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PRACTICAL GENERALIZED ENERGY PRINCIPLES FOR DETERMINING
LINEAR AND NONLINEAR STABILITY

P. J. Morrison and M. Kotschenreuther
IFS, UNIVERSITY OF TEXAS, AUSTIN 78712

We present generalizations of the ideal MHD energy principle, W, for fiuid
and kinetic models, that can handle equilibrium flow and FLR effects. The
usual energy principle arises because the Hamiltonian has standard kinetic
energy and potential energy terms, in which case stability is determined
by the potential alone. More generally in Hamiltonian systems, the total

_energy can serve as a Liapunov functional. Although the Hamiltonian
structure of continuous media expressed in Eulerian variables is not of the
canonical form, it still has this built in Liapunov functional feature. There
is a generalization of the Hamiltonian, a generalized free energy (F), that
has equilibria as stationary points and for which definiteness of the
second variation, 82F, is sufficient for stability. This definiteness of 82F
is a more dependable criterion for practical stability than conventional
linear spectral stability. Indeed, sometimes linear theory is highly
misleading because nonlinear instability for arbitrarily small pertubations
can arise. This can occur only when §2F is indefinite. We will show that
52F - not the second variation of the physical energy-is the appropriate
perturbed energy. When 52F is indefinite there exists either instability or
a negative energy mode (direction in function space). (Comparison with
the Sommerfeld-Brillouin condition, wdedw < 0, will be made.) The later
can result in explosive instability even though spectral theory indicates
stability. One can use 52F in much the same spirit as 3W ; i.e. insert trial
functions and then vary parameters to search for indefiniteness. A further
test is used to distinguish linear instability from negative energy
directions. We emphasize that 52F is applicable even if the dielectric
functional is intractable or not even defined. We will present examples.

- In particular we find that the 82F velocity threshold for the warm
two-stream instability is lower than that of conventional linear theory.
We also examine some MHD equilibria with flow and FLR effects.
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