [X,h(X)], (7
with
oh
0)=0, — (0)=0. 8
h(0) aX( ) (8)

Also, if M and N are differentiable to order #, then 4 is differ-
entiable to order r ~'. As mentioned earlier in the Introduc-
tion, the center manifold is locally attractive, and so for the
purpose of finding the local time-asymptotic states, the sys-
tem can be reduced to lower dimension, the dimension of the
center manifold. The dynamics on the center manifold are
expressed as

X=AX+N[Xh(X)]. 9

It now remains to calculate (X)), which is achieved by plug-
ging Eq. (7) into Eq. (6). We have

% (O{AX + N [X A1} = BR(X) + M [X,h(X)].
(10)

In most cases, Eq. (10) cannot be solved exactly for A(X)
(otherwise an exact solution of the original equations would
be found). However, #(X) can be approximated as a Taylor
series near (X,Y) = (0,0) satisfying the conditions of Eq.
(8). Usually only a few terms are needed to describe all of
the local asymptotic states.

The technique of center manifold reduction can also be
extended to partial differential equations. However, the
main center manifold theorem cannot be applied directly to
our present problem, since the spectra of the modes & and 2a
are not exactly on the imaginary axis, but this difference can
be overcome by shifting parameters. Let Z, denote the dis-
tance of the parameters from their critical values, discussed
in the last section, and expand the dynamical system by add-
ing a new equation

Z, =0. (11)
Since the modes @ and 2 are near marginal, Z, is very
small. Taking the equilibrium state of the enlarged system as
(3: ) =0, Z, = 0, the spectrum of this new equilibrium with
wave number a and 2« lies on the imaginary axis.

Similar to Eq. (7), we have in the center manifold
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¢l) (¢nc) i
Jt) = Z" inax
(¢I (xy t) Z2 (t) ¢nc (y)e

n=1,

+ c.c. +h(x,}’,zmzmzo)v (12)

where (i:z ) with » = 1,2 correspond, respectively, to the
critical linear marginal eigenfunctions of modes a and 2a,
Z, are their amplitudes, Z,, is the complex conjugate of Z,,
and function 4 is subject to the following constraints:

ah
h(x,y,0,0,0) =0, — P ;0’0’0 =0,
(x.y ) 3z (x.p, )

n

oh oh
— (x,9,0,0,0) =0,
S (x,p )

n 0

(x,5,0,0,0) =0.

Plugging Eq. (12) into Eq. (3), resulis in the following re-
duced amplitude equations (see the Appendix for details):

Zl =-fl (Zl ’zl 922972,20),

Z, =£,(2,.7,,2,Z,,2,), (13)
with  f1(0)=0, f,(0)=0, (df;/0Z,)(0) =0,
(df;/4Z,)(0) =0, (3f;/0Z,) =0 (n=1,2 and i = 1,2).
For the nonlinear evolution with {Z | small, the functions £,
in Eqgs. (13) can be Taylor expanded. One needs only expand
to some finite order to unfold the new branches of solutions.
However, to just third order, the number of terms is very
large, and calculation of all of the coefficients laborious. For-
tunately in the present model, many terms in the expansion
will vanish because the constraint imposed by the symmetry
of the system. Thus the reduced amplitude equations are
greatly simplified and can be discussed as to the possible
kind of solutions, even without knowing the coefficients. As
noted in the case without flow (4, =0) this model possesses
O(2) symmetry,” and Eqgs. (3) are *“equivariant” under the
following transformations:

¢ ¢
ny(ﬁ//i) (x7y;t) = (¢1) (x +x03y)t),

(8 mo0= () e

where .7, arises because of periodic boundary conditions.
In words, the symmetries imply that if (Z: ) (x,p,2) is a solu-
tion of Egs. (3), then so are 7X0($: ) (x,y,¢) and
F( 3: ) (x,3,t). Inclusion of shear flow breaks the reflection
symmetry, however, the translation symmetry 7, is pre-
served. Thus the reduced amplitude equations (13) are equi-
variant under translation in x, which acts on the amplitudes
(Zl »Zz ) by
j-xo (Zl 922 ) — (eiaxoZl 7621‘&:022 )

