PHY-396 K. Solutions for problem set #12.

Problem 1:
At the tree level, the decay S — f + f follows from a single Feynman diagram

f(p1, 51) f(p2,52)

S(k) hence M = u(p1,s1)(—ig)v(p2, s2). (S.1)

Note that this amplitude refers to specific spin states of the final fermion and antifermion. For
the purpose of calculating the net (i.e., un-polarized) decay rate, we need to sum the |M|? over

the final state spins. Thus

S TIMP = 2> alpr, s1)v(p2, s2) x 0(pa, s2)u(pa, s1)

51,82 51,52
= g*tr ((Z u(p1, s1)u(p1, 81)) (Z v(p2, 52)0(p2, Sz)))
, B " (5:2)
=g tr(% +my) (P2 — mf))
= (6 o) — mi (1)) = g*(4pipe — d4m?)
= 92(2(291 +p2=k)? - Sm?f) = 2g°(M7 — 4m3).
Finally, for the two-body decay, the phase-space factor evaluates to
9M, / 2:3?}3 21E1 / 2:;? 22E2 )00 1 +p2 — k) = SLI:Jl\‘f‘s2 (5:3)
where
pil = Ip2l = /(3M)2 = m3. (54)



Putting all these factors together, we arrive at
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S

. p1] 2 g2M, Am i
NS—f+f) = x Y MP = x[1 - . (S.5)

51,52

Problem 2:
As discussed in class, scattering of fermions in the Yukawa theory proceeds by exchange of
virtual scalar quanta between the fermions. For the problem at hand, the two fermions are

distinct rather than identical, hence only one tree-level Feynman diagram contributes to the

scattering:
f1(p1,s1) f5(p2, 52)
q—
fi(p1, 1) fa(p2:52) g =p1—pf =ph—p2, (S.6)
and therefore
Mtree(fl + f2 — fl + f2) = _% X ﬂ(pllv Sll)u(pla 51) X ’ﬂ(pé’ S/Q)U(p27 52)' (87)
S

For specific spin states of all particles, the partial cross section of elastic scattering is given by

do M
dQenm,  6472E2

(S.8)

but for un-polarized beams and spin-blind detectors we should sum this formula over the final

particles’ spins and average over spins of the initial particles, thus

d |
T LD DE D DD DD DILL i (S.9)

s2 sy s



2

! 9192 TIC A Y 2 — 1 2

= X % « .
256m2E2, <q2 — Mf) Yl sh)ulpy 1) x Y [a(ph, sh)u(pz, s2)]

/ /
51,57 52,59

The spin sums on the second line here are similar to the spin sum in eq. (S.2):

S Jatwh, shulpr )| = b (Zu<p1,31>u<p1,51>) (Zu<pa,sa>u<pa,sa>)

51,8 S1 sh

= tr((]zﬁerl) (]/1+m1)> (S.lO)
= dpip} + 4mi = 8mi — 2(p1 —p)?
= 8m? — 24

and likewise

S Jalph, shyulpe, s2)]” = 8m3 — 242,

52,545
therefore
dQe.m. 6412 E2 (q2 - Mg)Q . .

Finally, we should integrate over the scattered particles’ directions and calculate the total

cross-section. In the center-of-mass frame, ¢" = 0, q*> = (p1 — p})? = 2p?(1 — cos ), hence

dQ = 2rd(—cosf) = 2p? dq®. (S.12)
Consequently, substituting ¢> = —q? in eq. (S.11) and integrating over dq?, we arrive at
2 2 B 2 2
YT 64m?E2 Mg + q2)? ‘
B 9293 - (4m1 M?2)(4m32 — M?) N 2m? + 2m2 — M? 5 Jog M? + 4p?
- 16mEZy, M2(M2 + 4p?) 2p? M?



where

p’ = B2, — S(mi+m3) + (S.14)

is the solution of the kinematical relation

Eem., = E1 + Ey = \/m%+p2 + m%+p2-

Problem 3(a):

At the free-field level, the intrinsic parities of particles do not matter, and the free Lagrangian
of the “pseudo—Yukawa” theory is no different from the “true Yukawa” theory studied in class
(cf. the top lines of egs. (1) and (2)). Consequently, the “pseudo—Yukawa” Feynman rules have
exactly the same propagators, external-leg factors and the sign rules as studied in class. On the
other hand, the interaction terms of the “pseudo—Yukawa” theory are different (cf. the bottom

lines of egs. (1) and (2)), and this leads to different vertices in the Feynman rules, namely

—k
Vg

W= 0"%g; x (v7)ap (S.15)
where the indices 7, k = 1, 2 refer to the two species of Dirac fermions.

Problem 3(b):
In any version of the Yukawa theory, fermions interact with each other via exchanges of scalar

(or pseudoscalar) quanta. As in problem (2), for elastic scattering of two distinct fermions there



is only one tree level diagram

fi(p1, s1) f3(p2, s2)

fi(p1, 1) fo(p2,52) q=p1—p,=ph—p2. (S.16)
hence

Miseelfi 2 = Ji f2) = g2y Xl 1) %u(pr, 1) X s $h) ulpes ). (S17)
p

Note that although the diagram (S.16) looks exactly like (S.6), the amplitude (S.17) is different

from (S.17) because of different vertices of the “pseudo—Yukawa” theory.

