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Abstract
Structure preserving exact splitting based semi-Lagrangian methods are proposed for a
plasma hybrid model with kinetic ions and massless electrons. Two subsystems with mass,
momentum, and energy conservation are obtained by a Poisson bracket-based splitting
method. For the subsystem in which the distribution functions and the fields are coupled,
the second order and reversible modified implicit mid-point rule is used in time with the
specially designed mean velocity. The distribution functions are not involved in the iterations
and are solved by exact splittings with only one dimensional advections, which makes the
proposed schemes efficient. The cancellation problem is overcome by the numerical schemes
constructed. Moreover, for the case with a periodic boundary condition, the magnetic field
obtained is divergence free, mass, momentum, and energy are conserved. The methods can
be extended to cases with multiple ion species.
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1 Introduction

In this paper, we consider the exact splitting [3, 5] based semi-Lagrangian methods [9, 38]
with the improved number of one dimensional advections for a plasma hybrid model [34,
48] with kinetic ions and massless electrons:

kinetic ions:
∂ f

∂t
+ v · ∂ f

∂x
+ q

m
(E + v × B) · ∂ f

∂v
= 0 ,

Faraday’s law:
∂B
∂t

= −∇ × E , ∇ · B = 0 ,

Ohm’s law: E = −∇ p

ρ
− ue × B, ue = u − J

ρ
.

(1)

Here, f (t, x, v) denotes the ion distribution function depending on time t ∈ R, position
x ∈ R

3 and velocity v ∈ R
3, each ion has charge q and mass m, ρ is the electron charge

density with ρ = ene, where ne is the quasi-neutrality number density, which is equal to n =
q
e

∫
f dv with the electron charge −e, ue and u = q

∫
v f dv/ρ are the electron/ion current

carrying drift velocities, respectively, E(t, x) and B(t, x) stand for the electromagnetic fields,
J = 1

μ0
∇ × B denotes the plasma current with the vacuum permeability μ0, and p is the

pressure. When the electrons are isothermal, the pressure is determined by the density as
p = kBTene, where kB is the Boltzmann constant, Te is the electron temperature [39]. When
the electrons are adiabatic, p = Cnγ with C = p0/n

γ
0 and γ �= 1, where p0 and n0 are

initial or equilibrium values, and γ is the ratio of specific heats [1]. As mentioned in [26],
for more complex systems with gradients in the initial conditions, it is necessary to include
the following separate evolution equation for the electron pressure p [39],

∂ p

∂t
+ ∇ · (ue p) + (γ − 1) p∇ · ue = 0, γ �= 1. (2)

For isothermal/adiabatic electrons, the electron response is assumed to be fast and local,
such that the pressure always follows the density according to an adiabatic law, the electron
pressure equation is more general and can be extended when non-adiabatic effects (e.g. heat
transport, kinetic corrections) are important [26, 39, 48].

Many particle-in-cell methods [14, 24, 27, 29, 32, 39] and grid based methods [34, 45,
46] have been proposed for this hybrid model. Here, we focus on the latter and use the
semi-Lagrangian method [9, 38] to solve the Vlasov equation. One challenge in solving this
hybrid model is to choose a suitable mean fluid velocity of the ions to advance the velocity
distribution of the ions, so that the schemes have good conservation properties and are also
efficient. The current advance method [32] based semi-Lagrangian methods are proposed in
[45]. And in [34, 46] the exact splitting methods [8, 47] with moving (back) the frame are
used to treat the nonlinearity of the mean velocity, and give efficient methods by solving the
rotation part of the Vlasov equation as one dimensional advections. However, the methods in
[34, 45, 46] do not preserve, momentum, energy, and other properties at the same time. The
main improvement in the current work includes, 1) The specially designed mean velocity is
used to overcome the cancellation problem [40], and the pressure term is considered in the
exact splitting [3, 5]; 2) The mid-point rule is used for the magnetic field and pressure, such
that the mass, momentum, and energy are conserved.

Semi-Lagrangian methods with exact conservation properties for kinetic equations have
been proposed and developed in the literature. We list some references here. The mass and
momentum conserving properties of the cubic spline-based semi-Lagrangian method [38]
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for the Vlasov–Poisson equations have been given in [37]. Conservative semi-Lagrangian
methods have been developed, such as in [11, 13, 50], inwhich the positivity of the distribution
functions can be guaranteed when appropriate flux limiters are used. Efficient semi-implicit
semi-Lagrangian methods that conserve mass and energy have been constructed for the
Vlasov–Ampère equations in [31] using the conservative semi-Lagrangian methods [13,
50] without filters. In this work, we choose to use the cubic spline based semi-Lagrangian
method [38], due to the good compromise between accuracy and efficiency [37] and the
ongoing implementation for the hybrid model (1) in Gyselalib++ [6, 15].

In order to reduce the cost associated with the high-dimensional distribution functions,
for semi-Lagrangian methods [9, 38], splitting techniques [33], such as directional splitting
[20, 45] and Hamiltonian splitting [10, 17, 28, 35], are employed to avoid high-dimensional
interpolations, thereby reducing the problem to one-dimensional advections. A useful tech-
nique is the exact splittings [3, 5], which does not have time discretization error, and reduces
the rotation part of the Vlasov equation, i.e., ∂ f

∂t + (v × B) · ∂ f
∂v

= 0 into one dimensional
advections. With the complicated Ohm’s law in the hybrid model considered, in order to
reduce the number of one dimensional advections, the splitting methods [16, 33, 41] with
smaller number of sub-systems are preferable, motivated by which, in this work we present
an exact splitting for ∂ f

∂t + (E + v × B) · ∂ f
∂v

= 0 by decomposing the electric field E as the
sum of the perpendicular and parallel parts to the magnetic field B.

Thanks to the proposed exact splitting, the Poisson splitting [21] based on the Poisson
bracket [30, 43] gives only two sub-steps when the electron pressure equation (2) is included
in the model (1). For the sub-step in which the distribution functions are coupled with the
magnetic field and pressure, the second order and reversible modified mid-point rule with the
exact splittings [3–5] are used with a specifically chosen mean velocity, i.e., the time average
of itself, such that mass, momentum, energy are conserved, and the cancellation problem
[40] is overcome. And the Fourier spectral methods are used for the discretization of the
fields. The proposed schemes are efficient in the sense that only one dimensional advections
are needed for the update of the distribution functions thanks to the exact splitting, and the
distribution functions are not involved in the iterations, which are only about fields, i.e., the
schemes are semi-implicit [21, 25, 31], due to the good property of the cubic spline based
semi-Lagrangian methods [38] for the velocity moments of the distribution functions. The
other sub-step only involves the spatial advections, which also conserves mass, momentum,
and energy exactly when mass-conserving methods, such as Fourier spectral method [36],
are used.

With the time discretization and the specially chosen mean velocity mentioned above, all
the above properties also hold when higher order spline based semi-Lagrangian methods [37,
38] are adopted for the distribution functions, the central finite difference method is used for
the fields [39], and there are multi-species ions.

The paper is organized as follows. In Section 2, we introduce the Poisson bracket and
describe the sub-steps definedby thePoisson splittingmethod. InSection 3, the discretizations
by Fourier spectral method and semi-Lagrangian method are conducted. In Section 4, we
show the schemes of the two sub-steps and the conservation properties. Section 5 presents a
reduced model with one spatial dimension and two velocity dimensions, which is employed
for numerical simulations. In Section 6, we validate the time accuracy order of the time
semi-discretization, check the performance of the schemes, simulate the Landau damping
and Bernstein waves, and present the errors of mass, momentum, and energy. In Section 7,
we conclude the paper with a summary and an outlook to future works.
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2 Poisson Brackets

As [27] we normalize the hybrid model (1) with the following characteristic scales,

t = t ′

�
, v = v′vA , x = x′ vA

�
, B = B′Bref , E = E′vABref , p = p′m nref v

2
A,

ρ = ρ′e nref , u = u′vA , J = J ′e nref vA ,H = H′m nref v
2
A,

κ := kBTe
mv2A

, (isothermal electrons), C := p′
0

(n′
0)

γ
(adiabatic electrons),

p0 = p′
0m nref v

2
A, n0 = n′

0 nref,

where primed quantities are dimension-less, � = qBref/m is the ion cyclotron frequency,
Bref is the characteristic magnetic field strength, vA = Bref/

√
μ0mnref denotes the Alfvén

velocity with nref the characteristic particle density, and the parameter κ denotes the ratio of
kBTe to mv2A for isothermal electrons, and C denotes the normalized constant for adiabatic
electrons with γ �= 1. Thenwe obtain the following dimensionless hybridmodel with general
electrons in the case of single ion species with unit charge 1,

∂ f

∂t
+ v · ∂ f

∂x
+ (E + v × B) · ∂ f

∂v
= 0 ,

∂B
∂t

= −∇ × E , ∇ · B = 0 ,

E = −∇ p

ρ
− ue × B,

∂ p

∂t
+ ∇ · (ue p) + (γ − 1) p∇ · ue = 0, ue = u − J

ρ
, γ �= 1.

