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We present a method for imposing quasineutrality and, more generally, charge density
conservation in the Vlasov—Poisson (VP) and Vlasov—Ampere (VA) systems, which
describe electrostatic plasma dynamics, by applying the Dirac theory of constraints.
Leveraging the Hamiltonian field formulations of the VP and VA models, we construct
generalised Dirac brackets using the Dirac algorithm. The resulting constrained systems
enforce charge density conservation, and consequently quasineutrality, given that the ini-
tial charge density is zero, through new advection terms in the Vlasov equations involving
generalised-force terms, while the electric field is eliminated from the constrained Vlasov
dynamics. To verify charge density conservation we conduct one-dimensional numerical
experiments using a semi-Lagrangian method, demonstrating that the enforcement of the
quasineutrality constraint significantly modifies the dynamics. This approach enables us
to identify the forces required to enforce quasineutrality, offering a systematic way to
assess the validity of the quasineutral approximation across different kinetic scales.

Key words: plasma dynamics, plasma properties, plasma simulation

1. Introduction

The kinetic description of laboratory and space plasmas is based on a set of
Boltzmann-like equations that determine the evolution of the distribution functions
for each species in phase space (i.e. position and velocity space), coupled with
Maxwell’s equations. In the absence of collisions, these equations reduce to the
Vlasov equations, which describe collisionless dynamics and conserve phase-space
volume.

For electrostatic phenomena, where magnetic fields can be neglected, the Vlasov-
Maxwell (VM) system reduces to a set of Vlasov equations (typically one for
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electrons and one for each ion species) coupled with an equation determining the
self-consistent electric field. This field can be obtained either from Gauss’s law for
electrostatics, leading to the Vlasov-Poisson (VP) system, or from Ampere’s law
with the displacement current retained and the magnetic field neglected, resulting in
the so-called Vlasov-Ampere (VA) system. The VA system has the advantage that it
does not require the imposition of boundary conditions for the electric field and it
avoids the need to solve an elliptic equation; instead, the electric field is advanced
forward in time using the current distribution at each time step. On the other hand,
the VA formulation becomes inconsistent in more than one spatial dimension unless
the condition V x E =0 is satisfied throughout the entire time evolution, since any
violation would lead to the self-consistent generation of a magnetic field. However,
this condition does not necessarily hold in more than one dimension within the VA
framework, whereas this issue does not arise in the VP formulation, where the elec-
tric field is defined as E = —V¢ and is therefore inherently irrotational. Therefore,
although we use the same three-dimensional notation for both the VP and VA mod-
els to maintain notational uniformity, we emphasise that the VA model is physically
and mathematically consistent only in one dimension. In higher dimensions, the VA
system should be replaced by the complete VM system, which will be the topic of a
subsequent study.

While ordinary magnetohydrodynamics (MHD) and its generalisations, such as
Hall MHD and extended MHD, which incorporate ion-drift and electron-inertia
effects, respectively, are based on the assumption of quasineutrality (i.e. equal den-
sities of positive and negative charges at every point in space and time, n; = n,), this
is not generally the case for kinetic models such as the VM, VP and VA systems.
These kinetic models are typically employed to study phenomena occurring at small
spatial and temporal scales, where deviations from quasineutrality can become sig-
nificant. On the other hand, kinetic effects can also play an important role even in
the quasineutral (QN) regime. For this reason, several studies have explored QN
limits of Vlasov-based models, such as the VP, VA, or VM dynamics, aiming to
retain the kinetic description in QN plasmas. One successful approach is based
on asymptotic-preserving methods for the QN limit, introduced initially for fluid
models (Crispel et al. 2005a,b, 2007) and subsequently extended to the kinetic VP
model in Degond, Deluzet & Navoret (2006), Belaouar et al. (2009), Degond et al.
(2010). In this approach the self-consistent calculation of the electric field is pos-
sible even in the QN case through a reformulation of the Poisson equation, made
possible by considering fluid moments of the Vlasov equation. In Taitano, Burby
& Alekseenko (2024), the authors consider the QN limit of a reformulated VA sys-
tem closed with fluid moments of the Vlasov equation and separating fast and slow
dynamics, while in Blaustein et al. (2025), another asymptotic- preserving scheme
for the QN limit of the VP system is presented. In the latter work, the VP system
is reformulated as a hyperbolic problem applying spectral expansion of Hermite
functions in velocity space and constructing an appropriate structure-preserving
scheme.

In addition, it is of interest to estimate the length scales at which quasineutrality
becomes a valid assumption, by quantifying the forces required to enforce it. The
magnitude of these forces can serve as a diagnostic for assessing the validity of the
QN approximation across different spatial and temporal scales. The present work
focuses on identifying these forces, which are necessary to impose quasineutrality
(n; =n,) to VP and VA dynamics using the Dirac theory of constraints (Dirac 1950,
1958; Sundermeyer 1982; Morrison, Andreussi & Pegoraro 2020) and exploiting the
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generalised Hamiltonian description of VP and VA models, which can be deduced
from the most general VM Hamiltonian formulation (Morrison 1980, 1982; Marsden
& Weinstein 1982). One main advantage of using Dirac’s theory of constraints,
compared with other approaches, is that it yields a constrained system which auto-
matically preserves the Hamiltonian character of the parent unconstrained system,
while the constraints become invariant quantities of the new Hamiltonian system, so
their preservation is guaranteed.

This article is the second in a two-paper sequence investigating the Hamiltonian
structure of QN plasma models. Assuming two space dimensions and frozen back-
ground ions, the first paper (Burby ef al. 2025) showed that the quasineutrality
constraint studied here, namely local charge neutrality together with current incom-
pressibility, arises naturally as the first term in the QN slow manifold when the
Debye length is much less than the field scale length. It then deduced the Poisson
bracket on the constraint manifold using the theory of Poisson-Dirac submanifolds.
In this paper we consider a general unmagnetised electron-ion plasma in any num-
ber of space dimensions when working with the VP model. We also consider both
the VP and VA celectrostatic kinetic models. By showing that the QN constraint
manifold is amenable to Dirac constraint theory, we provide a sharper picture of
the QN Hamiltonian structure than obtained in Burby et a/. (2025). In particular,
we find Poisson brackets in an open neighbourhood of the constraint manifold that
render the constraint a Casimir. Moreover, while we study the same constraint as
in Burby et al. (2025), here we do not use the quasineutrality ordering parameter to
simplify the form of the Hamiltonian. These two studies advance the understanding
of QN plasma dynamics in complementary directions, with both ultimately aiming at
the full VM system (Burby 2015) which will be the subject of a forthcoming paper.