[cf. (12)]. The basic monolnial invarEmts for the above
operations are |Z, |?, |Z,|*, Z}Z,, Z}Z,, thus the expan-
sion of Eq. (13) must have the form

Z, =@, +io)Z, +a,Z,Z,

+b5,Z\Z\ P4 e, Z|Z, P+ O(ZY),
Z, =y +i0,.)Z, + 0,23

+b5,Z,\Z, |2+ ¢, Z,|Z, > + O (Z*),

(14)
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where A, -+ iw,. (i = 1,2) are the linear eigenvalues of the
near marginal modes, w, are the eigenfrequencies at the
critical parameters’ values Z, =0, and A, = £(2Z,). For-
mulas for the coefficients of Egs. (14) in terms of the (ad-
joint) eigenfunctions of the linear problem are calculated in
the Appendix. Breaking reflection symmetry allows the co-
efficients a, b, and ¢ to be complex. Similar equations have
been discussed in Ref. 25 for studying the interactions of two
oscillators with 2:1 resonant frequencies. However, these au-
thors mainly discussed the equations near a special degener-
ate parameter regime, where the pure mode solution (cf. Sec.
IV) has double-zero eigenvalues. Here, we are interested in
more general parameter regimes.

Furthermore, the unessential nonlinear term Z, |Z, |
can be removed by a near identity SO(2) invariant coordi-
nate transformation Z, ~Z,,Z, +Z, — (b, /a,)Z?. Equa-
tions (14) become

Z = +io)Z, +a,Z,Z, + ¢, Z,|Z, )2 + £ (ZY),
(15)
Z, = (Ay + iy, ) Zy + a, Z 2

+b0Z,|Z, P+ ¢, 2,12, 1> + £(Z), (16)
where b = b, + 2b,, and the small modification of the coef-
ficient @, is neglected. Now let a, = p; e a, = P4 e,
b =p,,ei€b, ¢, =p &, ¢, =p, ¢ and assume la,a,¢, |50,
We can reduce the number of parameters in Egs. (15) and
(16) by doing the following rescaling:

2,22 [Pz, 7z, Py, P2y
P2 Pa P2 Ps

The rescaled equations are

Z =, +&.)Z + 2,2, +,b,e"‘"z, |Z, 1>+ 2(Z%),
(17)
Z, = (A + 3,.)2Z, + €°Z7
+ € "Z, | Z 2+ €2, |Z, 2+ £(ZY), (18)
where 8=0, +6,, A, = (0,/p3) 1, A, = (0,/p3) Az,
B = (p2/p3) @y, Bae = (p2/P3) 03 P =p1/pP2s
P = P3ps/pP2ps. For convenience, we drop the tilde in the
following discussion. In the next section, bifurcation analy-
sis is employed to find the possible time asymptotic states,

i.e., branches of nonlinear solutions of the reduced ampli-
tude equations that result from the linear instability.

IV. SOLUTIONS OF THE REDUCED EQUATIONS

Bifurcation analysis is the natural technique for finding
the possible time asymptotic states when parameters Z, are
away from but still near their critical values. There are two
types of bifurcations:** “local” and “global.” Local bifurca-
tion is recognized by a change in the stability of a solution.
Depending on how the stability is changed, local bifurca-
tions are again divided into two types: “steady-state” and
“Hopfbifurcations.” If stability is changed because an eigen-
value transverses zero, the bifurcation is of the steady-state
type; if the stability is changed because eigenvalues are pure
imaginary at criticality, the bifurcation is the Hopf type and
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new branches of periodic solutions are often found. As for
the global bifurcation, its existence is not revealed by local
analysis, and will not be considered here.

We are interested in the local bifurcation near the origi-
nal equilibrium (Z,,Z,,Z, = 0). This problem has been re-
duced to the amplitude equations (17) and (18), which may

