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ABSTRACT
We investigate the conditions under which the Jacobi identity holds for a class of recently introduced anti-symmetric brackets in hybrid 
plasma models with kinetic ions and massless electrons. In particular, we establish the precise conditions under which the brackets for the 
vector-potential-based formulations satisfy the Jacobi identity, and demonstrate that these conditions are fulfilled by all physically relevant 
functionals. Moreover, for the magnetic-field-based formulation, we show that the corresponding anti-symmetric bracket constitutes a 
Poisson bracket under Gauss’s law for magnetism, and we provide a direct proof of the Jacobi identity. These results are further extended to 
models incorporating electron entropy as well as more general hybrid kinetic-fluid models.

VC 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license 
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0332100

I. INTRODUCTION
Many important physical models can be formulated within a 

Hamiltonian framework, including Maxwell’s equations and the 
Schr€odinger equation, whose dynamics can be derived from appropri
ate Hamiltonians and Poisson brackets.1 In plasma physics, 
Hamiltonian formulations with corresponding Poisson brackets have 
been developed for a variety of models, including the Vlasov– 
Maxwell equations,2,3 magnetohydrodynamics (MHD),4 the two-fluid 
model,5 and extended MHD.6,7 More recently, Poisson brackets have 
been proposed for hybrid plasma models.8

The focus of this paper is the hybrid model with kinetic ions and 
massless electrons (HKM). It has become a cornerstone of modern 
plasma and space-weather simulations.9 By treating electrons as a 
fluid while retaining kinetic ions, it provides an effective balance 
between computational efficiency and physical fidelity. Compared 
with fully kinetic approaches, the HKM model significantly reduces 
computational cost, enabling large-scale simulations over physically 
relevant spatial and temporal scales. At the same time, it captures ion 
kinetic phenomena that are inaccessible to conventional magnetohy
drodynamic models.10 Consequently, HKM simulations have become 
an indispensable tool for investigating a broad range of plasma pro
cesses, including collisionless shocks, magnetic reconnection, plasma 
turbulence, and solar wind magnetosphere interactions. Large-scale 

simulation frameworks such as Vlasiator have demonstrated the 
power of this approach for studying space-weather phenomena and 
heliospheric plasma dynamics.11

For the HKM model, the Poisson brackets have been proposed 
in Ref. 8. The magnetic field based Poisson bracket of the HKM 
model (referred to as the xvB formulation in Ref. 12) is obtained by 
simply transforming the Poisson bracket [formula (76) in Ref. 8] in 
terms of the vector potential A to the Poisson bracket in terms of the 
magnetic field via the relations3,8 B ¼ r� A; dF

dA ¼ r�
dF
dB : Also the 

canonical momentum based Poisson bracket is given in Ref. 8, where 
the distribution function depends on the canonical momentum p 
defined as p ¼ vþ A. This formulation is called the xpA formulation 
in Ref. 12. The third formulation, i.e., also referred to as the xvA for
mulation, involves the distribution function f depending on velocity 
v, and the vector potential A.

For the HKM model, the Poisson brackets proposed in Ref. 
8 involve the ion and electron charge densities, which are assumed to 
be equal under the quasi-neutrality condition. Preserving quasi- 
neutrality numerically requires special attention to both charge densi
ties during simulations, particularly when particle-in-cell methods are 
used for ions while grid-based methods are employed for electrons, as 
discussed in Refs. 10 and 12. From a theoretical perspective, 
the quasi-neutrality condition can be viewed as a constraint in 
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non-dissipative plasma models. The Dirac theory of constraints has 
been applied and further developed in recent works Refs. 13–15.

These three formulations, i.e., xpA, xvA, and xvB formulations, 
are mathematically equivalent descriptions of kinetic plasma dynam
ics, which employ different sets of variables; each offers distinct 
numerical advantages. In the xpA formulation, the particle position 
and canonical momentum form a pair of variables in a canonical 
Hamiltonian system. This structure enables the use of symplectic par
ticle pushers and provides favorable long-term behavior.12 Moreover, 
the use of the vector potential facilitates the numerical preservation of 
r � B ¼ 0, a property that is also shared by the xvA formulation. In 
contrast, in the particle discretization of the xvB formulation, the par
ticle kinetic energy is independent of particle position, which makes it 
straightforward to construct energy-conserving methods.10 From the 
perspective of Hamiltonian structure, the xpA formulation possesses 
a considerably simpler Poisson bracket, involving significantly fewer 
terms than those of the xvA and xvB formulations.

In this work, we show that the quasi-neutrality condition of the 
HKM model corresponds to a momentum map in the canonical 
momentum–based formulation, arising from gauge symmetry, and to 
a Casimir functional in the velocity–based formulations. In Refs. 10 
and 12, simplified antisymmetric brackets were derived by neglecting 
terms associated with the functional derivatives of the electron charge 
density in the Poisson brackets introduced in Ref. 8. Here, we investi
gate the Jacobi identities for these simplified antisymmetric brack
ets.10,12 Specifically, we determine the conditions under which the 
Jacobi identities hold for the vector-potential-based antisymmetric 
brackets proposed in Ref. 12, showing that they are satisfied by all 
physically meaningful functionals. Furthermore, we demonstrate that 
the magnetic-field-based antisymmetric bracket proposed in Ref. 10 
satisfies the Jacobi identity as a Poisson bracket under Gauss’s law for 
magnetism, r � B ¼ 0, and provide a proof via direct calculation.

First, we present the dimensionless HKM model10 as follows: 

@f
@t
þ v � rf þ ðEþ v� BÞ �

@f
@v
¼ 0 ;

@B
@t
¼ −r� E ; r � B ¼ 0 ;

@ne

@t
þr � neueð Þ ¼ 0; ue ¼ u −

J
ne
;

@s
@t
þ ue � rs ¼ 0;

E ¼ −
rpe

ne
− u −

J
ne

� �

� B:

(1) 

Here, we take the single ion species case for an example, have 
assumed ion has an unit charge, f ðx; v; tÞ denotes the ion distribution 
function depending on time t 2 R, position x 2 R3 and velocity 
v 2 R3, quasi-neutrality number density is ne ¼ n with n ¼

Ð
f dv, 

where n and ne are for ions and electrons, respectively, u ¼
Ð

vf dv=n 
is the ion current carrying drift velocity, Eðx; tÞ and Bðx; tÞ stand for 
the electromagnetic fields, J ¼ r� B denotes the plasma current, 
and pe is the electron pressure determined by the internal energy 
function16,17 Uðne; s; jBjÞ as pe ¼ n2

e
@U
@ne 

with s denoting the entropy 
per unit mass. The hybrid model (1) contains the Vlasov equation, 
Faraday’s law, continuity equation for mass-less electrons, electron 
entropy equation, and Ohm’s law. The Hamiltonian for the above 
hybrid model (1) is given in Refs. 8 and 10 as 

Hðf ;B; neÞ ¼
1
2

ð

jvj2f dvdx þ
1
2

ð

jBj2 dxþ
ð

neU dx:

This work is organized as follows. The xpA, xvA, and xvB for
mulations of the HKM model are investigated in Sec. II. The condi
tions for the Jacobi identity of the simplified brackets proposed in 
Refs. 10 and 12 are presented in Secs. II A–II C, respectively. A direct 
proof of the Jacobi identity for the simplified Poisson bracket of the 
xvB formulation is given in Sec. II C. Relationships among the simpli
fied Poisson brackets of these three formulations are established using 
the chain rule for functional derivatives in Sec. II D. Extensions to 
more general hybrid models are briefly discussed in Sec. III.

II. THE POISSON BRACKETS OF THE HKM MODEL
In this section, we investigate the three formulations, i.e., xpA, 

xvA, and xvB formulations, of the HKM model (1) with isothermal 
electrons. The quasi-neutrality condition corresponds to a momen
tum map in the canonical momentum-based formulation, arising 
from gauge symmetry, and to a Casimir functional in the velocity- 
based formulations. We also present the conditions under which the 
Jacobi identities hold for the three antisymmetric brackets proposed 
in Refs. 10 and 12.

When the electrons are assumed to be isothermal with a constant 
temperature Te, we have pe ¼ Tene and U ¼ Te ln ne in Eq. (1). The 
equation of s in Eq. (1) is not needed, as the electrons are isothermal 
and U does not depends on s. The isothermal electron case of Eq. (1) 
is the main focus of the current section, as it already captures the 
essential structural features relevant to the verification of the Jacobi 
identity, while avoiding additional technical complications associated 
with more general electron thermodynamics. Both the Jacobi identity 
conditions presented in the current section and the techniques for 
simplifying Poisson brackets are extended to more general electrons 
in Sec. III.

A. xpA formulation
We begin with the xpA formulation, whose Poisson brackets 

have a relatively simple structure. The following Poisson bracket was 
proposed in Ref. 8 (for simplicity, the time variable t is omitted), 

F;Gf gðf ðx; pÞ;A; neÞ

¼

ð

f
dF
df
;
dG
df

� �

xp
dxdp −

ð
1
ne
r� A �

dF
dA
�

dG
dA

� �

dx

þ

ð
dF
dA
� r

dG
dne

−
dG
dA
� r

dF
dne

dx; (2) 

where the Lie–Poisson bracket1 �; �½ �xp 
for functions f and g depending 

on x and p is 

f ; g½ �xp ¼ rf �
@g
@p

−rg �
@f
@p
:

Before proceeding to the proof of the Jacobi identity, we present 
a bracket theorem from Ref. 18 that will be used extensively. This the
orem states that the contributions involving second-order functional 
derivatives cancel each other in the verification of the Jacobi identity.

Theorem 1. (Bracket theorem18) To prove the Jacobi identity of 
the generic brackets of the form 
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F;Gf gðwÞ ¼

ð
dF
dw

JðwÞ
dG
dw

da;

where J is an anti-self-adjoint operator depending on w and w depends 
on a, one needs only consider the explicit dependence of J on w when 
taking the functional derivatives of F;Gf g.

Here, we provide a proof of the Jacobi identity for the Poisson 
bracket (2).

Theorem 2. The bracket (2) satisfies the Jacobi identity.
Proof. By Theorem 1, which was originally established in Ref. 18, 

to prove the Jacobi identity for bracket (2), we can ignore the second- 
order functional derivatives when considering the functional deriva
tives of F;Gf g and have 

d F;Gf g

df
¼

dF
df
;
dG
df

� �

xp
;

d F;Gf g

dA
¼ −r�

1
ne

dF
dA
�

dG
dA

� �

;

d F;Gf g

dne
¼
r� A

n2
e
�

dF
dA
�

dG
dA

� �

:

Then for any three smooth functionals F, G, and K depending 
on f ;A, and ne, we have 

F;Gf g;Kf gðf ðx; pÞ;A; neÞ

¼

ð

f
dF
df
;
dG
df

� �

xp
;
dK
df

" #

xp

dxdp

þ

ð
1
ne
r� A � r �

1
ne

dF
dA
�

dG
dA

� �

�
dK
dA

� �

dx

−
ð

r�
1
ne

dF
dA
�

dG
dA

� � !