The Poisson-Dirac constraint method (PDCM) (Pinto & Burby 2025) and the
Dirac constraint method (DCM) give closely related results whenever the Dirac
constraint method works, as it does in this case. Specifically, the PDCM is a gen-
eralisation of the standard DCM, designed to handle cases where the matrix of
Poisson brackets between constraints (the constraint matrix) is not invertible, within
a coordinate-free framework. A related approach was developed in Chandre (2015),
where it was proposed to replace the inverse of the constraint matrix with its Moore-
Penrose pseudoinverse. This enables the construction of a well-defined Poisson
bracket even when first- and second-class constraints are intertwined, but it remains
formulated in a coordinate-dependent setting. The PDCM extends these ideas by
reformulating the reduction in the language of Poisson-Dirac submanifolds and thus
provides a geometric, coordinate-free framework that naturally encompasses both
regular and degenerate cases. Conversely, in DCM the constraint manifold corre-
sponds to a special class of Poisson-Dirac manifolds known as Poisson transversals.
This stronger geometric condition ensures that the Dirac bracket defines a Poisson
structure not only on the constraint manifold itself but also in a neighbourhood sur-
rounding it. As a result, the constraint functions become Casimirs of the extended
bracket, guaranteeing their preservation under the Hamiltonian flow. When the con-
straint manifold is merely Poisson-Dirac (and not transversal), this neighbourhood
extension may fail, and the Poisson structure is then generally restricted to the
constraint manifold itself. Technically, to apply the DCM we need to invert the
constraint matrix, whereas for the PDCM less restrictive conditions apply — specif-
ically, those required for the existence of the pseudoinverse introduced in Chandre
(2015).
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In conclusion: (i) Both methods produce equivalent brackets on the constraint
manifold. (i1) The PDCM does not always give a bracket in a neighbourhood of the
constraint. However, when it does give such a bracket, the requirements are less
restrictive than those needed for the DCM to work, but these requirements were
not assessed in Burby et al. (2025). (iii) When both methods apply, the brackets
obtained in a neighbourhood of the constraint manifold will agree as long as the
same level set function is used in each method. (Here, level set function refers to
the function C such that C = 0 defines the constraint.) This is why showing that the
DCM applies, gives a sharper picture than merely showing that the Poisson-Dirac
method applies. In geometric terms, showing that the Poisson-Dirac method works
is the same as showing that the constraint manifold is a Poisson-Dirac submani-
fold, while showing that the Dirac method works is the same as showing that the
constraint manifold is a so-called Poisson transversal. Every Poisson transversal is a
Poisson-Dirac submanifold, but the converse is not true.

The Dirac method has been employed previously in continuum models for the
imposition of incompressibility constraint, V - V =0, within the Eulerian variable
description of ideal hydrodynamics (Nguyen & Turski 1999; Nguyen & Turski 2001)
and ideal plasma models (Morrison, Lebovitz & Biello 2009; Chandre et al. 2012,
2013, 2014; Morrison et al. 2020), exploiting their generalised Hamiltonian formu-
lations. Specifically, the work by Chandre et al. (2013), among other examples, also
considered the VM and VP cases emphasising the role of projector operators in
the context of Dirac constrained dynamics. In that work, quasineutrality as a Dirac
constraint was also examined, deriving the associated Dirac projector. However,
that paper did not delve deeper in more details or derive a system of constrained
equations through the Dirac bracket, which is done in the present work, where the
constrained system is constructed via the Dirac algorithm and numerical examples
are presented.

This paper is organised as follows. In §2, we present the non-canonical
Hamiltonian formulations of the VP and VA models. In § 3, we employ the Dirac
algorithm to construct generalised Poisson brackets called Dirac brackets, which
incorporate the imposed constraints as Casimir invariants. Using these generalised
brackets and the Hamiltonians of the VP and VA models, we derive the Dirac-
constrained dynamics, which preserve the charge density distribution. So, if the
initial charge density is zero, it remains zero throughout the evolution. In §4, we
describe a semi-Lagrangian numerical method and present simulation results for the
two-stream instability, comparing the constrained QN dynamics to the fully electro-
static VP dynamics with a self-consistent electric field. Finally, in § 5, we summarise
the results and discuss directions for future work.

2. Hamiltonian formulation of the Vlasov-Poisson system and the Dirac algorithm
2.1. The Vlasov—Poisson system

A fully ionised, collisionless, electrostatic electron-ion plasma, where magnetic
field contributions can be neglected, can be described kinetically by the VP system.
This system consists of two Vlasov equations, one for ions (i) and one for electrons
(e), coupled with the Poisson equation for the electrostatic potential:

hfidv-Vi+LEE.V, =0, s=ie, 2.1)
mg

eoAgs:—ZqS/d% fe (2.2)
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E(x,t)=—-V¢(x,1), (2.3)
where A is the Laplacian operator, f,(x, v, t) are the distribution functions of the
ions (s =1) and electrons (s =e¢), E(x, t) is the electric field and ¢ (x, ¢) is the elec-
trostatic potential; g; = e and g, = —e, with e being the fundamental electric charge;
m; stands for the masses of the ions and electrons; €, is the vacuum permittivity;
and x and v are the spatial and velocity coordinates, respectively.

The electrostatic potential is a solution to the Poisson equation (2.2):

px.)=6"> g, / d*x'dv G(x, x) f,(x', v, 1), (2.4)

where G (x, x’) is the Green function for the Laplacian A.
The Vlasov equation (2.1) can be formulated as non-canonical Hamilton equations
(Morrison 1980, 1982, 1987; Li 2025), with the following Hamiltonian functional:

2
M=) / d’x d’v <m% + %¢>, 2.5)

where ¢ is given by (2.4), and the standard particle Poisson bracket (Morrison 1980,
1982; Marsden & Weinstein 1982):

(F, G}=Z/d3xd3v£ [‘;Jf g] (2.6)

mg
where 6 F'/3f; is the functional derivative of F with respect to f; and
[a.b] ,=Va-V,b—Vb-V,a. (2.7)

Vlasov equations (2.1) follow from

alﬂ:{fﬁ va}vp’ S:i7 e, (28)
noticing that
S%VP 1 2
“opr A s> 2.9
57, 5 MV +q,¢ (2.9)

which is the total particle energy.
Finally, it is well known that the bracket (2.6) has the following infinite family of
Casimir invariants, i.e. functionals C satisfying {F, C} =0, VF:

c= f Pl Ef), (2.10)
where €, are arbitrary, well-behaved functions of f;.

