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Review HAP formulations with plasma applications.

“Hamiltonian systems .... are the basis of physics.” M. Gutzwiller

Thanks: mentors, colleagues, students ....



Finalized Course Overview

. Review of Basics (finite — infinite)

. Ideal Fluids and Magnetofluids A

. Ideal Fluids and Magnetofluids B

. Ideal Fluids and Magnetofluids C

. Kinetic Theory — Canonization & Diagonalization, Continu-
ous Spectra, Krein-like Theorems

. Metriplecticism: relaxation paradigms for computation and
derivation
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Action Principle

Hero of Alexandria (75 AD) — Fermat (1600's) —

Hamilton's Principle (1800's)

The Procedure:
e Configuration Space Q:  ¢*(¢t), i=1,2,.... N +— #DOF
e Kinetic - Potential: L=T-V TQxXR—R

e Action Functional: paths — R

Sl = " L@.d.0 e, Salto) = da(t1) =0

Extremal path == Lagrange’s equations




Variation Over Paths

Slapatn] = number

Functional Derivative: < vanishing first variation

55
lal _ —

dq*

LLagrange’s Equations:
OL doL 0
oqt  dtdgt




Hamilton’s Equations

. — 9L

Canonical Momentum:  p; = o

Legendre Transform:  H(q,p) = p;¢* — L

OH
Oq*’

_ oH
Op;

)

q

Di = —

Failure of LT (not convex) == Dirac constraint theory

Phase Space Coordinates: z = (q,p)

p . OH - 0 I
T — 70 7Y — N N
< Jc 82’]7 (Jc ) ( _IN ON) )

symplectic 2-form = (cosymplectic form)—l: ngjg’“ — 5,{?“,



Phase-Space Action

Gives Hamilton’s equations directly

Slg,p] = /tzldt (pid’ — H(q,p))

Defined on paths ~ in phase space P (e.g. T*(@Q) parameterized
by time, ¢, i.e., 24(t) = (¢4(t),p~(t)). Then S:P — R. Domain
of S any smooth path ~ € P.

LLaw of nature, set Fréchet or functional derivative,to zero. Vary-
ing S by perturbing path, éz,(t) , gives

. OH : OH d :
op; | ¢" — — | — 64" | p; . — (p;0q°
p; (q (fm) q <pz—|— aq%> T (pz q)
Under the assumption dq(tg) = dq(t1) = 0 , with no restriction
on Jdp, boundary term vanishes.

t
0

Admissible paths in /P have ‘clothesline’ boundary conditions.



Phase-Space Action Continued

a 4
9, o
A
(3' ©
f)
.
t
: OH OH
0S=0 = ¢ = and p;=—, 1=1,2,...
op; 9q"

Thus, extremal paths satisfy Hamilton’'s equations.



Alternatives

Rewrite action S as follows:

Slz] = /ttldt @wgﬁz%ﬁ — H(z)) =: [y(dQ — Hdt)

0
where df is a differential one-form.

Exercise: What are boundary conditions. General 67

Exercise: Particle motion in given electromagnetic field B = VxA
and E= -vg¢ - 192

t 1 2
strpl = [t pei— o [p - CAG0)| - eotrn)|.

Show Lorentz force law arises from S.



Generalized Hamiltonian Structure

Sophus Lie (1890) — PJM (1980)....

Noncanonical Coordinates:

. g . A ..
g = 900 = [ H). (4, B] = %ﬂ(z)

0B
OzJ

Poisson Bracket Properties:

antisymmetry —  [A, B] = —[B, 4],

Jacobi identity —  [A,[B,C]] + [B, [C,A]] + [C,[A,B]] =0
G. Darboux: detJ =0 — J — J. Canonical Coordinates

Sophus Lie: detJ = 0 == Canonical Coordinates plus Casimirs

Matter models in Eulerian variables: J¥ = C? k « Lie — Poisson Brackets



Flow on Poisson Manifold

Definition. A Poisson manifold P is differentiable manifold with
bracket [,] : C°(P) x C®(P) — C®°(P) st C®°(P) with [,] is
a Lie algebra realization, i.e., is i) bilinear, ii) antisymmetric, iii)
Jacobi, and iv) consider only Leibniz, i.e., acts as a derivation.

Flows are integral curves of noncanonical Hamiltonian vector
fields, JdH.

Because of degeneracy, 3 functions C st [f,C] = 0 for all f €
C>°(P). Called Casimir invariants (Lie's distinguished functions.)



Poisson Manifold P Cartoon

Degeneracy in J = Casimirs:

[f,C]=0 Vf:P—>R

Lie-Darboux Foliation by Casimir (symplectic) leaves:

VC(@) q_l

C® = constant

/
.




Hamiltonian Reduction

Bracket Reduction:

Reduced set of variables (q,p) — w(q,p)

Bracket Closure:

[w, w] = c(w) f(g,p) = fow= f(w(g,p))

Chain Rule = vyields noncanonical Poisson Bracket

Hamiltonian Closure:

H(q,p) = H(w)

Example: Eulerian fluid variables are noncanonical variables
(pjm & John Greene 1980)



Reduction Examples/Exercises

o Letge Q = R3 and define the angular momenta L; = €;9Pk,
with 4,7,k =1,2,3. Show [Li,Lj] = fzg(L) What is f’L_]?

e Given wy, = L{(q)p;, with i = 1,2,...N, find a nontrivial
condition on L% that ensures reduction.



Why Action/Hamiltonian?

e Beauty, Teleology, ...: Still a good reason!

e 20th Century framework for physics: Plasma models too.

e Symmetries and Conservation Laws: energy-momentum . . ..

e Generality: do one problem = do all.

e Approximation: pert theory, averaging, ...one function.

e Stability: built-in principle, Lagrange-Dirichlet, oW, .. ..

e Beacon: motivation, e.g. 3 co-dim KAM theorem? ....

e Numerical Methods: structure preserving algorithms:
symplectic/conservative integrators, . ...

e Statistical Mechanics: energy and measure.



Functionals

Functions: number —— number e.dg.

example

Generalized Coordinate: g(t) = A cos(wt + ¢)

Functionals: function —— number e.dg.

examples

Hamilton's Principle: S[q] = %fttol L(q,q,t)dt.

Vlasov Energy: H[f] =2 [ fv2dxdv + 3 [ E?dx.

f:R* =R

e.g. SHO

F:1L2 SR



Functional Differentiation

First variation of function:

5f(z:62) = fj af(‘f’

i=1 Y%

)5Z’L:vf5z7 f(Z):f(Z]_,ZQ,...,Zn).

First variation of functional:

OF[u; du] = diF[u + € du]
€

= o ou oF dr =: <5—F,5u> :
e=0 0 5u(213) ou

dot product - <— scalar product <, >
index 1 <— integration variable x

: of(z) : . : O F [u]

gradient 0z, <— functional derivative Sulz)

Vary and Isolate —— Functional Derivative




Functional Differentiation Examples/EXxercises

e Given
3 2

H[u]=/daz v _ s o u:T—R
T 6) 2

What is du/dx?

e Given
1
E[E] = —/ 43z [E|2
> Jr

What is 6£/0E? For E = —V¢, how are 4E/JE and 6E/d¢
related?



