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ABSTRACT

We investigate the conditions under which the Jacobi identity holds for a class of recently introduced anti-symmetric brackets in hybrid
plasma models with kinetic ions and massless electrons. In particular, we establish the precise conditions under which the brackets for the
vector-potential-based formulations satisfy the Jacobi identity, and demonstrate that these conditions are fulfilled by all physically relevant
functionals. Moreover, for the magnetic-field-based formulation, we show that the corresponding anti-symmetric bracket constitutes a
Poisson bracket under Gauss’s law for magnetism, and we provide a direct proof of the Jacobi identity. These results are further extended to
models incorporating electron entropy as well as more general hybrid kinetic-fluid models.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0332100

I. INTRODUCTION

Many important physical models can be formulated within a
Hamiltonian framework, including Maxwell’s equations and the
Schrodinger equation, whose dynamics can be derived from appropri-
ate Hamiltonians and Poisson brackets.' In plasma physics,
Hamiltonian formulations with corresponding Poisson brackets have
been developed for a variety of models, including the Vlasov-
Maxwell equations,”” magnetohydrodynamics (MHD)," the two-fluid
model,” and extended MHD.®” More recently, Poisson brackets have
been proposed for hybrid plasma models.

The focus of this paper is the hybrid model with kinetic ions and
massless electrons (HKM). It has become a cornerstone of modern
plasma and space-weather simulations.” By treating electrons as a
fluid while retaining kinetic ions, it provides an effective balance
between computational efficiency and physical fidelity. Compared
with fully kinetic approaches, the HKM model significantly reduces
computational cost, enabling large-scale simulations over physically
relevant spatial and temporal scales. At the same time, it captures ion
kinetic phenomena that are inaccessible to conventional magnetohy-
drodynamic models."’ Consequently, HKM simulations have become
an indispensable tool for investigating a broad range of plasma pro-
cesses, including collisionless shocks, magnetic reconnection, plasma
turbulence, and solar wind magnetosphere interactions. Large-scale

simulation frameworks such as Vlasiator have demonstrated the
power of this approach for studying space-weather phenomena and
heliospheric plasma dynamics."’

For the HKM model, the Poisson brackets have been proposed
in Ref. 8. The magnetic field based Poisson bracket of the HKM
model (referred to as the xvB formulation in Ref. 12) is obtained by
simply transforming the Poisson bracket [formula (76) in Ref. 8] in
terms of the vector potential A to the Poisson bracket in terms of the
magnetic field via the relations™ B = V x A, g—i =V x g—g. Also the
canonical momentum based Poisson bracket is given in Ref. 8, where
the distribution function depends on the canonical momentum p
defined as p = v + A. This formulation is called the xpA formulation
in Ref. 12. The third formulation, i.e., also referred to as the xvA for-
mulation, involves the distribution function f depending on velocity
v, and the vector potential A.

For the HKM model, the Poisson brackets proposed in Ref.
8 involve the ion and electron charge densities, which are assumed to
be equal under the quasi-neutrality condition. Preserving quasi-
neutrality numerically requires special attention to both charge densi-
ties during simulations, particularly when particle-in-cell methods are
used for ions while grid-based methods are employed for electrons, as
discussed in Refs. 10 and 12. From a theoretical perspective,
the quasi-neutrality condition can be viewed as a constraint in
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non-dissipative plasma models. The Dirac theory of constraints has
been applied and further developed in recent works Refs. 13-15.

These three formulations, i.e., xpA, xvA, and xvB formulations,
are mathematically equivalent descriptions of kinetic plasma dynam-
ics, which employ different sets of variables; each offers distinct
numerical advantages. In the xpA formulation, the particle position
and canonical momentum form a pair of variables in a canonical
Hamiltonian system. This structure enables the use of symplectic par-
ticle pushers and provides favorable long-term behavior.'> Moreover,
the use of the vector potential facilitates the numerical preservation of
V - B = 0, a property that is also shared by the xvA formulation. In
contrast, in the particle discretization of the xvB formulation, the par-
ticle kinetic energy is independent of particle position, which makes it
straightforward to construct energy-conserving methods.'’ From the
perspective of Hamiltonian structure, the xpA formulation possesses
a considerably simpler Poisson bracket, involving significantly fewer
terms than those of the xvA and xvB formulations.

In this work, we show that the quasi-neutrality condition of the
HKM model corresponds to a momentum map in the canonical
momentum-based formulation, arising from gauge symmetry, and to
a Casimir functional in the velocity-based formulations. In Refs. 10
and 12, simplified antisymmetric brackets were derived by neglecting
terms associated with the functional derivatives of the electron charge
density in the Poisson brackets introduced in Ref. 8. Here, we investi-
gate the Jacobi identities for these simplified antisymmetric brack-
ets.'”"” Specifically, we determine the conditions under which the
Jacobi identities hold for the vector-potential-based antisymmetric
brackets proposed in Ref. 12, showing that they are satisfied by all
physically meaningful functionals. Furthermore, we demonstrate that
the magnetic-field-based antisymmetric bracket proposed in Ref. 10
satisfies the Jacobi identity as a Poisson bracket under Gauss’s law for
magnetism, V - B = 0, and provide a proof via direct calculation.

First, we present the dimensionless HKM model'” as follows:

of of

E+v~Vf+(E+v><B)-E:0,
6—B——VXE, V-B=0,
ot
dne o
5 TV (new) =0 w=u--—, 1
Os
a+ue~Vs—0,
E Vpe—(u l)x]?.
e Ne

Here, we take the single ion species case for an example, have
assumed ion has an unit charge, f(x, v, t) denotes the ion distribution
function depending on time t € R, position x € R and velocity
v € R?, quasi-neutrality number density is n, = n with n = [ fdv,
where 1 and , are for ions and electrons, respectively, u = [vf dv/n
is the ion current carrying drift velocity, E(x, t) and B(x, ¢) stand for
the electromagnetic fields, ] = V x B denotes the plasma current,
and p, is the electron pressure determined by the internal energy
function'®"” %(n,,s, |B|) as p, = n? g—z with s denoting the entropy
per unit mass. The hybrid model (1) contains the Vlasov equation,
Faraday’s law, continuity equation for mass-less electrons, electron
entropy equation, and Ohm’s law. The Hamiltonian for the above

hybrid model (1) is given in Refs. 8 and 10 as

ARTICLE pubs.aip.org/aip/pop

1 1
H(f, B, n,) — EJ IvI2f dvdx + EJ B[ dx + Jnﬂl dx.

This work is organized as follows. The xpA, xvA, and xvB for-
mulations of the HKM model are investigated in Sec. II. The condi-
tions for the Jacobi identity of the simplified brackets proposed in
Refs. 10 and 12 are presented in Secs. II A-II C, respectively. A direct
proof of the Jacobi identity for the simplified Poisson bracket of the
xvB formulation is given in Sec. II C. Relationships among the simpli-
fied Poisson brackets of these three formulations are established using
the chain rule for functional derivatives in Sec. II D. Extensions to
more general hybrid models are briefly discussed in Sec. I1I.

Il. THE POISSON BRACKETS OF THE HKM MODEL

In this section, we investigate the three formulations, i.e., XpA,
xvA, and xvB formulations, of the HKM model (1) with isothermal
electrons. The quasi-neutrality condition corresponds to a momen-
tum map in the canonical momentum-based formulation, arising
from gauge symmetry, and to a Casimir functional in the velocity-
based formulations. We also present the conditions under which the
Jacobi identities hold for the three antisymmetric brackets proposed
in Refs. 10 and 12.

When the electrons are assumed to be isothermal with a constant
temperature T,, we have p, = T,n, and % = T,Inn, in Eq. (1). The
equation of s in Eq. (1) is not needed, as the electrons are isothermal
and % does not depends on s. The isothermal electron case of Eq. (1)
is the main focus of the current section, as it already captures the
essential structural features relevant to the verification of the Jacobi
identity, while avoiding additional technical complications associated
with more general electron thermodynamics. Both the Jacobi identity
conditions presented in the current section and the techniques for
simplifying Poisson brackets are extended to more general electrons
in Sec. I11.