(3)

where ρ = ∫ f dv and u = ∫ v f dv/ρ. In the case with the isothermal/adiabatic electrons,
the pressure p is determined with the density ρ as p = κρ for isothermal electrons, and
p = Cργ for adiabatic electrons with γ �= 1.

In the following, we focus on the case with general electrons, the case with isothermal
or adiabatic electrons can be considered similarly. There is a Poisson bracket for model (3)
proposed in [27, 30] based on the results in [43]. The Poisson bracket {·, ·} : V × V → V ,
for the model (3) is, where V denotes the vector space of functionals F : ( f , B, p) �→ R on
the space of unknowns,

{F,G} = {F,G}xv + {F,G}pvb. (4)

The detailed expressions of these two sub-brackets are provided in the appendix 8.1. The
energy of the dimensionless hybrid model (3) is

E = 1

2

∫
|v|2 f dx dv + 1

2

∫
|B|2 dx +

∫
p

γ − 1
dx =: K f + KB + Kp, γ �= 1. (5)

With energy (5) and Poisson bracket (4), the hybrid model (3) can be written in a Poisson
bracket form Ż = {Z, E} with Z = ( f , B, p). Poisson brackets provide a theoretical
foundation for constructing structure-preserving methods. For example, geometric particle-
in-cell methods have been constructed based on Poisson brackets in [7, 19, 22, 23, 49] for
the Vlasov–Maxwell equations.

1 We omit the primes on normalized quantities for simplicity in the remaining parts of this work.
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The time discretization is obtained by the Poisson splitting methods [21] based on the
decomposition of the full bracket (4) into two parts, which gives two sub-steps conserving
mass M = ∫ f dx dv, momentum P = ∫ v f dx dv, and energy E . The first sub-step called
pvb, corresponding to the sub-bracket {F,G}pvb, is

∂ f

∂t
+ (E + v × B) · ∂ f

∂v
= 0 ,

∂B
∂t

= −∇ × E, E = −∇ p

ρ
− ue × B,

∂ p

∂t
+ ∇ · (ue p) + (γ − 1) p∇ · ue = 0, ue = u − J

ρ
, γ �= 1.

(6)

The second sub-step called xv, corresponding to sub-bracket {F,G}xv , is
∂ f

∂t
= −v · ∇x f . (7)

We can derive the equation of J f = ∫ v f dv or u from the sub-step pbv (6)

∂ J f

∂t
= −∇ p + (∇ × B) × B, or

∂u
∂t

= −∇ p

ρ
+ (∇ × B) × B

ρ
, (8)

i.e., the contributions of the two terms, v × B and −u × B, cancel each other in the time
evolution equation of the J f or u. This property needs to be preserved after numerical
discretization, otherwise the so-called cancellation problem would arise [40].

3 Discretization

In this section, we present the details of the discretization, which will be used in the dis-
cretization of sub-steps in Section 4. Periodic boundary conditions are imposed in space.
Fourier spectral methods [36] and semi-Lagrangian methods [38] are presented in detail. For
the time discretization of the unknown a, we denote its approximation at n-th time step, i.e., at

t = n�t , as an , where�t is the time step size. For field unknowns a, an+ 1
2 = 1

2 (a
n +an+1).

Here, we define the notations used in the phase-space discretization. We consider the
domain � = �x × �v , in which �x = �3

α=1[0, Lα], �v = �3
α=1[−vα

l , vα
r ], Lα , vα

l , and
vα
r are real numbers, vα

l and vα
r are chosen such that it is also reasonable to assume periodic

boundary conditions in velocity. We use uniform grids in space and velocity. The grids and
duals of grids (in Fourier spaces) [5] along the α-th space direction are

G
xα = �xα [[0, Mα − 1]] , �xα = Lα/Mα, Ĝ

xα = 2π

Lα

[[

−
⌊Mα − 1

2

⌋
,
⌊Mα

2

⌋]]

, (9)

where Mα denotes the number of grid points in α-th space direction, the variable implicitly
associated with G

xα (resp. Ĝxα ) is denoted as xα (resp. ξα). The grids in the α-th direction
of the velocity are

G
vα = �vα [[0, Nα − 1]] , �vα = vα

r − vα
l

Nα

,

where Nα denotes the number of grid points in the α-th velocity direction, and the variable
implicitly associated with G

vα is denoted as vα . We also define �x := �x1�x2�x3, and
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�v := �v1�v2�v3. The variable x (resp. v) is implicitly associated with the three dimen-
sional grids Gx = �3

α=1G
xα (resp.Gv = �3

α=1G
vα ) [22]. Similarly for the frequency, we

have the variable ξ implicitly associated with the duals of grids Ĝx = �3
α=1Ĝ

xα .
For a scalar function s(x), its discretization onGx is denoted as s, for which we define the

discrete partial Fourier transforms Fα along xα direction in appendix 8.2 [4], and its value
at grid x ∈ G

x is sx. For the pressure p and the α-th component of the magnetic field Bα(x),
corresponding discretizations on grids Gx are denoted as p and Bα , respectively. And the
value of the discretization B at grid x ∈ G

x is denoted as Bx = (B1,x,B2,x,B3,x
)	.

The definition of partial discrete Fourier transformation, discrete ∇ for a scalar function
s, discrete ∇× and ∇· for a vector function B, and the proof of ∇ × ∇ = 0 and ∇ · ∇× = 0
can be found in appendix 8.3 [7].

We denote the approximation of the distribution function at uniform grids Gx × G
v as

f . The Fourier coefficients f̂ defined on the grids Ĝx × G
v are obtained by discrete Fourier

transform in space for f . With f , we can take the discrete velocity moments and get ρ, J f ,α ,
u, and ue,

ρx =
∑

v∈Gv

fxv �v, J f ,α,x =
∑

v∈Gv

fxv vα�v,

uα,x = J f ,α,x/ρx, ue,α,x = uα,x − (∇ × B)x/ρx,

which are associated with their Fourier coefficients ρ̂, Ĵ f ,α , û, and ûe via discrete Fourier
transform.
Computation of the one-dimensional advections. In this work, the distribution function is
updated via only one dimensional advections, so here we present the details of solving the
one dimensional transport equation of the function f (t, z)

∂ f

∂t
+ c

∂ f

∂z
= 0, c ∈ R. (10)

The domain is [a, b] and a periodic boundary condition is assumed. When we consider a
specific advection along some space direction, the variable z would represent corresponding
components of x. We use a uniform gridsGz with cell number M , and its duals Ĝz as (9), the
variable implicitly associated withGz (resp. Ĝz) is denoted as z (resp. β), The discretization
of f , i.e., f , is a function defined on Gz . When we use Fourier spectral method, f is updated
in time as

fn+1 = F−1
z e−ic�tβFz fn, (11)

where Fz is the discrete Fourier transform,

Fz : CG
z → C

Ĝ
z : f → f̂ =

∑

z∈Gz

fze
−izβ .

Lemma 1 For the translation (11) conducted with the Fourier spectral method, we have∑
z∈Gz fn+1

z =∑z∈Gz fnz .

Proof Based on the definition of discrete Fourier transform [36], we have
∑

z∈Gz

fn+1
z = f̂n+1

0 ,
∑

z∈Gz

fnz = f̂n0 .