2.2. The Vlasov—Ampere system

Another model used to describe electrostatic evolution of plasmas with negligible
or totally vanishing magnetic field is the VA system. Now, the Vlasov equations
are closed with the Ampére equation for the calculation of the electric field, instead
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of the Poisson equation (2.2), i.e. we have the following dynamical equation for
E(x,1):

€0 E=—1, (2.11)

where
J(x,t):qu/d3v fov (2.12)

is the electric current density. The VA system can be formulated as a non-canonical
Hamiltonian system with the Hamiltonian

2 1
HVA:Z/d3Xd3v fsmsv?'i‘g/d}x'EP (2.13)
- 0
and the bracket
_ s 5 [ fi [8F 6G
{F’G}“_Z/dmv{m_s[S_ﬂ’S_ﬂ

. ([5G SF SF 8G
4+ 4 SR A A v A I (2.14)
eyms \8f, O 5, SE

The dynamical equations can be cast in the form of the Hamilton equations:
ou={u,H,},,, wu=(f,E). (2.15)

It is important to note that the bracket (2.14) does not, in general, define a Poisson
bracket, as it fails to satisfy the Jacobi identity. However, it does satisfy the identity
and thus becomes a true Poisson bracket if the electric field remains irrotational, a
condition required for the validity of the VA system, as mentioned in the introduc-
tion. This can be shown by following the proof of the Jacobi identity for the full VM
bracket presented in Morrison (2013) (see Appendix A). Note that this condition is
trivially satisfied in one-dimensional (1D) plasmas, so the VA system and the cor-
responding Hamiltonian description are always valid in one dimension. Hence, as
noted in the introduction, while we adopt the generic three-dimensional formalism
in this subsection to maintain uniform notation with the analysis of the VP system,
our treatment of the VA system ultimately concentrates on the 1D case.

The bracket (2.14) has two infinite families of Casimirs. One is given by (2.10)
and the second one is

cEz/ch g(x) <60V.E—Z%/d3v fs>, (2.16)

where g(x) is an arbitrary function of x. Thus, in the VA model, the Poisson equa-
tion arises as a consequence of the conservation of Cg, since dCg/dt =0 implies

X (EOV-E—Zq_de3v fs> =0. (2.17)

Thus, if the Gauss law is initially satisfied, it must be satisfied for all times.
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3. Quasineutrality as a Dirac constraint
3.1. The reformulated Vlasov—Poisson system

Quasineutrality, i.e. n;(x,t) =n.(x, t), arises naturally when considering large
length scales, much larger than the electron Debye length, where electric fields
are effectively screened by the particle response. This can be seen by introducing
non-dimensional quantities:

. X . v - t f - E
X =—, V= ) 1= ’ fS = —'}’ E _
L VUth,e L/vth,e nO/U[h,e kB Te/eL

(3.1
where L and n, are the characteristic length scale and density, respectively, and

kB Te

me,

(3.2)

vth,e =

is the electron thermal velocity. By this normalisation the VP system is written in the
following non-dimensional form:

9 fi+v-VfituE-V,f=0, (3.3)

WA =n; —n,, (3.4)

where u; = u=m,/m;, u,=—1and A =Arp /L, with

kpT,
A= | 22 (3.5)
npe

being the electron Debye length. For length scales L > Ap,, i.e. A < 1, Poisson
equation (3.4) implies n; = n,, where

nszfd% fi. s=i.e, (3.6)

are the particle densities of the two particle species.

A series of papers (Crispel et al. 2005a,b; Degond et al. 2006; Belaouar et al.
2009; Degond et al. 2010) considered the asymptotic limit A — 0, where the Poisson
equation can no longer close the system as it merely yields n;, =n,.. To close the
Vlasov equation, those works consider a reformulated VP system where the Poisson
equation is replaced by another partial differential equation for the determination of
the electrostatic potential, obtained by taking zeroth- and first-order moments of the
Vlasov equation. Manipulating appropriately the moment equations, the following
equation arises:

—V - [(n.+ pn; +1°0,)Vp]|=VV: (P, — P,), (3.7)

which allows the calculation of ¢ even in the limit A — 0. In (3.7) the tensors P, are
defined as

P, :/d3v v, (3.8)
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3.2. The Dirac method of constraints

Here, we follow a different approach, exploiting the Hamiltonian formulation of
the model to impose the quasineutrality condition as a Dirac constraint following the
Dirac algorithm for the construction of a generalised Poisson bracket (Dirac 1950,
1958; Sundermeyer 1982; Morrison et al. 2020). The quasineutrality condition

/d%f,- =/d3v f. (3.9)
can be seen as a constraint:

¢1(x):fd3v [fi(x,v, 1) — f.(x,v,1)]=0. (3.10)

A consistency conditions is that the constraint function @,(x) should be preserved
by the dynamics, so {®@;, H} ~ 0, where ‘~’ denotes weak equality, i.e. the equality is
satisfied on submanifolds of the phase space identified by the constraint. To impose
this consistency condition, we need to write the constraint function @, as a phase-
space functional, i.e.

i (x) = f X d 50 —x) [fix' 0.0 = f(x v 1), (3.11)
so that the functional derivatives of @, are
sP sP
Ll os(x —x)), L= —§(x —x)). (3.12)
fi fe

3.2.1. The Vlasov-Poisson system
In view of (3.12) and (2.6) we find

(@1, H},, :—V-/d% o(fi— f)=-V-J. (3.13)

Hence, the requirement {®;, H},, ~ 0 results in a secondary constraint:

¢2(x)=fd3x/8(x—x/)V-J=/d3x/8(x—x’)V-/d3v v(fi— £.) =0, (3.14)

a condition that also arises in the analysis of Burby er al. (2025). The consistency
condition {®,, H},, ~ 0 can verified that holds true in view of the two unconstrained
Vlasov equations (2.1).