A. XpA formulation

We begin with the xpA formulation, whose Poisson brackets
have a relatively simple structure. The following Poisson bracket was
proposed in Ref. 8 (for simplicity, the time variable # is omitted),

{F,G}(f(x,p), A, n)

OF 0G 1 OF oG
=|fl—,— - = A-[—xZ
Jf {5}" 5prd"dp Jnev 8 (5A 8 5A) dx
O0F _ 406G oG _ OF
Ja Tm—avé—nedx, (2)
where the Lie-Poisson bracket' [»7],, for functions fand g depending
onxandpis ”

[f+8lsp :Vfg—f,—vg-%-

Before proceeding to the proof of the Jacobi identity, we present
a bracket theorem from Ref. 18 that will be used extensively. This the-
orem states that the contributions involving second-order functional
derivatives cancel each other in the verification of the Jacobi identity.

Theorem 1. (Bracket theorem'®) To prove the Jacobi identity of
the generic brackets of the form
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(F.G)(y) = jj—jﬂmﬁ—j da

where ] is an anti-self-adjoint operator depending on \y and \y depends
on a, one needs only consider the explicit dependence of ] on \y when
taking the functional derivatives of {F, G}.

Here, we provide a proof of the Jacobi identity for the Poisson
bracket (2).

Theorem 2. The bracket (2) satisfies the Jacobi identity.

Proof. By Theorem 1, which was originally established in Ref. 18,
to prove the Jacobi identity for bracket (2), we can ignore the second-
order functional derivatives when considering the functional deriva-
tives of {F, G} and have

5,
MEGY (1 5FXP6G)

oA n,0A " JA
OF,G} VxA <6—F><5—G>
on, n? OA " A/’

Then for any three smooth functionals F, G, and K depending
onf,A, and n,, we have

{{F7 G}»K}(f(xv p). A, n.)

OF 0G| OK
= <7 sr s dXd
Js Héf 5pr 6fL P
1 1 0F oG oK
+ Z;“7 X A - (‘7 X (;;;5;{ X S}{) X 3}{)(ix
1 (0F oG oK
- Vx(n—e<a><a>> Vé_nedx

oK OF oG
SA V( V xA- (5A 5A)>dx (3)
where the third term is 0 via integration by parts. The sum over
permutations of the first term vanishes, as it corresponds to a Lie—
Poisson bracket.”” The sum over permutations of the second and
fourth terms also vanishes, which can be shown using Lemma 4.1 in
Ref. 7 by setting p = q = r = A and p = n,. Therefore, we conclude
that the bracket (2) satisfies the Jacobi identity, ie., {{F,G},K}
+{{G,K},F} + {{K,F},G} = 0. 0
Based on Theorem 2, we know that P = C>(R®)
x [C*(R? )]3 x C*(R?) is a Poisson manifold" with the Poisson
bracket (2). We define the action ® of the Lie group G = C*(R*) on
the Poisson manifold P, i.e, ® : G x P — P, as

pubs.aip.org/aip/pop

is invarjant under the group action (4). And the Lie group G acts on
the Poisson manifold P canonically,l ie.,

) {F,G} = {®}F, ®,G},
where @, denotes the pullback of the map ®;. Next, we prove the
quasi-neutrality condition is related to a momentum map associated

with the Lie group action (4).
Proposition 1. The mapJ : P — g*

J(f(x,p). A, ne) = n, jf<x, p) dp. (5)

is a momentum map of the action defined in Eq. (4), where

(4
g = C°(R?) is the Lie algebra of the Lie group G = C*(R?), and g*

is the dual space of g in the sense of L? integral.
Proof. For ¢ € g, the infinitesimal generator ¢ is

¢P(f(x7 P)’ A, I’le) = %(Dexp(sd)) (f(xvp)v A, n2)|s:0
:( V- f Vo, 0)

For the linear map J : ¢ — 7 (P), where 7 (P) is the set of all smooth
functionals defined on P,

@) A n) = [maddx— [ £ .

we can check that the vector field ¢, is the Hamiltonian vector field
[with the Poisson bracket (2)] of the functional J(¢). By the definition
of momentum map J : P — g* in the Definition 11.2.1 in Ref. 1, we
know that

I, A ne), 0) =1(9)(f, A, ne),
where (-,-) denotes the L? inner product. Then, we have
](faA7 l’le) = ne—.ff(x7p7 t) dp |:|

1. Conservation of the momentum map

The Lie algebra g action above, arising from the canonical left
Lie group action ®, acts canonically on the Poisson manifold P and
admits the momentum map (5). By Theorem 11.4.1 in Ref. 1, the
momentum map is conserved under the Hamiltonian flow; that is,
the quasi-neutrality condition holds for all times if it holds initially.

2. Simplified bracket

In Ref. 12, we adopt the formulation with the following antisym-
metric bracket for numerical discretization, due to its low numerical
noise and favorable conservation properties. This bracket is obtained
by removing the last term in Eq. (2) containing the functional deriva-
tive of n, and replacing n, with [ fdp in accordance with the quasi-

Oy (f(x,p),A n) = (f(x,p=V¥),A+V{,n), WWeG. neutrality condition,
N OF G
The Hamiltonian {F,G},(f(x,p),A) = Jf L—,é—] dxdp
Fof
OF 4G
Al fdpdx + = ||V x AP dx + T, | n.Inn, dx,
JIp I°f dpdx J\ " dx Jn nn, dx J VxA- (M 5A)d (6)
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where n = [fdp denotes the ion/electron charge density. This
bracket does not satisfy the Jacobi identity, as shown below.

Theorem 3. The bracket (6) does not satisfy the Jacobi identity.

Proof. To examine the Jacobi identity, we first compute the func-
tional derivatives of {F,G}, neglecting second-order derivatives
according to the bracket Theorem 1, which was originally established
in Ref. 18. This yields

o{F,G oF ¢ OF ¢
(F.G). _ [ 56) |, Lgsn. (2.2),
of of’ 5f O0A  JA
o{F,G}, 10F oG
oA VX ( 5AX(5A)
Based on the functional derivatives computed above, we obtain
{{F’ G}S ’ K} s
1 10F oG oK
—JHVXA- (Vx ( (3A 6A) xé—A)dx
N
o of L, of |
oF 4G
A-
N Jf 2y (bA 5A) i,

For functionals F, G depending only on A, we define in particular, a
functional depending only on f as K = [fp - Vh(x) dpdx, where
h(x) =5V x A - (%‘A:Ao X g—g|A:AO).Thenwe have

dxdp

dxdp. @)

{{F, G}va}s‘(f,Au) + cyc = Jf|Vh|2 dxdp,

where the “cyc” denotes the results via the permutations of F, G, and
K. The integrand is non-negative when f is non-negative, and thus
{{F, G}S,K}S +cyc is not zero at (f,Ao) for positive f|Vh|*.
Therefore, we conclude that the antisymmetric bracket (6) does not
satisfy the Jacobi identity and is not a Poisson bracket. O

A natural question is under what conditions the Jacobi identity
is satisfied for the bracket (6).

Theorem 4. The bracket (6
functionals satisfy the condition,

oK 0 0K
vléAi V-Jfapéfdp, VK. (8)

Proof. By comparing Eq. (3) with Eq. (7), we know that when the con-
dition (8) is satisfied, we have

{{F7 G}va} (f(xv P)vA) = {{Fv G}vK}(f(xv P)7A7 ”e) =0,

«_ »

where the “=” holds in the sense that n, = n, and second-order func-
tional derivatives are neglected when computing the functional deriv-
atives of the brackets (2) and (6). This completes the proof of the
theorem. O

Remark 1. The condition (8) is satisfied by the Hamiltonian of
the hybrid model

6) satisfies the Jacobi identity when the

1 1
H:£J|p—A|2fdpdx+EJ|V ><A|2dx+ TeJnlnndX.

pubs.aip.org/aip/pop

We here define the following set of functionals satisfying the
condition (8):

o = {F(f(x. p). &) = F((x, v). B)
v=p-A flxp) =[xV =fxp-4)},  ©

where the time variable is omitted for convenience. This set .o/
includes functionals determined by all smooth functionals F about
f(x,v), BwithV-B =0.

Remark 2. The bracket (6) can be obtained from the bracket (2)
via the following transformation:

[B=V xA,

(1050 A ) = (S0sp) A C= = [ ).

Any functional F of (f(x, p), A, C) can be regarded as a functional F

of (f(x,p),A,n,) via F(f(x,p),A,n,) = F(f(x, p).A,C). By the
chain rules of the functional derivatives, we have

o _oF 5 o _ob  or o
Of  Of oC’  SA OA’  onm, oC
Substituting the above relations into bracket (2), we obtain

{Fvé}(f(X:P)vAv C)

SF 6G
= s [ﬁw ,q,d"d*’
C+ Jf dp

OF _o6G 060G _OF
toa Voc oa Voc ™

OF oG oG O OF
of 096 dpdx. (10
* f( Vsc apor VY eC ap5f> x 10

The sum of the 1ast~two terms is zero when F and G are in .o/
(9). Then for functionals F and G in .27, bracket (10) becomes

{F,G}(f(x.p),A,0)

I 4] =
o (e

which is the bracket (6) when C = 0. As no functional derivative
with respect to C is conducted, C can be regarded as a parameter
function.