� r
dK
dne

dx

−
ð

dK
dA
� r

1
n2

e
r� A �

dF
dA
�

dG
dA

� � !

dx; (3) 

where the third term is 0 via integration by parts. The sum over 
permutations of the first term vanishes, as it corresponds to a Lie– 
Poisson bracket.2,3 The sum over permutations of the second and 
fourth terms also vanishes, which can be shown using Lemma 4.1 in 
Ref. 7 by setting p ¼ q ¼ r ¼ A and q ¼ ne. Therefore, we conclude 
that the bracket (2) satisfies the Jacobi identity, i.e., F;Gf g;Kf g

þ G;Kf g; Ff g þ K; Ff g;Gf g ¼ 0.                                                      (

Based on Theorem 2, we know that P ¼ C1ðR6
Þ

� C1ðR3
Þ

� �3
� C1ðR3

Þ is a Poisson manifold1 with the Poisson 
bracket (2). We define the action U of the Lie group G ¼ C1ðR3

Þ on 
the Poisson manifold P, i.e., U : G� P! P, as 

Uw f ðx; pÞ;A; ne
� �

¼ f ðx; p −rwÞ;Aþrw; ne
� �

; 8w 2 G:
(4) 

The Hamiltonian 

H ¼
1
2

ð

jp − Aj2f dpdxþ
1
2

ð

jr � Aj2 dxþ Te

ð

ne ln ne dx;

is invariant under the group action (4). And the Lie group G acts on 
the Poisson manifold P canonically,1 i.e., 

U�w F;Gf g ¼ U�wF;U�wG
� �

;

where U�w denotes the pullback of the map Uw. Next, we prove the 
quasi-neutrality condition is related to a momentum map associated 
with the Lie group action (4).

Proposition 1. The map J : P! g�

J f ðx; pÞ;A; ne
� �

¼ ne −
ð

f ðx; pÞ dp; (5) 

is a momentum map of the action defined in Eq. (4), where 
g ¼ C1ðR3

Þ is the Lie algebra of the Lie group G ¼ C1ðR3
Þ, and g�

is the dual space of g in the sense of L2 integral.
Proof. For / 2 g, the infinitesimal generator /P is 

/Pðf ðx; pÞ;A; neÞ ¼
d
ds

U expðs/Þ f ðx; pÞ;A; ne
� �

js¼0

¼ −r/ �
@f
@p
;r/; 0

� �

:

For the linear map J : g !FðPÞ, where FðPÞ is the set of all smooth 
functionals defined on P, 

Jð/Þðf ;A; neÞ ¼

ð

ne/ dx −
ð

f / dxdp;

we can check that the vector field /P is the Hamiltonian vector field 
[with the Poisson bracket (2)] of the functional Jð/Þ. By the definition 
of momentum map J : P! g� in the Definition 11.2.1 in Ref. 1, we 
know that 

hJðf ;A; neÞ;/i ¼ Jð/Þðf ;A; neÞ;

where h�; �i denotes the L2 inner product. Then, we have 
Jðf ;A; neÞ ¼ ne −

Ð
f ðx; p; tÞ dp.                                                         (

1. Conservation of the momentum map

The Lie algebra g action above, arising from the canonical left 
Lie group action U, acts canonically on the Poisson manifold P and 
admits the momentum map (5). By Theorem 11.4.1 in Ref. 1, the 
momentum map is conserved under the Hamiltonian flow; that is, 
the quasi-neutrality condition holds for all times if it holds initially.

2. Simplified bracket

In Ref. 12, we adopt the formulation with the following antisym
metric bracket for numerical discretization, due to its low numerical 
noise and favorable conservation properties. This bracket is obtained 
by removing the last term in Eq. (2) containing the functional deriva
tive of ne and replacing ne with 

Ð
f dp in accordance with the quasi- 

neutrality condition, 

F;Gf gsðf ðx; pÞ;AÞ ¼
ð

f
dF
df
;
dG
df

� �

xp
dxdp

−
ð

1
n
r� A �

dF
dA
�

dG
dA

� �

dx; (6) 
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where n ¼
Ð

f dp denotes the ion/electron charge density. This 
bracket does not satisfy the Jacobi identity, as shown below.

Theorem 3. The bracket (6) does not satisfy the Jacobi identity.
Proof. To examine the Jacobi identity, we first compute the func

tional derivatives of F;Gf g, neglecting second-order derivatives 
according to the bracket Theorem 1, which was originally established 
in Ref. 18. This yields 

d F;Gf gs
df

¼
dF
df
;
dG
df

� �

xp
þ

1
n2r� A �

dF
dA
�

dG
dA

� �

;

d F;Gf gs
dA

¼ −r�
1
n

dF
dA
�

dG
dA

� �

:

Based on the functional derivatives computed above, we obtain 

F;Gf gs;K
� �

s

¼

ð
1
n
r� A � r �

1
n

dF
dA
�

dG
dA

� �

�
dK
dA

� �

dx

þ

ð

f
dF
df
;
dG
df

� �

xp
;
dK
df

" #

xp

dxdp

þ

ð

f
1
n2r� A �

dF
dA
�

dG
dA

� �

;
dK
df

" #

xp

dxdp: (7) 

For functionals F, G depending only on A, we define in particular, a 
functional depending only on f as K ¼

Ð
f p � rhðxÞ dpdx, where 

hðxÞ ¼ 1
n2r� A0 �

dF
dA jA¼A0

� dG
dA jA¼A0

� �
. Then we have 

F;Gf gs;K
� �

sjðf ;A0Þ
þ cyc ¼

ð

f jrhj2 dxdp;

where the “cyc” denotes the results via the permutations of F, G, and 
K. The integrand is non-negative when f is non-negative, and thus 

F;Gf gs;K
� �

s þ cyc is not zero at ðf ;A0Þ for positive f jrhj2. 
Therefore, we conclude that the antisymmetric bracket (6) does not 
satisfy the Jacobi identity and is not a Poisson bracket.                      (

A natural question is under what conditions the Jacobi identity 
is satisfied for the bracket (6).

Theorem 4. The bracket (6) satisfies the Jacobi identity when the 
functionals satisfy the condition, 

r �
dK
dA
¼ −r �

ð

f
@

@p
dK
df

dp; 8K: (8) 

Proof. By comparing Eq. (3) with Eq. (7), we know that when the con
dition (8) is satisfied, we have 

F;Gf gs;K
� �

sðf ðx; pÞ;AÞ ¼ F;Gf g;Kf gðf ðx; pÞ;A; neÞ ¼ 0;

where the “¼” holds in the sense that ne ¼ n, and second-order func
tional derivatives are neglected when computing the functional deriv
atives of the brackets (2) and (6). This completes the proof of the 
theorem.                                                                                                  (

Remark 1. The condition (8) is satisfied by the Hamiltonian of 
the hybrid model 

H ¼
1
2

ð

jp − Aj2f dpdxþ
1
2

ð

jr � Aj2dxþ Te

ð

n ln n dx:

We here define the following set of functionals satisfying the 
condition (8): 

A ¼ Fðf ðx; pÞ; AÞ :¼ ~Fð~f ðx; vÞ; BÞjB ¼ r� A;
n

v ¼ p − A; f ðx; pÞ :¼ ~f ðx; vÞ ¼ ~f ðx; p − AÞ
o
; (9) 

where the time variable is omitted for convenience. This set A 

includes functionals determined by all smooth functionals ~F about 
~f ðx; vÞ; B with r � B ¼ 0.

Remark 2. The bracket (6) can be obtained from the bracket (2) 
via the following transformation: 

f ðx; pÞ; A; ne
� �

! f ðx; pÞ; A; C ¼ ne −
ð

f dp
� �

:

Any functional ~F of ðf ðx; pÞ;A;CÞ can be regarded as a functional F 
of ðf ðx; pÞ;A; neÞ via Fðf ðx; pÞ;A; neÞ ¼ ~Fðf ðx; pÞ;A;CÞ. By the 
chain rules of the functional derivatives, we have 

dF
df
¼

d~F
df

−
d~F
dC

;
dF
dA
¼

d~F
dA

;
dF
dne
¼

d~F
dC

:

Substituting the above relations into bracket (2), we obtain 

~F; ~G
� �

ðf ðx; pÞ;A;CÞ

¼

ð

f
d~F
df
;
d~G
df

" #

xp

dxdp

−
ð

1

C þ
ð

f dp
r� A �

d~F
dA
�

d~G
dA

� �

dx

þ

ð
d~F
dA
� r

d~G
dC

−
d~G
dA
� r

d~F
dC

dx

þ

ð

f −r
d~F
dC
�
@

@p
d~G
df
þr

d~G
dC
�
@

@p
d~F
df

 !

dpdx: (10) 

The sum of the last two terms is zero when ~F and ~G are in A 

(9). Then for functionals ~F and ~G in A, bracket (10) becomes 

~F; ~G
� �

ðf ðx; pÞ;A;CÞ

¼

ð

f
d~F
df
;
d~G
df

" #

xp

dxdp

−
ð

1

C þ
ð

f dv
r� A �

d~F
dA
�

d~G
dA

� �

dx;

which is the bracket (6) when C ¼ 0. As no functional derivative 
with respect to C is conducted, C can be regarded as a parameter 
function.

Before we can conclude that the bracket (6) defines a Poisson 
bracket for functionals in A, we must verify that F;Gf gs 2A for 
8F;G 2A. The answer is affirmative, since the proof relies on the 
relation with the xvB formulation; we defer the argument to Theorem 
7, where the result is established in a unified manner.
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3. Coulomb gauge

When Coulomb gauge is used, i.e., r � A ¼ 0, we let 
wA ¼ −D−1ðr � AÞ, then the map ðf ðx; pÞ;AÞ ! ðf ðx; p −rwAÞ;

AþrwAÞ
3 transforms the bracket (6) as 

F;Gf g
Coulomb
A ðf ðx; pÞ;AÞ

¼

ð

f
dF
df
;
dG
df

� �

xp
dxdp −

ð
1
n
r� A � M� Nð Þdx;

where 

M ¼
dF
dA
þrD−1r �

dF
dA
þrD−1r �

ð

f
@

@p
dF
df

dp;

N ¼
dG
dA
þrD−1r �

dG
dA
þrD−1r �

ð

f
@

@p
dG
df

dp:

When the magnetic field B is adopted, we have the following 
bracket by B ¼ r� A and dF

dA ¼ r�
dF
dB, 

F;Gf g
Coulomb
B ðf ðx; pÞ;BÞ

¼

ð

f
dF
df
;
dG
df

� �

xp
dxdp −

ð
1
n

B � ~M � ~Nð Þdx;

where 

~M ¼ r�
dF
dB
þrD−1r �

ð

f
@

@p
dF
df

dp;

~N ¼ r�
dG
dB
þrD−1r �

ð

f
@

@p
dG
df

dp:

B. xvA formulation
Next, we consider the xvA formulation,8,12,19 for which the 

Poisson bracket is given by formula (76) in Ref. 8, 

F;Gf gðf ðx; vÞ;A; neÞ

¼

ð

f
dF
df
;
dG
df

� �

xv
dxdv

þ

ð

fr� A �
@

@v
dF
df
�
@

@v
dG
df

� �

dxdv

−
ð

1
ne
r� A �

dF
dA
�

dG
dA

� �

dx

−
ð

f
ne
r� A �

@

@v
dG
df
�

dF
dA

−
@

@v
dF
df
�

dG
dA

� �

dxdv

−
ð

1
ne
r� A �

ð

f
@

@v
dF
df

dv �
ð

f
@

@v
dG
df

dv
� �

dx

þ

ð
dF
dA
� r

dG
dne

−
dG
dA
� r

dF
dne

dx

þ

ð

f −
@

@v
dF
df
� r

dG
dne
þ
@

@v
dG
df
� r

dF
dne

� �

dxdv

¼ fF; Gg0 þ fF; Ggne 
; (11) 

where we denote the sum of the first six terms in the above bracket by 
F;Gf g0, and the last term by F;Gf gne