Relativistic N-Particle Action

Dynamical Variables: q;(t), p(x,t), A(x,t)

N / 2
Slg, 9, A] = — Z /dt mcy/1 — q—zz +— ptle kinetic energy
i=1 ¢

coupling — —e/dt 261 /d3az [¢(x,t) + % : A(az,t)] 0 (x —q;(t))
field ‘energy’ — +8i7r/dt/d3x [EQ(x,t) — BQ(x,t)] :

Variation:
S

Sqi(t)
58 59
Sod(x,t) 0, SA(z,t) 0

0 = EOM & Fields,

= ME & Sources




All done?



Irrelevant Information

Reductions, Approximations, Mutilations, .. .:

— Constraints (explicit or implicit) = Interesting!

Finite Systems

B-lines, ptle orbits, self-consistent models, ...

Infinite Systems

kinetic theories, fluid models, mixed . ..

Lagrangian (material) or Eulerian (spacial) variables



Big Actions to Little Actions

Hamiltonian B-lines: Set ¢ = O, specify B, let rq — 0

S[r] = / A-dr  Kruskal (52)

Hamiltonian ptle orbits: Specify ¢ and B non-selfconsistent

Standard ptle orbit action — tools

Hamiltonian self-consistent models: Specify ¢ and B partly

Single-Wave Model: OWM(71), Kaufman & Mynick (79), Ten-
nyson et al.(94), Balmforth et al. (2013), ...

Multi-Wave Model: Cary & Doxas, Escande, del-Castillo, Finn,
... Evstatiev (2004)

Moment Models: Kida, Chanell, Meacham et al. (95), Shadwick
..., Perin et al. (2014).



Finite DOF Hamiltonian VVocabulary

Integrable 1 DOF

Poincare Section 1.5 DOF

KAM integrable limit

Invariant Tori good surfaces

Island Overlap broken surfaces

Chirkov-Taylor Map chaos

Greene’s Criterion tori far from integrable

Renormalization universality

Spectra no asymptotic stability

Stability Lagrange §2W, Dirichlet 62H, Energy-Casimir §2F,. . .

Normal Forms stable = H = Y w(q¢? + p?)/2, linear/nonlinear



Infinite DOF Hamiltonian VVocabulary

Integrable KdV, ..., rare, Greene and Kruskal

KAM active area in mathematics

Spectra discrete, continuous

Stability  62W, 6°H, 6°F

Normal Forms linear/nonlinear perturbation theories

Action Reduction  direct method of calculus of variations
Noether’'s Thm energy-momentum tensor only believable way

Hamiltonian Reduction little systems from big, exact/approximate
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Magnetofluid References

Numbers refer to items on my web page: http://www.ph.utexas.edu/~morrison/ where all can
be obtained under ‘Publications’.
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Lagrangians, including Eulerian variations.

186. I. Keramidas Charidakos, M. Lingam, P. J. Morrison, R. L. White, and A. Wurm,
“Action Principles for Extended MHD Models,” Physics of Plasmas (2014). Discussion of
two-fluid action and extended MHD. A complicated Lagrange to Euler map is described.

185. K. Kimura and P. J. Morrison, " On Energy Conservation in Extended Magnetohydro-
dynamics,” Physics of Plasmas 21, 082101 (2014). A discussion of how ‘ordinary’ derivations
can lead to incorrect results.
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Two-Dimensional Gyroviscous MHD,” Physics of Plasmas 21, 082102 (2014). Derivation
of Braginskii MHD from an action principle, derivation of the gyromap, and Hamiltonian
reduction.
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138. P. J. Morrison, “On Hamiltonian and Action Principle Formulations of Plasma Dy-
namics, in New Developments in Nonlinear Plasma Physics: Proceedings for the 2009 ICTP
College on Plasma Physics, eds. B. Eliasson and P. Shukla, American Institute of Physics
Conference Proceedings N0.1188 (American Institute of Physics, New York, 2009) pp. 329—
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91. P. J. Morrison, “Hamiltonian Description of the Ideal Fluid, Reviews of Modern Physics
70, 467-521 (1998). A comprehensive survey of Hamiltonian and action principles for fluids.



General Method for Building Actions
Applied to Magnetofluids

Ex Post Facto Discovery vs. Ab Initio Construction



Senior Progeny

Computability and Intuition

Reductions —

ViIasov-Maxwell, two-fluid theory, MHD, ...
Neglect clearly identifiable dissipation —
Action principles and Hamiltonian structure

identified ex post facto



Simplifications: Reduced Fluid Models

Approximations:

asymptotic expansions, systematic ordering
Model Building:

Mutilations, put it what one this is important, closures etc.
Other Progeny:

Gyrokinetics, guiding-center kinetics, gyrofluids, ... .

Hamiltonian? Action?



Building Action Principles Ab Initio

Step 1: Select Domain

For fluid a spatial domain; for kinetic theory a phase space

Step 2: Select Attributes — Eulerian Variables (Observables)

L to E, map e.g. MHD {wv, p, s, B}. Builds in constraints!

Step 3: Eulerian Closure Principle

Terms of action must be ‘Eulerianizable’ = EOMSs are!

Step 4: Symmetries

Traditional. Rotation, etc. via Noerther — invariants



Closure Principle

If closure principle is satisfied, then

i) Equations of motion obtained by variation are ‘Eulerianizable’.

ii) There exists a noncanonical Hamiltonian description.



Ideal Fluid and MHD



Fluid Action Kinematics

Giuseppe Luigi Lagrange, Mécanique analytique (1788)

LLagrangian Variables:

Fluid occupies domain D eg. (z,y,z) or (x,vy)

Fluid particle position  ¢(a,t), q:D — D
bijective, smooth, diffeomorphism,

Particle label: a e.g. ¢(a,0) =a.

Deformation:

Determinant: J = det(q"'j) + 0 = a(q,t)

Identity: g kak = o



Volume: d3¢ = Jd3a
Area: (d2q),; = ja’?i(dQCL)j
Line: (dg); = qu(da)j

Eulerian Variables:

Observation point: r
Velocity field: v(r,t) =7  Probe sees ¢(a,t) for some a.

Whatisa ? r=g¢q(a,t) = a=q 1(rt)

v(rt) = 4(a, )| ;=411



IDEAL MHD

Attributes:

Entropy (1-form):

8(T7 t) — 80|a:a(r,t) y
Mass (3-form):

pd3z = pod3a = p(r,t) = ro :
J la=a(rt)
B-Flux (2-form):
- qu]
B-d°xz=By-d?a = B'(rt)=-21"= 0

a=a(r,t)



Kinetic Potential
Kinetic Energy:

1 , 1
Klg = /D apoldl? = 3 /D 31 p|v)?

Potential Energy:

Vi = | d®apov(po/T.s0,ld';B |/j>— [ e ovip.s, 1B
= /daPoU(Po/j So)+2 ’jz

Action:
S[q]:/dt(K—V), 5S=0 = Ideal MHD

Alternative: Lagrangian variations induce constrained Eulerian
variations = Serrin, Newcomb, Euler-Poincaré,

Stability: 6W, Lagrangian, Eulerian, dynamical accessible, An-
dreussi, Pegoraro, pjm. (2010 — 2014)




Equations of Motion and Eulerianization



Hamiltonian Structure

Legendre Transformation:

5L .
P = 5— = poq L — H
q
1 1]q" B}
H:_/ B lnl2 /d3 2 | L1
5 15 a|p|©/po + L da | po (po/T 80)-|-2 72
Poisson Bracket:
SFOG OGOF
{F,G}Z/ d3a =
D 0q*0p;  0q"Op;

EOM:

q=1{a,H} =p/po p=A1p,H} = pod = ...