We can verify that @; and @&, are second-class constraints, i.e. the quan-
tity {@1, @,}yp is non-vanishing. So, we can form a non-singular, antisymmetric

constraint matrix of the form
Ci Ci
= .1
¢ <C21 sz)’ (3.15)

where Cj(x, x') ={®;(x), &, (x")}yvp with j, k =1, 2. The details of the calculation
of the elements Cj; of the constraint matrix are presented in Appendix B. These
elements are

Cii=0, Cpx,x)=-Cyx,x)=Lx —X),
Cn(x,x)=V . (M- -V)V§(x' —x) + MAS(x' —x)+ Vé(x'—x) - VM], (3.16)
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where
czzv-[(ﬂJrﬂ) V] 3.17)
m; m,
is a self-adjoint elliptic operator and
M(x,t):/d3vv<£+£). (3.18)
ni; m,

In order to eliminate the second-class constraints, Dirac defined a new bracket alge-
bra on the phase space such that the bracket of any phase- space function with a
constraint vanishes, and thus the constraints become Casimir invariants of the new
bracket. The Dirac bracket of two functionals F' and G on the phase space is defined
as follows:

(F, G} ={F, G}—f/d%ccﬂx/{F, D;(x0)}C;! (x, x){P(x), G}, (3.19)

where {F, G} is the standard Poisson bracket and Cj’k1 are the inverse matrix
elements calculated by

/ d*x"Cip(x, x")CH(x", x') = 838 (x — x). (3.20)

After some straightforward manipulations we find

C,' =0, Clx,x)=-C;'(x,x)=—-L""8(x—x),

Cille,x)=L7"L7'V . [(M-V)VS(x' —x) + MAS(x' —x) + V8(x' —x) - VM,
(3.21)

where £7! is the inverse of £. To derive these elements, we have used that if £ is a
self-adjoint and invertible operator on L? (so that its inverse £~! exists on L?), then
its inverse £~ is also self-adjoint.

Substituting the elements C;kl from (3.21) into the general form of the field-
theoretic Dirac bracket (3.19), and after some tedious manipulations, we arrive at
the following bracket:

(F,G) ={F.G},, —fd3x {V (L) M:VV (£7'75)

—V (L7 M VY (L775) + 20L7 T = ToL7'2p ), (3.22)

v [ [y (L) _Xg ([
Te=V /d”[aﬁv” (m) 5, (mﬂ (3:23)

szxzzv./dwv([a_x,ﬁ] —[‘”‘,i] ) X=F.G (324
8f, m; x,v 8f€ m, X,v

and {F, G},, is the standard Poisson bracket (2.6). One can show that C,, @, and
@, given by (2.10), (3.11) and (3.14), respectively, are Casimir invariants of the
bracket (3.22). Hence, the second-class constraints have been incorporated into the
dynamics of the system, and their conservation is guaranteed by the structure of the
Dirac bracket (3.22), which replaces the original Poisson bracket (2.6).

where
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3.2.2. The Viasov-Ampére system

For the VA system we require that the constraint @, satisfies the consistency condi-
tion {®,, H},, ~ 0, where the Poisson bracket is now given by (2.14). We can easily
show that, by this condition, the same secondary constraint (3.14) arises, and we can
employ the same steps as in the VP case to derive the corresponding Dirac bracket
in the VA case. After repeating the procedure we find that the Dirac bracket for
the VA system is formally identical to (3.22) with the difference that {F, G}yp is
replaced by {F, G}y, given by (2.14) and the quantities £2y are now given by

v (o [o([8X £ [OX L]\, eoX (fi, £
QX - V /d Y |:v (|:8f;, mi]x,u |:8f€’ me]x,u) +608E (mi +m5>i|’
X = F,G. (3.25)

Casimir invariants of the new bracket are C,, the two second-class constraints @,
and @, given by (2.10), (3.11) and (3.14), respectively, and

Cr =/d3x g(x)V-E, (3.26)
which is consistent with (2.16), since the quasineutrality condition has been imposed.

3.3. Constrained dynamics

For the VP system, the constrained dynamical equations that respect the preser-
vation of the constraints @; and @, given by (3.11) and (3.14), respectively, are
recovered from the Hamilton-Dirac equations:

O fs ={fo. Hyp}'s (3.27)

where H,,, is given by (2.5) and {F, G}* is given by (3.22) with Ty and §2x specified
in (3.23) and (3.24), respectively. For the VA system, the corresponding constrained
equations are

afi=A{f. H,, )" s=ie (3.28)
E={E,H,,}, (3.29)

with H,, given by (2.13) and {F, G}* by (3.22), where Ty and §2x are given by
(3.23) and (3.25), respectively. Both (3.27) and (3.28) yield the following system of
constrained Vlasov equations:

atfv =—-0- va - anYE * vaf + ! {VO[ ° va - [(U ° V)VO‘ - V:B +V)/] * vav

m,
—l—quvfs-VﬁlV-fd%E (£+£> } (3.30)

nm; me

where + corresponds to the ion equation and — to the electron equation. In (3.30)
the quantities «, 8, y are

a=£1V-/d3v v(fi— f)=e'LT'V T, (3.31)

B=L"'V.[(M-V)Va+MAax+ (Va - V)M], (3.32)
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yzﬁ‘lV-/d%vv-V(fi—fe)zﬁ‘lVV:(P,»—Pe); (3.33)

hence, they can be computed upon solving the following elliptic equations:
La=e'V.], (3.34)
LB=V [(M-V)Va+MAo+ (Va - V)M], (3.35)
Ly=VV:(P,—P,). (3.36)

The electric field is given by E = —V ¢ for the general VP system, while for the VA
system, (3.29) yields

n; ne
€ E=—J+e (— + —) V. (3.37)

m; me,

Taking the divergence of this equation, yields 9,(V - E) =0, in agreement with
the Casimir invariant (3.26), since (3.34) implies that the two terms on the right-
hand side of (3.37) form a divergence-free vector. Obviously, in one dimension,
the condition V x E =0 holds automatically, whereas in higher dimensions (3.37)
implies that this condition is satisfied provided the current density J obeys V x J =
eV ((n;/m;) + (n./m,)) x Va. However, as previously discussed, in dimensions
greater than one the VA system must be replaced by the full VM system.

