PHY-396 K. Problem set #3. Due September 25, 2008.

. Consider a non-abelian gauge theory comprising N complex scalar fields ¢;(x) and N? —1

real vector fields AZ(m) In matrix notations, the Lagrangian of the theory is

1
L= —55 tu(F"Fy) + Do D'e — m?olo. (1)
9

(a) Derive classical equations of motion for all the fields and write those equation in a

covariant form. In particular, show that the vector fields satisfy
2 2 A
D, F* = g°J" = — x JY 2
W (@) = g°J"(2) = g Ea 5 IV (@) (2)

where the currents J* (z) involve the scalar fields and their covariant derivatives.

(b) Show that regardless of the specific form of the currents J(z), egs. (2) require those

currents to be covariantly conserved, D,J"(x) = 0.

(¢) Show that when the scalar fields ®(z) and ®'(z) satisfy their equations of motion,

the currents J#(z) are indeed covariantly conserved.

Note that covariantly conserved currents J(z) do not give rise to conserved charges
Q"= [ d3x J%(x,t). That’s one more reason why the non-abelian gauge theories are

much more complicated than the electromagnetism.

. Consider a massive relativistic vector field A#(x) with the Lagrangian density
L= —rF,F" + Im?A,A" — AFJ, (3)
(in & = ¢ = 1 units) where the current J#(z) is a fixed source for the A*(z) field. Because

of the mass term, the Lagrangian (3) is not gauge invariant. However, we assume that the

current J#(x) is conserved, 9, J*(z) = 0.



In an earlier homework (set 1, problem 1) we have derived the Euler-Lagrange equations
for the massive vector field. In this problem, we develop the Hamiltonian formalism for

the A#(x). Our first step is to identify the canonically conjugate “momentum” fields.
(a) Show that dL/0A = —E but L/dA = 0.

In other words, the canonically conjugate field to A(x) is —E(x) but the Ag(x) does not

have a canonical conjugate! Consequently,
H = /d3x (~Ar) B - £). (@)
(b) Show that in terms of the A, E, and Ag fields, and their space derivatives,
H = [@x {JE? + A4 (o~ V- B) = dm?43 + }(Vx A) + Jm?A? - J- A},

(5)

Because the Ag field does not have a canonical conjugate, the Hamiltonian formalism does
not produce an equation for the time-dependence of this field. Instead, it gives us a time-
independent equation relating the Ag(x,t) to the values of other fields at the same time t.

Specifically, we have

S _OM| g o | 6
dAp(x) — 0Ao|y VA |,

At the same time, the vector fields A and E satisfy the Hamiltonian equations of motion,
0 0H OH oH
CA(xt) = - = |55 ~ Viso=|
g A0 JE(x)|, [8E v 8(VZ-E](Xt)
O gty — 4 D] = L[ o "
ot U sAKx)|, — |0A OViA ] py

(c) Write down the explicit form of all these equations.

(d) Verify that the equations you have just written down are equivalent to the relativistic

Euler-Lagrange equations for the A*(x), namely
(010, +m*)AY = 9"(0,A") + J¥ (8)

and hence 9,A4*(z) = 0 and (09, + m?)A* = 0 when 9, J* = 0, cf. homework #1.



3. Finally, let’s quantize the massive vector fields. Since classically the —E(x) fields are
canonically conjugate momenta to the A(x) fields, the corresponding quantum fields E(x)

and A (x) satisfy the canonical equal-time commutation relations

[Ai(x, 1), A;(y. 8)] = 0,

[Ei(x,1), Ej(y,t)] = 0, (9)
= —i5ij5(3)(x—y)
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(in the & = ¢ = 1 units). The currents also become quantum fields J#(x,t), but they
are composed of some kind of charged degrees of freedom rather than the vector fields in

question. Consequently, the .J#(x,t) commute with both E(x) and A(x) fields.

The classical A%(x,t) field does not have a canonical conjugate and its equation of motion
does not involve time derivatives. In the quantum theory, A%(x, t) satisfies a similar time-

independent constraint
m?A%(x,t) = JO(x,t) — V-E(x,t). (10)

From the Hilbert space point of view, this is an operatorial identity rather than an equation
of motion. Consequently, the commutation relations of the AO(X, t) field follow from
eqs. (9); in particular, A%(x,t) commutes with the E(x,t) but does not commute with the

A(x,1).

Finally, the Hamiltonian operator follows from the classical eq. (5), namely

~

N . R A R N N\ 2 A A
i = d3x{%E2+AO(J0—V~E)—%m2A%+%(VxA) +%m2A2—J~A}

A 1 A A\ 2 N\ 2 N Ao
:/d3x{§E2+2 (o-V-E) + 5(VxA) +%m2A2—J-A}

m2

where the second line follows from the first and eq. (10).

~ A A

Your task is to calculate the commutators [A;(x,t), H] and [E;(x,t), H] and write down
the Heisenberg equations for the quantum vector fields. Make sure those equations are

similar to the Hamilton equations for the classical fields.