Complicated pde for g(a,t). Exercise. Derive it.



Eulerianization

Momentum:
%, 1
p—v=—pv-Vv—Vp—|——J><B
ot C
Attributes:
dp
o _v.
gt (pv)
S
P p— J— . v
8t (V) S
B
%z—VszVx(va)

Thermodynamics:



Infinite-Dimensional Hamiltonian Structure

Field Variables:  4(u,t) ed. p=ux p=(x,v), ...

Poisson Bracket:
0A 0A
A Bl = | — —d

Lie-Poisson Bracket:

{A,B}=<w,[5A 5A]>

5y’ &
Cosymplectic Operator:

Form for Eulerian theories: ideal fluids, VIasov, Liouville eq,
BBGKY, gyrokinetic theory, MHD, tokamak reduced fluid mod-
els, RMHD, H-M, 4-field model, ITG .. ..

Whence?



Eulerian Reduction

Flq,p] = Flv, p, s, B]

Chain Rule = yields noncanonical Poisson Bracket in terms of
Eulerian variables (pjm & John Greene 1980)

It is an algorithmic process. Manipulations like calculus.

Hamiltonian Closure:

H = /D 3z (p|v|2/2 + pU(p, s) + |B|2/2)



Chain rule to density Eulerian variables, {p,o, M, B}

{FG}__/d3 5F 8 6G 6G O OF
’ o SM;dxi 5M; — 5M,; dxi 5 M;

OF 0G oG 5F OF 0G  0G OF

SM " sp M 5p SM 6o oM o

OF F

+ B- [ V(SG—(SG-V(S—]

oM 0B oM B
OF\ o 0 OF
oo () - v(29) o
oM/ oB oM/ oB

Eulerian Hamiltonian form:

dp 0s ov 0B

P — H = H — = H}y, and —={B,H}.
Ot . HY, Ot {s, H}, Ot {v, H}, an Ot 1B, H}
Densities:
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Magnetofluid B Overview

e Complete MHD

e Other magnetofluids. More ab initio construction



Infinite-Dimensional Hamiltonian Structure

Field Variables: ¥ (u,t) ed. pu==z, p=(x,v), ...

Poisson Bracket:
0A 0A
A Bl = | — —d

Lie-Poisson Bracket:

(A,By = (4, [

5o )

Cosymplectic Operator:

Form for Eulerian theories: ideal fluids, VIasov, Liouville eq,
BBGKY, gyrokinetic theory, MHD, tokamak reduced fluid mod-
els, RMHD, H-M, 4-field model, ITG ....

Whence?



Eulerian Reduction

Flq,p] = Flv, p, s, B]

Chain Rule = yields noncanonical Poisson Bracket in terms of
Eulerian variables (pjm & John Greene 1980)

It is an algorithmic process. Manipulations like calculus.

Hamiltonian Closure:

H = /D 3z (p|v|2/2 + pU(p, s) + |B|2/2)



Chain rule to density Eulerian variables, {p,0 = ps, M = pv, B}
OF 0 6G 0G 0 OF

{F,.G} = —/d3 .
oM Ox S M; 5Mj8:133 oM;

6F 386G _6G _4F SF _6G 8G _GF
+ p|l— V= — +o V— - v
s Y op om Y op M S0 M do

OF 0G oG OF
B . i v
+ [5M V(SB oM V(SB]

+ 489 (57) 55~ (5ar) 5]

Eulerian Hamiltonian form

dp do OM OB
= H = H =M. H d —={B.H\.
Ot o H}, Ot lon H} Ot {M, H}, an Ot B, H}
What is

op(z) _

dp(x’)



Chain rule to density Eulerian variables, {p,o, M, B}
OF 0 ¢ d OF
{RG}::—/d3 G ¢ 9
oM OxJ § M 5Mj8:133 oM

OF 0G oG 5F OF 0G  0G OF

oM op SM 5p SM 60 &M oo

OF 0G oG OF
B . \V/ i A
+ [5M §B &M V(SB]

+ 489 (57) 55~ (5ar) 5]

Eulerian Hamiltonian form

dp S0 oM 9B
! = ,H’ — = ’H, —_ = M,H,ad—: B,H
Y {p, H} ey {o, H} ey { b, an ey { }
What is

dp(x) _ /
sp(a) 0(x —x') ?




Chain rule to density Eulerian variables, {p,o, M, B}

OF ) ) F
{F,G}z—/d3er- 0 0G _9G 9 ¢
D 5Mj oxJl d M; 5Mj(9:€=7 oM;

SF  _6G 6G _OF SF _6G &G _GF
+ pl— V—— Ve |+ — . v— — i v
SM " 8p M 8p SM S0 SM  So

OF 0 0 F
+ B.[_.VG_ G.vé_]
oM oB oM B
OF\ 0 0 OF
oo (30) i< (2) 5]
oM/ oB oM/ oB

Eulerian Hamiltonian form

9 9 M B
P—pmy. P —om, My my ) and %—tz{B,H}.

ot ot ot
What is
1 .
op(x) = 6(x — a:’) 3q- = &
op(x’) o¢)



Explicit Eulerian Reduction

Reduce Lagrangian Hamiltonian description to Eulerian Hamil-
tonian description.

Recall.

Hamiltonian:

H=_[ dalpPlpo+ [ d*a (poU(p0/ T ) 4 1195007
=5 /p Pl /PO n poUpPo/J 5 S0 > 72
Poisson Bracket:
OF o 0GOF
{F,G}=/ d3a . G_ G
D 0q*op; 04 op;
EOM:
%

i= {00y =p/p0  H={pH}=poi =~



Functional Chain Rule

Suppose functionals F' and G are restricted to Eulerian variables

Flq,p] = Flp,s,v, B].
Then, variation gives

SF _
/d3 <— 5+ = 5p>=5F
p

OF

5F §F
= [ B (Lsp+ 55+ °F 5y 4 °F 558
/ ( Pt ds s ov vt 0B )

Here, {dp,ds,dv,0B} induced by (dq,dp). How?

Recall

PO
1) =2
p(r,t) 7

. 3
— /Dd apo(a)d (r—q(a,t)) .

a=a(r,t)
Thus

—/Dd3apoV5(r—q)-5q, ds,0B,0v = ...



Insertion of 6p etc. gives
/d3 (— (5q—|—— 5p> /d3 /Dd?’apOV(S(r—q)-(Sq—l—... :
p

Interchange integration order, remove fDd3a since oq arbitrary
gives

OF o)
— =0,
0q

§F §F SF

F
O O O
p+ 853—'_ U5U+ Bsp’

0

where the O’'s are operators involving integration over d3z and
Dirac delta functions. Upon insertion with similar expression for
O0F/ép, doing some rearrangement, and dropping the hats, yields
—



5F 5 ) OF
{F,G} = —/d3 G _ Gv.
Sv op v
n V X v 5G OF n Vs OF6G OGOF
P ov (51) I ds ov  Jds ov
15F 0G 100G _OF
+ B- Ve—e-——-V—
P Sv OB p 0v 0B

| 10F\ OG 160G\ OF
+ B |V . =—-Vv|= :
I pov/) OB pov/) OB

Then M = pv and o = ps gives Lie-Poisson form.