As β = 0, f̂n0 = f̂n+1
0 and

∑
z∈Gz fn+1

z =∑z∈Gz fnz . 
�
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When we use the cubic spline based semi-Lagrangian method [38], first we reconstruct a
continuous function Ifn(z) := ∑z∈Gz ezC(z − z) using fn , where ez is the coefficient of
C(z − z), and C(z) is the cubic B-spline,

C(z) = 1

6

⎧
⎪⎨

⎪⎩

(2 − |z|/�z)3 if �z ≤ |z| < 2�z

4 − 6(|z|/�z)2 + 3(|z|/�z)3 if 0 ≤ |z| < �z

0 else

and the coefficients e of the cubic splines are obtained by a fast solver given in [37] when
periodic boundary conditions are imposed. When the support of C(z − z) extends beyond
the domain, we handle it using the periodicity assumption. Then the distribution function is
updated as

fn+1
z = Ifn(z − c�t). (12)

The cubic splines on an uniform grid G
z of the velocity domain R have the following prop-

erties on the moments, i.e., a generalization of partition of unity, which is proved with the
partition of unity, the recurrence definition of splines, and by induction [44].

Proposition 1 [44] For the cubic spline C(z), we have
∫

R

zs C(z) dz =
∑

z∈Gz

(z + r)s C(z + r)�z, ∀r ∈ R, s = 0, 1, 2.

Based the Proposition 1, we have the following result about change of variables.

Proposition 2
∑

z∈Gz

zs C(z + r)�z =
∑

z∈Gz

(z − r)s C(z)�z, ∀r ∈ R, s = 0, 1, 2.

Proof We here focus on the case with s = 2, the cases with s = 0, 1 can be proved similarly.
∑

z∈Gz

z2 C(z + r)�z =
∑

z∈Gz

(z + r − r)2 C(z + r)�z

=
∑

z∈Gz

(z + r)2 C(z + r)�z +
∑

z∈Gz

r2 C(z + r)�z −
∑

z∈Gz

2r(z + r)C(z + r)�z

=
∑

z∈Gz

z2 C(z)�z +
∑

z∈Gz

r2 C(z)�z −
∑

z∈Gz

2 rzC(z)�z

=
∑

z∈Gz

(z − r)2 C(z)�z,

where the third equality holds because of the Proposition 1. 
�
Proposition 3 For the cubic spline based semi-Lagrangian scheme (12) with an infinite
domain R and uniform grids Gz , we have

∑

z∈Gz

fn+1
z zs =

∑

z∈Gz

fnz (z + c�t)s, s = 0, 1, 2.

Proof For the cubic spline interpolation of fn , Ifn(z) = ∑z∈Gz ezN (z − z), we have fnz =
Ifn(z), and fn+1

z = Ifn(z − c�t). Then we have
∑

z∈Gz

fn+1
z zs =

∑

z∈Gz

∑

z̃∈Gz

ez̃ C(z − z̃ − c�t) zs =
∑

z∈Gz

∑

z̃∈Gz

ez̃ C(z − z̃) (z + c�t)s

=
∑

z∈Gz

fnz (z + c�t)s,
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where for each z̃, we have used the Proposition 2. 
�

Next we give three identities of the scheme (12), which will be used in the following for
proving the conservation properties of the schemes.

Lemma 2 For the cubic spline based semi-Lagrangian method (12) for the equation (10)
with an infinite domain R and uniform grids Gz , we have the following identities

∑

z∈Gz

fn+1
z =

∑

z∈Gz

fnz ,
∑

z∈Gz

z fn+1
z =

∑

z∈Gz

z fnz + c�t
∑

z∈Gz

fnz ,

1

2

∑

z∈Gz

z2 fn+1
z = 1

2

∑

z∈Gz

z2 fnz + c�t

(
∑

z∈Gz

z fnz + c�t

2

∑

z∈Gz

fnz

)

.

Proof The first two equalities have already been proved in the Proposition 14 and 15 in [37].
Here we focus on the third equality, which can be proved with Proposition 3 and has been
mentioned in [37]. For the cubic spline interpolation of fn , Ifn(z) =∑z∈Gz ezC(z − z), we
have fnz = Ifn(z), and fn+1

z = Ifn(z − c�t). With the Proposition 3, we have

1

2

∑

z∈Gz

z2 fn+1
z = 1

2

∑

z∈Gz

(z + c�t)2fnz

= 1

2

∑

z∈Gz

z2 fnz + 1

2

∑

z∈Gz

c2�t2fnz + c�t
∑

z∈Gz

z fnz .

Thus we have finished the proof. 
�

Remark 1 In practical simulations, the infinite velocity domain is truncated to a sufficient
large finite domain, such that the distribution functions are very small near the boundaries,
which makes the Proposition 2-3 hold with round-off errors for the first and second order
moments [37].

4 Sub-Steps

Here, we present the discretization for sub-steps pvb and xv. After full discretization, we
have the following discrete mass Mh , α-th component of momentum Ph,α , and energy Eh ,
the conservation of which will be considered for each sub-step,

Mh =
∑

xv

fxv �x �v, Ph,α =
∑

xv

vαfxv �x �v,

Eh = 1

2

∑

xv

|v|2fxv �x �v + 1

2

∑

x

|Bx|2 �x + 1

γ − 1

∑

x

px �x

=: K f ,h + KB,h + Kp,h .

(13)

As mentioned in Remark 1, in this section we work with a periodic boundary condition in
space and an infinite velocity domain, and in the practical simulations we have to truncate the
velocity domain into a sufficiently large finite velocity domain, whichmakes the conservation
properties of the momentum and energy we prove in this section hold with round off errors
[37].
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4.1 Sub-Step pvb

The equation of this sub-step is

∂ f

∂t
+ (E + v × B) · ∂ f

∂v
= 0 ,

∂B
∂t

= −∇ × E, E = −∇ p

ρ
− ue × B,

∂ p

∂t
+ ∇ · (ue p) + (γ − 1) p∇ · ue = 0, ue = u − J

ρ
, γ �= 1,

∂u
∂t

− (E + u × B) = 0,

(14)

where we include the equation of u by taking the velocity moments from the Vlasov equation
Timediscretization.The followingmodifiedmid-point rule is used for the time discretization
of (14) between the time interval [tn, tn+1]

∂ f

∂t
+
(

v − ū + ∇ × Bn+ 1
2

ρ

)

× Bn+ 1
2 · ∂ f

∂v
− ∇ pn+ 1

2

ρ
· ∂ f

∂v
= 0,

Bn+1 − Bn

�t
= −∇ ×

(

−∇ pn+ 1
2

ρ
− ūe × Bn+ 1

2

)

,

pn+1 − pn

�t
+ ∇ ·

(
pn+ 1

2 ūe
)

+ (γ − 1)pn+ 1
2 ∇ · ūe = 0, ūe = ū − ∇ × Bn+ 1

2

ρ
,

∂u
∂t

−
(

u − ū + ∇ × Bn+ 1
2

ρ

)

× Bn+ 1
2 + ∇ pn+ 1

2

ρ
= 0, (15a)

ū = 1

�t

∫ tn+1

tn
u(t) dt, (15b)

in which f is not discretized in time and updated as

f (tn+1, x, v) = f (tn, x, vn), (16)

where vn is the solution of the following characteristics at time tn with v(tn+1) = v,

v̇ =
(

v − ū + ∇ × Bn+ 1
2

ρ

)

× Bn+ 1
2 − ∇ pn+ 1

2

ρ
.

Also the equation of u (15a) [31, 37] is not discretized in time, and it can be solved with an
explicit formula (18) given below. The density ρ is not changing in time, so we omit the time
index. The ū is fixed by the condition (15b), i.e., ū is the time average of u(t) satisfying the
equation (15a), which is obtained by the velocity moment of the Vlasov equation in (15).