Before we can conclude that the bracket (6) defines a Poisson
bracket for functionals in o7, we must verify that {F, G}, € ./ for
VF,G € /. The answer is affirmative, since the proof relies on the
relation with the xvB formulation; we defer the argument to Theorem
7, where the result is established in a unified manner.
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3. Coulomb gauge

When Coulomb gauge is used, ie, V-A =0, we let
Yy = —A"(V-A), then the map (f(x,p),A) — (f(x,p — V),),

A+ V,)’ transforms the bracket (6) as

{F G}Coulomb(f(x7 p)7A)

:Jf[éf,éﬁ} dxdp—JlV x A+ (M x N)dx,
xp n

of *of
where
_OF 1w OF 1 0 OF
M—é—-l-VA V~5—+VA V-Jfa—gdp,
oG oG 85G
N—a-i-VA v. E—FVA v. J 5f

When the magnetic ﬁeld B is adopted, we have the following

bracket by B =V x Aand 2§ = V x £

B’
{F G}Coulomb (f(X, p)7 B)

- JfB—j:(;—]ﬂ dxdp — J%B - (M x N)dx,
xp

where

0B
oG V‘J d G

- F F
M:VX6—+VA_1VAJ %idp,

< oL -1
N—VX5B+VA

B. xvA formulation

Next, we consider the xvA formulation,”'>"” for which the

Poisson bracket is given by formula (76) in Ref. 8,
{F7 G}(f(x’ V), A7 Vle)

- ]

d oF 0 oG

+ [fVxA- (55 X Eg)dxdv
OF 0G

- n_v XA <5A 5A>d

909G SF _0F G\, .
vof oA vof oA

Teoon (e

OF _ 606G 6G _ OF
+ avym_ﬁvfnedx

0 o0F _o0G 0 oG OF
+ f<—a§ ane‘f‘ggvéine)dde

= {F’G}O+{FvG}nE7

(11)

where we denote the sum of the first six terms in the above bracket by
{F, G}, and the last term by {F, G}, .

Here, we explicitly write out the terms needed to verify the Jacobi
identity. As before, we first compute the functional derivatives of
{F, G}, neglecting second-order derivatives according to the bracket
Theorem 1, which was originally established in Ref. 18. Then, we have

{{F.G}, K}
—J%V X A - <5{F’G} ><5—K>dx

0A 0A

T ] e

0 0{F,G}, 0 JK
foA-(g 5 x8v5f>dxd

I (00K HEGL_ 0 3{F.Gl,
Y A\ over oA v of 5Add"

oo (b

f(‘9 oK Vé{F’G})dxdv— T + T2,

ov of on,
(12)
where T,L = gﬁ v 6{;”’?} dx, and all other terms involving the func-

tional derivative with respect to 7, are included in T2 ,ie.,

S (G i i

o{F, G}”e oK
=+ f T’E dXdV
5} 5{F G} 9 0K
+ fVXA av 5f )ngdxdv

0A

3{F,G
i[Lvua 2 UEGh }m) 5K)dxd

Me ov of

1 d o{F,G},, 9 oK
_ FBVXA. (Jffdvx Jfagd )dx7

where the first term vanishes by integration by parts. Since the
Poisson bracket (11) satisfies the Jacobi identity, the sum over permu-
tations of Tﬁe, which contains all terms involving the functional deriv-
atives of n,, also vanishes.

Remark 3. The quasi-neutrality condition, n, = [f dv, corre-
sponds to a class of Casimir functionals of the bracket (11), i.e., for
any given X,

C(f,ne,A)zjé(x xo)( dev)dx

4. Simplified bracket

The simplified bracket presented in Ref. 12 is obtained by
removing the terms involving the functional derivatives with respect
to n, and replacing n, with [ f dv,
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{F,G}(f(x,v),A)
= Jf{éj,éﬁ} dedv

of ~of
+|fVxA- ((,%65—? X Gﬁv%(j)dde

1 SE  6G
— VA (5A bA)d

(f (935G _OF_ 9SF G
VXA Gy oF oA avor “oa) B

_ %VXA. ([f%i—;dvx Jf(’fvéf )dx,
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13)

In the following theorem, we state the condition under which the

bracket (13) satisfies the Jacobi identity.

Theorem 5. The bracket (13) satisfies the Jacobi identity when the

functionals satisfy the condition, V - 2K =0, VK.

Proof. In order to prove the Jacobi identity, we need to calculate

the functional derivatives of the bracket (13),

o{F, G}, 5{F G}, Jré{F7 G} o{F, G}, 5{F G}
of of on, ' 0A oA
where is the bracket (11), the “=” holds in the sense that we

replace 1, with [ f dv on the right-hand side and ignore the second-
order functional derivatives when calculating the functional deriva-

tives of {F, G} and {F, G}. Then, we have

{{F. G}, K},
]
. (85{F Gy (,fv‘;i;>dxdv
g (5{F .G} 5K) dx
i gm (29,000l )i,
_ %va ( 9 AF, G}Od Jf%%fdv)dx.
(14)

Since the Poisson bracket (11) satisfies the Jacobi identity, the sum
over permutations of Tﬁg in Eq. (12) vanishes. The remaining terms

in Eq. (12), except for T1 and T2 , coincide with the terms in Eq.
(14). When V - 2K = 0, VK we have T} =0, and hence the bracket

(13) satisfies the ]acob1 identity.

O

We can define the following set of functionals satisfying the con-

. oK _
dition V - $4=0,

B = {F(f(x7 v), A) = F(f(x, v), B)B=V x A),

(15)

which includes the functionals determined by all smooth functionals

F about f(x, v), Bwith V- B = 0.

pubs.aip.org/aip/pop

As with the bracket (6), we must verify that {F,G} € # for
VF, G € 4, before we can conclude that the bracket (13) defines a
Poisson bracket for functionals in Z4. The answer is affirmative, since
the proof relies on the relation with the xvB formulation; as in the
case of the xpA formulation, we defer the argument to Theorem 7,
where the result is established in a unified manner.

C. xvB formulation

Finally, we consider the magnetic-field-based formulation.
When the electron charge density 7, is treated as an independent vari-
able, a Poisson bracket can be derived from Ref. 8 as follows:

{F,G}(f(x,v),B,n,.)

=l 7o

(2 25
J (VX—XVXb—G)dx
fon ()
Ju

i (aéG 0F O 6F 5G>dxd
n

SIH

X————=XxXVX

v of OB v of OB

(4

0 OF oG 0 oG OF
+Jf( 55 Vit s Vs

Remark 4. The quasi-neutrality condition n, = [fdv corre-
sponds to a class of Casimir functional of the bracket (16), i.e., for any
given X,

)dxdv (16)

C(f,ne,B) = J(S(x ~ %) <ne - dev) dx.

5. Simplified bracket

In Ref. 10, we propose the following bracket for the xvB formula-
tion by removing the terms involving the functional derivatives with
respect to n, and replacing n, with n = [ f dv,

{F, G} (f(x,v), B)
- Jf[é_F76_G:| dxdv

of " of
+ fB.(agvi—}:x%(;—?)dxdv
— %B-(VXZFXVX(;]C;)dX
_ £B~(%55—?><V %—%%xVxé—i)dxdv
for (P2 i) o
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Remark 5. Since n, = [ f dv corresponds to a Casimir functional
of the Poisson bracket (16), we choose the Casimir functional as an
independent variable to simplify the Poisson bracket, following the
spirit of Darboux’s theorem. Specifically, we perform the following
transformation of variables:

(f()gv)7 B, ne) — (f(x,v), B, C=n,— dev)
Then any smooth functional F depending on f, B, C can be consid-

ered as a functional F depending on f, B, #,, with the following rela-
tions between their functional derivatives:

O0F OF OF OF OF OF OF

5 Tof 8C oA A om oC

Substituting the above relations for the functional derivatives into Eq.
(16), we obtain (the tilde is omitted for convenience)

e

.19 s
N
(L o

OF oG
B- (Vxé—BxV 6B>dx

b (it o)
OF 0O OF oG

d 0G
B- (ayxVxé—B—ngVxé—B)dxdv

F F
(-2 55 200 B,

[ =

[ =

[~

avof " oC  ovof

where n = C + f fdv, the second term cancels with the last term. In
the final expression, there is no functional derivative with respect to
C, so C can be treated as a parameter. Note that when C = 0, the
bracket reduces to Eq. (17).