Other Magnetofluids



Braginskii MHD

p(vp+v-Vv)=—-Vp+J xB+V- T

Gyroviscosity Tensor: T;; = pN]SZ g;z

Action:

Slal = [dt (K +G - V),

Gyroscopic Term:

G :/d3n*-'=/d3M*.
[Q] I a q n x )

where

0S[gl =0 = Braginskii MHD

pjm, Lingam, Acevedo, Wurm 2014



Inertial MHD (Tassi)

Basic Idea: Can ‘freeze-in’ anything one likes! (2-form attribute)

Choose:
B, =B+ d?V x J,
Action:
v2
S=/dt/d3af; (pE—pU(p,s) —B@-B> :
Attributes:
d>z = pod°a, B! ==«

§S[gl =0 = IMHD



Eulerian Reduction

Flg,p] = Flw, ]

Chain Rule = vyields noncanonical Poisson Bracket in terms of
Eulerian variables (w, )

It is an algorithmic process.

Example: 2D IMHD
(F,G} =~ [ dPo(wlFu, Gul + be([Fu, Gy, — [Gu, Fy,))

H= [ da(d2(V2)? + |u? + Vi)

Produces 2D incompressible IMHD (Ottaviani-Porcelli model)!

Above, F, := 0F/dw, [f, 9] i= fzgy—9gygz], w = Z2-VxXv, B = ZxX V1.



Two-Fluid Action
Keramidas Charidakos, Lingam, pjm, R. White and A. Wurm

B 2 19A(z,t) 2
Slgs, A, ] = /dt /d T ”—; ey — Vo(z,t)
-1V x A O | 1)
-+ Z/d3a ngo(a) /d3az 6 (x — qs(a,t))
« % is - Az, ) — eso(x, t)] (2)
+3 [ dPano(@]| 5 1l
~ msUs (msny0()/ T 550) | - (3)

Eulerian Observables:

{n+,v+, A, ¢}



Reduced Variables

New Lagrangian Variables:
1

pmo(a)

D(a,t) = e(njp(a)gi(a,t) — neola)ge(a,t))

pmo(a) = min;o(a) + meneo(a)

Qa,t) =

(minip(a)gi(a,t) + meneo(a)ge(a,t))

pqo(a) = e(n;o(a) —neola)) .

Consistent Expansion:

(v m . .
“A << 1, <l = quasineutrality
C my;

Eulerian Closure:

{n, s, se,v, J}



Extended MHD

Ohm's Law:

E+”>;B=”§e (a’]+v-(vJ+Jv))
() (J x B) _ Vpe
8 enc en
Momentum:
( + (v V)"U) = —vp4 X8
C



Extended MHD

Ohm’s Law:

UXB me aJ
Er _62n<8t+v.(vj+!]v))

c _me(J.v)<J)+(JXB)_Vpe.

€2n n enc en

Momentum:

nm(@+(v-V)fu) _vp4 2B

()

n

Consistent with an ordering of Liist (1958)



Extended MHD

Ohm's Law:

v X B me [(OJ
Er _62n<3t+v.(vJ+Jv)>

c _me(J-V)(J>—I—(JXB)—Vp€.

82’n n enc en

Momentum:

oL, J X B
nm(a—l—(’u-V)v) = —Vp+ »

o)

n

Consistent with an ordering of Liist (1958)



Extended MHD

Ohm's Law:

v X B me [O0J
E + = (875 —I—V-(UJ—I—J’U)>

C €2n

_me(J.v>(J)+(J><B)_Vpe.

62’)7, n enc en

Momentum:




Extended MHD

Ohm's Law:
v X B Me

E+ — (gi—I—V-(vJ—I—Jv))

C 827’1,

_me(J.v)(J>+(J><B)_Vp€'

82’)’L n enc en

Momentum:

0] J x B
nm(a—:—l—(v-V)v) = —Vp+ t

0o ()

n

Consistent with an ordering of Liist (1958)



Noether — Energy Conservation

Energy:

2 2 2
_ 3 |1B] _ v me |J|
H—/“[sa—w“’*‘ﬁ”’*‘”m”T ne? 2

Energy conservation requires
m J
s
e mn

in momentum equation. Otherwise inconsistent.

Physical dissipation is real. Fake dissipation is troublesome, par-
ticularly for reconnection studies. Kimura and pjm (2014).
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Overview

Solve stable linearized VlIasov-Poisson as a Hamiltonian sys-
tem.

Normal Form:

N N 00
H=3 7 (0 +a7) =Y wid; - k; /Rdu wp(u) (PE(u) + Q7 (u))

When stable 4 a canonical transformation to this form. NEMs
and Krein-Moser.

Continuous Spectrum: Transform G[f] (generalization of
Hilbert transform) that diagonalizes Vlasov.

General Diagonalization: General transform for a large class
of Hamiltonian systems.

Continuous spectra and Krein bifurcations.



Viasov-Poisson

Phase space density f(x,v,t) (1 + 1 4 1 field theory):

fi X xRxR— R3O

Conservation of phase space density:

af n of e 0¢lx,t, flOf

- v— — pr—

ot or m ox ov
Poisson’s equation:

boe=—47 e [ f@,0,0)dv— pp|

O

Energy:

H:%AARUQfdmdv+8%A(¢x)2dx

Boundary Conditions:

periodic < X =T:=1[0,27)



Linear Viasov-Poisson

Linearization:

f=rfow) +df(z,v,1)

Linearized EOM:

00f , 05f e 069lx,t;6/]0f0 _
ot ox m ox ov

O




Solution of Linear VP by Transform

Assume
5f — ka(’v,t)eikm, 5¢ — Z¢k(t)ezkaj
k K

Linearized EOM:

O [ e dfo
SO kv fr. — ik =0
5 kv f, — ikgp— .
kquk = 47re/Rfk(v,t) dv (LVP)

T hree methods:
e Laplace Transforms (Landau and others 1946)
e Normal Modes (Van Kampen, Case,... 1955)

e Coordinate Change <= Integral Transform (pjm, Pfirsch,
Shadwick, Balmforth, Hagstrom, 1992 — 2013)



Summary

The Transform,

Glgl(v) ‘= er(v) g(v) +€1(v) Hlg](v),

where H is the Hilbert transform and egr; are functions that
depend on fp, has an inverse G that maps (LVP) into

(9gk .
— 4 1k =0
ot L Gk

whence

fr(v,t) = G [Glfple ] |

where

fe(@) = fr(v,t = 0)



Good Equilibria fy and Initial Conditions f,

Definition (VP1). A function fg(v) is a good equilibrium if
fo(v) satisfies

(i) foe LAR)NCO¥R), 1<g<ooand 0<a<l,
(ii) Jvx > 0 st |fo(v)] < Alv|7# ¥V |v| > v*, where A,u > 0, and

(iii) fi/v <0 Vv eR or fo is Penrose stable. Assume f;(0) = 0.