.
Here, we explicitly write out the terms needed to verify the Jacobi 

identity. As before, we first compute the functional derivatives of 
F;Gf g, neglecting second-order derivatives according to the bracket 

Theorem 1, which was originally established in Ref. 18. Then, we have 

F;Gf g;Kf g

¼ −
ð

1
ne
r�A �

d F;Gf g

dA
�

dK
dA

� �

dx

þ

ð

f
d F;Gf g0

df
;
dK
df

� �

xv
dxdv

þ

ð

fr�A �
@

@v
d F;Gf g0

df
�
@

@v
dK
df

� �

dxdv

−
ð

f
ne
r�A �

@

@v
dK
df
�

d F;Gf g

dA
−
@

@v
d F;Gf g0

df
�

dK
dA

� �

dxdv

−
ð

1
ne
r�A �

ð

f
@

@v
d F;Gf g0

df
dv�

ð

f
@

@v
dK
df

dv
� �

dx

þ

ð

f
@

@v
dK
df
� r

d F;Gf g

dne

� �

dxdv − T1
ne
þT2

ne
;

(12) 

where T1
ne
¼
Ð

dK
dA � r

d F;Gf g

dne
dx, and all other terms involving the func

tional derivative with respect to ne are included in T2
ne

, i.e., 

T2
ne
¼

ð
d F;Gf g

dA
� r

dK
dne

dxþ
ð

f −
@

@v
d F;Gf g

df
� r

dK
dne

� �

dxdv

þ

ð

f
d F;Gf gne

df
;
dK
df

" #

xv

dxdv

þ

ð

fr� A �
@

@v
d F;Gf gne

df

!

�
@

@v
dK
df

dxdv

þ

ð
f
ne
r� A �

@

@v
d F;Gf gne

df

!

�
dK
dA

!

dxdv

−
ð

1
ne
r� A �

ð

f
@

@v
d F;Gf gne

df
dv �

ð

f
@

@v
dK
df

dv

 !

dx;

where the first term vanishes by integration by parts. Since the 
Poisson bracket (11) satisfies the Jacobi identity, the sum over permu
tations of T2

ne
, which contains all terms involving the functional deriv

atives of ne, also vanishes.
Remark 3. The quasi-neutrality condition, ne ¼

Ð
f dv, corre

sponds to a class of Casimir functionals of the bracket (11), i.e., for 
any given x0, 

Cðf ; ne;AÞ ¼
ð

dðx − x0Þ ne −
ð

f dv
� �

dx:

4. Simplified bracket

The simplified bracket presented in Ref. 12 is obtained by 
removing the terms involving the functional derivatives with respect 
to ne and replacing ne with 

Ð
f dv, 
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F;Gf gsðf ðx; vÞ;AÞ

¼

ð

f
dF
df
;
dG
df

� �

xv
dxdv

þ

ð

fr� A �
@

@v
dF
df
�
@

@v
dG
df

� �

dxdv

−
ð

1
n
r� A �

dF
dA
�

dG
dA

� �

dx

−
ð

f
n
r� A �

@

@v
dG
df
�

dF
dA

−
@

@v
dF
df
�

dG
dA

� �

dxdv

−
ð

1
n
r� A �

ð

f
@

@v
dF
df

dv�
ð

f
@

@v
dG
df

dv
� �

dx: (13) 

In the following theorem, we state the condition under which the 
bracket (13) satisfies the Jacobi identity.

Theorem 5. The bracket (13) satisfies the Jacobi identity when the 
functionals satisfy the condition, r � dK

dA ¼ 0; 8K.
Proof. In order to prove the Jacobi identity, we need to calculate 

the functional derivatives of the bracket (13), 

d F;Gf gs
df

¼
d F;Gf g0

df
þ

d F;Gf g

dne
;

d F;Gf gs
dA

¼
d F;Gf g

dA
;

where �; �f g is the bracket (11), the “¼” holds in the sense that we 
replace ne with 

Ð
f dv on the right-hand side and ignore the second- 

order functional derivatives when calculating the functional deriva
tives of F;Gf g and F;Gf gs. Then, we have 

F;Gf gs;K
� �

s

¼

ð

f
d F;Gf g0

df
þ

d F;Gf g

dne
;
dK
df

� �

xv

þ

ð

fr� A �
@

@v
d F;Gf g0

df
�
@

@v
dK
df

� �

dxdv

−
ð

1
n
r� A �

d F;Gf g

dA
�

dK
dA

� �

dx

−
ð

f
n
r� A �

@

@v
dK
df
�

d F;Gf g

dA
−
@

@v
d F;Gf g0

df
�

dK
dA

� �

dxdv

−
ð

1
n
r� A �

ð

f
@

@v
d F;Gf g0

df
dv�

ð

f
@

@v
dK
df

dv
� �

dx:

(14) 

Since the Poisson bracket (11) satisfies the Jacobi identity, the sum 
over permutations of T2

ne 
in Eq. (12) vanishes. The remaining terms 

in Eq. (12), except for T1
ne 

and T2
ne

, coincide with the terms in Eq. 
(14). When r � dK

dA ¼ 0; 8K, we have T1
ne
¼ 0, and hence the bracket 

(13) satisfies the Jacobi identity.                                                            (

We can define the following set of functionals satisfying the con
dition r � dK

dA ¼ 0, 

B ¼ Fðf ðx; vÞ; AÞ :¼ ~Fðf ðx; vÞ; BÞjB ¼ r� AÞ;
�

(15) 

which includes the functionals determined by all smooth functionals 
~F about f ðx; vÞ; B with r � B ¼ 0.

As with the bracket (6), we must verify that F;Gf gs 2 B for 
8F;G 2 B, before we can conclude that the bracket (13) defines a 
Poisson bracket for functionals in B. The answer is affirmative, since 
the proof relies on the relation with the xvB formulation; as in the 
case of the xpA formulation, we defer the argument to Theorem 7, 
where the result is established in a unified manner.

C. xvB formulation
Finally, we consider the magnetic-field-based formulation. 

When the electron charge density ne is treated as an independent vari
able, a Poisson bracket can be derived from Ref. 8 as follows: 

F;Gf gðf ðx; vÞ;B; neÞ

¼

ð

f
dF
df
;
dG
df

� �

xv
dxdv

þ

ð

f B �
@

@v
dF
df
�
@

@v
dG
df

� �

dxdv

−
ð

1
ne

B � r �
dF
dB
�r�

dG
dB

� �

dx

−
ð

1
ne

B �
ð

f
@

@v
dF
df

dv �
ð

f
@

@v
dG
df

dv
� �

dx

−
ð

f
ne

B �
@

@v
dG
df
�r�

dF
dB

−
@

@v
dF
df
�r�

dG
dB

� �

dxdv

þ

ð

f −
@

@v
dF
df
� r

dG
dne
þ
@

@v
dG
df
� r

dF
dne

� �

dxdv: (16) 

Remark 4. The quasi-neutrality condition ne ¼
Ð

f dv corre
sponds to a class of Casimir functional of the bracket (16), i.e., for any 
given x0, 

Cðf ; ne;BÞ ¼
ð

dðx − x0Þ ne −
ð

f dv
� �

dx:

5. Simplified bracket

In Ref. 10, we propose the following bracket for the xvB formula
tion by removing the terms involving the functional derivatives with 
respect to ne and replacing ne with n ¼

Ð
f dv, 

F;Gf gsðf ðx; vÞ;BÞ

¼

ð

f
dF
df
;
dG
df

� �

xv
dxdv

þ

ð

f B �
@

@v
dF
df
�
@

@v
dG
df

� �

dxdv

−
ð

1
n

B � r �
dF
dB
�r�

dG
dB

� �

dx

−
ð

f
n

B �
@

@v
dG
df
�r�

dF
dB

−
@

@v
dF
df
�r�

dG
dB

� �

dxdv

−
ð

1
n

B �
ð

f
@

@v
dF
df

dv�
ð

f
@

@v
dG
df

dv
� �

dx: (17) 
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Remark 5. Since ne ¼
Ð

f dv corresponds to a Casimir functional 
of the Poisson bracket (16), we choose the Casimir functional as an 
independent variable to simplify the Poisson bracket, following the 
spirit of Darboux’s theorem. Specifically, we perform the following 
transformation of variables: 

f ðx; vÞ; B; ne
� �

! f ðx; vÞ; B; C ¼ ne −
ð

f dv
� �

:

Then any smooth functional ~F depending on f ;B;C can be consid
ered as a functional F depending on f ;B; ne, with the following rela
tions between their functional derivatives: 

dF
df
¼

d~F
df

−
d~F
dC

;
dF
dA
¼

d~F
dA

;
dF
dne
¼

d~F
dC

:

Substituting the above relations for the functional derivatives into Eq. 
(16), we obtain (the tilde is omitted for convenience) 

F;Gf gðf ðx; vÞ;B;CÞ

¼

ð

f
dF
df
;
dG
df

� �

xv
dxdv

−
ð

f r
dF
dC
�
@

@v
dG
df

−r
dG
dC
�
@

@v
dF
df

� �

dxdv

þ

ð

f B �
@

@v
dF
df
�
@

@v
dG
df

� �

dxdv

−
ð

1
~n

B � r �
dF
dB
�r�

dG
dB

� �

dx

−
ð

1
~n

B �
ð

f
@

@v
dF
df

dv �
ð

f
@

@v
dG
df

dv
� �

dx

−
ð

f
~n

B �
@

@v
dG
df
�r�

dF
dB

−
@

@v
dF
df
�r�

dG
dB

� �

dxdv

þ

ð

f −
@

@v
dF
df
� r

dG
dC
þ
@

@v
dG
df
� r

dF
dC

� �

dxdv;

where ~n ¼ Cþ
Ð

f dv, the second term cancels with the last term. In 
the final expression, there is no functional derivative with respect to 
C, so C can be treated as a parameter. Note that when C ¼ 0, the 
bracket reduces to Eq. (17).

Next, we present a direct proof of the Jacobi identity for the 
bracket (17) under Gauss’s law for magnetism r � B ¼ 0.

Theorem 6. The bracket (17) satisfies the Jacobi identity under 
Gauss’s law for magnetism r � B ¼ 0.