Next, we present a direct proof of the Jacobi identity for the
bracket (17) under Gauss’s law for magnetism V - B = 0.

Theorem 6. The bracket (17) satisfies the Jacobi identity under
Gauss’s law for magnetism V - B = 0.

Proof. By the bracket Theorem 1, which was originally estab-
lished in Ref. 18, to prove the Jacobi identity for a bracket of the
form {F,G} = fg—i](lﬁ)g—i da, where J is an operator depending
on Y and  depends on a, it is sufficient to consider only the
explicit dependence of J on { when computing the functional

5{F G} Applying this to the bracket in Eq. (17), we

derivative

obtain the followmg functional derivatives, where the index s is
omitted for simplicity:

pubs.aip.org/aip/pop

G- (2525)

1 F
+—ZB~<V><5—><V><5—G>

n 0B 0B
/B (096G OF _ 9 oF 9G
an avor <Y 5B avor <Y “ o)

0 6G (3F 0 OF v oG

1

"EB’(EEX 0B Ovof - XE)

i e )
()

i (225

5{F, G} Jf(a OF aac)d

B avof v of
1_ OF 3G
—(EVXEXVXE)
_[f (996G OF _ 9 oF 9G
Jn avor ¥ 5B avor <V o)

1(,00F 0 G
Here we write out {{F, G}, K} as

{{FvG}vK} = {{F7 G}aK}fﬂ’+ {{FaG}vK}ﬂB
+ {{F7 G}7 K}fBB + {{F7 G}7K}333a
where {{F,G},K},,. denotes the terms involving the functional
derivatives with respect to a, b, and c. Next, we explicitly write out the
expressions for each group of terms,
{{F.G}. K}y = {{F.G}.K}Y+{{F,G}.K}};
+{{F.G} K} +{{F.G}, K} IP/"
+{{F.G}. K}y +{{F.G}.KY "
+{R.GLRYE
{{F.G}.KY g = {({F, G}, Ky "+ {({F, G} H}"
+{{F.G}.KYp " +{{F.G}. K} ",
{{F.G}.K} gy = {{F, G}, K¥ps" +{{F.G},K}py" .
{{F.G}. K}y = {{F. G} K} 35 as)
where the superscripts indicate the functions involved, excluding the
functional derivatives.

The proof that the sum over permutations of each of the above
terms vanishes is given in Appendix, with some results holding under
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Gauss’s law for magnetism V - B = 0. It then follows that the Jacobi
identity is satisfied, i.e.,

{{Fv G}7K} + {{G’ K},F} + {{K7 F}7 G} =0,

under Gauss’s law for magnetism V - B = 0. O

D. The relations between the brackets

Here, we show the relationships among the three simplified
brackets. A similar approach was used to derive the magnetic-field-
based Poisson bracket from the canonical momentum-based Poisson
bracket in Refs. 3, 8, and 17.

(1) The bracket (17) can be obtained from the bracket (6) via the
following transformation and corresponding relations between
the functional derivatives:

f(X, P) =]~((X,V),
[f(x.p).2(x,p)],,

x %g@«, v
or_ib oo ok [ 05k
of of oA OB m@
(2) The bracket (13) can be obtained from the bracket (6) via the

following transformation and the corresponding relations
between the functional derivatives:

19)

f(X,p):f(X,V), pP=V+A,

Sxp)etep],, =[x gxv] +V A2 f(x)
0
X g(xv),

0F O6F OF OF d OF

o o a:a‘Jfavafd

(3) The bracket (17) can be obtained from the bracket (13) via the
following transformation and the corresponding relations
between the functional derivatives:

OF OF
VXxA= B, 5;{ =V x 5B
Theorem 7. The bracket (6) of two arbitrary smooth functionals
in .7 (9) belongs also to .oZ (9). The bracket (13) of arbitrary smooth
functionals in % (15) belongs also to % (15).

pubs.aip.org/aip/pop

Proof. For two arbitrary smooth functionals F and G in Eq. (9)
depending on f(x, p) and A, we have

F(f(xvp)’A) = FG(X’V)7B)7 G(f(xvp)vA) = GG(X7V)7B)7

where F and G are two functionals determining F and G through the
definition in Eq. (9). Then, we have

{F,G}f(x,p),A) = {F,G}(f(x,v), (20)
where the bracket on the left—hand side is the bracket (6) of the xpA
formulation, while the bracket on the right-hand side is the bracket
(17) of the xvB formulation. In Eq. (20), the equality holds because
the bracket (17) can be obtained from the bracket (6) via the transfor-
mation with the chain rules for functional derivatives (19). Note that
equality (20) implies that the functlonal {F,G}(f(x,p),A) is deter-
mined by the functional {F, G }(f(x,v), B), and is therefore an ele-
ment of the functional set .7 (9), sat1sfy1ng the condition (8).

By similar arguments, the bracket (13) of arbitrary smooth func-
tionals in 4 (15) also belongs to # (15). O

Here we summarize the above xpA, xvA, and xvB formulations
in Table I.

I1l. GENERALIZATION

In this section, we generalize the above results to broader classes
of plasma models, including the HKM model with electron entropy,
the kinetic Hall MHD hybrid model,”” Hall MHD,® and the kinetic
multi-fluid model.” The two-fluid model has been considered previ-
ously in Ref. 20.

A. The HKM model with electron entropy

We now relax the isothermal assumption and consider a general
electron fluid endowed with an advected entropy field s."® This exten-
sion allows for spatial and temporal variations of the electron thermo-
dynamic state and provides a more general description of electron
pressure than the isothermal closure. Accordingly, the electron pres-
sure is taken to satisfy the equation of state p, = p.(n.,s), which
extends the Hamiltonian structure of the HKM model to non-
isothermal electron dynamics.

We include a new term associated with the entropy per unit
mass, s, in the bracket proposed in Ref. 8, yielding

{F,G}(f(x,p) A, ne,5)

OF 6G OF oG
Jf[g,y}xpdxdp Jnv XA - (5A 5A)d
JéF 0G 6G _ OF JE (6F6G 6G6F)

oA Von Toa Von 5O 95 0A

ne
(21)

TABLE I. Comparison of the xpA, xvA, and xvB formulations in terms of the choice of variables, the role of quasi-neutrality, and the conditions required for the Jacobi identity.

Here, K denotes an arbitrary smooth functional.

ST #T:90 9202 AInC ¥T

Formulations XpA XVA xvB
Variables f(x,p), A f(x,v), A f(x,v),B
Quasi neutrality Momentum map Casimir Casimir
oK 0 oK oK
Jacobi identity V-5*A=—V~Jfafp§dp Vesa=0 V-B=0
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with the following Hamiltonian
J\p A)’f dpdx + - J|V x Al dx+J e U(ne,s) dx.

The Jacobi identity for this bracket can be verified via a direct
proof. By removing the terms involving functional derivatives
with respect to n, and replacing n, with # in the remaining terms,
we obtain the following simplified bracket, which satisfies the
Jacobi identity under condition (8), along with the corresponding
Hamiltonian,

{F,G}(f(x,p), A;5)
:Jf[‘;;,‘?ﬂxpdxdp—J VxA- (gi gi)dx

Vs (0F6G 0G OF
+J7'(5—ﬂ‘5—ﬂ>d"» ":dep’

J|p A|’f dpdx + - J|V x A? dx+Jn%(n,s)dx. (22)
Next, we present the results for the magnetic-field-based formu-

lation. By adding two entropy-related terms to the bracket (16), we
obtain

{F,G}(f(x,v),B,n,s)

1 OF oG
- n—eB (V ng 5B)dX

_ %B(Jf%%}:d J %i—?dv)dx

OoF 0 OF 0

B (006G G
- f—E (ng (TB_ang 5B>dxdv

9 OF 5G+85G véF
N ~aver av of

Vs (OF 0G oG OF
+ Z-(ngé—B—EVx%)dx

-/

Vs (0F 900G _0G 0 oF\ 4
ne \dsovof oesovof) "

J|v| £ dvdx 4 - J|B| dx+J (e, 5) dx. 23)

Similar to Sec. 11 C, we get the following simplified Poisson bracket
and corresponding Hamiltonian:

pubs.aip.org/aip/pop

{F,G}(f(x,v),B,s)

_ %B‘(VX%XV ?;g)dx

~[om (s T s < ¥ )

~[am(Fravsrer = Jravgrar)os

+ %.(%in—g—%—fog—;)dx

_ %.(Z_l:%i_?—i—f%g—?)dxdv, :dev,
:%j|v|zfdvdx+%J|B\2dx+Jn%("aS)dx (24)

The Poisson brackets expressed in terms of the entropy density,
0 = n,s, or the electron pressure, p, = ng gZi, can be obtained from
the above brackets using the chain rule for functional derivatives.
Similar simplifications can be applied using the quasi-neutrality con-
dition. Moreover, analogous numerical discretizations can be imple-

mented based on these brackets, as in Refs. 10 and 12.