Definition (VP2). A function, fk(v), is a good initial condition
if it satisfies

() fr(v), vfi(v) € LP(R)

(i) Jg fo(v) dv < oo




Hilbert Transform

Definition

Hlgl@) = f I,

4fr denotes Cauchy principal value.

J theorems about Hilbert transforms in LP and C9¢. Plemelj,
M. Riesz, Zygmund, and Titchmarsh --- (Can be extracted from
Calderon-Zygmund theory.) Recent tome by King.



Hilbert Transform T heorms

Theorem (H1).

(ii) H: LP(R) — LP(R), 1 < p < o0, is a bounded linear operator:

1Hg]llp < Ap llgllp,

where A, depends only on p,

(ii) H has an inverse on LP(R), given by

H[H[g]] = —g,

(i) H: LP(R) N C9%(R) — LP(R) N CY%(R).



Theorem (H2). Ifg; € LP(R) and gp € LU(R) with £ + & < 1,
then

Hlg1H[g2] + g2H[g1]] = Hlg1]1H[g2] — 9192

Proof : Based on the Hardy-Poincaré-Bertrand theorem, Tricomi.

Lemma (H3). Ifvg e LP(R), then

Hlvg) (u) = u Hlgl(w) + ~ [ gdv.




T he Transform

Definition (G1). The transform is defined by

f(w) = Glgl(v)
= ep(v) g(v) + ¢;(v) H[g](v),

where

er(v) = —mwp fo(v) /K2, er(v) =1+ Hlef](v) .



Remarks

1. We suppress the dependence of ¢ on k throughout. Note,
wg .= 4nnge?/m is the plasma frequency corresponding to an
equilibrium of number density ng.

2. e = ep +ie; (complex extended, appropriately) is the plasma
dispersion relation whose vanishing = discrete normal eigen-
modes. When € #= 0 4 only continuous spectrum; there is no
dispersion relation.



Transform T heorems

Theorem (G2). G: LP(R) — LP(R), 1 < p < oo, is a bounded
linear operator:

1Glglllp < Bpllgllp

where By, depends only on p.

Theorem (G3). If fg is a good equilibrium, then G|[g] has an
inverse,

G: LP(R) — LP(R),
for1/p+1/q < 1, given by

g(u) = Glfl(u)

1) — LS HIAw),

where |e|? := e% + e%



Proof : First we show g € LP(R), then g = G[G]g].

If ep(u)/|e(w)]? and er(u)/le(w)|? are bounded, then clearly g €
LP(R). For good equilibria the numerators are bounded and
everything is Holder, so it is only necessary to show that [e| is
bounded away from zero. Either of the conditions of (VP1)(iii)
assures this. Consider the first (monotonicity) condition,

|fol > 0 for v % 0 and f;{(0) = 0. We need only look at v = 0
and v=o0. At v =20

2 /
wp [ f
r(@=1--2 [ Dav >1>0,

while as v — oo, ep — 1.

That G is the inverse follows directly upon inserting G[g] of (G1)
into ¢ = G[G]g]], and using (H2) and ep(v) = 1 + Hlej]. ]



That G is the inverse follows directly upon inserting G[g] of (G1)
into ¢ = G[G]g]], and using (H2) and ep(v) = 1 4+ Hlej].

g(u)

a[f](u)=%f( ) - fé(‘;sz[fK )

A Tenw) 9u) + 1) Hlal ()] = 5158 ¥ [en) 9(u) + ea(u!) Hlal ()] ()

G gy + D gy — LD patgiuy - L kel g + e )
‘%sz o) + LD r1g) ) - L 1)) — L e () A 1) — o) erCu)
g<u>+%ff[g] - (“)"f Hg) — fg“)"fQH[e [

o) + EDC Hlgl () - L5 [1+ Hler)(w)]

o) + DL gl (w) — S Hlal ()en(w) = o)



Lemma (G4). Ife; and eg are as above, then

(i) for vf € LP(R),
Glufl(u) = uG[f](u) — ﬁﬁ% Jr fdv,

(i) Glefl(u) = |:|I2((uz3)

(iii) and if f(u,t) and g(v,t) are strongly differentiable in t; i.e.
the mapping t — f(t) = f(t,-) € LP(R) is differentiable, (the
usual difference quotient converges in the LP sense), then

~T0f1 _ 0G[f] _ 8
a)G_a_ﬂ— agsf]—ag'
91 __ 0G[g] _ o
b) G |57] = s =4

Proof : (i) goes through like (H3), (ii) follows from er = 1+ H|¢g],
and (iii) follows because G is bounded and linear. ]



Solution

Solve like Fourier transforms: operate on EOM with G =,

o9 . .
== k =0
ey + tku gg

and so
g (u,t) = gp(u)e "
Using §,, = G[f.] we obtain the solution

fr(v,t) = Glgp(u,t)] | ] .
Q [gok(u>e—zkut] — O [évk]e—zkut]

Theorem (S1). For good initital conditions and equilibria,

fr(v,t) = G [Glfle ]
is an LP(R) solution of (LVP).



VP Hamiltonian Structure

Energy is quadratic = SHO? However, V-P equation is quadrat-
ically nonlinear. Canonically conjugate variables?

Noncanonical Poisson Bracket (pjm 1980):

OF 6G
{F,G} —/f [5f 5f] dxdv
F and G are functionals. VP «<—
o
N =trmy =12
where £ = mv?/2 + ecb and
_ 1 (0f0E OEDf
Lf, &l = m (8x ov Oz 8’0)

Organizes: VP, Euler, QG, Defect Dyn, Benny-Dirac,



Linear Hamiltonian Structure

Linearization:
f=fo(v)+4df
where fg(v) assumed stable (NEMs ok) —

OF 6G
(F,.Gh = [ fo [55]0,55],3] dudv

which with the Kruskal and Oberman energy,

// ”(5f)2 dvdaz—|—8%/qr(5¢x)2d:c,

LVP <—

00
8—tf = {6f,Hr}1 .



Canonization & Diagonalization

Fourier Linear Poisson Bracket:

0 I OF 0G 0G oF
FGY, = R / _ dv .
{ 195 kzzjlm/]gfo <5fk5f_k 5fk5f—k> ’

Linear Hamiltonian:

Hy = ——Z/—|fk|2dv+izk2|¢k|2
= Z/ / f1e(0) O g1 (v|v") fra(v') dvdv’
kK
Canonize:
qx(v,t) = pr(v,t) = f_i(v,t)

fo

0F 63 oG 5F> p
— v .
0q 0P, 0qL 0Pk

FGY; =
{F, G /.;::1/R<



Diagonalization

Mixed Variable Generating Functional:

Flg, P'] = k; [ ax () GLP{] () do

Canonical Coordinate Change (q,p) +— (Q', P'):

6Flq, P'] 6Flq, P']

— T U
500(0) she(u) O ()

= G[P](v), Qp(u) =

pr(v) =

New Hamiltonian:

Hy %kil [ o)) [@F(w) + PR(w)]

where wi(u) = |ku| and the signature is

o (v) = —sgn(vfy(v))




Sample Homogeneous Equilibria

< Maxwellian

BiMaxwellian —




Hamiltonian Spectrum

Hamiltonian Operator:

Otfr, = —ikv f, + %/Rdifk("_%t) = Hifr,

Complete System:

Otfr = Hyfx and Orf—k =H_rfk, keRT

Lemma If \ is an eigenvalue of the VIasov equation linearized
about the equilibrium fé(fu), then so are —\ and \* . Thus if
A = v+ w, then eigenvalues occur in the pairs, £v and +iw,
for purely real and imaginary cases, respectively, or quartets,
A = +v Lt 1w, for complex eigenvalues.