Proof. By the bracket Theorem 1, which was originally estab
lished in Ref. 18, to prove the Jacobi identity for a bracket of the 
form F;Gf g ¼

Ð
dF
dw

JðwÞ dG
dw

da, where J is an operator depending 
on w and w depends on a, it is sufficient to consider only the 
explicit dependence of J on w when computing the functional 
derivative d F;Gf g

dw
. Applying this to the bracket in Eq. (17), we 

obtain the following functional derivatives, where the index s is 
omitted for simplicity: 

d F;Gf g

df
¼

dF
df
;
dG
df

� �

xv
þ B �

@

@v
dF
df
�
@

@v
dG
df

� �

þ
1
n2 B � r �

dF
dB
�r�

dG
dB

� �

þ

ð
f B
n2 �

@

@v
dG
df
�r�

dF
dB

−
@

@v
dF
df
�r�

dG
dB

� �

dv

−
1
n

B �
@

@v
dG
df
�r�

dF
dB

−
@

@v
dF
df
�r�

dG
dB

� �

þ
1
n2 B �

ð

f
@

@v
dF
df

dv �
ð

f
@

@v
dG
df

dv
� �

−
1
n

B �
@

@v
dF
df
�

ð

f
@

@v
dG
df

dv
� �

−
1
n

B �
ð

f
@

@v
dF
df

dv�
@

@v
dG
df

� �

;

d F;Gf g

dB
¼

ð

f
@

@v
dF
df
�
@

@v
dG
df

� �

dv

−
1
n
r�

dF
dB
�r�

dG
dB

� �

−
ð

f
n

@

@v
dG
df
�r�

dF
dB

−
@

@v
dF
df
�r�

dG
dB

� �

dv

−
1
n

ð

f
@

@v
dF
df

dv �
ð

f
@

@v
dG
df

dv:

Here we write out F;Gf g;Kf g as 

F;Gf g;Kf g ¼ F;Gf g;Kf gfff þ F;Gf g;Kf gffB

þ F;Gf g;Kf gfBB þ F;Gf g;Kf gBBB;

where F;Gf g;Kf gabc denotes the terms involving the functional 
derivatives with respect to a, b, and c. Next, we explicitly write out the 
expressions for each group of terms, 

F;Gf g;Kf gfff ¼ F;Gf g;Kf g
f
fffþ F;Gf g;Kf g

fB
fff

þ F;Gf g;Kf g
ffB=n
fff þ F;Gf g;Kf g

fffB=n2

fff

þ F;Gf g;Kf g
fB2

fff þ F;Gf g;Kf g
ffB2=n
fff

þ F;Gf g;Kf g
fff B2=n2

fff ;

F;Gf g;Kf gffB¼ F;Gf g;Kf g
fB=n
ffB þ F;Gf g;Hf g

ffB=n2

ffB

þ F;Gf g;Kf g
fB2=n
ffB þ F;Gf g;Kf g

ffB2=n2

ffB ;

F;Gf g;Kf gfBB¼ F;Gf g;Kf g
fB=n2

fBB þ F;Gf g;Kf g
fB2=n2

fBB ;

F;Gf g;Kf gBBB¼ F;Gf g;Kf g
B=n2

BBB ; (18) 

where the superscripts indicate the functions involved, excluding the 
functional derivatives.

The proof that the sum over permutations of each of the above 
terms vanishes is given in Appendix, with some results holding under 
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Gauss’s law for magnetism r � B ¼ 0. It then follows that the Jacobi 
identity is satisfied, i.e., 

F;Gf g;Kf g þ G;Kf g; Ff g þ K; Ff g;Gf g ¼ 0;

under Gauss’s law for magnetism r � B ¼ 0.                                      (

D. The relations between the brackets
Here, we show the relationships among the three simplified 

brackets. A similar approach was used to derive the magnetic-field- 
based Poisson bracket from the canonical momentum-based Poisson 
bracket in Refs. 3, 8, and 17. 

(1) The bracket (17) can be obtained from the bracket (6) via the 
following transformation and corresponding relations between 
the functional derivatives: 

f ðx; pÞ ¼ ~f ðx; vÞ; p ¼ vþ A; r� A ¼ B;

f ðx; pÞ; gðx; pÞ
� �

xp ¼
~f ðx; vÞ; ~gðx; vÞ
h i

xv
þr� A �

@

@v
~f ðx; vÞ

�
@

@v
~gðx; vÞ;

dF
df
¼

d~F
d~f
;

dF
dA
¼ r�

d~F
dB

−
ð

f
@

@v
d~F
d~f

dv: (19) 

(2) The bracket (13) can be obtained from the bracket (6) via the 
following transformation and the corresponding relations 
between the functional derivatives: 

f ðx;pÞ ¼ ~f ðx;vÞ; p¼ vþA;

f ðx;pÞ;gðx;pÞ
� �

xp ¼
~f ðx;vÞ;~gðx;vÞ
h i

xv
þr�A �

@

@v
~f ðx;vÞ

�
@

@v
~gðx;vÞ;

dF
df
¼

d~F
d~f
;

dF
dA
¼

d~F
dA

−
ð

f
@

@v
d~F
d~f

dv:

(3) The bracket (17) can be obtained from the bracket (13) via the 
following transformation and the corresponding relations 
between the functional derivatives: 

r� A ¼ B;
dF
dA
¼ r�

d~F
dB

:

Theorem 7. The bracket (6) of two arbitrary smooth functionals 
in A (9) belongs also to A (9). The bracket (13) of arbitrary smooth 
functionals in B (15) belongs also to B (15).

Proof. For two arbitrary smooth functionals F and G in Eq. (9) 
depending on f ðx; pÞ and A, we have 

Fðf ðx; pÞ;AÞ ¼ ~Fð~f ðx; vÞ;BÞ; Gðf ðx; pÞ;AÞ ¼ ~Gð~f ðx; vÞ;BÞ;

where ~F and ~G are two functionals determining F and G through the 
definition in Eq. (9). Then, we have 

F;Gf gðf ðx; pÞ;AÞ ¼ ~F; ~G
� �

ð~f ðx; vÞ;BÞ; (20) 
where the bracket on the left-hand side is the bracket (6) of the xpA 
formulation, while the bracket on the right-hand side is the bracket 
(17) of the xvB formulation. In Eq. (20), the equality holds because 
the bracket (17) can be obtained from the bracket (6) via the transfor
mation with the chain rules for functional derivatives (19). Note that 
equality (20) implies that the functional F;Gf gðf ðx; pÞ;AÞ is deter
mined by the functional ~F; ~G

� �
ð~f ðx; vÞ;BÞ, and is therefore an ele

ment of the functional set A (9), satisfying the condition (8).
By similar arguments, the bracket (13) of arbitrary smooth func

tionals in B (15) also belongs to B (15).                                              (

Here we summarize the above xpA, xvA, and xvB formulations 
in Table I.
III. GENERALIZATION

In this section, we generalize the above results to broader classes 
of plasma models, including the HKM model with electron entropy, 
the kinetic Hall MHD hybrid model,17 Hall MHD,6 and the kinetic 
multi-fluid model.8 The two-fluid model has been considered previ
ously in Ref. 20.

A. The HKM model with electron entropy
We now relax the isothermal assumption and consider a general 

electron fluid endowed with an advected entropy field s.16 This exten
sion allows for spatial and temporal variations of the electron thermo
dynamic state and provides a more general description of electron 
pressure than the isothermal closure. Accordingly, the electron pres
sure is taken to satisfy the equation of state pe ¼ peðne; sÞ, which 
extends the Hamiltonian structure of the HKM model to non- 
isothermal electron dynamics.

We include a new term associated with the entropy per unit 
mass, s, in the bracket proposed in Ref. 8, yielding 

F;Gf gðf ðx;pÞ;A;ne; sÞ

¼

ð

f
dF
df
;
dG
df

� �

xp
dxdp −

ð
1
ne
r�A �

dF
dA
�

dG
dA

� �

dx

þ

ð
dF
dA
�r

dG
dne

−
dG
dA
�r

dF
dne

dxþ
ð
rs
ne
�

dF
ds

dG
dA

−
dG
ds

dF
dA

� �

dx;

(21) 

TABLE I. Comparison of the xpA, xvA, and xvB formulations in terms of the choice of variables, the role of quasi-neutrality, and the conditions required for the Jacobi identity. 
Here, K denotes an arbitrary smooth functional. 

Formulations xpA xvA xvB
Variables f ðx; pÞ; A f ðx; vÞ; A f ðx; vÞ; B

Quasi neutrality Momentum map Casimir Casimir

Jacobi identity r �
dK
dA
¼ −r �

ð

f
@

@p
dK
df

dp r �
dK
dA
¼ 0 r � B ¼ 0
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with the following Hamiltonian 

H ¼
1
2

ð

jp − Aj2f dpdxþ
1
2

ð

jr � Aj2 dxþ
ð

ne Uðne; sÞ dx:

The Jacobi identity for this bracket can be verified via a direct 
proof. By removing the terms involving functional derivatives 
with respect to ne and replacing ne with n in the remaining terms, 
we obtain the following simplified bracket, which satisfies the 
Jacobi identity under condition (8), along with the corresponding 
Hamiltonian, 

F;Gf gsðf ðx; pÞ;A; sÞ

¼

ð

f
dF
df
;
dG
df

� �

xp
dxdp −

ð
1
n
r� A �

dF
dA
�

dG
dA

� �

dx

þ

ð
rs
n
�

dF
ds

dG
dA

−
dG
ds

dF
dA

� �

dx; n ¼
ð

f dp;

H ¼
1
2

ð

jp − Aj2f dpdxþ
1
2

ð

jr � Aj2 dxþ
ð

n Uðn; sÞ dx: (22) 

Next, we present the results for the magnetic-field-based formu
lation. By adding two entropy-related terms to the bracket (16), we 
obtain 

F;Gf gðf ðx; vÞ;B; ne; sÞ

¼

ð

f
dF
df
;
dG
df

� �

xv
dxdv þ

ð

f B �
@

@v
dF
df
�
@

@v
dG
df

� �

dxdv

−
ð

1
ne

B � r �
dF
dB
�r�

dG
dB

� �

dx

−
ð

1
ne

B �
ð

f
@

@v
dF
df

dv�
ð

f
@

@v
dG
df

dv
� �

dx

−
ð

f
B
ne
�

@

@v
dG
df
�r�

dF
dB

−
@

@v
dF
df
�r�

dG
dB

� �

dxdv

þ

ð

f −
@

@v
dF
df
� r

dG
dne
þ
@

@v
dG
df
� r

dF
dne

� �

dxdv

þ

ð
rs
ne
�

dF
ds
r�

dG
dB

−
dG
ds
r�

dF
dB

� �

dx

−
ð

f
rs
ne
�

dF
ds

@

@v
dG
df

−
dG
ds

@

@v
dF
df

� �

dxdv;

H ¼
1
2

ð

jvj2f dvdxþ
1
2

ð

jBj2 dxþ
ð

ne Uðne; sÞ dx: (23) 

Similar to Sec. II C, we get the following simplified Poisson bracket 
and corresponding Hamiltonian: 

F;Gf gsðf ðx; vÞ;B; sÞ

¼

ð

f
dF
df
;
dG
df

� �

xv
dxdv þ

ð

f B �
@

@v
dF
df
�
@

@v
dG
df

� �

dxdv

−
ð

1
n

B � r �
dF
dB
�r�

dG
dB

� �

dx

−
ð

f
n

B �
@

@v
dG
df
�r�

dF
dB

−
@

@v
dF
df
�r�

dG
dB

� �

dxdv

−
ð

1
n

B �
ð

f
@

@v
dF
df

dv �
ð

f
@

@v
dG
df

dv
� �

dx

þ

ð
rs
n
�

dF
ds
r�

dG
dB

−
dG
ds
r�

dF
dB

� �

dx

−
ð

f
rs
n
�

dF
ds

@

@v
dG
df

−
dG
ds

@

@v
dF
df

� �

dxdv; n ¼
ð

f dv;

H ¼
1
2

ð

jvj2f dvdx þ
1
2

ð

jBj2 dxþ
ð

n Uðn; sÞ dx: (24) 

The Poisson brackets expressed in terms of the entropy density, 
r ¼ nes, or the electron pressure, pe ¼ n2

e
@U
@ne

, can be obtained from 
the above brackets using the chain rule for functional derivatives. 
Similar simplifications can be applied using the quasi-neutrality con
dition. Moreover, analogous numerical discretizations can be imple
mented based on these brackets, as in Refs. 10 and 12.