B. Kinetic Hall MHD hybrid model

Next, we consider a more general hybrid model,'” in which only
a subset of the ions is described by kinetic equations. For simplicity,
we focus on the case of a single ion species with unit charge,

g:_v.vf—(EquxB)-va,

ot
0B
— E
5 V x E,
i)n::_v (V) =V -y,
an,- (25)
?§;'4— -V (Hi‘ZL
n,<8l+V VV) = {EnkaLf(VxB—]k)] x B
ot e e
_%g.p,-vp,
Ne
where ] =V x B, dev,and]kf‘[vfdv,
E—-"iyxBil (VXB—]k)XB—u,
He 1, 1,
Py —P
Pe—%BBjLPdL P, =P, : bb, (26)
1
PQLZEPE:(I—bb)7 b:=B/|B|.

Here, f(x,v,t) represents the distribution function of the ions
depending on time £, space x, and velocity v. E and B are electric and
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magnetic fields, respectively. P; is isotropic ion fluid pressure. The
kinetic ion number density is #y, the fluid ion number density is n;,
the electron number density is #,, which satisfy n, = n; + ny because
of the quasi-neutrality condition. V denotes the ion fluid velocity field.
The electron internal energy is taken as %, = %,.(n,.,|B|), which
gives

607/@ o PeH 8@(2 o PEL - Pe||
on,  n2’ OB nlBl ’

6%57 B WipeH_PeL

B © T T LBP

In Ref. 17, various Poisson brackets are proposed for different,
but equivalent, formulations of the kinetic Hall MHD hybrid model
(25). Similar to the HKM model, simplified anti-symmetric brackets
for the kinetic Hall MHD hybrid model (25) can be obtained by
neglecting the terms involving the functional derivative with respect
to n,, while still preserving the equivalence of the resulting equations
with the corresponding Hamiltonians. In the following, we determine
the condition under which the simplified “canonical bracket” satisfies
the Jacobi identity and provide remarks on the magnetic-field-based
brackets in Remark 6.

1. Canonical bracket

In Ref. 17, the following canonical bracket, consisting of only
five terms, is proposed for the kinetic Hall MHD hybrid model (25).
Here, “canonical” refers to the use of canonical ion fluid momentum
and canonical ion kinetic momentum,

{F7 G}(I’l,-,M,A,f(X, P)7 ne)

OF 0G _ oG OF OF oG
—Jfb’ﬂpd"d“JM' (S Va3 V)

oG O0F OF 0G

~ (5_@ OF _OF 5G>d

+

Ve ——.V

OA " on, OA " onm,
1 SF  6G

We define the following transformation of the unknowns:

(f,l’l,‘,M,A,T’le) - (fv”i7M7A7CZne_”i_deP)~

Then any functional F about f,n;, M, A, and C can be regarded as a
functional F about f, n;, M, A, and n,. We have the following rela-
tions of the functional derivatives:

6F 6F OF SF OF oF
3~ of oC omom 3C
SF 6F  6F OF  SF OF
oM OM’ 0A A’ on. oC
By substituting the above relations into the Poisson bracket (27), we
obtain (the tilde is omitted for convenience)

pubs.aip.org/aip/pop

{F, G} ni, M, A.f(x,p),C)

Bf i) e Pl o

OF 5G _ (oG OF OF oG

oG 5F OF _ oG

LT LI

5C oM oC
5G _OF OF _oG
- <5A VscToa Y )dx
—J;VXA (gﬁ gi)dx (28)
C+ni+dep

The sum of the second, third, sixth, and seventh terms vanishes when
the following condition is satisfied by the functionals,

oK 35K
V5= ([

We can verify that this condition (29) is satisfied by the Hamiltonian,

p+ni 5K> VK. (29)

1 _ 1
JE”!‘M;‘_IM —AP dx+Jnin(ni)dx+ JE'V x Al* dx

1
+ EJ Ip — A|*f dxdp + Jne%e(ne, |V x A]) dx

We can define the following set of functionals satisfying the above
condition (29):

7= {F(f(x, p). A, M) == F( (x,v), B, i, V)|B=V x A,

V=p-A V=" M=A f(xp.t) = (xv) =] (xp-A)}.

which is a set of functionals determined by all smooth functionals F
about f(x, v), B, n;, Vwith V- B = 0.

In the bracket (28), the functional derivative with respect to C
does not appear. When C = 0 and condition (29) is satisfied, the
resulting simplified bracket is a Poisson bracket for the functionals in
2, which can be proved similarly to Theorem 7 by considering the
magnetic-field formulation,

{F7 G}(ni7M7 A:f(x, P))

OF oG _ oG OF OF oG

oG OF OF oG
+J"f(m'va—m‘m'vé—m)d"

dx. (30)

Remark 6. For the magnetic-field-based formulations of the kinetic
Hall MHD hybrid model (25), the Poisson brackets given in Ref. 17
can be simplified by removing the terms involving the functional

Phys. Plasmas 33, 072103 (2026); doi: 10.1063/5.0332100
© Author(s) 2026

33, 072103-10

ST #T:90 9202 AInC ¥T


pubs.aip.org/aip/pop

Physics of Plasmas ARTICLE

derivative of n, and replacing n, with n; + [ f dv. Alternatively, the
simplified bracket can be obtained via a transformation using the
Casimir function C=n, —n; — f fdv, as noted in Remark 5.
The resulting simplified bracket is a Poisson bracket under Gauss’s
law for magnetism V - B = 0.

Remark 7. Since Hall MHD is a subset of the hybrid model (25),
the terms involving the functional derivative of #, in the Poisson
bracket proposed in Ref. 6 can likewise be removed. For the resulting
simplified bracket, the Jacobi identity is satisfied for functionals that
fulfill the condition

oK 0K
—V'EZV'<T’I,‘5—M>7 VK.

The simplified magnetic field-based Poisson bracket of Hall MHD
has been proposed in Ref. 7.

2. Equivalence of the equations derived from the
canonical brackets

Here, we prove that the equations derived from the two brackets
above are equivalent. The Hamiltonian proposed in Ref. 17 is given
by

H; (f(xvp)7ni7MaAane)

1 _
= Jin,«\ni’lM — A dx+ Jnﬂl(n,-) dx+ Jnﬂ/e(ne7 |V x Al)dx

1 1
+ JE\V X A|2dx+EJ|p — AJ’f dxdp. (31)

In the Hamiltonian (31), we represent #, by n; + J f dp via the quasi-
neutrality condition, and get

Hz(f(x, P)a nhMaA)
1 _ 1
= JE”A";IM —AP dx—Q—Jn,-%(n,)dx—i— JEW x Al* dx

1
+ EJ Ip — A|*f dxdp

4 J<n,- + dep)% (ni + dep, IV x A|> i (32)

Theorem 8. The equations derived from bracket (27) are equivalent
to the equations derived from bracket (30) with energy H; (31) and
H, (32), respectively.

Proof. From bracket (27) we have

%: -V- (ni%) =-V-(M-nmA)=-V-(nV),
= [ (o e[ (3955 om0
%vﬁmVAﬁ

(33)

where §; = 0(x — X')e;, ¢; is the ith unit vector.

pubs.aip.org/aip/pop

From bracket (30) we have

o _ _y. <n,-5—h_[2) V. (M=mA) ==V - (mV),

ot M
OM; [ (SH, SH, 0 5H,
5 —JM (5M Vé)dx J (5 VaM)dx—nia—Xiéni,
0A SH, Of ([, OH
E ’/TEV X A X 6A a = Jf |:5 6f :|xpdxdp,
(34)

where again ; = 0(x — X')e;, ¢; is the ith unit vector.