Spectral Stability

Definition The dynamics of a Hamiltonian system linearized
around some equilibrium solution, with the phase space of solu-
tions in some Banach space B, is spectrally stable if the spectrum
o(H) of the time evolution operator H is purely imaginary.

Theorem If for some k € RT and v = w/k in the upper half
plane the plasma dispersion relation,

/
e(k,u) :=1—k"2 [ dv Jo

R u—wv

=0,

then the system with equilibrium fqo is spectrally unstable. Oth-
erwise it is spectrally stable.



Nyquist Method
fh € COYR) = ¢ € C¥(uhp).

T herefore, Argument Principle = winding # = # zeros of ¢

U- PLANE & £-PLANE

Stable —




fo

-0.5f

—0.2
-0.41
—0.6

-0.8

Winding number of u € R+ g, oOr

Nyquist Method Examples
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/dv
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Spectral Theorem

Set k = 1 and consider H: f s ivf—if} [ f in the space W1 1(R).

WL1(R) is Sobolev space containing closure of functions ||f||1 1 =
1fll1 + |11 = [rdv(|f] + |f']). Contains all functions in Li(IR{)
with weak derivatives in L1(R). # is densely defined, closed, etc.

Definition Resolvent of H is R(H,\) = (H—XI)"1 and X € o(H).
(i) A in point spectrum, op(H), if R(H,A) not injective. (ii) A
in residual spectrum, op(H), if R(H,)\) exists but not densely
defined. (iii) A in continuous spectrum, o.(H), if R(H,\) exists,
densely defined but not bounded.

Theorem Let A = iu. (i) op(H) consists of all points iu € C,
where e = 1 — k™2 [pdv f/(u —v) = 0. (ii) o.(H) consists of all
A =idu With u € R\ (—iop(H) NR). (iii)) or(H) contains all the
points A = iu in the complement of op(H) that satisfy f{(u) = 0.

cf. e.g. P. Degond (1986). Similar but different.



Structural Stability

Definition Consider an equilibrium solution of a Hamiltonian
system and the corresponding time evolution operator H for the
linearized dynamics. Let the phase space for the linearized dy-
namics be some Banach space B . Suppose that H is spectrally
stable. Consider perturbations 6H of H and define a norm on
the space of such perturbations. Then we say that the equilib-
rium is structurally stable under this norm if there is some § > 0O
such that for every [|0H]|| < & the operator H + 6H is spectrally
stable. Otherwise the system is structurally unstable.

Definition Consider the formulation of the linearized VIasov-
Poisson equation in the Banach space W1 1(R) with a spectrally
stable homogeneous equilibrium function fg. Let Hfo+5fo be the
time evolution operator corresponding to the linearized dynamics
around the distribution function fg + dfg. If there exists some e
depending only on fg such that Hfo+5fo IS spectrally stable when-
ever || Hy, — Hy,4sf,ll < € then the equilibrium fq is structurally
stable under perturbations of fj.



-0.05-

All fy are Structurally Unstable in W1

True in space where Hilbert transform unbounded, e.g. Wil
Small perturbation = big jump in Penrose plot.

Theorem A stable equilibrium distribution is structurally unsta-
ble under perturbations of f in the Banach spaces Wbl and
Lin Ch.

-0.1-
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0.6
-0.7-

-0.9
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Easy to make ‘bumps’ in fg that are small in norm. What to do?

|
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Krein-Like T heorem for VP

Theorem Let fo be a stable equilibrium distribution function
for the Viasov equation. Then fqo is structurally stable under
dynamically accessible perturbations in W171, if there is only one
solution of fi(v) = 0. If there are multiple solutions, fq is struc-
turally unstable and the unstable modes come from the roots of
fo that satisfy fi(v) < 0.

Remark A change in the signature of the continuous spectrum
IS @ necessary and sufficient condition for structural instability.
T he bifurcations do not occur at all points where the signature
changes, however. Only those that represent valleys of the dis-
tribution can give birth to unstable modes.



Summary — Conclusions

e Described the VIasov-Poisson system.

e Described G transform and its properties.

e Canonized, diagonalized, and defined signature for oc.

e Variety of Krein-like theorems, e.g. valley theorem.
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Overview

1. Dissipative Structures
(a) Rayleigh, Cahn-Hilliard
(b) Hamilton Preliminaries

(c) Hamiltonian Based Dissipative Structures

I. Metriplectic Dynamics

ii. Double Bracket Dynamics

2. Computations
(a) XXXX Contour Dynamics

(b) 2D Euler Vortex States



Rayleigh Dissipation Function

Introduced for study of vibrations, stable linear oscillations, in
1873 (see e.g. Rayleigh, Theory of Sound, Chap. IV §81)

Linear friction law for n-bodies, F; = —b;(r;)v;, with r; € R3.
Rayleigh was interested in linear vibrations, F = Y., b; ||v;||%/2.

Coordinates r; — gy etc. =
d (0L oL
dt aq;/ 8(];/ 8ql/

Ad hoc, phenomenological, yet is generalizable, geometrizable
(e.g. Bloch et al,,...)



Cahn-Hilliard Equation

Models phase separation, nonlinear diffusive dissipation, in binary

fluid with ‘concentrations’ n, n = 1 one kind n = —1 the other
(971 25F 2 3 2
875 V(Sn—v (n —n—V n)

Lyapunov Functional

Fln] = /d3a: E (n2—1)" 4 % |Vn|2]
12

dF SEO SE_6F
/d3 n /d% V2 —/d3 ‘v <0
dt 5n (915 on on

For example in 1D

t|l>rTO10 n(z,t) = tanh(z/v2)

Ad hoc, phenomenological, yet generalizable and very important
(Otto, Ricci Flows, Poincaré conjecture on S3, ...)