B. Kinetic Hall MHD hybrid model
Next, we consider a more general hybrid model,17 in which only 

a subset of the ions is described by kinetic equations. For simplicity, 
we focus on the case of a single ion species with unit charge, 

@f
@t
¼ −v � rf − ðEþ v� BÞ � rvf ;

@B
@t
¼ −r� E;

@ne

@t
¼ −r � ðniVÞ −r � Jk;

@ni

@t
¼ −r � ðniVÞ;

ni
@V
@t
þ V � rV

� �

¼
ni

ne
nkVþ

ni

ne
ðr � B − JkÞ

� �

� B

−
ni

ne
r � Pe −rPi;

(25) 

where J ¼ r� B, nk ¼

ð

f dv, and Jk ¼

ð

vf dv, 

E ¼ −
ni

ne
V� Bþ

1
ne
ðr � B − JkÞ � B −

r � Pe

ne
;

Pe ¼
Pek − P?

B2 BBþ Pe?I; Pek ¼ Pe : bb;

Pe? ¼
1
2

Pe : ðI − bbÞ; b :¼ B=jBj:

(26) 

Here, f ðx; v; tÞ represents the distribution function of the ions 
depending on time t, space x, and velocity v. E and B are electric and 
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magnetic fields, respectively. Pi is isotropic ion fluid pressure. The 
kinetic ion number density is nk, the fluid ion number density is ni, 
the electron number density is ne, which satisfy ne ¼ ni þ nk because 
of the quasi-neutrality condition. V denotes the ion fluid velocity field. 
The electron internal energy is taken as Ue ¼ Ueðne; jBjÞ; which 
gives 

@Ue

@ne
¼

Pek

n2
e
;

@Ue

@jBj
¼

Pe? − Pek

nejBj
;

@Ue

@B
¼ −cB; c ¼

Pek − Pe?

nejBj2
:

In Ref. 17, various Poisson brackets are proposed for different, 
but equivalent, formulations of the kinetic Hall MHD hybrid model 
(25). Similar to the HKM model, simplified anti-symmetric brackets 
for the kinetic Hall MHD hybrid model (25) can be obtained by 
neglecting the terms involving the functional derivative with respect 
to ne, while still preserving the equivalence of the resulting equations 
with the corresponding Hamiltonians. In the following, we determine 
the condition under which the simplified “canonical bracket” satisfies 
the Jacobi identity and provide remarks on the magnetic-field-based 
brackets in Remark 6.

1. Canonical bracket

In Ref. 17, the following canonical bracket, consisting of only 
five terms, is proposed for the kinetic Hall MHD hybrid model (25). 
Here, “canonical” refers to the use of canonical ion fluid momentum 
and canonical ion kinetic momentum, 

F;Gf gðni; �M;A; f ðx; pÞ; neÞ

¼

ð

f
dF
df
;
dG
df

� �

xp
dxdpþ

ð

�M �
dG
d �M
� r

dF
d �M

−
dF
d �M
� r

dG
d �M

� �

dx

þ

ð

ni
dG
d �M
� r

dF
dni

−
dF
d �M
� r

dG
dni

� �

dx

−
ð

dG
dA
� r

dF
dne

−
dF
dA
� r

dG
dne

� �

dx

−
ð

1
ne
r� A �

dF
dA
�

dG
dA

� �

dx: (27) 

We define the following transformation of the unknowns: 

f ; ni; �M;A; ne
� �

! f ; ni; �M;A;C ¼ ne − ni −
ð

f dp
� �

:

Then any functional ~F about f ; ni; �M;A, and C can be regarded as a 
functional F about f ; ni; �M;A, and ne. We have the following rela
tions of the functional derivatives: 

dF
df
¼

d~F
df

−
d~F
dC

;
dF
dni
¼

d~F
dni

−
d~F
dC

;

dF
d �M
¼

d~F
d �M

;
dF
d�A
¼

d~F
d�A

;
dF
dne
¼

d~F
dC

:

By substituting the above relations into the Poisson bracket (27), we 
obtain (the tilde is omitted for convenience) 

F;Gf gðni; �M;A; f ðx;pÞ;CÞ

¼

ð

f
dF
df
;
dG
df

� �

xp
dxdp −

ð

f
dF
df
;
dG
dC

� �

xp
dxdp

−
ð

f
dF
dC
;
dG
df

� �

xp
dxdpþ

ð

�M �
dG
d �M
�r

dF
d �M

−
dF
d �M
�r

dG
d �M

� �

dx

þ

ð

ni
dG
d �M
�r

dF
dni

−
dF
d �M
�r

dG
dni

� �

dx

−
ð

ni
dG
d �M
�r

dF
dC

−
dF
d �M
�r

dG
dC

� �

dx

−
ð

dG
dA
�r

dF
dC

−
dF
dA
�r

dG
dC

� �

dx

−
ð

1

Cþniþ

ð

f dp
r�A �

dF
dA
�

dG
dA

� �

dx: (28) 

The sum of the second, third, sixth, and seventh terms vanishes when 
the following condition is satisfied by the functionals, 

−r �
dK
dA
¼ r �

ð

f
@

@p
dK
df

dpþ ni
dK
d �M

� �

; 8K: (29) 

We can verify that this condition (29) is satisfied by the Hamiltonian, 
ð

1
2

nijn−1
i

�M − Aj2 dxþ
ð

niUðniÞ dxþ
ð

1
2
jr � Aj2 dx

þ
1
2

ð

jp − Aj2f dxdpþ
ð

neUeðne; jr � AjÞ dx:

We can define the following set of functionals satisfying the above 
condition (29): 

D¼ Fðf ðx; pÞ; A;ni; �MÞ :¼ Fð~f ðx; vÞ; B; ni; VÞjB¼r�A;
n

v¼ p − A;V¼ n−1
i

�M − A; f ðx;p; tÞ :¼ ~f ðx;vÞ ¼ ~f ðx;p − AÞ
o
;

which is a set of functionals determined by all smooth functionals ~F 
about ~f ðx; vÞ; B; ni; V with r � B ¼ 0.

In the bracket (28), the functional derivative with respect to C 
does not appear. When C ¼ 0 and condition (29) is satisfied, the 
resulting simplified bracket is a Poisson bracket for the functionals in 
D, which can be proved similarly to Theorem 7 by considering the 
magnetic-field formulation, 

F;Gf gðni; �M;A; f ðx; pÞÞ

¼

ð

f
dF
df
;
dG
df

� �

xp
dxdpþ

ð

�M �
dG
d �M
� r

dF
d �M

−
dF
d �M
� r

dG
d �M

� �

dx

þ

ð

ni
dG
d �M
� r

dF
dni

−
dF
d �M
� r

dG
dni

� �

dx

−
ð

1

ni þ

ð

f dp
r� A �

dF
dA
�

dG
dA

� �

dx: (30) 

Remark 6. For the magnetic-field-based formulations of the kinetic 
Hall MHD hybrid model (25), the Poisson brackets given in Ref. 17 
can be simplified by removing the terms involving the functional 
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derivative of ne and replacing ne with ni þ
Ð

f dv. Alternatively, the 
simplified bracket can be obtained via a transformation using the 
Casimir function C ¼ ne − ni −

Ð
f dv, as noted in Remark 5. 

The resulting simplified bracket is a Poisson bracket under Gauss’s 
law for magnetism r � B ¼ 0.

Remark 7. Since Hall MHD is a subset of the hybrid model (25), 
the terms involving the functional derivative of ne in the Poisson 
bracket proposed in Ref. 6 can likewise be removed. For the resulting 
simplified bracket, the Jacobi identity is satisfied for functionals that 
fulfill the condition 

−r �
dK
dA
¼ r � ni

dK
d �M

� �

; 8K:

The simplified magnetic field-based Poisson bracket of Hall MHD 
has been proposed in Ref. 7.

2. Equivalence of the equations derived from the 
canonical brackets

Here, we prove that the equations derived from the two brackets 
above are equivalent. The Hamiltonian proposed in Ref. 17 is given 
by 

H1ðf ðx;pÞ;ni; �M;A;neÞ

¼

ð
1
2

nijn−1
i

�M − Aj2 dxþ
ð

niUðniÞdxþ
ð

neUeðne; jr�AjÞdx

þ

ð
1
2
jr�Aj2 dxþ

1
2

ð

jp − Aj2f dxdp: (31) 

In the Hamiltonian (31), we represent ne by ni þ

ð

f dp via the quasi- 
neutrality condition, and get 

H2ðf ðx; pÞ; ni; �M;AÞ

¼

ð
1
2

nijn−1
i

�M − Aj2 dxþ
ð

niUðniÞ dxþ
ð

1
2
jr � Aj2 dx

þ
1
2

ð

jp − Aj2f dxdp

þ

ð

ni þ

ð

f dp
� �

Ue ni þ

ð

f dp; jr � Aj
� �

dx: (32) 

Theorem 8. The equations derived from bracket (27) are equivalent 
to the equations derived from bracket (30) with energy H1 (31) and 
H2 (32), respectively.

Proof. From bracket (27) we have 

@ni

@t
¼−r� ni

dH1

d �M

� �

¼−r� �M − niAð Þ ¼−r� ðniVÞ;

@ �Mi

@t
¼

ð

�M �
dH1

d �M
�rdi

� �

dx −
ð

�M � di �r
dH1

d �M

� �

dx − ni
@

@xi

dH1

dni
;

@A
@t
¼r

dH1

dne
þ

1
ne
r�A�

dH1

dA
;

@ne

@t
¼r�

dH1

dA
;

@f
@t
¼

ð

f d;
dH1

df

� �

xp
dxdp;

(33) 

where di ¼ dðx − x0Þei, ei is the ith unit vector.

From bracket (30) we have 

@ni

@t
¼−r� ni

dH2

d �M

� �

¼−r� �M − niAð Þ ¼−r� ðniVÞ;

@ �Mi

@t
¼

ð

�M �
dH2

d �M
�rdi

� �

dx −
ð

�M � di �r
dH2

d �M

� �

dx − ni
@

@xi

dH2

dni
;

@A
@t
¼

1
ne
r�A�

dH2

dA
;

@f
@t
¼

ð

f d;
dH2

df

� �

xp
dxdp;

(34) 
where again di ¼ dðx − x0Þei, ei is the ith unit vector.

The only difference in the equations for the vector potential A is 
the presence of a gradient term, r dH1

dne
; the equations for the magnetic 

field B ¼ r� A remain unchanged. It is also straightforward to see 
that the equation for ni is identical.

