PHY-396 K. Problem set #1. Due September 7, 2004.

1. According to the Noether theorem, a translationally invariant system of classical fields ¢,

has a conserved stress-energy tensor
ny
TNoether Z 8 M¢a 8V¢a - g'w/ L. (1)

Actually, to assure the symmetry of the stress-energy tensor, TH” = T"H (which is necessary

for the angular momentum conservation), one sometimes has to add a total divergence,

A
™ = Tﬁfbgether + a)\lc[ ﬂ]y’ (2>

where K7 is some 3-index Lorentz tensor antisymmetric in its first two indices.

(a) Show that regardless of the specific form of KM (¢, 9¢),

T = OuTK, iper = (hopefully) = 0
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For the scalar fields, real or complex, Tl#oether is properly symmetric and one simply has
TH = TR 1. Unfortunately, the situation is more complicated for the vector, tensor or

spinor fields. To illustrate the problem, consider the free electromagnetic fields described

by the Lagrangian
ﬁ(AanAu) = _i FM,,F“” (4)
where A, is a real vector field and F,, = 0,4, — 0, A,.

(b) Write down T%”

Noether for the free electromagnetic fields and show that it is neither

symmetric nor gauge invariant.

(c) The properly symmetric — and also gauge invariant — stress-energy tensor for the

free electromagnetism is
THY —F”)\FU 1 v F F:‘*i)\ 5
EM — AT 19 L (5)

Show that this expression indeed has form (2) for some P,



(d) Write down the components of the stress-energy tensor (5) in non-relativistic nota-
tions and make sure you have the familiar electromagnetic energy density, momentum

density and pressure.

. Now consider the electromagnetic fields coupled to the electric current J# of some charged
“matter” fields. Because of this coupling, only the net energy-momentum of the whole field
system should be conserved, but not the separate Pk, and P . Consequently, we should

have
OThey = 0 for Tyt = Ty + Tt (6)

but generally 0,7 é‘ll\//l # 0 and 9,70 # 0.

(a) Use Maxwell’s equations to show that
0Ty = —F"y (7)

and therefore any system of charged matter fields should have its stress-energy tensor

related to the electric current .Jy according to

T = +F"A . (8)

mat

Now consider a specific example a complex scalar field of charge g # 0 coupled to the EM

fields:
Lyuet = D'®*D,® — m?®*® — 1FME, (9)
where
D,® = (0, + igA,)® and D,®* = (0, — igA,)P" (10)
are the covariant derivatives of the scalar fields.

(b) Verify the gauge invariance of the electric current

oL

Jh = 2=
A,

(11)

by expressing it in terms of the scalar fields and their covariant derivatives (10).



(c)

(d)

Write down equations of motion for the scalar fields ® and ®* and use them to verify

the current conservation 9, J" = 0.

Write down the Noether stress-energy tensor for the whole field system and show that

T = T T = T g (12)

net — mat Noether

where KMV is the same function of EM fields as in the free EM case (1.c), Thy; is

exactly as in eq. (5), and
Thw = D'®*D"® + D'0*D'e — g"(Dy\@* D e — m*@* ). (13)

Hint: In the presence of an electric current J#, the 93KV correction to the electro-
magnetic stress-energy tensor contains an extra J*AY term. This term is important

for obtaining a gauge-invariant stress-energy tensor (13) for the scalar field.

Use the scalar fields’ equations of motion and non-commutativity of the covariant

derivatives
[D,LMDV]CI) = iqﬁ]mul/q)u [DuaDl/]cI)* = _Z.qF|mul/CI)>)< (14)

to verify eq. (8).