Now, let us consider the VP case, and further notice that upon substituting
E = —V¢ into (3.30), the last term becomes

+ L v, £y VLV, f &V E (ﬁ + £>
mg m; m,
=SV VL Lo =F VeV, f.. (3.38)
my mg

Substituting this last equation in (3.30) we see that the electric field term is effec-
tively eliminated from the constrained Vlasov equations, and therefore these two
equations comprise a closed system, since the new advection fields

E:=Va, ¢:=VB, n:=Vy (3.39)

depend merely on f; and f,.

Note also that, along the same lines, we can find an analogous result for the 1D
VA case, since the electric field, being a continuous function, can be written as
the gradient of a differentiable function. Therefore, the final system of QN Vlasov
equations, in both the VP and the 1D VA case, takes the form

qs
em

atfv"'v'va_ {E'ny—[(U'V)g—§+7]]'V,,fv}:0, s=i,e. (340)

For the advection of the distribution functions f; and f,, we are interested in
calculating the fields &, ¢ and n, which according to (3.34)-(3.36) are
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V[ + pn)él = %V-J, (3.41)
Vol +un)gl = mV-[(M-V)E+ MV -&+ (- V)M, (3.42)
V-l +pun)nl = mVV:(P,—P,). (3.43)

Note that the indices i and e in the particle densities are retained, even though we
have imposed n; =n, as a Dirac constraint. This is because the Dirac algorithm
incorporates the constraint into the dynamics by modifying the bracket structure,
such that the constraint appears as a Casimir invariant of the form (3.11). As
a result, the constrained dynamics does not explicitly enforce n; =n,, but rather
enforces the invariance of @;. This implies that the difference n; — n, is conserved
over time. Therefore, only if the system is initialised with n; — n, =0 (i.e. it satisfies
quasineutrality), we can write n; =n, =n.

In this framework, the Poisson equation of the VP system and the Ampére equa-
tion of the 1D VA system become irrelevant and superfluous, since the electric field
does not participate in the advection of the distribution functions. The new advection
fields are

v g (3.44)

em
in physical (configuration) space and

qs
em;

[(v-V)§—C +n] (3.45)
in velocity space.

4. Numerical results

In this section, we provide a numerical verification of the Dirac-constrained formu-
lation developed in § 3. Through complementary tests, we demonstrate two primary
outcomes. First, we verify the correct algorithmic implementation by showing that
the Dirac constraints, namely the fixed charge-density distribution (@) and the
current incompressibility (®,), are preserved by the constrained system. Second,
the simulations illustrate how QN dynamics deviate from standard VP dynamics
even when starting from identical initial conditions, thereby highlighting how the
enforced constraints reshape kinetic evolution. Together, these tests validate the the-
oretical framework and offer insight into the dynamical consequences of imposing
quasineutrality at the kinetic level.

4.1. The non-dimensional 1D-1V system

Let us now consider the QN Vlasov system in the 1D spatial and velocity coor-
dinate setting (1D-1V), where the distribution function depends on a single spatial
coordinate x and a single velocity coordinate v. We also introduce the following
normalised quantities:

~ X - v ~ ~
X = s V= , 1= a)p,eta f = f ’
)"D,e Uth,e nO/vlh.e
- § p ¢ . n
&= , ) =, (4.1
mevth,e mevth,e/)\'D,e mevzh,e/)"D,e
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with

nye?

(4.2)

w =
p.e
€oni,

being the electron plasma frequency, in order to write the 1D-1V counterparts of
(3.40) in non-dimensional form:

o fs +vo, fy — s [E0, fy — (W0, E —C +1)d, f;]1=0, s=i,e, 4.3)

and u; = u=m,/m;, u. = —1. The functions &, ¢ and n satisfy
0y [(n, + puni)§l =0, J, (4.4)
ax [(ne + M”:)U] = axx(Pi - PE)’ (46)

where J, M and P, are the scalar 1D counterparts of J, M and P, given by (2.12),
(3.18) and (3.8), respectively. Integrating (4.4)—(4.6) with respect to x and assuming
that n, + un; > 0 Vx, we find

%__ J+c1 §_2M8x§+§8xM+C2 _ax(Pi_Pe)+c3
Cone+pun;’ B ne + pn; 1= ne + pn;

, 4.7

where ¢y, ¢,, c; are integration constants. These constants must be independent of
time in order to preserve the conservation properties of the Vlasov system. Their
values may be fixed by enforcing suitable boundary conditions; however, for peri-
odic boundary conditions these constants remain undetermined, so without loss of
generality, we set ¢; = ¢; = ¢; =0, to avoid introducing potential non-physical shifts
in the distribution function.

4.2. Solution with the semi-Lagrangian method

We solve (4.3) using a semi-Lagrangian method on a structured Eulerian grid
(x;, ve) = (jAx, kAv), with j=0,1,..., N, and k=0, 1, ..., N,. The time inte-
gration is performed using a Strang splitting (Strang 1968), similar to the classical
Cheng-Knorr scheme (Cheng & Knorr 1976; Sonnendriicker et al. 1999).

To apply the splitting, we decompose the Vlasov equation for each species into a
sequence of simpler subproblems. Each corresponds to a term of the operator D;
in 0, f; + D, f; =0 that governs the transport of the distribution function f;. This
operator is given by

D,=D; +D,, (4.8)
with
D; = —u§)0, Di:=p(n—& +v3.:8)0,. (4.9)
fl;l"his decomposition yields the following subsystems describing different physical
effects:
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Advection in x: 9, f, + D, f, =0, (4.10)
Advection and shearing in v: 9, f; + D} f, =0. (4.11)

In the semi-Lagrangian method each subsystem is solved along its corresponding
characteristic equations:

dXx

d—=(V—us$(X)), (4.12)
1

dv

o = He(X) = 2(X) + V3,5 (X)). (4.13)

Discretising time as " = nAt, a full time step Af in the advection of f; according to
(4.10) and (4.11) is approximated by the following Strang splitting:

eAIDIADY) oy (A/DDY LAIDY ,(A1/2)D (4.14)

Thus, both (4.12) and (4.13) are advanced independently, each as part of the
composition of flows defined in (4.14).