As for the distribution function, the equation satisfied by f in 
Eq. (33) is 

@f
@t
þ p − Að Þ � rf −

@A
@x

� �>

ðA − pÞ �
@f
@p
¼ 0: (35) 

We define a new distribution function depending on velocity v via the 
relation p ¼ v − A as 

Fðx; v; tÞ ¼ f ðx; p; tÞ: (36) 
Then, by plugging the following relations into Eq. (35): 

@f
@t
¼
@F
@t

−
@A
@t
�
@F
@v
; rf ¼ rF −

@A
@x

@F
@v
;

@f
@p
¼
@F
@v
;

we have 
@F
@t
þ v � rF −

@A
@t
�
@F
@v
þ ðv � BÞ �

@F
@v
¼ 0: (37) 

By similar calculations for the distribution function of f in Eq. (34), 
we have 

@F
@t
þ v � rF −

@A
@t
þr

dH1

dne

� �

�
@F
@v
þ ðv � BÞ �

@F
@v
¼ 0: (38) 

Equation (37) is the same as Eq. (38), due to the difference between 
the @A

@t in Eqs. (37) and (38) is r dH1
dne

, which can be seen from the equa
tions satisfied by the vector potential.

Next, we show that the second equations in Eqs. (33) and (34) 
yield the same equation for niV :¼ �M − niA. Note that the unknown 
�M in these two equations is defined differently, as the gauge of the 
vector potential involved in its definition differs.

For the Eq. (33) derived from the bracket (27), with the defini
tion of �M, we have 

@ðniVÞ
@t

¼
@ �M
@t

−
@ðniAÞ
@t

;

@ �M
@t
¼ −r � ðniVÞV − niV � rV − nir UðniÞ þ niU

0ðniÞ
� �

þ niV�r� A −r � ðniVÞA;
@ðniAÞ
@t

¼
@ni

@t
Aþ ni

@A
@t
¼ −r � ðniVÞAþ nir

dH1

dne

þ
ni

ne
r� A� r�r� A − niV −

ð

ðp − AÞf dp
� �

− nir� ðcr� AÞ:
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Then, we obtain the equation satisfied by niV, 

@ðniVÞ
@t

¼ −r � ðniVÞV − niV � rV − nir UðniÞ þ niU
0ðniÞ

� �

þ niV�r� A − nir
dH1

dne
þ nir� ðcBÞ

−
ni

ne
B� r� B − niV −

ð

ðp − AÞf dp
� �

: (39) 

Next, for the Eq. (34) derived from the bracket (30), we show that the 
equation satisfied by niV is identical to Eq. (39). By similar calcula
tions, we obtain 

@ðniVÞ
@t

¼
@ �M
@t

−
@ðniAÞ
@t

;

@ �M
@t
¼ −r � ðniVÞV − niV � rVþ niV�r� A

−r � ðniVÞA − nir UðniÞ þ niU
0ðniÞ þ

dH1

dne

� �

;

@ðniAÞ
@t

¼ −r � ðniVÞA − nir� ðcr� AÞ

þ
ni

ne
r� A� r�r� A − niV −

ð

ðp − AÞf dp
� �

:

Then, we have 

@ðniVÞ
@t

¼ −r � ðniVÞV − niV � rV − nir UðniÞ þ niU
0ðniÞ

� �

þ niV�r� A − nir
dH1

dne
þ nir� ðcBÞ

−
ni

ne
B� r� B − niV −

ð

ðp − AÞf dp
� �

; (40) 

which is the same as (39). Note that the kinetic currents in Eqs. (39) 
and (40) are equal, as 

Ð
ðp − AÞf dp ¼

Ð
vFðx; vÞ dv, where F is 

defined in Eq. (36).                                                                                 (

C. Kinetic-multifluid model
For the two-fluid model, the electron charge density is elimi

nated using Gauss’s law for the electric field in Ref. 20. As a direct 
generalization, we here consider the kinetic multi-fluid model, 

qi
@ui

@t
þ qiðui � rÞui ¼ aiqiðEþ ui � BÞ −rpi;

qe
@ue

@t
þ qeðue � rÞue ¼ aeqiðEþ ue � BÞ −rpe;

@qi
@t
þr � ðqiuiÞ ¼ 0;

@qe
@t
þr � ðqeueÞ ¼ 0;

@f
@t
þ

p
mh
� rf þ qh Eþ

p
mh
� B

� �

�
@f
@p
¼ 0;

l0e0
@E
@t
¼ r� B − l0ðaiqiui þ aeqeueÞ − l0ah

ð

pf dp;

@B
@t
¼ −r� E; r � B ¼ 0;

e0r � E ¼ aiqi þ aeqe þ qh

ð

f dp; (41) 

where we use the notations: the charge-to-mass ratio of the fluid s-th 
species as ¼ qs=ms, mass density qs, velocity us, the distribution func
tion f ðx; p; tÞ of the ions depending on time t, position x, and 
momentum p, the kinetic ion mass mh, kinetic ion charge qh, electric 
field E, and magnetic field B.

In Ref. 8, the following Poisson bracket is proposed: 

F;Gf g ¼
X

s¼i;e

ð

ms �
dF
dms

;
dG
dms

� �

dxþ
ð

f
dF
df
;
dG
df

� �

xp
dxdp

−
X

s¼i;e

ð

qs
dF
dms
� r

dG
dqs

−
dG
dms
� r

dF
dqs

� �

dx

þ
X

s¼i;e

ð

asqs
1
e0

dF
dms
�
dG
dE

−
1
e0

dG
dms
�
dF
dE

� �

dx

þ qh

ð

f
1
e0

@

@p
dF
df
�
dG
dE

−
1
e0

@

@p
dG
df
�
dF
dE

� �

dxdp

þ
1
e0

ð
dF
dE
� r �

dG
dB

−
dG
dE
� r �

dF
dB

� �

dx

þ
X

s¼i;e

ð

asqs B �
dF
dms
�

dG
dms

� �

dx

þ qh

ð

f B �
@

@p
dF
df
�
@

@p
dG
df

� �

dxdp; (42) 

where ms ¼ qsus. Hamiltonian is 

1
2

X

s¼i;e

ð
jmsj

2

qs
dxþ

1
2mh

ð

f jpj2 dxdp

þ
X

s¼i;e

ð

qsUðqsÞ dxþ
e0

2

ð

jEj2dxþ
1

2l0

ð

jBj2dx: (43) 

Gauss’s law for the electric field e0r � E ¼ aiqi þ aeqe þ qh
Ð

f dp, is 
treated here as a constraint and yields 

qe ¼ a−1
e e0r � E − aiqi − qh

ð

f dp
� �

;

based on which we can define the following transformation and get a 
new bracket: 

qi;qe;mi;me; f ;E;Bð Þ

! qi;C¼ qe − a−1
e e0r�E − aiqi − qh

ð

f dp
� �

;mi;me; f ;E;B
� �

:

Any smooth functional ~F about ðqi;C;mi;me; f ;E;BÞ can be consid
ered as a functional F about ðqi; qe;mi;me; f ;E;BÞ, and we have the 
following relations of the functional derivatives: 
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dF
df
¼

d~F
df
þ a−1

e qh
d~F
dC

;
dF
dqi
¼

d~F
dqi
þ a−1

e ai
d~F
dC

;

dF
dqe
¼

d~F
dC

;
dF
dmi
¼

d~F
dmi

;

dF
dme
¼

d~F
dme

;
dF
dB
¼

d~F
dB

;
dF
dE
¼

d~F
dE
þ a−1

e e0r
d~F
dC

:

(44) 

By substituting the above relations into the bracket (42), we obtain the 
simplified Poisson bracket (the tilde is omitted here for convenience), 

F;Gf gs ¼
X

s¼i;e

ð

ms �
dF
dms

;
dG
dms

� �

dxþ
ð

f
dF
df
;
dG
df

� �

xp
dxdp

−
ð

qi
dF
dmi
� r

dG
dqi

−
dG
dmi
� r

dF
dqi

� �

dx

þ
X

s¼i;e

ð

asqs
1
e0

dF
dms
�
dG
dE

−
1
e0

dG
dms
�
dF
dE

� �

dx

þ qh

ð

f
1
e0

@

@p
dF
df
�
dG
dE

−
1
e0

@

@p
dG
df
�
dF
dE

� �

dxdp

þ
1
e0

ð
dF
dE
� r �

dG
dB

−
dG
dE
� r �

dF
dB

� �

dx

þ
X

s¼i;e

ð

asqs B �
dF
dms
�

dG
dms

� �

dx

þ qh

ð

f B �
@

@p
dF
df
�
@

@p
dG
df

� �

dxdp: (45) 

As seen in Eq. (45), there is no term involving C or the functional 
derivative with respect to C; therefore, C can be treated as a parameter.

We substitute the relation 

qe ¼ a−1
e e0r � E − aiqi − qh

ð

f dp
� �

;

into the Hamiltonian (43), obtaining a new Hamiltonian that no lon
ger depends on qe. Using this new Hamiltonian together with the 
bracket (45), one can derive the hybrid model (41) without the equa
tion for qe and without Gauss’s law for the electric field e0r � E 
¼ aiqi þ aeqe þ qh

Ð
f dp. From a numerical perspective, there is no 

need to explicitly enforce this constraint, as it is automatically satisfied 
by the formulation.

IV. CONCLUSION
In this work, we investigate the quasi-neutrality condition for 

the HKM model (hybrid model with kinetic ions and massless elec
trons). In the canonical-momentum formulation, this condition is 
associated with a momentum map, whereas in the velocity-based for
mulations it appears as a Casimir invariant.

We then determine the conditions under which the three simpli
fied Poisson brackets proposed in Refs. 10 and 12 based on the use of 
the quasi-neutrality condition satisfy the Jacobi identity. The Jacobi 
identity is proved either by comparison with the terms in the Jacobi 
identity for the Poisson brackets of Ref. 8, or by deriving the simpli
fied brackets from the brackets of Ref. 8 through variable transforma
tions associated with the quasi-neutrality condition. In particular, for 
the magnetic-field-based bracket,10 we provide a direct and self- 
contained proof of the Jacobi identity.

These results are further extended to the HKM model with elec
tron entropy and to the kinetic Hall MHD hybrid model with 
anisotropic-pressure electrons. In both cases, the Poisson brackets can 
be simplified under the quasi-neutrality condition, and the corre
sponding Jacobi identity conditions are obtained. For the kinetic- 
multifluid model, an analogous simplification of the Poisson bracket 
is achieved using Gauss’s law for the electric field.20

The simplified Poisson brackets and their associated formula
tions possess several numerical advantages. In particular, because the 
quasi-neutrality constraint or Gauss’s law for the electric field is elimi
nated, it does not need to be enforced numerically, being already built 
into the continuous system. In addition, the antisymmetry of the sim
plified Poisson brackets provides a foundation for constructing 
energy-conserving numerical schemes with good long-time proper
ties, following the approach of Ref. 21.