To avoid the heavy iterations involving the kinetic part in implicit schemes, semi-implicit
schemes [21, 25, 31] have been proposed, in which once the moment equations are derived
and substituted into the field equations, the lower-dimensional field equations remain implicit,
while the kinetic equations become explicit. Herewe adopt a similar strategy, firstly derive the
equation (15a) of u, and then plug the ū obtained by solving (15a)-(15b) into the equations of
B and p in (15). After solving field equations and obtaining the updated B and p, we finally
solve the Vlasov equation. f is not involved in the iterations in the implicit scheme (15).
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The ū determined by the condition (15b) is essential for preserving the scheme’s con-
servation and cancellation-free properties, and it also removes the time dependence of u
in the Vlasov equation, thereby enabling the use of the shifted-velocity-frame exact split-
ting introduced below, which avoids costly three-dimensional interpolations when applying
semi-Lagrangian methods [38].

The explicit formula of ū. By splitting ∇ pn+ 1
2

ρ
into the parallel and perpendicular parts of

the magnetic field, i.e., when Bn+ 1
2 �= 0,

∇ pn+ 1
2

ρ
= q × Bn+ 1

2 +
(

∇ pn+ 1
2

ρ

)

‖
, q = Bn+ 1

2

|Bn+ 1
2 |2

× ∇ pn+ 1
2

ρ
,

(
∇ pn+ 1

2

ρ

)

‖
= ∇ pn+ 1

2 · Bn+ 1
2

ρ

Bn+ 1
2

|Bn+ 1
2 |2

,

(17)

and when Bn+ 1
2 = 0, we set q = 0 and regard ∇ pn+ 1

2

ρ
parallel to Bn+ 1

2 , we have the solution
of (15a)

u(t) = e(t−tn)B̂
n+ 1

2

(

un − ū + ∇ × Bn+ 1
2

ρ
− q

)

+ ū − ∇ × Bn+ 1
2

ρ
+ q − (t − tn)

(
∇ pn+ 1

2

ρ

)

‖
,

(18)

where B̂v := v × B. With the explicit formula of et B̂
n+ 1

2
[18]

et B̂
n+ 1

2 = I3 + sin(t |Bn+ 1
2 |)

|Bn+ 1
2 |

B̂
n+ 1

2 + 2
sin2( t2 |Bn+ 1

2 |)
|Bn+ 1

2 |2
B̂
n+ 1

2 B̂
n+ 1

2

and by directly calculating
∫ tn+1

tn u(t) dt , we have the following explicit formula of ū,

ū = un + ∇ × Bn+ 1
2

ρ
− q + M−1

⎛

⎝−∇ × Bn+ 1
2

ρ
+ q − �t

2

(
∇ pn+ 1

2

ρ

)

‖

⎞

⎠ , (19)

where M = 1
�t

∫ �t
0 eτ B̂

n+ 1
2
dτ .

Proposition 4 The matrix M is invertible if �t |Bn+ 1
2 | �= 2kπ, k ∈ Z, k ≥ 1.

Proof The eigenvalues of B̂
n+ 1

2 are 0 and ±i|Bn+ 1
2 |, from which we know the eigenvalues

of M are 1 and sin θ
θ

± i 2
θ
sin2
(

θ
2

)
, where θ = �t |Bn+ 1

2 |. Then when θ �= 2kπ, k ∈ Z, k ≥ 1,
the eigenvalues of matrix M are non-zero, and matrix M is invertible. 
�
The Proposition 4 implies that the�t used for solving the Vlasov equation in velocity should

not be 2kπ/|Bn+ 1
2 | with k ∈ Z, k ≥ 1.

As the time integral average approximates the mid-point value with the error of O(�t2),
by comparing it with the standard mid-point rule, we know that the modified mid-point
rule (15) is second order in time.
Reversibility. Then we consider the reversibility [16] of the modified mid-point rule (15).
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Theorem 1 The scheme (15) is reversible.

Proof By the definition of reversible schemes, we need to prove when we exchange the
unknowns at tn with tn+1, and set �t = −�t , the same scheme as (15) is obtained.

For the scheme of the magnetic field and pressure in (15), we can see we only need to
prove ū is not changed when we exchange un with un+1 and set �t = −�t , which is true
due to the equation (15a) satisfied by u is reversible. Also the scheme of f is reversible, due
to reversibility of the Vlasov equation in (15). 
�
Theorem 2 When we assume a periodic boundary condition in space, and an infinite velocity
domain, mass, momentum, and energy are conserved by the time discretization (15). Also the
cancellation problem (8) is overcome.

Proof The mass conservation is easy to prove by directly integrating the Vlasov equation
in (15) in phase-space with the periodic boundary condition.

Multiplying by v on both sides of the Vlasov equation in (15) and then integrating with
respect to v and t gives

Jn+1
f − Jnf =

∫ tn+1

tn
J f (t) × Bn+ 1

2 dt − �t ρ ū × Bn+ 1
2

+ �t ∇ × Bn+ 1
2 × Bn+ 1

2 − �t ∇ pn+ 1
2 ,

(20)

where the first two terms cancel out due to the condition (15b), and thus the cancellation
problem (8) is overcome. By integrating the above identity (20) with respect to x, we get

Pn+1 − Pn =
∫ [

�t ∇ × Bn+ 1
2 × Bn+ 1

2 − �t ∇ pn+ 1
2

]
dx

=
∫ [

�t ∇ ·
(

Bn+ 1
2 Bn+ 1

2 − |Bn+ 1
2 |2

2
I3

)

− �t ∇ pn+ 1
2

]

dx = 0,
(21)

where in the second last equality we have used the condition ∇ · Bn+ 1
2 = 0. This proves the

momentum conservation.
Multiplying by |v|2

2 on both sides of the Vlasov equation in (15) and then integrating in
phase-space and with respect to t between tn and tn+1 gives

Kn+1
f − Kn

f =
∫

−ū × Bn+ 1
2 · J f dx dt −

∫ ∇ pn+ 1
2

ρ
· J f dx dt

︸ ︷︷ ︸
a

+
∫ ∫ ∇ × Bn+ 1

2

ρ
× Bn+ 1

2 · J f dx dt
︸ ︷︷ ︸

b

,

(22)

where the first term vanishes due to the condition (15b). Multiplying by Bn+ 1
2 on both sides

of the equation for the magnetic field in (15) and then integrating with respect to x gives

Kn+1
B − Kn

B = −�t
∫

Bn+ 1
2 · ∇ ×

(
∇ × Bn+ 1

2

ρ
× Bn+ 1

2

)

dx

+ �t
∫

Bn+ 1
2 · ∇ ×

(
ū × Bn+ 1

2

)
dx

︸ ︷︷ ︸
b

+�t
∫

Bn+ 1
2 · ∇ × ∇ pn+ 1

2

ρ
dx

︸ ︷︷ ︸
c

,
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where the first term vanishes via integration by parts. Integrating the pressure equation in (15)
with respect to x gives

Kn+1
p − Kn

p = −�t

γ − 1

∫
∇ · (pn+ 1

2 ūe) dx −�t
∫

pn+ 1
2 ∇ · ū dx

︸ ︷︷ ︸
a

+ �t
∫

pn+ 1
2 ∇ · ∇ × Bn+ 1

2

ρ
dx

︸ ︷︷ ︸
c

,

where the first term vanishes via integration by parts. The sum of the remaining terms with
the same label cancel out via integration by parts and the condition (15b), and the energy
conservation is proved. 
�
Exact splitting. For the resolution of the distribution function, if we directly use semi-
Lagrangianmethod [38] to solve (16), costly three dimensional interpolations are needed [28].
According to the theory in [3], exact splitting that avoids high dimensional interpolations can
be constructed for (16). In the following, we give an explicit exact splitting for (16) with the
help of the decomposition of the pressure term (17) and the exact splitting for rotations [3, 5].
With the exact splitting presented below, only one dimensional advections and interpolations
are needed, and are thus efficient.

We firstly have a closer look at the characteristics,

v̇ =
(

v − ū − q + ∇ × Bn+ 1
2

ρ

)

× Bn+ 1
2 −
(

∇ pn+ 1
2

ρ

)

‖

=: B̂n+ 1
2

(

v − ū − q + ∇ × Bn+ 1
2

ρ

)

−
(

∇ pn+ 1
2

ρ

)

‖
,

(23)

which defines the matrix B̂
n+ 1

2 . The solution of this equation for v(tn) = vn is

v(t) = e(t−tn )B̂
n+ 1

2

⎛

⎝vn − ū − q + ∇ × Bn+ 1
2

ρ

⎞

⎠+ ū + q − ∇ × Bn+ 1
2

ρ
− (t − tn)

⎛

⎝∇ pn+ 1
2

ρ

⎞

⎠

‖
.