In the semi-Lagrangian method we essentially determine the starting point of
the characteristic curve (X", V") ending at the grid point (X"*!, V™), and set
Syt ety = f(Xm, VL), since f is conserved along characteristics. As
(X", V") generally does not lie on the grid, we use cubic interpolation from nearby
points to evaluate f(X", V"). Hence, in order to find the starting point (X", V")
we need to solve the characteristic (4.12)-(4.13) backwards in time. Notice that the
characteristic (4.12) is a nonlinear ordinary differential equation for X (¢) and gener-
ally a nonlinear solver should be invoked, or a very small time step should be used.
On the other hand, employing the method of integrating factor we can find an exact
solution to (4.13):

V(t+ A= V() e ™4 + % (e"P58 — 1), (4.15)
so in the velocity step, we can compute the starting velocity as
yr = yrtgmiear _ D28 (1 paear), (4.16)
0:§
One can see that
3}15130 V' =V" — (=) At 4.17)

Hence, if 9,& = 0, the starting velocity is simply V" = V"' — i (n — ¢)At.
Thus, in practice, the Strang splitting (4.14) is employed by performing the
following steps:

(i) Half-step advection in x:

fi=filx — (v —p&)At/2,v), (4.18)
where & is computed by f;.
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(i1) Full-step advection and shearing in v:

flx,v)=f (x, e HsiE A _ % (1 — et A’)), (4.19)

where &', ¢" and n’ are computed from f.
(ii1)) Half-step advection in x:
' =f(x = (—puENAL/2,v), (4.20)
where £” is computed by f/.

To smooth out spurious oscillations in the particle density profile which may
develop in regions where fine-scale structures emerge, we found it effective to apply
a Savitzky-Golay filter (Schafer 2011) of polynomial order 2 to the distribution
functions. This filter minimises the least-squares error, fitting a second-order poly-
nomial to successive frames of high-frequency data. Thus, this procedure suppresses
high-frequency oscillations without overly damping physical features.

The interpolation and filtering steps break energy conservation and the symplectic
structure of the continuous dynamics, leading to the small but non-zero drifts of
invariants observed in the next subsection. In addition, the standard Cheng-Knorr-
type semi-Lagrangian splitting is employed here in an operational rather than a geo-
metrical manner. Thus, although it is Hamiltonian for the ordinary VP system, it
is not designed to preserve the Hamiltonian or the underlying Dirac bracket struc-
ture of the constrained QN system. To improve both conservation and long-time
stability, an important direction for future work is the development of numerical
schemes that respect the modified Hamiltonian structure induced by the Dirac
bracket. This includes constructing energy-conserving or, more broadly, structure-
preserving strategies within the semi-Lagrangian framework (e.g. Crouseilles et al.
2010, 2015; Liu et al. 2023) that aim to retain the geometric properties of the con-
tinuous flow at the discrete level. The design of such structure-preserving algorithms
for the constrained QN Vlasov model lies beyond the scope of the present study but
will be pursued in subsequent work.

4.3. Simulation set-up

4.3.1. Electron-proton plasma (n < 1)

We initialise the simulation with two counter-streaming plasma beams having
equal ion and electron densities, perturbed by a cosine modulation around the
characteristic density no = 1 and different drift velocities V, and V;:

1 ( SOV /2~ V)2 [ (2’“” >] ve™"/?
= e V2 g pmtVe ) l4ecos (225 47 ) |+ @421
J 227 L N2
1 29,2 29,2 2kmx
_ —(v=V)/2t —(v+V;)/2t 1 . (4.22
fi 2“/%(6 +e )[ +ecos< 7 +rr>i| ( )

Here, Tt =v,,;/v. 1s the ratio of the ion to the electron thermal velocities; €
is a small perturbation parameter; § controls the constant current density; L is
the size of the periodic box measured in electron Debye lengths Ap,.; and k is
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FIGURE 1. Initial conditions of the distribution functions f, and f; in phase space. The electron
distribution forms two separated beams since V, is large enough in (4.21), whereas the two ion
beams are so close to each other that they effectively form a single beam with zero macroscopic
velocity. This broad, centralised ion beam was found to favour numerical stability over longer
simulation times.

an integer indicating the number of density peaks within the box L. Here we
select L=150, t=1, €=0.05, §=0 and k=3. The drift velocities are V, =2
and V; =0.5. To simulate the evolution of the distribution functions f; and f, we
consider a 120 x 120 grid discretising the simulation box, so that Ax ~ Ap . while
in velocity space the computational domain spans from —4x to 47, measured in
electron thermal velocity units. The electron to ion mass ratio considered here is
[L = 1/1836, which corresponds to an electron-proton plasma. We also considered
=1 for an electron—positron plasma.

We simulate the time evolution of f; and f, up to 20 plasma periods a)p .» While
the time step is At = 107*. In figure 1 the initial conditions of the distribution func-
tions f, and f; are plotted in phase space, while in figure 2 we provide snapshots at
t=5,10, 15 and 20 w,'. A distinct evolution of f, is observed between the two sce-
narios, partlcularly durmg the nonlinear phase. In the QN case, phase-space vortices
form earher than in the VP simulation and have different shapes.

In figure 3, we show the temporal evolution of the space-averaged modulus of the
charge density, (|p]), as well as the ratio (|p,1)/(lpy,1), while in figure 4 we show
the corresponding diagrams for the second locally conserved quantity V - J =9, J.
Both p and 9,J are three orders of magnitude smaller than their VP counterparts
throughout the simulation. The initially vanishing charge density and the initial cur-
rent incompressibility are not preserved to machine precision in the QN case, as
the algorithm is not specifically designed to conserve energy and Casimir invariants
with high accuracy. This limitation is also reflected in the relative energy and particle
number errors in the VP simulation, shown in figure 5. These errors diminish with
decreasing discretisation lengths, indicating that they primarily stem from discretisa-
tion and interpolation errors. Vlasov-Ampére simulations were also performed for
the non-quasineutral system yielding similar results.
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FIGURE 2. Snapshots of the electron and ion distribution functions in phase space (x, v) at
different times. The left-hand column corresponds to the VP case and the right-hand column to
the QN case. A distinct evolution of f, is observed between the two scenarios, especially during
the nonlinear phase.
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FIGURE 3. Left: Evolution of the average charge density modulus (|p|) in the standard VP
scenario (solid red line) versus the Dirac-constrained QN scenario (dashed blue line). The QN
charge density, although non-zero, remains consistently three orders of magnitude smaller than
in the VP case, even in the vortex saturation stage (right).
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FIGURE 4. Left: Evolution of (|d,J|) in the standard VP scenario (solid red line) versus the
Dirac-constrained QN scenario (dashed blue line). Although non-zero, this quantity remains
consistently at least three orders of magnitude smaller than in the VP case, even in the vortex

saturation stage (right).