P2

be rewritten in polar coordinates Z, = r, €%, Z, = r,e'™ as
Fy = (4, +r, cos@ +p, cos 8,7r3)r,, (19)
Fy = pary + cos(@ — )3 + p, cos 8,77 r, +cos 6,73,
(20)
¢ =6— [sin(g—6)(#}/r,) + 2singr, ]
+ pp sin 8,17 + dr3, 2n

where u,=Red,, Bi=ImA, (i=12), §=w, +8,
— 2(w,, +B,), =9, —2¢,, and d=sin 6,
— 2p, sin 6,. Since the frequencies w;, arise mostly from
Doppler shifting, and such Doppler shifts are canceled in the
combination w,, — 2w,., 6 is a small parameter. In the case
without flow, § = sin § = d =sin §, =0, and hence these
are the parameters introduced by flow. Note that what mat-
ters in the nonlinear evolution is the phase difference, not the
individual phases of each mode. Thus the original amplitude
equations (17) and (18) are reduced to the three indepen-
dent ones of Eqs. (19)—(21). (This happens because of the
translation symmetry.) The variation of the individual
phases of each mode are governed by the equations

@ =, + B, +singr, +p, sin 0,73,
@, = w,, + B, —sin(@p — 8)(F2/r,)
+ p, sin 8,77 + sin 6,73

Small-amplitude solutions of Eqs. (19)—(21) have the
following magnetic flux function near the magnetic null line
(for the constant-y tearing mode):

Y= — 1B L(0)y* + r cos(ax + ot + @,)

+ 7, cos[2(ax+ o t+ @) + @], (22)

where @, =w,. +B; +r, sing +p, sin 9,73, and @, is
the initial phase. Note in the above expression we have not
taken into account the rescalings of coefficients, but this will
not change the qualitative physical picture. If w, =0, itisa
steady island state, while if w, #0, it is a traveling island
state. It is interesting to note that a pure mode solution with
r, =0, r, #0still solves the nonlinear interaction equations,
even when higher-order terms are included. This is due to
the symmetry, which has forced many nonlinear interaction
terms to vanish. However, a pure mode of the form r, =0,
r, 50 is not a solution. Contour plots of Eq. (22) with
w,t+ @, = 0and ¢ = Oare given in Fig. 2. If the stability of
the bifurcated solution changes, a secondary bifurcation can
happen. However, a secondary steady-state bifurcation is
not of much interest, since it does not change the magnetic
field structure. What is of interest is a secondary Hopf bifur-
cation. When this happens, Eq. (22) becomes

849 Phys. Fluids B, Vol. 4, No. 4, April 1992

Y= =3B (0)) + [ro + 1y cos(@o?) ]
Xcos(ax + wt+ @) + [0 + 12 cos(wo?) ]

Xcos[2(ax + ot + @) + @5 + @1y cos(wyi) ],
(23)

where o, is the Hopfbifurcation frequency. In this new mag-
netic field structure, the amplitude and phase differences be-
tween the two modes oscillate. If it is not far away from the
secondary bifurcation, then |@,, | <1, and Eq. (23) is close
to a modulated traveling wave state. This is the form of the
oscillating island state observed in simulations by Persson
and Bondeson. Below we will discuss the parameter domains
for the pure mode and the mixed mode solutions with their
secondary Hopf bifurcations. Since only the stable time
asymptotic states are practically observable, we also discuss
stability of the solutions.

A. Pure mode solution (r, =0,r, #0)

In this case, the amplitude equations decouple from the
phase equation and Egs. (19)—-(21) become

b, =0, ¥k =pu,r, +cosb,r,

) . (24)
@, = w,. + B, + sin 92’%’

which have the solution
3= —u,/cos8,, if u,/cos8d, <O. (25)

This solution is a traveling wave state with phase velocity

(@3 + B, +sin6,r%)
2a

_ [ (@5, + B, — (sin 8, /cos 6, M2 ]

N 2a ’
which differs from the steady-state case when there is no
flow. The contour plot of magnetic flux corresponding to the
pure mode is shown in Fig. 2(a). There are two magnetic
islands in one period length. From Egs. (19) and (20), the
stability of this solution is determined by eigenvalues — 2u,
and

Uy ++ — p,/cos 8, cos @ — (p, cos 8, /cos 0, ), .

Since the phase difference @ is arbitrary, the pure mode is

stable when u, >0,andu, + / — u,/cos 8, <0. A second-
ary bifurcation occurs when the stability changes. The first

stability change occurs at u, = 0, which represents the ini-
tial bifurcation of the pure mode. The second eigenvalue
comes from the perturbations of the mode «, thus the sec-
ondary bifurcated solution is a mixed mode solution, which
will be discussed next.