The rotation matrix e(t−tn)B̂
n+ 1

2
can be decomposed as the product of four shear matrices [3,

5, 8, 47]. Correspondingly, the distribution function can be solved via several one dimensional
translations. Specifically, the distribution function can be updated as follows,

1. One dimensional advections in the three velocity directions.

f n(v) → f n

⎛

⎝v + �t

(
∇ pn+ 1

2

ρ

)

‖

⎞

⎠ =: f n1 (v) (24)

.
2. One dimensional advections in the three velocity directions.

f n1 (v) → f n1

(

v + ū + q − ∇ × Bn+ 1
2

ρ

)

=: f n2 (v). (25)
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3. Solve the equation ∂ f
∂t + (v × Bn+ 1

2 ) · ∂ f
∂v

= 0 by exact splittings proposed in [3–5], i.e,

f n3 (v) = e−�t B̂
n+ 1

2 v·∇v f n2 (v) = e�t y(l)·v ∂vs �k,k �=se
�t y(k)·v ∂vk e�t y(r)·v ∂vs f n2 (v), (26)

where s is any fixed number in {1, 2, 3}, y(l)
s = y(r)

s = 0, for ∀k �= s, y(k)
k = 0,

k ∈ {1, 2, 3}, and y(l), y(r), y(k) ∈ R
3 can be obtained by an iterative method given

in [5]. f n3 is obtained from f n2 in four steps, where in each step only one dimensional
advections are needed.

4. One dimensional advections in the three velocity directions.

f n3 (v) → f n3

(

v − ū − q + ∇ × Bn+ 1
2

ρ

)

=: f n+1(v, t). (27)

Remark 2 When we update the distribution function via one dimensional advections, we
can also compute the second, third and fourth steps (25)-(27), and then compute the first
step (24), i.e., (24) is commutative with (25)-(27). The reason can be seen from the solution

of the characteristics (23). The term −�t
(
∇ pn+ 1

2 /ρ
)

‖ is parallel to the magnetic field, and

we have the following equivalent solution of the characteristics (23)

v(t) = e(t−tn)B̂
n+ 1

2

⎛

⎝vn − ū − q + ∇ × Bn+ 1
2

ρ
− (t − tn)

(
∇ pn+ 1

2

ρ

)

‖

⎞

⎠

+ ū + q − ∇ × Bn+ 1
2

ρ
. (28)

Remark 3 In practical simulations, as [34, 46] the second step (25) and last step (27) are
equivalent to moving the velocity grids with

∓
(

ū + q − ∇ × Bn+ 1
2

ρ

)

.

And the step (26) is conducted with the new velocity grids after the second step. Exact
splitting and moving velocity grids have been used in [34, 46], but the pressure term is not
added in the exact splitting, also overcoming the cancellation problem and the conservation
of momentum and energy have not been investigated.

Full discretization. We denote the above four steps (24)-(27) with the notations Ti , i =
0, 1, 2, 3, respectively, in which the cubic spline based semi-Lagrangian methods [38] are
used for the one dimensional translations, i.e.,

fn+1 = T3 T2 T1 T0 fn .
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Andwe use Fourier spectralmethod to discretize themagnetic field and pressure. Specifically,
we have the following full discretization.

fn+1 = T3 T2 T1 T0 fn,

Bn+1 = Bn − �t ∇ ×
(

−ūe × Bn+ 1
2 − ∇pn+ 1

2

ρ

)

,

pn+1 − pn

�t
+ ∇ · (ūepn+ 1

2 ) + (γ − 1)pn+ 1
2 (∇ · ūe) = 0,

∂u
∂t

−
(

u − ū + ∇ × Bn+ 1
2

ρ

)

× Bn+ 1
2 + ∇pn+ 1

2

ρ
= 0, (29a)

ū = 1

�t

∫ tn+1

tn
u(t) dt, (29b)

where ūe = ū − ∇×Bn+ 1
2

ρ
. Similarly to the time semi-discretization (15), we have the explicit

formula for ū:

ū = un + ∇ × Bn+ 1
2

ρ
− q

+ M−1

⎛

⎝−∇ × Bn+ 1
2

ρ
+ q − �t

2

(
∇pn+ 1

2

ρ

)

‖

⎞

⎠ ,

(30)

where M = 1
�t

∫ �t
0 eτ B̂n+ 1

2 dτ . We denote the numerical solution map of sub-step pvb as
φt
pvb.

Theorem 3 When we assume a periodic boundary condition in space, and an infinite velocity
domain, the mass, momentum, and energy (13) are conserved by the scheme (29) of sub-step
pvb, the cancellation problem (8) is overcome, and the magnetic field obtained is divergence
free.

Proof From (29) we have

∇ · Bn+1 = ∇ · Bn − �t ∇ · ∇ ×
(

−ūe × Bn+ 1
2 − ∇pn+ 1

2

ρ

)

As ∇ · ∇× = 0, we know that the magnetic field is divergence free provided it is initially.
The discrete mass, Mn

h , is conserved, as the distribution function is updated by the one
dimensional advections in (24)-(27), each ofwhich conserves themass due to the first identity
in Proposition 2.

With Propositions 2 and 3, we get the following updated mean velocity corresponding to
the four steps (24)-(27),

un,1 = un − �t

(
∇pn+ 1

2

ρ

)

‖
,

un,2 = un,1 − ū − q + ∇ × Bn+ 1
2

ρ
,

un,3 = e�tB̂n+ 1
2 un,2,
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un+1 = un,3 + ū + q − ∇ × Bn+ 1
2

ρ
.

We can verify that un+1 is the solution of the equation (29a) at t = tn+1 with the condition
u(tn) = un . Then by integrating the equation (29a) we have

un+1 − un =
∫ tn+1

tn

[(

u − ū + ∇ × Bn+ 1
2

ρ

)

× Bn+ 1
2 − ∇pn+ 1

2

ρ

]

dt,

where the first two terms cancel each other due to the condition (29b). Then we have

un+1 − un = �t
∇ × Bn+ 1

2

ρ
× Bn+ 1

2 − �t
∇pn+ 1

2

ρ
,

i.e., the cancellation problem (8) is overcome. Then we can calculate the momentum and get

Pn+1
h − Pn

h = �t �x
∑

x∈Gx

(
∇ × Bn+ 1

2

)

x
× B

n+ 1
2

x − �t �x
∑

x∈Gx

(∇p)x,

where the second term is zero, as by the definition of the discrete Fourier transform, for the
zeroth mode ∑

x∈Gx

(∇p)x = (∇̂p)0 = 0 i (̂p)0 = 0. (31)

As for the first term, with ∇ · Bn+ 1
2 = 0, we have

∑

x∈Gx

(
∇ × Bn+ 1

2

)

x
× B

n+ 1
2

x =
∑

x∈Gx

⎡

⎣∇ ·
⎛

⎝B
n+ 1

2
h B

n+ 1
2

h − |Bn+ 1
2

h |2
2

I3

⎞

⎠

⎤

⎦ (x), (32)

where Bh is the trigonometric interpolating polynomial

Bh(x) =
∑

ξ∈Ĝx

B̂ξ e
iξ x, with Bh(x) = Bx.