4.3.2. Electron-positron plasma (u=1)
For the case of an electron—positron plasma, where u = 1, we assume that the distri-
bution functions f, and f; are given by (4.21) and (4.22), respectively, introducing
a shift by a phase  in the x direction in the positron distribution, f;, resulting in
an initially non-vanishing charge density and a corresponding electric field. All other
simulation parameters remain unchanged, except for the time step, which is set to
At =107° in this case. Thus, this set-up is intended to test the conservation of the
Casimir @;, not to mimic a physically QN regime. It ultimately demonstrates that
the constrained algorithm correctly handles non-zero initial charge distributions by
enforcing their preservation, in contrast to the standard VP dynamics where the
charge density evolves freely.

In figure 6, we show contour plots of the distribution functions in phase space
(x, v) which reveal significant differences in the evolution of the distribution func-
tions between the VP and the QN case. In figure 7, we confirm that the QN system
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FIGURE 5. Relative energy error (left) and relative particle error (right) in the VP simulation.
The particle number and energy are not conserved with high precision due to the non-
conservative nature of the simulation algorithm, interpolation errors and the applied filtering
method.

approximately preserves the initial charge density, unlike the VP system, in which p
evolves and undergoes significant changes over time. The quantity d,J also exhibits
significant temporal variations in the VP system, whereas in the QN case it remains
approximately four orders of magnitude smaller. Thus, the current incompressibility
constraint is satisfied with good precision.

The results presented in figures 3, 4 and 7 demonstrate that the numerical scheme
preserves the key Casimir invariants imposed as Dirac constraints, namely the fixed
charge density and the current incompressibility. This numerical preservation serves
as a direct verification that the constrained dynamics has been implemented cor-
rectly. An additional verification step could, in principle, involve comparison with
an analytical dispersion relation in the linear phase. However, deriving such a closed-
form dispersion relation for the Dirac-constrained QN Vlasov system is significantly
more involved than in the standard VP case. For this reason, a thorough dispersion-
relation study, including comparison with theory, is deferred to work specifically
focused on linear validation.

4.3.3. Estimating the significance of the Dirac forces

To estimate the significance of the Dirac forces we consider the case of electron-
proton plasma (u < 1) with immobile protons. To assess the relative strength of
the Dirac forces acting on the electrons compared with the ‘fluid forces’ due to
pressure and convection, we take the zeroth- and the first-order velocity moments of
the electron Vlasov equation in the 1D-1V case to obtain

8tne=_ax(neue) - Eaxne - neax$7 (423)
8[(”6”6) = _8x Pe - éax (neue) - 2neueax$ + ne(; - 77)’ (424)

where u, =n;"' [ d*v f,v. Using (4.23) to reformulate (4.24) we find the following
momentum equation:

nearue = _neueaxue - 8xﬁe - neéaxue - neueax%‘ + ne(g - 77)7 (425)
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FIGURE 6. Snapshots of the electron and positron distribution functions in phase space (x, v)
at different times. The left column corresponds to the VP case and the right column to the QN
case. We observe distinct evolution for both f, and f;.
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FIGURE 7. Left: Evolution of the average charge density modulus (|p|) in the standard VP sce-
nario (solid red line) versus the Dirac-constrained QN scenario (dashed blue line). We see that
Py stays constant while p, , shows significant change during the evolution. Right: The corre-
sponding plots for the quantity (|dy J|) showing that in the QN case the current incompressibility
constraint is satisfied with acceptable accuracy.

where
P, = / dv (v —u,)*f, = P, — nou’. (4.26)

The first two terms on the right-hand side of (4.25) correspond to ‘fluid forces’ while
the rest of the terms on the right-hand side are Dirac force densities. To quantify the
relative strength of the Dirac forces compared with the fluid forces we investigate
the evolution of the ratio

<|ne$axue + neueax%- - ne({ - 77)|>
(Inou,d 1, + 8, P,))

4.27)

for various characteristic lengths L, from L =25X1p, to L =250 Ap,. For this com-
parison we consider a steady ion particle density n; =1 — € cos(2mwkx/L) and the
electrons are initially described by (4.21) with V, =0, in order to avoid the forma-
tion of phase-space vortices and the associated fine structures which are sources of
instability and limit the simulation time window especially for small scales L. The
simulation ends at r = 10w,, for which the quasineutrality condition is preserved
with good accuracy. For later simulation times instability kicks in and quasineu-
trality is violated. In figure 8 we present the evolution of the ratio (4.27) for the
various length scales L and the time-averaged ratio. We observe that in all four
cases L =25, L =50, L =100 and L =250, the ratio of the Dirac forces over the
fluid forces increases with time and becomes progressively smaller for larger length
scales. The time-averaged ratio is over 107! for length scales L < 50 meaning that
the Dirac forces responsible for imposing quasineutrality are significant and thus
quasineutrality is not a good approximation while it becomes a better approxima-
tion for L > 250 where the averaged ratio is smaller than 10=2. This comparison
verifies a consistent QN scaling: Dirac forces become negligible at large system size,
in agreement with the known asymptotic QN limit.

5. Conclusions

In this work, we have reformulated the VP and VA systems by imposing
quasineutrality as a Dirac constraint. The resulting constrained dynamical equations
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FIGURE 8. Left: The evolution of the ratio (4.27) of the Dirac forces over the fluid forces for a
simulation with steady ion distribution. In all four cases L =25, L =50, L =100 and L = 250,
this ratio increases with time and becomes progressively smaller for larger length scales. Right:
The time-averaged ratio versus the length scale L.

were derived within the non-canonical Hamiltonian framework, using the standard
Hamiltonian functionals of the two models and Dirac brackets constructed via
Dirac’s algorithm. In this formulation, the electric field is eliminated, and new
advection terms emerge involving generalised gradient velocity and force fields.
These terms enforce the quasineutrality condition (or more generally charge den-
sity conservation) and their calculation requires, in general, solving three elliptic
partial differential equations. In the 1D-1V case, however, the gradient fields can be
computed explicitly.