Problem 3(c):
As in problem (2), un-polarized beams of initial fermions and spin-blind detectors for the final

fermions mean that we should average | M|? over initial spins and sum over the final spins, thus

do 1 a9\ AN 2 AW 2
dSdc.m. B 256m2E2 - (q2 - Mg g Z/ ‘u<p1781)7 u(p1,81)‘ . Z/ ‘u<p2’82)/y U(pz,SQ)‘ .
81781 82,82
(S.18)
Because of the 7 matrices, the spin sums work in a slightly different way:
_ 2 _ _
> Ja), sy ulpr,s1)|T = tr <Z u(p1, s1)u(p1, 81))75 <Z u(ph, s1)u(pl, 5’1))75
51,8 S1 sh
= tr((h +m)r @+ )y
(using 7° ¥ = — y” and 7°7” = 1)
=t + ma) (= o + )y
= —dpipy + 4mi = +2¢%
(S.19)



and likewise

> Jalph, sh) ulpa, s2)|” = +24%

’
82,82

Consequently, the partial scattering cross-section in the pseudo—Yukawa theory is

2
Qo 04n?EL, \Z-012) '

Finally, integrating over the directions of the final particles in the center-of-mass frame gives

us the total cross section

4p
o — 9193 2w /dqz Cok
° G4m?EZ,,  2p? (M2 +qg?)?
0 (S5.21)
2 2 2 2
_ g%g% 1+ M, . My log My +4p
167E2 M2 +4p?  2p? M2

where p? is exactly as in eq. (S.14).

Problem 4:

The complex conjugate of the muon decay amplitude

M~ = e i) = [a(v,) (1 — ) ulp™)] x [ae™)(1 =P )vav(m)]  (3)

V2

has the opposite sign of the 7° because 7° = 7%(7%)17Y = =45, thus

M = G—\/g () 1+ )] ¢ [0()95(1 + 7 )u(e)] (8.22)

Consequently,

u)} (S.23)

M2 = 363 [a(m)(1 =17 (a7 (14 A7) uly
X ’75)’70/0(’76)@(776)’75(1 + ’75)u(6_)]

5
[a(e™)(1

u(



and hence

LY IMP = 36 (1= + M)y (1497, + )

all
spins

<ir((0 =l = mas M0 m)

Q

163 (1= 470 + M2 (1+47) )

X tr((l — ) Va Bova(1 +7°) ]5@)

where the approximation is m, ~ 0; we also make use of m,, = m,, = 0 (which may be exactly
true or just a very good approximation, future data will tell) and simplify notations: p, = p,,
and py = pp,. Please note that here and henceforth the indices p, v, v, e denote the particles
to which respective momenta belong and have nothing to do with the Lorentz indices of those
momenta. For the Lorentz indices, I use here «, 3 and later also v, , o and p. Thus, p,q is

the a’s component of the muon’s 4—momentum, etc., etc.

Having derived eq. (S.24), we now need to evaluate the traces. For the first trace, we have

o <(1 =" W+ MY (1477 ﬂv) = tr ((1 — IV B+ M)y’ po(1 - 75)>
= tr <(1 - 75)2704(]@ + Mu)’Vﬂ ﬁu)
= 2t (1= + M) )

(using tr(y*9” #,) = tr(v°7*97 #,) = 0)) (S.25)
= 2t <7a h’ 15u> — 2tr (7570‘ #ur” zzfy)

«a, 3 8, o

= 8 [l + il — 9"

Pu 'py)} + 82'60‘7651)”7])”5.

Similarly, the second trace evaluates to

tr (1 = 7" )7a Bevs(L +9°) #5) = 8[(Peabip + PepPia — Gap(Pe - pr)] + Si€apsoropl -
(S.26)

It remains to substitute the trace formulee (S.25) and (S.26) back into eq. (S.24) and contract



the Lorentz indices. Thus,

EY M2 = 1663 (|papd + pt — 9™ (0 po)| + i€ ppis)
all
spins

X ([peapﬁﬁ + PepPia — gaﬁ<pe 'pﬂ)} + ieoepﬁaPéP?)

{(using symmetry /antisymmetry of factors under a <> (3))
= 16G% <[p2p5 + pipl — 9™ (py -pu)] X [pmpm + DepPra — Jap(Pe -pa)]

- Ea’wépu’ypyd X eapﬂapzljpg)

= 16G% <[2(pp - pe) (v - p) + 2(pu - po) (v - De)
= 2(pp - pw)(Pe - P5) — 2(Pp - Pv)(Pe - Do) + 4(Pp - Pv)(Pe - Do)

+ [2(pu o) (Dv * Pe) — 2(pu-pe)(pu-pa)])

= 64G%—' (pu 'pﬂ)(pu : pe) .
(S.27)

Q.ED.