By the discrete orthogonality of the Fourier basis [36], i.e.,
∑

x∈Gx

eiξxe−iξ ′x = M1M2M3 δξ,ξ ′ , ∀ξ, ξ ′ ∈ Ĝ
x ,

we know Eq (32) is equal to zero. Then we have proved the momentum conservation.
We define the kinetic energy density as k f ,x = 1

2

∑
v |v|2fxv �v. With Propositions 3 and

2, we get the following updated kinetic energy density corresponding to the four steps (24)-
(27),

kn,1
f = knf − �t ρ

(
∇pn+ 1

2

ρ

)

‖
· u

n + un,1

2

kn,2
f = kn,1

f − �t ρ

(

ū + q − ∇ × Bn+ 1
2

ρ

)

· u
n,1 + un,2

2

kn,3
f = kn,2

f

kn+1
f = kn,3

f + �t ρ

(

ū + q − ∇ × Bn+ 1
2

ρ

)

· u
n,3 + un+1

2
.
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We can verify that kn+1
f is the solution of the equation

∂k f

∂t
+ ρū × Bn+ 1

2 · u − ρ

(
∇ × Bn+ 1

2

ρ
× Bn+ 1

2

)

· u

+ ρ
∇pn+ 1

2

ρ
· u = 0,

(33)

at t = tn+1 with the condition k f (tn) = knf , where the u in (33)is the solution of the
equation (29a) with the condition u(tn) = un . By integrating the equation (33) in time we
have

kn+1
f − knf = −

∫ tn+1

tn
ρū × Bn+ 1

2 · u dt

+
∫ tn+1

tn

[

ρ

(
∇ × Bn+ 1

2

ρ
× Bn+ 1

2

)

· u − ρ
∇pn+ 1

2

ρ
· u
]

dt,

(34)

where the first term is zero due to the condition (29b). Then with the condition (29b), we
have

kn+1
f − knf = �t ρ

(
∇ × Bn+ 1

2

ρ
× Bn+ 1

2

)

· ū − �tρ
∇p

n+ 1
2

h

ρ
· ū. (35)

Summing the equation (35) over x and multiplying with �x gives

Kn+1
f ,h − Kn

f ,h = �t �x
∑

x∈Gx

ρx

(
(∇ × Bn+ 1

2 )x

ρx
× B

n+ 1
2

x

)

· ūx
︸ ︷︷ ︸

a

−�t �x
∑

x∈Gx

ρx
(∇pn+ 1

2 )x

ρx
· ūx

︸ ︷︷ ︸
b

.

(36)

Multiplying with B
n+ 1

2
x on both sides of the second equation in (29) and summing with

x, we have

Kn+1
B,h − Kn

B,h = �t �x
∑

x∈Gx

(∇ × Bn+ 1
2 )x ·
(

ūx × B
n+ 1

2
x

)

︸ ︷︷ ︸
a

− �t �x
∑

x∈Gx

(∇ × Bn+ 1
2 )x ·
(

(∇ × Bn+ 1
2 )x

ρx
× B

n+ 1
2

x

)

+ �t �x
∑

x∈Gx

(∇ × Bn+ 1
2 )x · (∇pn+ 1

2 )x

ρx
︸ ︷︷ ︸

c

,

where the second term is zero.
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Summing the third equation in (29) gives

Kn+1
p,h − Kn

p,h = − 1

γ − 1
�t �x

∑

x∈Gx

(

∇ × (u
n+ 1

2
e pn+ 1

2 )

)

x

+ �t �x
∑

x∈Gx

(∇pn+ 1
2 )x · ūn+ 1

2
x

︸ ︷︷ ︸
b

−�t �x
∑

x∈Gx

(∇pn+ 1
2 )x · (∇ × Bn+ 1

2 )x

ρx
︸ ︷︷ ︸

c

,

where the first term is zero. The remaining terms with the same label cancel with each other,
and we have proved the energy conservation.

In conclusion, we have proved the mass, momentum, and energy conservation, the mag-
netic field is divergence free if it hold initially, also the cancellation problem (8) is overcome.


�
Remark 4 Without destroying the conservation properties, the magnetic field and pressure
can also be discretized using the central finite difference method, the important properties of
which include ∇ × ∇ = 0, ∇ · ∇× = 0, and integration parts [39].

Remark 5 The scheme (29) is not reversible. The reason is that the cubic spline based semi-
Lagrangian method for one dimensional advections is not reversible.

Remark 6 In the case of isothermal/adiabatic electrons, there is no pressure equation in the
hybrid model, instead the pressure p is determined by the density ρ directly, i.e., p = κρ,
and p = Cργ , respectively. Similar to theorem 3, the scheme (29) without the scheme of the
pressure but with the relation p = κργ or p = Cργ can be proved to preserve the mass and
momentum.The energy, including a non-quadratic thermal energy term, is not conserved [27].
Also the magnetic field is divergence free if it is initially, and the cancellation problem (8) is
overcome.

As a summary of the sub-step (14), we write the computation steps into Algorithm 4.1.

4.2 Sub-Step xv

The equation of this sub-step is
∂ f

∂t
= −v · ∇x f

for which only one dimensional translations need to be done, for which we choose to use
the Fourier spectral method (11) in each spatial direction. We denote the numerical solution
map of sub-step pxv as φt

xv .

Theorem 4 When we assume a periodic boundary condition in space, the scheme (11) of
sub-step xv conserves mass, momentum, and energy defined in (13) exactly.

Proof We explicitly write out the scheme (11) for sub-step xv as

fn+1 = F−1
3 F−1

2 F−1
1 [−i�t v ξF3F2F1fn],

from which we know f̂n+1
0v = f̂n0v. The mass, α-component of momentum, and energy (13)

can be denoted as ∑

x∈Gx

∑

v∈Gv

m(v) fxv �x �v,
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Algorithm 1 Sub-step pvb, n-th step to (n + 1)-th step
1: Input: fn , Bn , pn

2: Compute ρn , un with fn

3: Start Picard iteration with Bn+1,0 = Bn , pn+1,0 = pn

4: for k = 0 to Maximum Picard iteration number do

5: Compute mid-point values, Bn+ 1
2 ,k = Bn+Bn+1,k

2 , pn+ 1
2 ,k = pn+pn+1,k

2

6: Compute ū with Bn+ 1
2 ,k , pn+ 1

2 ,k , and ρn by Eq. (30)
7: Plug ū into the Eqs. (29a)-(29b) and update Bn+1,k+1 and pn+1,k+1,

Bn+1,k+1 = Bn + �t ∇ ×
⎛

⎝ū × Bn+ 1
2 ,k − ∇ × Bn+ 1

2 ,k

ρn
× Bn+ 1

2 ,k + ∇pn+ 1
2 ,k

ρn

⎞

⎠

pn+1,k+1 = pn − �t∇ · (ūkep
n+ 1

2 ,k
) − �t(γ − 1)pn+ 1

2 ,k
(
∇ · ūke

)

where ūke = ū − ∇×Bn+ 1
2 ,k

ρn

8: if ‖Bn+1,k − Bn+1,k+1‖ + ‖pn+1,k − pn+1,k+1‖ < Tolerance then
9: Bn+1 = Bn+1,k+1, pn+1 = pn+1,k+1, break
10: end if
11: end for
12: Update f by fn+1 = T3 T2 T1 T0 fn , with ū, ρn , Bn+ 1

2 , and pn+ 1
2

13: return fn+1, Bn+1, pn+1

with m(v) = 1, vα, |v|2/2, respectively. Then we have
∑

x∈Gx

∑

v∈Gv

m(v) fn+1
xv �x �v =

∑

v∈Gv

m(v) f̂n+1
0v �x �v

=
∑

v∈Gv

m(v) f̂n0v �x �v =
∑

x∈Gx

∑

v∈Gv

m(v) fnxv �x �v,
(37)

i.e., the mass, momentum, and energy defined in (13) are conserved by the scheme (11). 
�

By the compositionmethods [16],we have the following second order Strang splittingmethod
[41],

φ
�t
2
xv φ�t

pvb φ
�t
2
xv .