The only difference in the equations for the vector potential A is
the presence of a gradient term, V 5 "H <=1 the equations for the magnetic
field B =V x A remain unchanged. It is also straightforward to see
that the equation for n; is identical.

As for the distribution function, the equation satisfied by f in
Eq. (33)is

Pio-nw-(2) aem Lo o9

We define a new distribution function depending on velocity v via the
relationp = v — A as

F(x,v,t) = f(x,p,t). (36)
Then, by plugging the following relations into Eq. (35):
of OF 0OA OF OA OF of OF
_____ P22 2
ot ot Ot ov’ Vi=V Oxov’  Op Ov’
we have
OF _OA OF OF

By similar calculations for the distribution function of fin Eq. (34),
we have

OF 0A OH;\ OF OF

E-’- -VF — (8t+van:>a+(VXB)E:0 (38)
Equation (37) is the same as Eq. (38), due to the difference between
the 5 ‘9A in Egs. (37) and (38) is V ‘;—i‘, which can be seen from the equa-
tlons satlsﬁed by the vector potential.

Next, we show that the second equations in Egs. (33) and (34)
yield the same equation for n;V := M — n;A. Note that the unknown
M in these two equations is defined differently, as the gauge of the
vector potential involved in its definition differs.

For the Eq. (33) derived from the bracket (27), with the defini-
tion of M, we have

8(1’!,V) - @ _ 8(}’1,‘A)
o ot o’

aa—l\;[ =-V- (H,V)V - I’liV -VV — niV(%(ni) + Hi%,(f’l,‘))
+n VXV XxA-V-(nV)A,

A ; A H
o(mA) _ On; ,6 =-Vv. (nV)A+nV6 !

ot ot ot on,
+n—iV><A>< (VxVxA—n,-V—J(p—A)fdp)
—n;V x (yV x A).
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Then, we obtain the equation satisfied by #,V,

8(7’1,‘V) _
o

-V - (an)V - n,-V -VV - n,-V(%(n,-) + ni%/(n,-))

oH

+nVxV x A-n,-vé—‘+n,-v x (yB)
ne

—%Bx(VxB—niV—J(p—A)fdp). (39)
Next, for the Eq. (34) derived from the bracket (30), we show that the
equation satisfied by #;V is identical to Eq. (39). By similar calcula-
tions, we obtain

A(nV) _ oM _d(niA)
ot o ot ’

88—1\;1: -V (n,»V)V—n,»V~VV+n,~V>< V x A
OoH
-V (nV)A-nV (5//(71,) + U (n;) + 5n1)’
8(gitA) = V- (mV)A-nV x (3V x A)

+5Y % Ax (VxVxA—n,—V—J(p—A)fdp).

ne
Then, we have

a(l’liV) -
o

=V - (mV)V =0,V - YV =0,V (U(n;) + n' (n;))

O0H
+ﬂiV>< V x A—niV(S—rll+niV X ()/B)

—%Bx(VxB—niV—J(p—A)fdp), (40)
which is the same as (39). Note that the kinetic currents in Egs. (39)
and (40) are equal, as [(p—A)fdp = [vF(x,v)dv, where F is
defined in Eq. (36). O

C. Kinetic-multifluid model

For the two-fluid model, the electron charge density is elimi-
nated using Gauss’s law for the electric field in Ref. 20. As a direct
generalization, we here consider the kinetic multi-fluid model,

Pigy " pyus - V)us = aip,(E+ g x B) = Vp,
Ou,

Pe—7r ot “+ pe(we - V)u, = ap;(E + u, x B) = Vp,
8pi _ 8pe _

ot +v'(piul)_07 ot +v'(peu€)_07
of of

p
g, P P s =0
5t Vf”( o ) ap

pubs.aip.org/aip/pop

OE
Moo =~ o =V x B - py(aipu; + acp.u.) — OahJ pf dp,

a—B:—VxE, V-B=0,
ot
&V -E=ap;, +acp, + qu dep, (41)

where we use the notations: the charge-to-mass ratio of the fluid s-th
species a; = qs/m;, mass density p,, velocity u, the distribution func-
tion f(x,p,t) of the ions depending on time f, position x, and
momentum p, the kinetic ion mass 1, kinetic ion charge g, electric
field E, and magnetic field B.

In Ref. 8, the following Poisson bracket is proposed:

R e

s=ie

6F oG OF
-3 o i o )
o o (L3961 06 ary
= g omg OE g omy SE

. Jflﬁ‘sﬁ.éﬁ 109G 0P\ o
)\ ey opof OE e dp of OF

1 OF oG oG OF
zj(a—E'V “58 o8 ¥~ 6B)dx

F oG
+ZJ‘15'DS( 5m)dx

s=1,e

0 5F 0 6G
+qn JfB (8P of Bp 5f)dxdp, (42)

where m; = p,u,. Hamiltonian is
1 |m,|* J
- d dxd
ZEMJ ). X +o - flpl* dxdp

+ijsw p.)dx + = J|E| dx+—J\B| dx. (43)

s=1e

Gauss’s law for the electric field &V - E = a;p; + acp, + qn f fdp,is
treated here as a constraint and yields

pe = a,’' <80V "E—aip; — qu Jf dp) ;

based on which we can define the following transformation and get a
new bracket:

(pi,pe,m,-,me,f,E,B)
— (pi,Czpe—ae_l (80V~E—a,~pi—qh dep),mi,me,f,E,B>.
Any smooth functional F about (p;, C, m;, m,, f, E, B) can be consid-

ered as a functional F about (p;, p,, m;, m,, f, E, B), and we have the
following relations of the functional derivatives:
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OF OF _, OF OF OF | OF
gzgﬁ‘ae Qh%, 5_/)1-:5_/)1-+ae ai%,
6F OF  OF OF
op, o0C’  om; om;’
0F OF O0F OF OF OF OF
om. —om.’ BB oE oE % Vs

(44)

By substituting the above relations into the bracket (42), we obtain the
simplified Poisson bracket (the tilde is omitted here for convenience),

{F,G}S=ZJ“‘5' m’;ﬂd’”ﬁ{g’ﬁxpdm

6G _OF
< 5P, mi Vé_pz>dx
J 1OF 5G_10G OF\,
— £ 5ms OE ¢ om, OE x
+J165P6G185G6Fdd
U |\ ey opof OE e 0p of OF
1 5G oG SF
—J( “3B oE ¥~ 5B)d"
ZJ“SPS( oF xgﬁ)dx
_ mS
9 F 006G
B - 4
s (8p5f apaf)dd" @

As seen in Eq. (45), there is no term involving C or the functional
derivative with respect to C; therefore, C can be treated as a parameter.
We substitute the relation
i~ Jf dp) :

into the Hamiltonian (43), obtaining a new Hamiltonian that no lon-
ger depends on p,. Using this new Hamiltonian together with the
bracket (45), one can derive the hybrid model (41) without the equa-
tion for p, and without Gauss’s law for the electric field &V - E
= a;p; + acp, + qn [ f dp. From a numerical perspective, there is no
need to explicitly enforce this constraint, as it is automatically satisfied
by the formulation.

IV. CONCLUSION

In this work, we investigate the quasi-neutrality condition for
the HKM model (hybrid model with kinetic ions and massless elec-
trons). In the canonical-momentum formulation, this condition is
associated with a momentum map, whereas in the velocity-based for-
mulations it appears as a Casimir invariant.

We then determine the conditions under which the three simpli-
fied Poisson brackets proposed in Refs. 10 and 12 based on the use of
the quasi-neutrality condition satisfy the Jacobi identity. The Jacobi
identity is proved either by comparison with the terms in the Jacobi
identity for the Poisson brackets of Ref. 8, or by deriving the simpli-
fied brackets from the brackets of Ref. 8 through variable transforma-
tions associated with the quasi-neutrality condition. In particular, for
the magnetic-field-based bracket,’” we provide a direct and self-
contained proof of the Jacobi identity.

Pe = ae_l (SOV -E—aip

pubs.aip.org/aip/pop

These results are further extended to the HKM model with elec-
tron entropy and to the kinetic Hall MHD hybrid model with
anisotropic-pressure electrons. In both cases, the Poisson brackets can
be simplified under the quasi-neutrality condition, and the corre-
sponding Jacobi identity conditions are obtained. For the kinetic-
multifluid model, an analogous simplification of the Poisson bracket
is achieved using Gauss’s law for the electric field.”’