We also performed numerical simulations using the constrained QN equations
and demonstrated that the evolution of the distribution function differs significantly
from that of the standard, unconstrained VP and VA systems. We observed that
in the QN simulation, the charge density remains consistently over two orders of
magnitude smaller than that in the VP simulation, validating the effectiveness of
the method used to impose quasineutrality. The fact that the charge density does
not vanish to machine precision is attributed to the numerical scheme, which is not
specifically designed to conserve invariants; however, the accuracy improves with
finer grids and smaller time steps. Finally, we performed a comparative analysis of
the Dirac forces relative to the fluid forces, showing that the former become less
significant at larger length scales. These numerical experiments serve as verification
tests for the new model, since the observed preservation of charge density and cur-
rent incompressibility demonstrate that the discretised implementation satisfies the
Dirac-imposed constraints.

A detailed analytical dispersion-relation analysis, enabling direct comparisons in
the linear regime, would also be a valuable verification test of the present implemen-
tation. However, such an analysis lies beyond the scope of this introductory study
and is deferred to future work. In addition, the extension of the Dirac-constraint
framework to the full VM system, allowing for self-consistent magnetic field gen-
eration, will be presented in a separate forthcoming paper. Future research will
also investigate Casimir- or, more generally, structure-preserving discretisations, as
well as applications of the QN Dirac-constraint methodology to hybrid fluid-kinetic
models such as those proposed in Kaltsas, Throumoulopoulos & Morrison (2021).
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Appendix A. Jacobi identity for the VA bracket
Following the analysis presented in the Appendix of Morrison (2013), we find that

{{r,G},,. H},, +cyc

) SH SF G
5 [ aaa (v ) (92 ) e
— com? SE 8fs 8fs

where F, G, H are three arbitrary functionals on the functional phase space and cyc
denotes their cyclic permutation. Jacobi identity is satisfied if the right-hand side of
(A1) is zero, which is not generally true.

However, if the electric field is irrotational and thus E = —V ¢, then the functional
derivative of an arbitrary functional F with respect to E is connected with the
functional derivative § F' /3¢ as follows:

a | 8F
S vaA',
SE 3¢

where A~! denotes the inverse Laplacian operator, i.e. the solution operator to
Af =g, that can be defined via convolution with the Green’s function as in §2
with appropriate boundary conditions. In view of (A2), the right-hand side of (A1)
is trivially zero and thus the Jacobi identity is satisfied, making bracket (2.14) a
Poisson bracket.

To prove (A2) we start by viewing F' as a functional of E and then as a functional
of ¢ (E). While the respective expressions may differ in form, they represent the
same functional, so we write F(f;, E) = F(f;, ¢). The variations of F and F with
respect to their respective field variables must therefore agree:

fd3x8—F-6E:/d3x8—F8¢. (A3)
SE S¢

(A2)
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Since E =—V¢, then ¢ = —A~'V . E and therefore (A3) becomes
S§F §F
/d3x—-3E=—/d3x—A-1V-aE. (A4)
SE 8¢

The variation §E is thus not arbitrary but constrained to lie in the space of irro-
tational fields. Using the self-adjointness of A~! and integrating by parts we find

, OF 3 _0F
d*x— SE=— | d’x8E-VA™! (AS)
SE 8¢
Since this equation must hold for all admissible variations §E, it follows that (A2)

must hold.

Appendix B. Calculation of the C-matrix elements

Here, we present the procedure for calculating the elements of the constraint
matrix C, namely C;;, in the VP case, where the Poisson bracket is given by (2.6).
For these calculations we need the functional derivatives of the constraints @; and
&, as given by (3.11) and (3.14), respectively:

&zé(x—x’), i =—-5(x —x"),
Sfi 8fe
5D, , , 5§D,
S—fi=—v-V8(x—x), 57, =v-V'§(x—x). (B1)

It is straightforward to see that the entry Cy;(x, x") = {®;(x), @;(x")} is zero. For
Cix(x, x") we have

Cia(x, x") ={2(x), D,(x)}
/ + fe > [(x —x"),v-V'§(x', x")]

//dS //d3 (_
m; m,
/fd3 //d3 (ﬁ f )V”S(x—x”)-V”S(x'—x”)
m; me
+

+
:/d3vV . [<_ mi) Vé(x' —x)} =L5(x' — x). (B2)

e

Similarly we can find that
Co(x,x)=—-L'6(x —x'). (B3)
For the calculation of Cy,(x, x’) we consider the bracket {®,(x), @,(x")}:

Cu(x, x') ={D:(x), Pr(x")}

// d3 ”d3 {( ﬁ fe ) V”(S(x — x//), v- V”(S(x/ - x”)]x“,v' (B4)
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To proceed, let us compute separately the particle bracket
[v-V'8(x—x"),v-V'8(x"—x")],
= 07[ve 0,8 (x — x")]0,,;[v,9,8(x" — x")] — 3][v:9,'8(x" — x")]0y,; [v,9, 8 (x — x")]
= vka,é’a;fé (x — x”)aj’.’(S x'—x")— uka,;’a;’a (x' — x”)aj’.’é (x —x"
=@w-VH)V'8x —x")-V's(x' —x")— (- V)HV'8§(x' —x")-V'8§(x —x"). (BS)

Therefore, C,, becomes

Cx(x, x)—//d3 "dv {(f ff) [V'8(x' —x") - (v V)V'8(x —x")

m,

—V'§(x —x") - (v-VHV'§(x' —x")]. (B6)

Integrating by parts and neglecting boundary terms we find

Cy(x, x)_f/d%cd* {S(x x"HV". [(f fe)(v VHV'§(x' — )]
m; m,

+8(x —x")(w-V)V". [(% + L) V'§(x' — x”)] }

m

:V./d3v{ (fl fe) (v-V)VS(x' —x)
m; m,

+Vé(x'—x)-V [v (£+£>i| }
m; ni,

[(M-V)VS(x' —x) + MAS(x' —x)+ V3(x' —x)- VM], (B7)
where M is given by (3.18).
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