B. Mixed mode solution (r,r, #0)
Equations (19)-(21) yield

cos gr, +p, cos 0,75 = —uy, (26)
ocos(g — 0)r, + (0, cos 0,0+ cos 6,)13 = —u,,
(27)
— [osin(g — 8) +2sin@ 1r, + (p, sin 8,0 + d) 73
= — 6, (28)
X. L. Chen and P. J. Morrison 849
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<———= (a)

<"

\‘\_:_ (c)

FIG. 2. Contour plots of the magnetic flux. (a) r, =0, r, =0.02; (b)
rn =002, r, =002; (¢) r, =0.02, r, =0.01.

where o = r} /15 denotes the ratio of amplitudes of the two
modes. Let us first look at the stability of the solutions,
which is determined by the solutions of a third-order polyno-
mial
A*—d A’ +d,A—d; =0,
where
d, = —2[ocos(g—0) +cosglr, + £(r2),
d, ={[o—4singsin(p — 8)]
— (4r,/a)cos pcos 6,1 + £ (Pr,),
dy =2[ocos@ +2cos(p— ) 1rn
+ (BB + d(orih).

A stable solution requires that d, <0, d, >0, d; <0, If the
three eigenvalues are real, the above conditions are also suffi-
cient. If two eigenvalues are complex, then d,d, —d, <0
guarantees the stability. For d, >0, and d,d, —d; =0,

there exist pure imaginary eigenvalues 4 = + i\/z .Thusa
secondary Hopf bifurcation could occur along
d,d, — d, = 0. Due to the exchange of stability principle,?
the Hopf-bifurcated solution is stable on the side
dyd, —d; >0, while unstable on the side d,d, — d, <0.

(29)
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The side on which the Hopf-bifurcated solution appears de-
pends on the sign of the coefficients of higher-order terms.

Equations (26)—(28) are still very difficult to solve di-
rectly, so we consider several special cases: @ = 0, § = 7, and
6 = 7/2. For the cases 8 = 0 and € = 7, we discuss the dif-
ference made by flow-introduced parameter §. Note that
6 = w/2 is only possible with flow.

(i) 8 =0. In this case, Eqs. (26)—(28) imply

=[O + )+ 670+ D] [1+ 2(m)],
cos @ = — 2y + )/ Qpy + 1) + 8 + (1),
sing = 8/ 2u, + 1)+ 8 + 4 (ry). (30)

In the case without flow, the solution requires that phase
differences of the two modes ¢ must be 0 or 77. Here, @ can be
any value depending on the ratio (2u, + p, )/8. The coeffi-
cients in the stability eigenvalue equation (29) become

dy = —2(0+ 1)cos gpr, + £(13),
d, = [o—4sin® p — (4r,/c)cos @ cos 8, |7 + £(7r,),

dy =2(c+2)cosprir, + O(HRR) + & (orir).

Thus a stable solution is possible only if cos @~ & (r, ), and
either 0>4 or o<1 with —4 — (r,/0)cos @ cos 6, > O.
The secondary Hopf bifurcation is possible also only if the
above conditions are satisfied. From Egs. (30),
cos @~ (r,) requires | (2u, + 1, )/8|~Z(r,) <1. Since
& is the parameter introduced by flow, there exist no stable
solution and secondary Hopf bifurcation in the case § =0
without flow. From Eq. (27), the amplitude ratio o of the
two modes is

#z + 08 6,73

g == Q.

—_ >
(cos @ /ry + p, cos 0,73

When o<1, it is required that 2, + cos 8,72 —0. Obviously,
this is a solution bifurcated from the pure mode solution
along

— P /08 8, = [ (2, + p, ) + 8] /4.

When o1, it is required that either |u,/73|>1 or
lcos @ /7, + p, cos 8, <1,

(i1) @ = 7. In this case, there exists a special amplitude
ratio o = 2, at which the phase difference @ can be any value,
even in the case without flow. We first consider the special
case where o = 2, Equations (26)—(28) yield

= — (2u, +u,)/(2p, cos 8, + 2p, cos @, + cos 6, )
= —&6/(2p, sin @, +d)>0,
Cos@= —u/r,+ ()= —pu,/2r, + 4(r,),

and the coefficients of the stability eigenvalue equations be-
come

d, =2(c— l)cos gr, + O (12),
d, = [0+ 4sin’ o — (4r,/o)cos pcos 6, |7 + O (Firy),
d, =2(c—2)cos grir, + O (RAR) + & (arii?).