Hamiltonian Preliminaries

Finite — Infinite degrees of freedom



Canonical Hamiltonian Dynamics

Hamilton’'s Equations:

 om . OH
Pi— " agi T apy
Phase Space Coordinates:  z = (g,p)
g L OH y 0 I
i _ 0H iy N N
@ =Jegg (Je) ( —Iy Oy ) |

Symplectic Manifold Zs:
z=2Zp = [z, H]
with Hamiltonian vector field generated by Poisson bracket

8f. Jij 89.
Ozt € 9zJ

symplectic 2-form = (cosymplectic form)—l: ngjgk — 5,{?“,

[f, 9] =



Noncanonical Hamiltonian Dynamics

Noncanonical Coordinates:

o8
0zJ

d=gi0 = H], [ABl= 00
< <

Poisson Bracket Properties:

antisymmetry —  [A, B] = —[B, A],

Jacobi identity —  [A,[B,C]] + [B, [C, A]] + [C,[A,B]] =0
G. Darboux: detJ #0 — J — J. Canonical Coordinates

Sophus Lie: detJ = 0 == Canonical Coordinates plus Casimirs

Eulerian Media: JW = c;’g k <— Lie — Poisson Brackets



Poisson Manifold Z,

Degeneracy = Casimir Invariants:

[C,gl =0 Vg:Z,—R

Foliation by Casimir Invariants:




Example 2D Euler

Noncanonical Poisson Brackets:

SF 6G
5¢ 8¢

¢ = vorticity, ¥ = A~1¢ =streamfunction

{FG}—/dacdyC! /d dy—[C,]—

_o(f,9)
o(z,y)

Hamiltonian:

1 1
H[(] = 5/dxv? — 5/dx|V¢|2

Equation of Motion:

Ct — {CaH}

PJM (1981) and P. Olver (1982)



Dirac Constrained Hamiltonian Dynamics

Ingredients:

Two functions D; 5 : Z — R and good Poisson bracket

Generalized Dirac:

1

[f,9lp = Dy, Do] ([D1,D2][f, gl — [f, D1llg, D2] + lg, D1]lf, Dz])

Degeneracy = D'’'s are Casimir Invariants:

[D12,9]lp=0 Vg:Z,—R

Foliation again and Dirac Hamiltonian vector fields:

Z¢ = [z flp



Hamiltonian Based Dissipation



Metriplectic Dynamics

A dynamical model of thermodynamics that ‘captures’:

e First Law: conservation of energy

e Second Law: entropy production

pjm (1984,1986,...), Ottinger GENERIC (1997)



Entropy, Degeneracies, and 1st and 2nd Laws

e Casimirs of [,] are ‘candidate’ entropies. Election of partic-
ular S € {Casimirs} = thermal equilibrium (relaxed) state.

e Generator: F=H+ S

e 1st Law: identify energy with Hamiltonian, H, then

H=I[H Fl+(H,F)=0+ (H,H)+ (H,5)=0
Foliate Z by level sets of H with (H,f) =0V fe C>®(M).

e 2nd Law: entropy production

S =[S F]4+(S,F)=(S,8)>0

Lyapunov relaxation to the equilbrium state: 6F = O.



Metriplectic Dynamics

Natural hybrid Hamiltonian and dissipative flow on that embodies
the first and second laws of thermodynamics;

z=(2,5) 4+ [z, H]

where Hamiltonian, H, is the energy and entropy, S, is a Casimir.

Degeneracies.:

(H,g)=0 and [S,9g]=0 Vg

First and Second Laws:

H
—d =0 and @ >0
dt dt

Seeks equilibria = extermination of Free Energy FF = H + S:

OF =0



Examples

e Finite dimensional theories, rigid body, etc.

e Kinetic theories: Boltzmann equation, Lenard-Balescu equa-
tion, ...

e Fluid flows: various nonideal fluids, Navier-Stokes, MHD,
etc.



5. Relaxing free rigid body

In order to illustrate the formalism outlined in
the previous section we treat an example. We
begin by considering the motion of a rigid body
with fixed center of mass under no torques. The
motion of such a free rigid body is governed by
Euler’s equations

@ = w2w3(12 - 13)’
W, = ‘*’3‘*’1(13 - Il)’ (27)

Wy = ‘*’1‘*’2(11 - 12)-

Here we have done some scaling, but the dynami-
cal variables w,,i=1,2,3, are related to the three
principal axis components of the angular velocity,
while the constants I,,i= 1,2, 3, are related to the
three principal moments of inertia.

This system conserves the following expressions
for rotational kinetic energy and squared magni-
tude of the angular momentum:

H=%(11wf+l2w§+13w§), (28a)

I?=w? + w3+ w3. (28b)
The quantity H can be used to cast eqgs. (27) into
Hamiltonian form in terms of a noncanonical
Poisson Bracket [4] that involves the three dynami-
cal variables, w;,. The matrix (J") introduced in
section 3 has a null eigenvector that is given by
31 /w; ie. 1* is a Casimir. The noncanonical
Poisson bracket is

i d .
[f,g]=a—£’fwk€,~jk9—f,j, i, j,k=1,2,3, (29)

where ¢,;, is the Levi-Civita symbol. Evidently
eqs. (27) are equivalent to
o, =[w;, H], i=1,2,3, (30)
and we have for an arbitrary function S(/%),[S, f]
=0 for all f.

So far we have endowed the phase space, which
has coordinates w;, with a cosymplectic form. Let

us now add to this a metric component. In this
case a dynamical constraint manifold corresponds
to a surface of constant energy, i.e. an ellipsoid.
We wish to construct a (g*/) that has dH/w; as a
null eigenvector, while possessing two nonzero ei-
genvalues of the same sign. This is conveniently
done by defining the bracket (,) in terms of a
projection matrix; i.e.

__\[(amoH _, oH oH\ of on
(f’h)__}\[(é'—w,-jw—j_ iV dw, ﬁw,)awi Bwj}’
(31)

For now we take A to be constant, but it could
depend upon w. Explicitly the (g") is given by

2.2 22
3wy + ey —1Lww,

2,2 2.2
Ifwt + s

—hwiw,
(g7)=A

—LLww I, Lo, w,

— — 22 2.2
11[3(01(.03 12]3(.01(03 [1 (2] + 12(02

(32)

We are now in a position to display a class of
metriplectic flows for the rigid body; i.e.

o= {ew;, F}=[w, F]+(w, F)

JOH | .98
=50, Y80 1=

1,2,3, (33)
where F= H — S, H is given by eq. (28a) and S is
an arbitrary function of /2. For the case i=1 we
have

&1 = wws3( L, — 1) + 2A8(1?) w,
X[12(12‘11)‘0%"'13(13_11)‘*’51- (34)

The other two equations are obtained upon cyclic
permutation of the indices. By design this system
conserves energy but produces the generalized en-
tropy S({/2?) if A >0, which could be chosen to
correspond to angular momentum.

It is well known that equilibria of Euler’s equa-
tions composed of pure rotation about either of
the principal axes corresponding to the largest and
smallest principal moments of inertia are stable. If
we suppose that I, <[, <I,, then stability of an
equilibrium defined by w, =w, =0 and w;=w,



Generalized Viasov-Lenard-Balescu

GVLB equation:

o) = v Vi + Vo )0+

Energy Entropy:
1 1
H:E/dgjdvm|v|2—|—§/d:c|E|2 Sz//d:vdvs(f)

Symmetric Bracket:

(A, B) = ~ [ dedv [ da'dv 094 9 0A], [00B_ 008
Ov; 6f  Ovof dv; 5f  OVSf

Entropy Matching:



Collision Operator

Two counting dichotomies:

e EXxclusion vs. Nonexclusion

e Distinguishability vs. Indistinguishability

= 4 possibilities

IE
IN
DN
DE

]
~ Z @ T
|
wm M U



Collision Operator

Two counting dichotomies:

e EXxclusion vs. Nonexclusion

e Distinguishability vs. Indistinguishability

= 4 possibilities

IE - F-D
IN - B-—-E
DN — M-B
DE — L-B

Lynden-Bell (1967) proposed this for stars which are distinguishable.