The simplified Poisson brackets and their associated formula-
tions possess several numerical advantages. In particular, because the
quasi-neutrality constraint or Gauss’s law for the electric field is elimi-
nated, it does not need to be enforced numerically, being already built
into the continuous system. In addition, the antisymmetry of the sim-
plified Poisson brackets provides a foundation for constructing
energy-conserving numerical schemes with good long-time proper-
ties, following the approach of Ref. 21.

These properties are particularly important for hybrid kinetic
simulations of collisionless plasmas, where long-time integration is
often required to capture multiscale processes such as magnetic
reconnection, collisionless shocks, plasma turbulence, and solar wind
magnetosphere interactions. In such applications, numerical viola-
tions of fundamental invariants may lead to artificial dissipation or
spurious energy growth that obscures the underlying plasma dynam-
ics. By incorporating quasi-neutrality or Gauss’s law for the electric
field directly into the Hamiltonian structure, the simplified Poisson
brackets developed here provide a rigorous theoretical foundation for
structure-preserving numerical methods. We expect that these formu-
lations will facilitate the development of robust and efficient simula-
tion tools for large-scale studies of space-weather phenomena and
other astrophysical plasma processes.
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APPENDIX: DETAILS OF THE PROOF OF THEOREM 6

In this appendix, we provide further details of Theorem 6. In
particular, we present a detailed proof that the sum over all permu-
tations of each term in Eq. (18) vanishes. In the following, “cyc”
denotes the terms by permutation of F, G, and K. For convenience,
we use the notations for VF,

" OF OF
F—Jfayd B =V x o, Ff:g,
and the ith components of F and F4 are denoted as F; and F4,
respectively. Also, we use &y, = 2,8, = #-,i=1,2,3. The fol-
lowing lemma given in Ref. 18 and the following three-vector iden-
tities are used in many places.

Lemma 1. Morrison'® For any three vectors a, b, ¢, and vector
field d in R?,

c-Vd-(axb)+a-Vd-(bxc)+b-Vd-(cxa)
=V-d(c-(axb)),
where the notation -Vd- is defined as m - Vd - n = m;n;0,,d;, here
m and n are two any vectors in R3, and x; is the coordmate vari-

able corresponding to the ith dlrectlon in R®.
Vector identities

Vx(XxY)=X(V-Y)-Y(V-X)+(Y-V)X-(X- V)Y, (AD)
Zx (XxY)=(Z-Y)X-(Z XY, (A2)

V- XxY)=(VxX)- Y- (VXY) X, (A3)

V x (fX) = Vf x X+ f(V x X), (A4)

where X,Y,Z are three-vector fields and f is a scalar function
defined on R
The first term
oF oG

{{F, G},K}{ﬂJrcyc = Jf {E,g} dxdv + cyc = 0, because
F XV .
Jf (L , 5—G dxdv is a Lie-Poisson bracket.””
of " of |,

The second term

{{F, G}, K}}+eye
_ J ¥ {B @va Zi?va> Kf} dxdv
+ JfB . ((’9_v [Fr, Gy, < %) dxdv + cyc

8Kf 8Ff 8Gf>
—.VB-
Jf -V <8V g dxdv

Term 1

0K _(0F 0G
+Jf—f-v( s f) B dxdv

ov ov  ov

Term2

OF;  0G
JfVKf av(avfx mf) B dxdv

Term 3

) 51@)
+ JfB . (g [Fy, Gr],, < B dxdv + cyc, (A5)

Term 4

pubs.aip.org/aip/pop

where M- YN - K = M;Z;N;K;, M, N, K are three-vector fields in
R3, andJlsVordv

For the Term 4 +cyc, we have

0K,
JfB (6 [Fr, Gr],, % Ef)dxdv—l—cyc

= JanSnlm &,, 8xi Ff a,l Gf &,m Kf dxdv

c

+ Jansnlmax,Ffavl av, Gfavm Kf dxdv

a

- JanSnlm 0,0y, Ffaxi Gfavm Ky dxdv

b

_ Jansnlmav,Ffavl 0, Gr0,,, Ky dxdv + cyc,

d

where we use the product rule to differentiate the product of two
functions, and express the cross product using the Levi-Civita sym-
bol .

For the Term 2 +cyc, by the permutation of F, G, and K, we
have

JanSan 8V,, ch‘)v, c‘)x,. Gfavm Kf dxdv

d

+ JanSnlmavm 8x,-Ff8vi Gf@lef dxdv + cyc.

c

For Term 3 +cyc, by the permutation of F, G, and K, we have

- Jangnlm ax, Ffav, 61/‘ Gfavm Kf dxdv

a

+ J SBuenimOy, 0y, FrOx, Gr0,, Ky dxdv 4+ cyc.

b

The terms with the same label cancel with each other.
By Lemma 1, we have the sum of the permutations of
Term 1 as

which gives that {{F, G},K}g—f—cyc =0 under Gauss’s law for
magnetism V - B = 0.
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The third term

{{F.G}, K} + cye

B (OF
= — f|:; (Ef X G) Kf:| deXdV
B aG;
[r[B (%) axav
1 8Ff 6Gf)
- ;B~<K><V><jf(av g dv)dx

_ P (J f% [Er. Gy, dv K) dx + cye.

n

By integrating by parts, the derivatives with respect to x in the first
part of the Lie-Poisson brackets in the first and second terms, and
using formula (A4) for the third term, we obtain

{{F.G}, K} + cye

(9Kf 8Kf) B <6Ff )
+fV. il x G |dvdx

F
VK (ﬁ X G) - Bdvdx

f
n

6Kf 8Kf) ( 8Gf)
( fV v ) n F x W dvdx
f
n

VK - %( ) Bdvdx

J’_

+

|
|
I\
J

S

aFf aGf)
K x 8v oy dv) dx

[
(K ?;f 8;3)@) i
(b

J 8V[Ff,Gf dv x K)dx-i—cyc

:\w :\w

B
= JfKXZ~Term2dxdv+JKX;-Term3dxdv+cyc,

where Term 3 is

acf aFf OF; aGf (aFf aGf)
Vf - Vf + Vf x v < v 0,

with the help of formula (A2). As for Term 2, we have

i 201 oy 2 (25) O %G

v ov T ov\av)  av " av

0 6Ff) (6Ff (9Gf)
‘ch'$<§ PV o
JdGr OF,
—Q(VFf-—f——f~VGf):0,

with the help of formula (Al). Then, we have shown that
{{F,G},K}J}/"+cyc = 0.

Term?2 =

The fourth term

{{F, G}, K}ff/B/n + cyc

= Jf{%- (F x G),Kvadxdv
+J%B~ (K>< V x (%F X G))dx
:Jv(%. (F x G)> ~de+J%B~(KX V x (F x G))dx

%JB. (K>< (V(%) x (F x G)>)dx+cyc

1
:jﬁ (—B~(F><G)V~K+cyc>dx,

Term 1

+

+J% (g-(KXVX (F><G))+cyc)dx7

Term2

11
+J—25(F><G)‘V>< (B x K) + cyc dx,
n

Term 3

where we have used formula (A3).
By using formula (A1), the Term 2 can be expanded as

B
5~(K><V><(F><G))+cyc

~(K><F)—(V-F)§~(K><G)+cyc

=B-(FXG)V-K+cyc=-Term 1

+2 (KX (G- V)B) =5 (K x (F-V)G) +oye.  (A6)

Term4

By using formula (A1), Term 3 can be expanded as

1 1
E(V~K)(F><G)~B+cyc—E(V~B)(F><G)~K+cyc

Term 6 Term7

+%(F x G)-(K-V)B +cyc—%(F x G) - (B- V)K +cyc.

Term 8 Term 5
(A7)

By permutation of the F, G, and K in Term 4 and summing up with
Term 5, we obtain

B B 1
S (Gx (F-V)K) == (Fx (G- V)K) =3 (F x G) - (B- V)K

:%(v "K)(E- (B x G)) = —Term 6, (A8)

where we have used Lemma 1. Then, we know that
Term 4 + cyc + Term 5 + cyc + Term 6 + cyc = 0.

By Lemma 1, we have

1
Term 8 + cyc = EV -B(K- (F x G)).
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As we know that Term 7 4 cyc = =2V - B(K - (F x G)), we have
Term7 + cyc + Term 8 + cyc = =V - B(K - (F x G)).