Thus a stable solution with o = 2 requires cos ¢ < 0. A sec-
ondary bifurcation is possible only when cos o~ & (r,),
which requires
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2,/ 2y A+ ) ~pa/ 2y + ) ~ O (1),
Now for the case 0#2, Eqgs. (26)—(28) yield
B ={[Qu +4,)+8)/(c—2)1+ ()],

cos @ = =+ (2u, +;u2)/\/(2/11 +,u2)2+52+ﬁ(r2),
(31)

sin@ = 8/\/(2u, +,)> + 8 + 9(ry).
If |r,/cos @ | €1, the solution is stable only if either o> 2,
cos ¢ <0 or o<1, cos ¢ >0. Equations (26)-(28) yield in
this case

— (uy/cos@)[1 4+ O (ry/cos @) ],

7

o= =i o( )]+ ()
M cos @ cos @

The assumption that |r,/cos@|<1 requires that
|1, 8%/ (2, + p,)?| €1. A secondary Hopf bifurcation can
only occur for o < 1, which implies from the above

— M2/ < 1.
Obviously, flow-introduced parameters are not important in
this limit.

If cos ¢ ~ & (r, ), similar to the case discussed in 8 = 0,
it is required that (2u, + u,)/8~(r,).

(iii) 8 = #/2. This case is only possible with flow. The
coefficients of the stability eigenvalue equations become

d, = —2(osing +cos @)r, + 2(73),
d, = [0+ 2sin 2@ — (4r,/0)cos pcos 0, | + O (rir,),
dy=2(ccosp +2sin@)rir, + O(PR) + O (orr ).
When o>+v2, the solution is stable only if sin@>0,
cosp<0, —o/2<tangp< —1/0, and o+ 2sin2¢>0.
When o <v2, the solution is stable only if sin @ <0,
cos@>0, —o/2>tan@p> —1/0, and o4 2sin2gp
— (4r,/0)cos @ cos 6, > 0.

Assuming o> 1, Egs. (26)—(28) give

rayQu +p,)* + 870,
cos o= — 8/3J (2, +p,)° + &,
sin = — u,/\ Quy +p2)* + 8%

(32)

Equations (32) imply that |u, /u, | €1, 0r |u, /8| € 1. A sec-
ondary Hopf bifurcation occurs when |tan @ |~1/0«]1,
which implies that |u, /8| < 1.

From the above calculations, we see that flow can signif-
icantly affect the nonlinear evolution of tearing modes. In
the case without flow, a secondary Hopf bifurcation can only
occur with 8 = 7, o < 1, or o = 2. Thus shear flow plays an
important role in driving the oscillating islands with (o> 1)
in the simulations of Persson and Bondeson.

V. SUMMARY AND DISCUSSION

The nonlinear evolution of plasmas can saturate in time
asymptotic states, or a transition to turbulence may occur.
Generally, the governing partial differential equations are
analytically intractable and so we are unable to predict these
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asymptotic states. However, in recent years, studies of non-
linear finite-dimensional systems have been successful. Very
complicated behavior, even chaotic states, have been found
in finite-dimensional systems. Since finite-dimensional sys-
tems appear to possess solutions as complicated as those ex-
pected for the plasma evolution, it is natural to attempt to
model the dynamics of plasmas by some finite system. This is
also reasonable physically, since in many situations only a
finite number of degrees-of-freedom are excited. For exam-
ple, magnetic island coalescence?” can be modeled by the
interaction of two modes « and 2. Thus the model equa-
tions are the same as Eqs. (14) with the restriction that the
coefficients be real. Given the pure mode state, i.e., that there
are two magnetic isiands in one period length, the analysis in
Sec. III A tells us that this pure-mode state is stable only if
My >0, 1y + ) —p,/cos 8, <0. For the magnetic profiles
chosenin Ref. 27, 4, > 0if i, > 0. Thus the given pure mode
is unstable and will evolve to a mixed-mode state, i.e., two
islands in one period length will coalesce. In another exam-
ple, Parker et al.*® studied the nonlinear evolution of tearing
modes without flow, using the period length as the bifurca-
tion parameter. When the period length is short, only one
tearing mode is excited, then the finite time asymptotic state
is the usual saturation state. When the period length be-
comes longer and longer, more and more modes will be excit-
ed. This can be modeled as the interaction of two, three, or
more modes. The symmetry [O(2) ] will limit the nonlinear
terms in the model amplitude equations, and enable us to
discuss the solution in general terms. Even though the above
suggested reduced models are not rigorously justified, they
give some qualitative insight into the problem. For the inter-
action of near-marginal modes, the model can be justified by
using small-amplitude or center manifold reduction. Strictly
speaking, these reductions are valid only close to the original
marginal equilibrium, however, very often results are valid
well away from marginality.