Collision Operator

Kadomstev and Pogutse (1970) collision operator
with formal H-theorm to F-D 7

Metriplectic formalism — can do for any monotonic distribution

Conservation (mass,momentum,energy) and Lyapunov:
w;i;i(z,2") = w;i(z,2")  wij(z,2) = w2, 2)  gw;; =0,

_ __ /
where z = (x,v) and g; = v; — v;.

‘Entropy’ Compatibility:
d?s

S[f]=/dzs(f) = M?=1



Collision Operator Examples

Landau kernel:

i) = (85 — 9:95/92)0(x = x) /g

Landau Entropy Compatibility

2
S[f]:/dzflnf = M%:l:ﬂ%:f

Lynden-Bell Entropy Compatibility

d?s
S[f]=/dzs(f) N Mdf—2:1:>M=f(1—f)



Good Dissipative Models are Metriplectic!



Double Brackets



Double Brackets and Simulated Annealing
Good Idea:

Vallis, Carnevale, and Young; Shepherd, (1989)

‘Simulated Annealing’ Bracket:

e 0l 1 OF e 05 99

Use bracket dynamics to do extremization = Relaxing Rearrangement

Y = (F ) =((FF) >0

Lyapunov function, F, yields asymptotic stability to rearranged
equilibrium.

e Maximizing energy at fixed Casimir: Works fine sometimes,
but limited to circular vortex states ....




Generalized Simulated Annealing

‘Simulated Annealing’ Bracket:

of . . 0g

Relaxation Property: % = ((H,H))p > 0 at constant Casimirs

General Geometric Construction:

Suppose manifold Z has both Riemannian and Symplectic struc-
ture: Given two vector fields Z; » the following is defined:

g(Z1, 22)
If the two vector fields are Hamiltonian, e.qg., Zf, then we have
the bracket

((f,9)) = 8(Zy, Zy)

which produces a ‘relaxing’ flow. Such flows exist for Kahler
manifolds.



Contour Dynamics Calculations



Calculation of V-States in Contour Dynamics

Goal:

CD /Waterbag Hamiltonian Reduction:

vorticity, w(z,y,t) — X(o), vortex patch boundary
Calculation:

V-States by simulated annealing



Contour Dynamics/Waterbags

Plane Curve:
X (o) = (X(0),Y (o))

parameter o arbitrary
(arc length not conserved)

«— The Onion



V-States

— Equilibria in rotation frame; 6(H 4+ QL) =0

Kirchoff Ellipse:

3-fold:

D




Hamiltonian Form

Observables are Parameterization Invariance Functionals:
F[X,Y] = j{da}"(X, Y. X0, Yo, Yoo Xoo ... )
Invariance (equivalence relation): Xq 1= 0/00, etc.
jafdaf(x, Y. X0 Y. Yoo, Xoo: . ..)
— jfdf F(X,Y, Xr Yo, Yor. Xorr ..
o= ¢(7), d¢(7)/dT # O

Lie Algebra Realization:

VY over R is set of parameterization invariant functionals
with Poisson Bracket {, }

Bianchi identitiy:
OF OF
X Y- =0,
§X(o) 7 + 5Y (o) 7

Noether & isoperimetric problems




Hamiltonian Form (cont)

Poisson Bracket:
Yook — XoSyr
X2 4 Y2

oG 0G
Yosx — Xogy
X2+ Y2

o
oo

{F,G}zj{da {

Area/Casimir:

1
r:E]{(XYU—YXJ)da, (MF)=0VF

Area Preservation:
OF OF
Yosx — Xogy
X2+ Y2

o
Oo

do =0

{r.ry=¢

Dynamics of closed curves with fixed areas for any H.



Contour Dynamics Clips — DSA

Built-in Invariants:

e Angular momentum:

- 2 2 2
L—/Dcc +y2) d2x

e Strain moment (2-fold symmetry):

K=/a:d2x
Dy

{1-Kellipse, 2-two.stationary, 3-two}



2D Euler Calculations



Four Types of Dynamics

Hamiltonian : aa—f = {F,F} (1)
. . . OF
Hamiltonian Dirac: rrl {F,F}p (2)
F
Simulated Annealing : %—t = o{F, F}+ o((F,F)) (3)
F
Dirac Simulated Annealing : %—t = o{F,F}p+a((F,F))p (4)

F an arbitrary observable, F generates time advancement. Equa-
tions (1) and (2) are ideal and conserve energy. In (3) and
(4) parameters o and o weight ideal and dissipative dynamics:
o€ {0,1} and e € {—1,1}. F, can have form

F=H+Y Ci+ NP,
(

C's Casimirs and Ps dynamical invariants.



DSA is Dressed Advection

o6 _ _

8t - [W7C]7

_de Cq [wa C]
Jdx(lei, 5]

W =1+ Al¢; and A=

with constraints

Cj:/dXCjC.

“Advection” of ¢ by W, with A® just right to force constraints.

Easy to adapt existing vortex dynamics codes!!




2D Euler Clip, 2-fold Symmetry — H

Initial Condition:

q= e (7/70)*° : ro = 1 4+ ecos(26), e=0.4

{(fig3)els-1-m0O}



Filamentation leading to ‘relaxed state’. How much? Which state?




2D Euler Clip, 2-fold Symmetry — SA,—g

Initial Condition:

q= e (/7o) 1" : ro = 1 4+ ecos(26), e=0.4

{(fig6)els-2-m0}



Constants vs. t; Kelvin’s H-Maximization

|
[ s CHH©O)
- C1(0)'E$ *******
/ Cy-Cp(0) -
0.2 L
0.15 - |
01 F!
0.05
0
| |
20 40 60 80




2-fold Symmetry — HD vs. DSA( 4

Initial Condition:

q= e (/10)*° : ro = 1+ ecos(26), e=0.4

e Angular momentum:

- 2 2 2
L—/Dcc + y2) d2x

e Strain moment (2-fold symmetry):

K=/:Ed2:c
Dy

{(fig8)els-3-m0, (figl0)els-4-mO,(figl2)els-4-m1}



Constants vs. ¢t for DSAg

0.02

0.015

0.01

0.005

0 50 100 150 200



Kelvin’s Sponge

Kelun Sponge- 4= g

Supp

>

VY\ML\VV;A%P
o
' Oser
VY\W{\VYY\}Q K
M ot
W Db,

CC\(-',.U;Y\‘\‘P IV)U&V‘{QW‘L

Uniform positive vorticity inside circle. Net vorticity maintained.

But, angular momentum not conserved? With Dirac, angular
momentum conserved. Then what?



2-fold Symmetry — Minimizing SA vs. DSA

Initial Condition:

q= e (/70)*° : ro = 1+ ecos(26), e=0.4

e Angular momentum:

- 2 2 2
L—/Dcc + y2) d2x

e Strain moment (2-fold symmetry):

K=/:13d2:v
Dy

{(figl4)els-2-p0,(figl6)els-4-p0}



Constants vs. t for SAg

40 60



3-fold Symmetry and Dipole DSA
skipping details

{(fig21)tri-db2, (fig27)dip-4-mO0}



Underview

1. Dissipative Structures
(a) Rayleigh, Cahn-Hilliard
(b) Hamilton Preliminaries

(c) Hamiltonian Based Dissipative Structures

I. Metriplectic Dynamics

ii. Double Bracket Dynamics

2. Computations
(a) XXXX Contour Dynamics

(b) 2D Euler Vortex States