5 1D-2V ReducedModel

Here, we consider a reduced model which is one dimensional in space and two dimensional
in velocity, in which the distribution function is f (t, x1, v1, v2), and the magnetic field is in
the form of B = (0, 0, B3(x1))	. The reduced model reads

∂ f

∂t
= −v1

∂ f

∂x1
− v2B3

∂ f

∂v1
+ v1B3

∂ f

∂v2
+ u2B3

∂ f

∂v1
− u1B3

∂ f

∂v2

+ 1

ρ

∂ p

∂x1

∂ f

∂v1
+ 1

ρ
B3

∂B3

∂x1

∂ f

∂v1

∂B3

∂t
= − ∂

∂x1
(u1B3), ρ =

∫
f dv, u1 = 1

ρ

∫
v1 f dv, u2 = 1

ρ

∫
v2 f dv,
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∂ p

∂t
+ ∂

∂x1

(∫
v1 f dv

ρ
p

)

+ (γ − 1) p
∂

∂x1

∫
v1 f dv

ρ
= 0. (38)

For this reduced model (38), we have the following two sub-steps after Poisson splitting [21,
27]. As in the three dimensional case, we use uniform grids in phase-space with grid numbers
M1, N1, N2 in directions x1, v1, v2, respectively.
Sub-step pvb. The sub-step pvb is

∂ f

∂t
= −v2B3

∂ f

∂v1
+ v1B3

∂ f

∂v2
+ u2B3

∂ f

∂v1
− u1B3

∂ f

∂v2

+ 1

ρ

∂ p

∂x1

∂ f

∂v1
+ 1

ρ
B3

∂B3

∂x1

∂ f

∂v1

∂B3

∂t
= − ∂

∂x1
(u1B3), ρ =

∫
f dv, u1 = 1

ρ

∫
v1 f dv, u2 = 1

ρ

∫
v2 f dv,

∂ p

∂t
+ ∂

∂x1

(∫
v1 f dv

ρ
p

)

+ (γ − 1)p
∂

∂x1

∫
v1 f dv

ρ
= 0.

(39)

A scheme similar to (29) can be constructed, in which the two dimensional rotation is solved
by the exact splitting presented in [4]. The scheme overcomes the cancellation problem,
conserves mass, momentum, and energy.
Sub-step xv. The sub-step xv is

∂ f

∂t
= −v1

∂ f

∂x1
. (40)

This sub-step is solved with Fourier spectral method (11), and the mass, momentum, and
energy are conserved.

6 Numerical Experiments

In this section, firstly we check the time accuracy order of the schemes constructed. Then
we use the 1D-2V reduced model (38) to simulate Landau damping and Bernstein waves
with the schemes constructed. The Fourier spectral method (11) is adopted for solving sub-
step (40). And the cubic spline based semi-Lagrangian method (12) is used for solving the
Vlasov equation in the sub-step (39). The tolerance of the Picard iteration is 10−14.

6.1 Time Accuracy Order and Performance

Here we firstly check the time accuracy order by 1D-2V dimensional simulations. The initial
conditions are:

f = 1

πv2T
(1 + δρ)e

− |v1−0.1|2
v2T

− |v2−0.2|2
v2T ,

B3 = 1 +
8∑

k=1

0.01 sin(2kx1), p = 0.09(1 + δρ)5/3,

where δρ = 0.01 sin(2x1), and vT = 0.4. The computational parameters are as follows,
grid number 16 × 128 × 128, and domain [0, π ] × [−2.5, 2.5] × [−2.5, 2.5]. We use the

Strang splitting φ
�t
2
xv φ�t

pvbφ
�t
2
xv . In table 1, we present the l1 error of f , B3, and p at t = 0.1,
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Table 1 The l1 errors and convergence orders of the unknowns for different time step sizes.

�t Error f Order f Error B3 Order B3 Error p Order p

0.1 16.88 – 1.723 × 10−2 – 2.611 × 10−3 –

0.05 4.710 1.84 5.209 × 10−3 1.73 7.884 × 10−4 1.73

0.025 1.226 1.94 1.375 × 10−3 1.92 2.081 × 10−4 1.99

0.0125 0.3119 1.97 3.470 × 10−4 1.99 5.252 × 10−5 1.99

0.00625 0.0802 1.96 8.539 × 10−5 2.02 1.292 × 10−5 2.02

the reference solution is obtained by a very small time step 0.001. We can see when �t
becomes smaller, the order of convergence becomes closer to 2, which indicates that the
Strang splitting gives a second order accuracy in time.

We check the performance of each part of the scheme for the above case with �t =
0.00625. The field solver needs 6 Picard iterations to converge on average, the field solver
takes 1.474×10−3s per time step, the velocity advections with the cubic spline interpolation
in the pvb sub-step take 0.198s per time step, the space advections by Fourier spectral method
of sub-step xv take 0.157s per time step. Most of the computation time is spent on the kinetic
part, because it has a higher dimensionality than the fields.

6.2 Landau Damping

Next we simulate ion Landau damping by 1D-2V dimensional simulations without back-
ground magnetic field. Initial conditions are:

f (x1, v1, v2) = 1

πv2T
(1 + δρ)e

− |v1 |2
v2T

− |v2 |2
v2T , B3 = 0,

where δρ = 0.01 sin(0.4x1). Grid numbers are 32 × 128 × 64, the simulation domain is
[0, 5π] × [−8, 8] × [−8, 8], the time step size is �t = 0.1, and vT = 1.4142. As there is
not magnetic field, we regard the ∇ p/ρ parallel to the magnetic field, and the steps (25)-(27)
are not needed in φt

pvb. We used cubic splines interpolation for the velocity advections in
sub-step pvb, and Fourier spectral method for the space advections in sub-stpe xv.

The numerical results with the Strang splitting φ
�t
2
xv φ�t

pvbφ
�t
2
xv [16] for the case of the

isothermal electrons with κ = 6.25 are displayed in Fig. 1. As the pressure equation is not
needed to solve in this case, the sub-step pvb is the usual semi-Lagrangian advection in
velocity with the electron pressure gradient and no Picard iteration is needed. ‖ρ − 1‖22 with
ρ = ∫ f dv decays exponentially with a rate close to the theoretical one, which is obtained
from the dispersion relation formula in [24, 39]. As semi-Lagrangian methods do not have
noise, compared to the results of particle-in-cell method [27], a clear decay rate is observed.
The energy error is around 10−6. The mass error is around 10−14, and momentum errors in
v1 and v2 directions at the level of 10−14, 10−17, respectively.

Next we consider the case with the electron pressure equation and γ = 5/3. We use the

Strang splitting φ
�t
2
xv φ�t

pvbφ
�t
2
xv [16]. The initial distribution function is the same as the isother-

mal electron case, and the initial electron pressure is p(x1) = 6.25/γ (1 + δρ)γ . This case
is equivalent to the formulation with adiabatic electrons p = 6.25/γ (1 + δρ)γ and without
explicitly using the pressure equation. The γ in the denominator of p = 6.25/γ (1 + δρ)γ
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Fig. 1 Landau damping The formulation with the isothermal electrons. Time evolutions of energy error,
mass error, momentum errors, and ‖ρ − 1‖22.

Fig. 2 Landau damping The formulation with the electron pressure equation. Time evolutions of energy
error, mass error, momentum errors, and ‖ρ − 1‖22.

ensures that the linearized model coincides with the linearized isothermal case considered
above, leading to the same decay rate for the perturbation of ρ. In the simulations, around
15 Picard iterations are used in the sub-step pvb. See the numerical results in Fig. 2. We
can see the time evolution of ‖ρ − 1‖22 decays with the same rate as the isothermal electron
case, mass error is around 10−14, and momentum errors are 10−14, 10−17 in x, y directions,
respectively. The energy is also conserved very well, with an error around 10−12.

6.3 BernsteinWaves

We use the 1D-2V reduced model for simulating the Bernstein waves. The initial conditions
of the isothermal electron case are:

f (x1, v1, v2) = 1

πv2T
e
− |v1 |2

v2T
− |v2 |2

v2T , B3(x1) = 1 + 10−5
32∑

k=1

sin

(
k

2
x1

)

.
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Fig. 3 Bernstein waves The formulation with isothermal electrons. Left figure: time evolution of the errors
of mass. momentum, and energy. Right figure: the dispersion relation of the Bernstein waves.

The computational parameters are: grid number 64×128×128, domain [0, 4π]×[−3, 3]×
[−3, 3], time step size�t = 0.05, vT = 0.4, final computation time 80.Weused cubic splines
interpolation for the velocity advections in sub-step pvb, and Fourier spectral method for the
space advections in sub-stpe xv.

For the isothermal electron case with κ = 0.09, we use the Strang splitting φ
�t
2
xv φ�t

pvbφ
�t
2
xv

[16]. We show the the time evolutions of energy error, momentum errors, and mass error, and
the dispersion relations of Bernstein waves in Fig. 3. The errors of mass, momentum, and
energy are around 10−13, 10−13, and 10−11, respectively. The red lines in the second figure
of Fig. 3 denote the analytical dispersion relation obtained by the Python package HYDROS
[42], and we can see that our numerical results fit in well with the analytical dispersion
relation.