In the present paper, we have studied the interactions of
two near-marginal tearing modes with wave numbers a and
2a in the presence of shear flow. This is the simplest case of
mode interaction that is relevant to the Bondeson and Pers-
son simulations. Employing the center manifold reduction
method, the resistive MHD equations were reduced to am-
plitude equations. The model that we used is similar to the
one in Ref. 7, however, the presence of shear flow in our
problem breaks the reflection symmetry, and allows the co-
efficients of the reduced equations to be complex. The most
important parameters introduced by shear flow are § and sin
8 #0. The bifurcation analysis was used to find possible time
asymptotic states in different parameter regimes. Various
states such as traveling and oscillating magnetic islands were
found, and their observable parameter domains were also
discussed. It was shown that shear flow plays an important
role in driving this oscillating island state with o> 1, i.e., the
mode a dominates the mode 2a. Finally, we like to point out
that we have only studied interactions of tearing modes at
the same magnetic null plane (single helicity). For systems
with multiple magnetic null planes, magnetic islands of dif-
ferent null planes (different helicities) can overlap and give
rise to stochastic magnetic structures.
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APPENDIX: CALCULATION OF COEFFICIENTS

h(x,p) = Zﬂzm(t)zn(r) (Z"‘”)

+ 3 Zm(t)Zn(t)Zp(t)(¢””P)+..,.

mnp =04 ¢mnp

Inserting Eqgs. (12) into Egs. (3), and equating terms of
order & (|Z]) yield the linear problem

4

Let L =L, + AL, where L_ corresponds to the linear Bre V24,
operator at criticality, and L. ( " ) — ,,c( " ) =Q. (A1)
AL = ;é‘ Z,. The corresponding adjoint problem is
0 1 Zp=0 i 271
— — \
Here, for convenience, we denote Z, and Z, by Z, and Z,, L i(gs"”) - iwnc( L "c) =0, (A2)
respectively. The function 4(x,p) in Eq. (12) is expanded in Une Une
powers of the amplitudes with
j
a4 d ad d
S — Iv4 VZ - 2 " v Y
(¥ O e o=
° a d 4 d
rVZ_ v Y Y S-1V2_ Y
lﬁo 1 ax + w a a R S ¢0 ax
The normalization is defined as
1 Vi) + Wherthae) = [ [ BoVibre + o) dy = 5,
To order & (]Z |*), we obtain
¢mn ) Vi ¢mn ¢inh
z,z, [‘3( — i@, +o,) = (A3)
0<m§<:n<4 wmn ¢mn l/’inh

with

A = A
Binn = [(E:;‘ ZyZ, + alzlzz)vf(blc + (}‘2—

0

1

E Zmzn e

tamuinsd 1 6,,,,,

Z,Z, +a22f)Vf¢26 +c.c.] +

a a0 a ) g ] a f
X( ¢mc ne — ¢mc he _ ¢mc a_]nc zﬁmc ajnc + terms interchanging m and n)
dx Gy dy ox dx dy dy IOx
AL
— —2Z, 2 R
= HZ 0¢mc
b = |( 22 +022 )0+ (2202 + Wzt tee]+ 3 zz, L
ZO ZO t<munad 1+ 5mn
e Wne  Oppme Oy . . ) & 9L
X - terms interchangin and #n) — Zye-
( Ix dy Ix + ? Bing m ,,,Z=1 8z, o

Considering, respectively, terms with Z,Z, and Z,Z,, one can obtain the following through the Fredholm solvability
condition:

Zo ff( ¢lc+$‘c

f f( 5 OL aL g+ ¢;c ¢2¢)dx .

