PHY-396 K. Problem set #17. Due February 24, 2005.

As discussed in class, in the purely scalar field theory, renormalization of the field strength

begins at two-loop level. Specifically, the 1PI diagram

provides the leading contribution to the d¥(p?)/dp? and hence to the Z — 1.

Your task is to evaluate this contribution. This is a difficult calculation, so proceed

very carefully.

1. First, use Feynman parameters to write the product of 3 propagators as
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where
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D = ¢} + yi + 25 — m? + 0. (3)

Then substitute g3 = p — q1 = ¢2 and introduce linear combinations k1 and ks of the
q1, g2, and p such that d*k; d*ke = d*q1 d*qo and
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D = okl + Bk + yp* — m? + 40 (4)

for some (z,y, z)—dependent coefficients a, 3, .

Warning: Do not set p> = m? at this stage.



2. Express the derivative d%(p?)/dp? in terms of

1
/ / d*ky dks i (5)

Note that although this integral diverges as k12 — oo, the divergence is logarithmic

rather than quadratic.

3. To evaluate the momentum integral (5), first Wick-rotate both momenta k; and k2 to

the Euclidean momentum space, and then use dimensional regularization.

Here are some formulae you will find useful at this stage:
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4. At this stage, you should arrive at a formula which looks like
dx
P = drdydz§(x +y+ 2z —1) F(z,y,2) x

X {— + log — + const + logG(az,y,z;p2/m2)}
€ m

for some rational functions F', G of the Feynman parameters (and in case of GG, also of

p?/m?). Our goal is the field strength renormalization factor

]!
7 = {1 — d—pQ] (10)
where the derivative is evaluated at p? = Mgh — the physical mass® of the scalar
particle. To the leading approximation, we may let Mgh ~ m?, — and that should

simplify the G(z,y, z) function in eq. (9) just a bit.



Nevertheless, the Feynman parameter integral (9) remains a frightful mess. Do not try
to evaluate it by hand — it would take way too much time. Instead, you should use
Mathematica (or equivalent software). To help it along, replace the (z,y, z) variables
with (w, &) according to x = fw, y = (1 — §)w, z = 1 — w, then integrate over the w
variable first and over the £ second. Here is a couple of integrals I did this way you

might find useful:
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