These properties are particularly important for hybrid kinetic 
simulations of collisionless plasmas, where long-time integration is 
often required to capture multiscale processes such as magnetic 
reconnection, collisionless shocks, plasma turbulence, and solar wind 
magnetosphere interactions. In such applications, numerical viola
tions of fundamental invariants may lead to artificial dissipation or 
spurious energy growth that obscures the underlying plasma dynam
ics. By incorporating quasi-neutrality or Gauss’s law for the electric 
field directly into the Hamiltonian structure, the simplified Poisson 
brackets developed here provide a rigorous theoretical foundation for 
structure-preserving numerical methods. We expect that these formu
lations will facilitate the development of robust and efficient simula
tion tools for large-scale studies of space-weather phenomena and 
other astrophysical plasma processes.
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APPENDIX: DETAILS OF THE PROOF OF THEOREM 6

In this appendix, we provide further details of Theorem 6. In 
particular, we present a detailed proof that the sum over all permu
tations of each term in Eq. (18) vanishes. In the following, “cyc” 
denotes the terms by permutation of F, G, and K. For convenience, 
we use the notations for 8F, 

F ¼
ð

f
@

@v
dF
df

dv; FA ¼ r�
dF
dB

; Ff ¼
dF
df
;

and the ith components of F and FA are denoted as Fi and FA
i , 

respectively. Also, we use @xi ¼
@
@xi
; @vi ¼

@
@vi
; i ¼ 1; 2; 3. The fol

lowing lemma given in Ref. 18 and the following three-vector iden
tities are used in many places.

Lemma 1. Morrison18 For any three vectors a, b, c, and vector 
field d in R3, 

c � rd � ða� bÞ þ a � rd � ðb� cÞ þ b � rd � ðc� aÞ

¼ r � d c � ða� bÞð Þ;

where the notation �rd� is defined as m � rd � n ¼ minj@xi dj, here 
m and n are two any vectors in R3, and xi is the coordinate vari
able corresponding to the ith direction in R3.

Vector identities 
r�ðX�YÞ ¼Xðr �YÞ− Yðr �XÞþ ðY �rÞX − ðX �rÞY; (A1) 

Z� ðX� YÞ ¼ ðZ � YÞX − ðZ � XÞY; (A2) 
r � ðX� YÞ ¼ ðr � XÞ � Y − ðr � YÞ � X; (A3) 
r� ðf XÞ ¼ rf � Xþ f ðr � XÞ; (A4) 

where X;Y;Z are three-vector fields and f is a scalar function 
defined on R3.

The first term

F;Gf g;Kf g
f
fffþcyc ¼

ð

f
dF
df
;
dG
df

� �

xv
dxdv þ cyc ¼ 0, because 

ð

f
dF
df
;
dG
df

� �

xv
dxdv is a Lie–Poisson bracket.2,3

The second term 

F;Gf g;Kf g
fB
fffþcyc

¼

ð

f B �
@Ff

@v
�
@Gf

@v

� �

;Kf

� �

xv
dxdv

þ

ð

f B �
@

@v
Ff ;Gf½ �xv �

@Kf

@v

� �

dxdv þ cyc

¼

ð

f
@Kf

@v
� rB �

@Ff

@v
�
@Gf

@v

� �

dxdv
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Term 1

þ

ð

f
@Kf

@v
� r

@Ff

@v
�
@Gf

@v

� �

� B dxdv
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Term 2

−
ð

frKf �
@

@v
@Ff

@v
�
@Gf

@v

� �

� B dxdv
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Term 3

þ

ð

f B �
@

@v
Ff ;Gf½ �xv �

@Kf

@v

� �

dxdv
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Term 4

þ cyc; (A5) 

where M �DN � K ¼ MjDjNiKi, M, N, K are three-vector fields in 
R3, and D is r or @

@v.
For the Term 4þcyc, we have 

ð

f B �
@

@v
Ff ;Gf½ �xv �

@Kf

@v

� �

dxdv þ cyc

¼

ð

fBnenlm@vl@xi Ff @vi Gf @vm Kf dxdv
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

c

þ

ð

fBnenlm@xi Ff @vl@vi Gf @vm Kf dxdv
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

a

−
ð

fBnenlm@vl@vi Ff @xi Gf @vm Kf dxdv
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

b

−
ð

fBnenlm@vi Ff @vl@xi Gf @vm Kf dxdv
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

d

þ cyc;

where we use the product rule to differentiate the product of two 
functions, and express the cross product using the Levi–Civita sym
bol e.

For the Term 2þcyc, by the permutation of F, G, and K, we 
have 

ð

fBnenlm@vi Ff @vl@xi Gf @vm Kf dxdv
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

d

þ

ð

fBnenlm@vm@xi Ff @vi Gf @vl Kf dxdv
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

c

þ cyc:

For Term 3þcyc, by the permutation of F, G, and K, we have 

−
ð

fBnenlm@xi Ff @vl@vi Gf @vm Kf dxdv
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

a

þ

ð

fBnenlm@vl@vi Ff @xi Gf @vm Kf dxdv
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

b

þ cyc:

The terms with the same label cancel with each other.
By Lemma 1, we have the sum of the permutations of 

Term 1 as 

ð

f ðr � BÞ
@Kf

@v
�
@Ff

@v
�
@Gf

@v

� �

dxdv;

which gives that F;Gf g;Kf g
fB
fffþcyc ¼ 0 under Gauss’s law for

magnetism r � B ¼ 0.
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The third term 

F;Gf g;Kf g
ffB=n
fff þ cyc

¼ −
ð

f
B
n
�
@Ff

@v
� G

� �

;Kf

� �

xv
dxdv

−
ð

f
B
n
� F�

@Gf

@v

� �

;Kf

� �

xv
dxdv

−
ð

1
n

B � K�r�
ð

f
@Ff

@v
�
@Gf

@v

� �

dv

 !

dx

−
ð

B
n

ð

f
@

@v
Ff ;Gf½ �xvdv � K

� �

dxþ cyc:

By integrating by parts, the derivatives with respect to x in the first 
part of the Lie–Poisson brackets in the first and second terms, and 
using formula (A4) for the third term, we obtain 

F;Gf g;Kf g
ffB=n
fff þ cyc

¼

ð

rf �
@Kf

@v
þ fr �

@Kf

@v

� �
B
n
�
@Ff

@v
� G

� �

dvdx

þ

ð
f
n
rKf �

@

@v
@Ff

@v
� G

� �

� Bdvdx

þ

ð

rf �
@Kf

@v
þ fr �

@Kf

@v

� �
B
n
� F�

@Gf

@v

� �

dvdx

þ

ð
f
n
rKf �

@

@v
F�

@Gf

@v

� �

� Bdvdx

−
ð

B
n
� K�

ð

rf �
@Ff

@v
�
@Gf

@v

� �

dv

 !

dx

−
ð

B
n
� K�

ð

fr�
@Ff

@v
�
@Gf

@v

� �

dv

 !

dx

−
ð

B
n
�

ð

f
@

@v
Ff ;Gf½ �xvdv � K

� �

dxþ cyc

¼

ð

f K�
B
n
� Term 2 dxdv þ

ð

K�
B
n
� Term 3 dxdv þ cyc;

where Term 3 is 

@Gf

@v
rf �

@Ff

@v
−
@Ff

@v
rf �

@Gf

@v
þrf �

@Ff

@v
�
@Gf

@v

� �

¼ 0;

with the help of formula (A2). As for Term 2, we have 

Term 2 ¼
@Gf

@v
r �

@Ff

@v
þrFf �

@

@v
@Gf

@v

� �

−
@Ff

@v
r �

@Gf

@v

−rGf �
@

@v
@Ff

@v

� �

þr�
@Ff

@v
�
@Gf

@v

� �

−
@

@v
rFf �

@Gf

@v
−
@Ff

@v
� rGf

� �

¼ 0;

with the help of formula (A1). Then, we have shown that 
F;Gf g;Kf g

ffB=n
fff þ cyc ¼ 0.

The fourth term 

F;Gf g;Kf g
fffB=n2

fff þ cyc

¼

ð

f
B
n2 � F� Gð Þ;Kf

� �

xv
dxdv

þ

ð
1
n

B � K�r�
1
n

F� G
� �� �

dx

¼

ð

r
B
n2 � F� Gð Þ

� �

� Kdxþ
ð

1
n2 B � K�r� F� Gð Þð Þdx

þ
1
2

ð

B � K� r
1
n2

� �

� F� Gð Þ

� �� �

dxþ cyc

¼

ð
1
n2 −B � ðF� GÞr � Kþ cyc

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Term 1

 !
dx;

þ

ð
1
n2

B
2
� ðK�r� ðF� GÞÞ þ cyc

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Term 2

0

@

1

Adx;

þ

ð
1
n2

1
2
ðF� GÞ � r � ðB� KÞ þ cyc
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Term 3

dx;

where we have used formula (A3).
By using formula (A1), the Term 2 can be expanded as 

B
2
� ðK�r� ðF� GÞÞ þ cyc

¼ ðr � GÞ
B
2
� K� Fð Þ − ðr � FÞ

B
2
� K� Gð Þ þ cyc

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼B�ðF�GÞr�Kþcyc¼−Term 1

þ
B
2
� ðK� ðG � rÞFÞ −

B
2
� ðK� ðF � rÞGÞ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Term 4

þ cyc: (A6) 

By using formula (A1), Term 3 can be expanded as 
1
2
ðr � KÞðF� GÞ � B
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Term 6

þ cyc −
1
2
ðr � BÞðF� GÞ � K

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Term 7

þ cyc

þ
1
2
ðF� GÞ � ðK � rÞB
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Term 8

þ cyc −
1
2
ðF� GÞ � ðB � rÞK

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Term 5

þ cyc:

(A7) 
By permutation of the F, G, and K in Term 4 and summing up with 
Term 5, we obtain 

B
2
� ðG� ðF � rÞKÞ −

B
2
� ðF� ðG � rÞKÞ −

1
2
ðF� GÞ � ðB � rÞK

¼
1
2
ðr � KÞðF � ðB� GÞÞ ¼ −Term 6; (A8) 

where we have used Lemma 1. Then, we know that 

Term 4þ cycþ Term 5þ cycþ Term 6þ cyc ¼ 0:

By Lemma 1, we have 

Term 8þ cyc ¼
1
2
r � BðK � ðF� GÞÞ:
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As we know that Term 7þ cyc ¼ − 3
2r � BðK � ðF� GÞÞ, we have 

Term 7þ cycþ Term 8þ cyc ¼ −r � BðK � ðF� GÞÞ:

In the end, we know 

F;Gf g;Kf g
fffB=n2

fff þ cyc ¼
ð

1
n2 −r � BðK � ðF� GÞÞð Þdx ¼ 0;

under Gauss’s law for magnetism r � B ¼ 0.
The fifth term 

F;Gf g;Kf g
fB2

fff þ cyc

¼

ð

f B �
@

@v
B �

@Ff

@v
�
@Gf

@v

� �� �

�
@Kf

@v

� �

dxdvþ cyc:

We use the product rule to differentiate the product of two func
tions, and express the cross product using the Levi–Civita symbol 
e, and have 

F;Gf g;Kf g
fB2

fff þ cyc

¼

ð

fBiBleijkelmn@vm@vj Ff @vk Kf @vn Gf dxdv

−
ð

fBiBleijkelmn@vm@vj Gf @vk Ff @vn Kf dxdvþ cyc

¼

ð

fBiBleijkelmn@vm@vj Ff @vk Kf @vn Gf dxdv

−
ð

fBiBleijkelmn@vm@vj Ff @vk Kf @vn Gf dxdvþ cyc ¼ 0;

where in the second last step, the permutation of F, G, K is used.
The sixth term 

F;Gf g;Kf g
ffB2=n
fff þ cyc

¼ −
ð

f B �
@

@v
B
n
�
@Ff

@v
� G

� �� �

�
@Kf

@v

� �

dxdv

−
ð

f B �
@

@v
B
n
� F�

@Gf

@v

� �� �

�
@Kf

@v

� �

dxdv

−
ð

B
n
�

ð

f
@

@v
B �

@Ff

@v
�
@Gf

@v

� �

dv
� �

� K

 !

dxþ cyc

¼ −
ð

f
n

eijkelmnBiBl@vm@vj Ff @vk Kf Gn dxdv

þ

ð
f
n

eijkelmnBiBl@vm@vj Gf @vk Kf Fn dxdv

þ

ð
f
n

eijkelmnBiBl@vm@vj Gf @vk Ff Kn dxdv

−
ð

f
n

eijkelmnBiBl@vm@vj Ff @vk Gf Kn dxdv þ cyc;

where we use the product rule to differentiate the product of two 
functions, and express the cross product using the Levi–Civita sym
bol e. By the permutation of F, G, and K, we know that 

F;Gf g;Kf g
ffB2=n
fff þcyc ¼ 0.