Next, we consider the case with the electron pressure equation and γ = 5/3 with the

Strang splitting φ
�t
2
xv φ�t

pvbφ
�t
2
xv [16]. We use the same initial condition as above and the initial

value of the electron pressure is p(x1) = 0.09. Note that with the initial condition we choose,
the hybrid model with the electron pressure equation is equivalent to the hybrid model with
adiabatic electrons, γ = 5/3, and p = 0.09ργ . On the numerical side, we should also
preserve the relation p = 0.09ργ as much as possible.

The computation parameters are the same as in the isothermal electron case. The results
are presented in Fig. 4. We can see the energy is conserved with an error around 10−12. Mass
and momentum errors are around 10−13. In the second figure, we can see several branches of
the numerical dispersion relation, each branch becomes flat when the wave number becomes
large, which is classical in the dispersion relation of Bernstein waves. These branches fit in
well with the red lines, which denote the analytical dispersion relation of the hybrid model
with adiabatic electrons by HYDROS [42]. The error in l1 norm (around 10−8) of the relation
p = 0.09ργ is shown in the first figure in Fig. 4. It is also important to note that for general
electrons, i.e., non-isothermal and non-adiabatic electrons, there is no such relation that must
be conserved numerically.
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Fig. 4 Bernstein waves The formulation with the electron pressure equation. Left figure: Time evolution
of ‖p − κργ ‖1 and the errors of mass, momentum, and energy. Right figure: the dispersion relation of the
Bernstein waves.

7 Conclusion

In thiswork, the cubic spline based semi-Lagrangianmethods [38] are used to solve the hybrid
model with kinetic ions and massless electrons. Thanks to the exact splitting constructed,
the Poisson splitting [21], based on the Poisson bracket [30, 43], yields only two sub-steps.
For the complicated sub-step involving the update of the kinetic velocity with the mean
fluid velocity, a specially designed mean velocity is chosen to ensure good conservation
properties. The entire scheme is efficient, as it requires only one-dimensional advections
for the distribution functions, with nonlinear iterations applied solely to the field unknowns.
The scheme conserves mass, momentum, and energy, while also preserving the divergence-
free condition of the magnetic field and overcome the cancellation problem [40]. These
conservation properties are validated through numerical experiments on Landau damping
and Bernstein waves.

We are implementing the algorithms proposed in this work within Gyselalib++ [6, 15],
with the aim of subsequent physical applications. Other future work includes applying the
exact splitting to other electro-magnetic models, developing efficient solvers for the nonlin-
ear systems, performing simulations on domains with complex geometries, exploring other
discretization methods, such as the numerical methods in the framework of finite element
exterior calculus [2] and discrete exterior calculus [12].
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8 Appendix

8.1 Poisson Brackets of the Hybrid Model

{F,G}pvb = −
∫

f (v) f (v′) B
ρ

·
(

∇v

δF
δ f

× ∇v′
δG
δ f

)

dx dv dv′

+
∫

f B · ∇v

δF
δ f

× ∇v

δG
δ f

dx dv −
∫

B
ρ

·
(

∇ × δF
δB

)

×
(

∇ × δG
δB

)

dx

+
∫

f

ρ
B ·
[

∇v

δF
δ f

×
(

∇ × δG
δB

)

− ∇v

δG
δ f

×
(

∇ × δF
δB

)]

dx dv

+
∫

γ p

(
δF
δ p

∇ · ∇ × δG
δB − ∫ f ∇v

δG
δ f dv

ρ
− δG

δ p
∇ · ∇ × δF

δB − ∫ f ∇v
δF
δ f dv

ρ

)

dx

+
∫ ∇ p

ρ
·
(

δF
δ p

(

∇ × δG
δB

−
∫

f ∇v

δG
δ f

dv

)

− δG
δ p

(

∇ × δF
δB

−
∫

f ∇v

δF
δ f

dv

))

dx,

{F,G}xv =
∫

f

(

∇x
δF
δ f

· ∇v

δG
δ f

− ∇v

δF
δ f

· ∇x
δG
δ f

)

dx dv.

8.2 Partial Discrete Fourier Transformations

For a scalar function s defined on gridGx , we define partial discrete Fourier transformations
as [4]

F1 :

⎧
⎪⎨

⎪⎩

C
G

x → C
Ĝ

x1×G
x2×G

x3

s →
∑

x1∈Gx1

sx1,x2,x3e
−ix1ξ1 ,

F2 :

⎧
⎪⎨

⎪⎩

C
G

x → C
G

x1×Ĝ
x2×G

x3

s →
∑

x2∈Gx2

sx1,x2,x3e
−ix2ξ2 ,

F3 :

⎧
⎪⎨

⎪⎩

C
G

x → C
G

x1×G
x2×Ĝ

x3

s →
∑

x3∈Gx3

sx1,x2,x3e
−ix3ξ3 .
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8.3 Discrete Operators of∇,∇×,∇·

∇ :
{
C
G

x → C
G

x × C
G

x × C
G

x

s → (F−1
1 [iξ1F1s],F−1

2 [iξ2F2s],F−1
3 [iξ3F3s])	

,

∇× :

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

C
G

x × C
G

x × C
G

x → C
G

x × C
G

x × C
G

x

B →
⎛

⎝
F−1
2 [iξ2F2B3] − F−1

3 [iξ3F3B2]
F−1
3 [iξ3F3B1] − F−1

1 [iξ1F1B3]
F−1
1 [iξ1F1B2] − F−1

2 [iξ2F2B1]

⎞

⎠
,

∇· :
{
C
G

x × C
G

x × C
G

x → C
G

x

B → F−1
1 [iξ1F1B1] + F−1

2 [iξ2F2B2] + F−1
3 [iξ3F3B3]

.

We calculate ∇ × ∇s directly, the first component of which is

F−1
2 [iξ2F2

(
F−1
3 [iξ3F3s]

)
] − F−1

3 [iξ3F3

(
F−1
2 [iξ2F2s]

)
]

= F−1
3 F−1

2 [iξ2iξ3F3F2s] − F−1
3 F−1

2 [iξ2iξ3F3F2s] = 0.

The second component of ∇ × ∇s is

F−1
3 [iξ3F3

(
F−1
1 [iξ1F1s]

)
] − F−1

1 [iξ1F1

(
F−1
3 [iξ3F3s]

)
]

= F−1
3 F−1

1 [iξ3iξ1F3F1s] − F−1
3 F−1

1 [iξ3iξ1F3F1s] = 0.

The third component of ∇ × ∇s is

F−1
1 [iξ1F1

(
F−1
2 [iξ2F2s]

)
] − F−1

2 [iξ2F2

(
F−1
1 [iξ1F1s]

)
]

= F−1
2 F−1

1 [iξ2iξ1F2F1s] − F−1
2 F−1

1 [iξ2iξ1F2F1s] = 0.

Then we have proved that ∇ × ∇ = 0.
Next, we calculate ∇ · ∇ × B directly and obtain

∇ · ∇ × B = F−1
1 [iξ1F1(∇ × B)1] + F−1

2 [iξ2F2(∇ × B)2] + F−1
3 [iξ3F3(∇ × B)3]

= F−1
1 [iξ1F1

(
F−1
2 [iξ2F2B3] − F−1

3 [iξ3F3B2]
)
]

+ F−1
2 [iξ2F2

(
F−1
3 [iξ3F3B1] − F−1

1 [iξ1F1B3]
)
]

+ F−1
3 [iξ3F3

(
F−1
1 [iξ1F1B2] − F−1

2 [iξ2F2B1]
)
]

= F−1
1 F−1

2 [iξ1iξ2F1F2B3] − F−1
1 F−1

3 [iξ1iξ3F1F3B2]
+ F−1

2 F−1
3 [iξ2iξ3F2F3B1] − F−1

1 F−1
2 [iξ1iξ2F1F2B3]

+ F−1
1 F−1

3 [iξ1iξ3F1F3B2] − F−1
2 F−1

3 [iξ2iξ3F2F3B1]
= 0,

by which we have proved that ∇ · ∇× = 0.
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