In the end, we know
(F, GV 4 oye — [ L (-v . BK - (F x G)))dx = 0
9 bl fff Y nz 9

under Gauss’s law for magnetism V - B = 0.
The fifth term

{{F.G}. K} +cye

:JfB- <% (B- (%X%)) X%Iif)dxdv+cyc.

We use the product rule to differentiate the product of two func-
tions, and express the cross product using the Levi-Civita symbol
¢, and have

{{F.G}.KY +cyc

= J fBiBigijkemnOy,, Oy, Fr 0y, K Oy, Grdxdv
- J fBiBigijkeimnOy,, 0y, Gy Oy, Fr 0y, Kydxdv + cyc
= JfBiBlgijkglmnavm 0,,F;0,, K70, Gydxdv
- JjB,»Bls,-jkslmn(’)vm8ijf8kaf8Vn Grdxdv + cyc = 0,

where in the second last step, the permutation of F, G, K is used.
The sixth term

{{F. G}, K} "+ cye

__ fB,<%(%.(%xG)>x%)dxdv

o (20 ) o

]:. (Jf% (B. (%X%Gvf)dv) ><K>dx+cyc

- J%BijkglmnBiBlavm 6V1Ff8VkaG" dxdv

+ J% 81'jk81mnBiBlavm &,}. Gfakaan dxdv

+ ga,jkslmnB,‘B]&,m OV] GfakafKn dxdv

— %g,—jkglmnB,-Blavm 0y, F;0,,GrK, dxdv + cyc,

where we use the product rule to differentiate the product of two
functions, and express the cross product using the Levi-Civita sym-
bol & By the permutation of F, G, and K, we know that

{F, G}, K} "+eye =0,

pubs.aip.org/aip/pop

The seventh term

{F. G}, K}/ ey
[ (I (<)o) s
+J% <Jf8§v (g <F x%)dv) X K>dx+cyc

= J % S,jkﬁlmnBiBlavm 8VJ FkaKn dxdv
— J%g,jkslmnBiBlavm &,} GyF¢K,, dxdv + cyc,
where we express the cross product using the Levi-Civita symbol e.
By the permutation of F, G, and K, we know that
{{F.GL KM /" 4 cye = 0.
The eighth term
{{F.G}, K} +cyc

0G OF
(e ]

_Jg. <(v x Jf%x%dv) x KA)dx

! (2 A)
+ JnB v [Fr, Gr],, x K |dxdv + cyc.

By integrating by parts, the derivatives with respect to x in the first
part of the Lie-Poisson bracket in the first term, and using formula
(A4) for the second term, we obtain

{{F, G},K}%"—i—cyc

_ 8GfB <8Ff A>

*JV'B;;'E;XK dxdv
8Ff B 8Gf A)

fgz (—><K dxdv

OF 0G
N f)) x KAdxdv

aG;
) . gdxdv

OF;
. g dxdv

B OF¢ 6Gf) A)
- f;(VX(WXW x K dxdv

f (ﬁ g
+ n B v [Ff, Gf]xv x K |dxdv

(9GfB <6Ff A>

OFfB (0G
- |fV- Ef; (Wf X KA)dxdv—i- cye,

where we have used the permutation of F, G, and K. The first three
terms cancel with each other by using formula (A2) in the third
line. The last six terms cancel to each other by using formula (A1)
to the fourth last term.
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The ninth term

{{F, G}, K}ﬂB/n +cyc

_JfU%B (aa? FA - %?xGA)def

B (7 () o)

1
+J B- (KXVX (GXFA—FXGA))dx+cyc.
n

dxdv

xv

By integrating by parts, the derivatives with respect to x in the first
term, and using formula (A4) for the second and third terms, we
obtain

{{F, G}, K}ffB/" +cyc

1
=—|V-K5B-(GxF'—Fx G")dx
n

+ E-(V><(F><G))><K“‘)dx

+§ B. (( (5) < Fx @)« Jax

x V x (GxF*—F x G*))dx

+%JB~ (Kx (V(n—lz) x (GxF*—Fx GA)))dx+cyc.

By integrating by parts, the derivatives with respect to x in the
terms containing V(n%), we obtain

{{F.G}. K}/ +cye
—JV~K(%B~(G x B4 —F x GA))dx
n

52V (FxG)

+J%B- (v x (Fx G)) xKA)dx_Ji
x (KA ><B))dx+J%B~ (KxV x(GxF*—FxG*))dx
JLV~ ((GxFA—FxG*) x (BxK))dx+ cyc

__Jiv.em.(mm)_iv.}:(

5V E(B-(GxK*))dx

B-((Vx(FxG))xK*)dx
V- ((FxG) x (K* x B))dx
+JFB-(G><V><(F><KA)—F><V><(GXKA))dx

__Jﬁv. ((Fx K*) x (B x G)—%(GX K*) x (B x F))dx

_J%V'B(KA : (F X G))dX_J%V'KA(B-(F X G))dx—i—cyc7
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where we used the permutations of F, G, and K, formula (A1), for-
mula (A3), and Lemma 1. As V- K4 =V -V x ‘%

that {{F, G}, K}%/ anrcyc is zero under Gauss’s law for magnetism
V-B=0.
The tenth term

=0, we know

{{F. G}, KYp/"+eye

0 (B 8Gf " 8Ff A)) 8Kf
B-O—V(Z (8v F 8v><G xgdxdv

0 OF; aGf))) 4
B~(a<B (6‘v><8v x K”dxdv + cyc

& kblmnB Blavma GfFAa Kf dxdv

~

+

+

S,JkezmnBiBlaym avj FfG;? Oy, Ky dxdv

'~ I~ :l\ RN

+

I|
%%%%%

" sijkelm,,B,-B,(?Vm aijfKﬁavk Gf dxdv

_ Egﬁkglmnzaislavm 8, Gy KA, Fy dxdv + cyc,
where we use the product rule to differentiate the product of two
functions, and express the cross product using the Levi-Civita sym-

bol &. By the permutations of F, G, and K, the first term cancels
with the third term, and the second term cancels with the fourth

term. So {{F, G}, K}f;;;/"—kcyc is zero.
The eleventh term

{{F.GL K} " teye

o2 (5 (21 )) « kg
—%B-%(% (F>< ))XKAdxdv
[ (o (=)o) i

= - % gz‘jkalmnBiBlavm 8\»] FkaK: dxdv
i B0, 0, A dxd
+ n2 8ijk{';lmnBiBl Vi Oy GkaKn xav

+ %s,jkslm,,B,-B;av anGkaFﬁ dxdv

'm

- %SijkﬁlmnBiBlavm 8% FkaGﬁ dxdv + cyc,

where we use the product rule to differentiate the product of two
functions, and express the cross product using the Levi-Civita sym-
bol &. By the permutations of F,G, and K, the first term cancels with
the third term, and the second term cancels with the fourth term,

so {{F, G},K}% /m -+ cyc is zero.
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The twelfth term

{{F, G}, K}y +cye

— Jf{%- (F4 x GA),%ﬂxvdxdv

B f aGf A aFf A) A
+L1 ijn(avxF—avxK dv x K* |dx

! .(% (lA A))
+}nB 6v><V>< nF x G dvdx + cyc,

B
= J——z-(FA x G*)V - Kdx
n

+JE. ((v X (1G>< FA—EFxGA)) XKA)dx

n n n
B L4 A

+ = [KxVx[-F%xG*) )dx+ cyc. (A9)
n n

The last three terms of Eq. (A9) are in the same form as formula
(45) in Ref. 22, and the result of Eq. (A9) is thus zero, for which
Gauss’s law for magnetism V -B =0 is used, as mentioned in
Ref. 22.

The thirteenth term

{{F, G}, K}y +eye

__[f .Q(E.(% a_OF A))
= nBav " av><F 8v><G

x K*dxdv + cyc

=— %sijkslmnB,-Blﬁvm d,,GyF{K;y dxdv

+ %z,jkelm,,B,-Blavm E)ijfoKﬁ dxdv + cyc,

where we express the cross product using the Levi-Civita symbol &,
and the above two terms cancel by the permutations of F,G, and K.

1B /n? _
So {{F,G}, K}y +cyc=0.
The fourteenth term

. B FA
F,G7KB/"+C c=|— [V x|=—xG*")| xK*|dx + cyc,
BBB TCY » p y

which is equal to zero as shown in Ref. 22 under Gauss’s law for
magnetism V - B = 0.

As the above 14 groups of terms are zero under Gauss’s law for
magnetism, that V - B = 0, we have proven the bracket (17) satisfies
the Jacobi identity under Gauss’s law for magnetism V - B = 0.
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