The seventh term 

F;Gf g;Kf g
fff B2=n2

fff þcyc

¼

ð
B
n
�

ð

f
@

@v
B
n
�
@Ff

@v
� G

� �

dv
� �

� K

 !

dx

þ

ð
B
n
�

ð

f
@

@v
B
n
� F�

@Gf

@v

� �

dv
� �

� K

 !

dxþ cyc

¼

ð
f

n2 eijkelmnBiBl@vm@vj Ff GkKn dxdv

−
ð

f
n2 eijkelmnBiBl@vm@vj Gf FkKn dxdv þ cyc;

where we express the cross product using the Levi–Civita symbol e. 
By the permutation of F, G, and K, we know that 

F;Gf g;Kf g
fff B2=n2

fff þ cyc ¼ 0.
The eighth term 

F;Gf g;Kf g
fB=n
ffB þcyc

¼ −
ð

f
B
n
�
@Gf

@v
� FA −

@Ff

@v
� GA

� �

;Kf

� �

xv
dxdv

−
ð

B
n
� r �

ð

f
@Ff

@v
�
@Gf

@v
dv

� �

� KA
� �

dx

þ

ð
f
n

B �
@

@v
Ff ;Gf½ �xv � KA

� �

dxdv þ cyc:

By integrating by parts, the derivatives with respect to x in the first 
part of the Lie–Poisson bracket in the first term, and using formula 
(A4) for the second term, we obtain 

F;Gf g;Kf g
fB=n
ffB þcyc

¼

ð

rf �
@Gf

@v
B
n
�
@Ff

@v
� KA

� �

dxdv

−
ð

rf �
@Ff

@v
B
n
�
@Gf

@v
� KA

� �

dxdv

−
ð

B
n
� rf �

@Ff

@v
�
@Gf

@v

� �� �

� KAdxdv

þ

ð

f
@

@v
B
n
�
@Ff

@v
� KA

� �� �� �

�
@Gf

@x
dxdv

−
ð

f
@

@v
B
n
�
@Gf

@v
� KA

� �� �� �

�
@Ff

@x
dxdv

−
ð

f
B
n
� r �

@Ff

@v
�
@Gf

@v

� �

� KA
� �

dxdv

þ

ð
f
n

B �
@

@v
Ff ;Gf½ �xv � KA

� �

dxdv

þ

ð

fr �
@Gf

@v
B
n
�
@Ff

@v
� KA

� �

dxdv

−
ð

fr �
@Ff

@v
B
n
�
@Gf

@v
� KA

� �

dxdv þ cyc;

where we have used the permutation of F, G, and K. The first three 
terms cancel with each other by using formula (A2) in the third 
line. The last six terms cancel to each other by using formula (A1) 
to the fourth last term.
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The ninth term 

F;Gf g;Kf g
ffB=n2

ffB þcyc

¼

ð

f
ð

f
n2 B �

@Gf

@v
� FA −

@Ff

@v
� GA

� �

dv;Kf

" #

xv

dxdv

þ

ð
B
n
� r �

1
n

F� G
� �� �

� KA
� �

dx

þ

ð
1
n

B � K�r�
1
n

G� FA − F� GAð Þ

� �

dxþ cyc:

By integrating by parts, the derivatives with respect to x in the first 
term, and using formula (A4) for the second and third terms, we 
obtain 

F;Gf g;Kf g
ffB=n2

ffB þcyc

¼ −
ð

r � K
1
n2 B � G� FA − F� GAð Þdx

þ

ð
B
n2 � r � F� Gð Þð Þ � KA

� �
dx

þ
1
2

ð

B � r
1
n2

� �

� F� Gð Þ

� �

� KA
� �

dx

þ

ð
1
n2 B � K�r� G� FA − F� GAð Þð Þdx

þ
1
2

ð

B � K� r
1
n2

� �

� G� FA − F� GAð Þ

� �� �

dxþ cyc:

By integrating by parts, the derivatives with respect to x in the 
terms containing r 1

n2

� �
, we obtain 

F;Gf g;Kf g
ffB=n2

ffB þcyc

¼−
ð

r�K
1
n2 B � G�FA − F�GAð Þ

� �

dx

þ

ð
1
n2 B � r� F�Gð Þð Þ�KA

� �
dx −

ð
1

2n2r� ð F�Gð Þ

� KA�Bð ÞÞdxþ
ð

1
n2 B � K�r� G�FA − F�GAð Þð Þdx

−
1
2

ð
1
n2r� G�FA − F�GAð Þ� B�Kð Þ

� �
dxþ cyc

¼−
ð

1
n2r�G B � F�KAð Þð Þ−

1
n2r�F B � G�KAð Þð Þdx

þ

ð
1
n2 B � r� F�Gð Þð Þ�KA

� �
dx

−
ð

1
2n2r� F�Gð Þ� KA�Bð Þ

� �
dx

þ

ð
1
n2 B � G�r� F�KAð Þ− F�r� G�KAð Þ

� �
dx

−
1
2

ð
1
n2r� F�KAð Þ� B�Gð Þ−

1
n2 G�KAð Þ� B�Fð Þ

� �

dx

þ cyc

¼

ð
1
n2r�B KA � ðF�GÞ

� �
dx −

ð
1
n2r�K

A B � ðF�GÞð Þdxþ cyc;

where we used the permutations of F, G, and K, formula (A1), for
mula (A3), and Lemma 1. As r � KA ¼ r � r � dK

dB ¼ 0, we know 
that F;Gf g;Kf g

ffB=n2

ffB þcyc is zero under Gauss’s law for magnetism 
r � B ¼ 0.

The tenth term 

F;Gf g;Kf g
fB2=n
ffB þcyc

¼ −
ð

f B �
@

@v
B
n
�
@Gf

@v
� FA −

@Ff

@v
� GA

� �� �

�
@Kf

@v
dxdv

þ

ð
f
n

B �
@

@v
B �

@Ff

@v
�
@Gf

@v

� �� �� �

� KAdxdvþ cyc

¼ −
ð

f
n

eijkelmnBiBl@vm@vj Gf FA
k @vn Kf dxdv

þ

ð
f
n

eijkelmnBiBl@vm@vj Ff GA
k @vn Kf dxdv

þ

ð
f
n

eijkelmnBiBl@vm@vj Ff KA
n @vk Gf dxdv

−
ð

f
n

eijkelmnBiBl@vm@vj Gf KA
k @vn Ff dxdv þ cyc;

where we use the product rule to differentiate the product of two 
functions, and express the cross product using the Levi–Civita sym
bol e. By the permutations of F, G, and K, the first term cancels 
with the third term, and the second term cancels with the fourth 
term. So F;Gf g;Kf g

fB2=n
ffB þcyc is zero.

The eleventh term 

F;Gf g;Kf g
ffB2=n2

ffB þcyc

¼ −
ð

f
n

B �
@

@v
B
n
�
@Ff

@v
� G

� �� �

� KAdxdv

−
ð

f
n

B �
@

@v
B
n
� F�

@Gf

@v

� �� �

� KAdxdv

þ

ð
B
n
�

ð

f
@

@v
B
n
�
@Gf

@v
� FA −

@Ff

@v
� GA

� �

dv
� �

� K

 !

dx

þ cyc

¼ −
ð

f
n2 eijkelmnBiBl@vm@vj Ff GkKA

n dxdv

þ

ð
f

n2 eijkelmnBiBl@vm@vj Gf FkKA
n dxdv

þ

ð
f

n2 eijkelmnBiBl@vm@vj Gf KkFA
n dxdv

−
ð

f
n2 eijkelmnBiBl@vm@vj Ff KkGA

n dxdv þ cyc;

where we use the product rule to differentiate the product of two 
functions, and express the cross product using the Levi–Civita sym
bol e. By the permutations of F,G, and K, the first term cancels with 
the third term, and the second term cancels with the fourth term, 
so F;Gf g;Kf g

ffB2=n2

ffB þ cyc is zero.
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The twelfth term 

F;Gf g;Kf g
fB=n2

fBB þ cyc

¼

ð

f
B
n2 � FA � GAð Þ;

dK
df

� �

xv
dxdv

þ

ð
B
n
� r �

ð
f
n

@Gf

@v
� FA −

@Ff

@v
� KA

� �

dv� KA

 !

dx

þ

ð
f
n

B �
@Kf

@v
�r�

1
n

FA � GA
� �� �

dvdx þ cyc;

¼

ð

−
B
n2 � FA � GAð Þr � K dx

þ

ð
B
n
� r �

1
n

G� FA −
1
n

F� GA
� �� �

� KA
� �

dx

þ

ð
B
n
� K�r�

1
n

FA � GA
� �� �

dxþ cyc: (A9) 

The last three terms of Eq. (A9) are in the same form as formula 
(45) in Ref. 22, and the result of Eq. (A9) is thus zero, for which 
Gauss’s law for magnetism r � B ¼ 0 is used, as mentioned in 
Ref. 22.

The thirteenth term 

F;Gf g;Kf g
fB2=n2

fBB þcyc

¼ −
ð

f
n

B �
@

@v
B
n
�
@Gf

@v
� FA −

@Ff

@v
� GA

� �� �

� KAdxdv þ cyc

¼ −
ð

f
n2 eijkelmnBiBl@vm@vj Gf FA

k KA
n dxdv

þ

ð
f

n2 eijkelmnBiBl@vm@vj Ff GA
k KA

n dxdv þ cyc;

where we express the cross product using the Levi–Civita symbol e, 
and the above two terms cancel by the permutations of F,G, and K. 
So F;Gf g;Kf g

fB2=n2

fBB þcyc ¼ 0.
The fourteenth term 

F;Gf g;Kf g
B=n2

BBB þcyc ¼
ð

B
n
� r �

FA

n
� GA

� �

� KA

� �

dxþ cyc;

which is equal to zero as shown in Ref. 22 under Gauss’s law for 
magnetism r � B ¼ 0.

As the above 14 groups of terms are zero under Gauss’s law for 
magnetism, that r � B ¼ 0, we have proven the bracket (17) satisfies 
the Jacobi identity under Gauss’s law for magnetism r � B ¼ 0.
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