
PHY–396 K. Problem set #4. Due October 5, 2004.

1. Back in homework#2 we developed Hamiltonian formalism for a massive vector field Aµ(x).

Upon quantization, the 3–vector field A(x) and its canonical conjugate −E(x) become quan-

tum fields subject to equal-time commutation relations

[Âi(x), Âj(y)] = 0, [Êi(x), Êj(y)] = 0, [Âi(x), Êj(y)] = −iδijδ(3)(x− y) (1)

(h̄ = 1, c = 1 units) governed by the free Hamiltonian

Ĥ =

∫
d3x

(
1
2Ê

2 +
(∇ · Ê)2

2m2
+ 1

2(∇× Â)2 + 1
2m

2Â2

)
(2)

(we assume Jµ = 0). For the non-dynamical A0 field, its time-independent equation of motion

becomes an operatorial identity

Â0(x) = −∇ · Ê(x)

m2
. (3)

The purpose of the present exercise is to expand fields in terms of creation and annihilation

operators â†k,λ and âk,λ where λ labels three different polarization states of a vector particle

(spin = 1). Generally, bases for polarization states correspond to k–dependent complex bases

eλ(k) for ordinary 3–vectors,

eλ(k) · e∗λ′(k) = δλ,λ′ (4)

Of particular convenience is the helicity basis of eigenvectors of the vector product ik × ,

namely

ik× eλ(k) = λ|k|eλ(k), λ = −1, 0,+1. (5)

By convention, the overall phases of the helicity eigenvectors are chosen such that

e0(k) =
k

|k|
, e∗λ(k) = (−1)λe−λ(k), eλ(−k) = −e∗λ(+k). (6)
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Combining Fourier transform with a basis decomposition, we have

Â(x) =

∫
d3k

(2π)3

∑
λ

eikxeλ(k) Âk,λ , Âk,λ =

∫
d3x e−ikxe∗λ(k) · Â(x) (7)

and ditto for the Ê(x) field and its Êk,λ modes.

(a) Show that Â†k,λ = −Â−k,λ, Ê†k,λ = −Ê−k,λ, and derive the equal-time commutation

relations for the Âk,λ and Êk,λ operators.

(b) Show that

Ĥ =

∫
d3k

(2π)3

∑
λ

(
Ck,λ

2
Ê†k,λÊk,λ +

ω2
k

2Ck,λ
Â†k,λÂk,λ

)
(8)

where ωk =
√
k2 +m2 and Ck,λ = 1 + δλ,0(k

2/m2).

(c) Define creation and annihilation operators according to

âk,λ =
ωkÂk,λ − iCk,λÊk,λ√

Ck,λ
, â†k,λ =

ωkÂ
†
k,λ + iCk,λÊ

†
k,λ√

Ck,λ
(9)

and verify that they satisfy (relativistically-normalized) equal-time bosonic commutation

relations.

(d) Show that

Ĥ =

∫
d3k

(2π)3 2ωk

∑
λ

ωk â
†
k,λâk,λ + const. (10)

(e) Next, consider the time dependence of the free vector field and show that

Â(x, t) =

∫
d3k

(2π)3 2ωk

∑
λ

√
Ck,λ

(
e−ikxeλ(k) âk,λ(0) + e+ikxe∗λ(k) â†k,λ(0)

)
k0=+ωk

.

(11)

(f) Write down a similar formula for the Â0(x, t) (use eq. (3)). Together with the previous
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result, you should get

Âµ(x) =

∫
d3k

(2π)32ωk

∑
λ

(
e−ikxfµ(k, λ) âk,λ(0) + e+ikxf∗µ(k, λ) â†k,λ(0)

)
k0=+ωk

(12)

where

fµ(k, λ) =


(
0, eλ(k)

)
for λ = ±1,(

|k|
m ,

ωk

m
k
|k|

)
for λ = 0.

(13)

Note that the 4–vectors fµ(k, λ) are basically the purely-spatial vectors eλ(k) Lorentz-

boosted into the moving particle’s frame. In particular, for all (k, λ), fµf∗µ = −1 and

fµkµ = 0.

(g) Finally, verify that the vector field (12) satisfies the free equations of motion ∂µÂ
µ(x) = 0

and (∂2 +m2)Âµ(x) = 0.

2. Now consider the Feynman propagator for the massive vector field.

(a) First, a lemma: Show that

∑
λ

fµ(k, λ)fν∗(k, λ) = −gµν +
kµkν

m2
. (14)

(b) Next, show that

〈0| Âµ(x)Âν(y) |0〉 =

∫
d3k

(2π)3
1

2ωk

[(
−gµν +

kµkν

m2

)
e−ik(x−y)

]
k0=+ωk

=

(
−gµν − ∂µ∂ν

m2

)
D(x− y).

(15)

(c) Finally, the Feynman propagator: Show that

GµνF ≡ 〈0|T∗Âµ(x)Âν(y) |0〉 =

(
−gµν − ∂µ∂ν

m2

)
GF (x− y)

=

∫
d4k

(2π)4

(
−gµν +

kµkν

m2

)
ie−ik(x−y)

k2 −m2 + i0

(16)
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where

T∗Âµ(x)Âν(y) = TÂµ(x)Âν(y) + iδµ0δν0δ(4)(x− y). (17)

For the explanation of the T∗ modification of the time-ordered product of vector fields,

please see Quantum Field Theory by Claude Itzykson and Jean–Bernard Zuber.

3. Finally, an exercise in Dirac’s γ matrices. Assume the anti-commutation relations

γµγν + γνγµ = 2gµν (18)

and the definition

Sµν = −Sνµ def
= 1

4i [γ
µ, γν ] (19)

but do not assume the specific form of the 4× 4 matrices γµ and Sµν .

(a) Show that [
Sκλ, γµ

]
= −igλµγκ + igκµγν (20)

and [
Sκλ, Sµν

]
= igλµSκν − igλνSκµ − igκµSλν + igκνSλµ. (21)

(b) Calculate {γρ, γλγµγν}, [γρ, γκγλγµγν ] and [Sρσ, γλγµγν ].

(c) Show that γαγα = 4, γαγνγα = −2γν , γαγµγνγα = 4gµν and γαγλγµγνγα = −2γνγµγλ.

Hint: use γαγν = 2gνα − γνγα repeatedly.

Continuous Lorentz transforms obtain from integrating infinite sequences of infinitesimal

transforms X ′µ = Xµ+εΘµ
νX

ν where Θµν = −Θνµ. Altogether, a finite continuous transform

acts as X ′µ = LµνX
ν where

L = exp(Θ), i. e., Lµν = δµν + Θµ
ν + 1

2Θµ
λΘλ

ν + 1
6Θµ

κΘκ
λΘλ

ν + · · · . (22)

(d) Let L be a Lorentz transform of the form (22), and let M(L) = exp
(
− i

2θαβS
αβ
)
.

Show that M−1(L)γµM(L) = Lµνγ
ν .
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