Actually, if we had already solved the lmear problem, A, and 4, could be written down immediately. For terms with Z, Z,, re-
write Egs. (A3) as

_ ¢n) . (w)] [ (vmz) (vm)
Z.Z|L. — i, - —2
[ (zpn @i\ g, How = 2o\ )y )t

In the linear problem, the eigenfrequencies arise mostly from Doppler shifting, so @ = w, — 2w, is a small quantity. Since

dllc)dx dy!

--}Zzz.

852 Phys. Fluids B, Vol. 4, No. 4, April 1992 X. L. Chen and P. J. Morrison 852

Downloaded 17 Dec 2009 to 128.83.61.179. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp




7 21 71 noA 1

(3‘2) + (ZI ) is also a solution of the above equations, the gauge is defined by (¢1.,V:d3,) + (¥1.,¥5, ) = 0. Applying the
Fredholm solvability condition to the above equation yields
a fJ [ ( a¢1c aVZ ¢2c _ a¢2£ aVi ¢Ic + a¢lc aVi ¢2c + a¢26 aVi ¢lc + a¢lc avi ¢20 + a¢2c avi ’/’u
: Ay x  dy dy I EE ax I x Iy
a¢lc an ¢2c a¢2c avi ¢/lc) W ( a¢lc a¢20 a¢lc a¢2c a¢20 alr/jlc a¢20 a¢1c)]
- — dxdy + 0 (w).
* % o Tt )T\ Tm Ty Ty x| T
(A4)
Similarly, we obtain
( ([ (a¢lc av2¢|c a¢lc avl ¢lc . a¢'1c av2 ¢lc a¢lc avz ¢Ic
b \dx dy dy Ox ox oy a"y ox 7/
- (04,. 3 a,. d
lpﬁ( ¢lc ¢lc ¢Ic ¢1c>] dx dy+ ﬁ(w) (AS)
dy dy OJx
So, a, and a, are determined by linear marginal eigenfunctions to order & ().
Continuing the procedure, coefficients of order & (|Z |*) are calculated:
b ff[ (a¢ll aQ}c a¢ll 5930 _al/’“ aj}c a¢ll aj}c a¢13 aﬂlc _a¢13 a‘()’lc _alpl} aj]c
‘ dy dy Jx dx d dy Ix Ix dy dy dx  Ix dy
vy, 4 -, (84, 9 ddy, 0 dp,; I ad,, 9
Vs jlc)-l’iﬁfc( By, s, . P11 O, P13 Iy _ P13 1//1c)] dx dy, (A6)
dy dx dx dy dy dx ox dy dy dx
b — J‘ J‘ [51 (3¢|z 00y, O, I Iy s Oy Gso | Oyy IV Fbay I I e
2 2\ ox dy dy dx dx dy dy Ix dx dy dy Ix dx dy
+ a¢’23 ajlc a¢13 aQZc _ a¢13 aﬂ2c _ a¢13 ach a¢13 aj2c )
dy oJx ax dy dy Ix dx dy dy Ix
llléc (a¢12 81/13‘. _ a¢12 a‘b:';c a¢23 a¢lc _ a¢23 a¢lc a¢13 a¢2c‘ _ a¢13 a¢20)] dx dy, (A7)
dx dy dy Jx dx dy dy x x dy dy dx
¢ ff[ (a¢l2 5040 _a¢12 aﬂl&' _a¢12 aj4c a“A!Z aj4c a¢24 aﬂlc _a¢24 anc _a¢24 ajlc
: dy dy Ox ax dy  dy Ix  Ix dy Ox x Iy
8¢24 a.]lc a¢l4 aQZc - a¢l4 aQ2c _ a¢14 aj2c a¢l4 aj2r.‘>
dy Oox dx dy dy x dx dy dy ox
i (P Y30 B S e B S | By D S Do)y, A%)
dx 9y dy ox dx dy dy x dx dy dy Ox
o [ [ 3B B B e O D\ G B D P Iss e
? *\ox & dp ox dx dy I ox  Ix dy Iy Ix
O B O B g (U b By Db e D Os D), A9)
dx dy dy OJx dx dy dy x dx dy dy Ox
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