Electric Form Factor

Now consider the electric form factor Fi(g?). Let’s start by calculating the momentum
integral in eq. (30). This time, the numerator N7 depends on £ as af? + b and there is a
logarithmic divergence for ¢/ — oo; to regularize this divergence, we work in D = 4 — 2¢
dimensions. Thus,

_21,/ d*t al?+b Y 4_D/ dPe al>+b
enije—A+iop —  * enD 2 —A+i0P

reg
2, 4_D/’ldD£E —a€2E+b
= -2
) enP DB + AP
dPe 2 r 2
_ ,4-D E (.2 _ _ 2 —t(l3+A)
= 14 b = [dtt
g /(%)D @y =0\ [E T AP / ‘
0
r dPe 2 d 2
_ 2 —tA 4D E 2 gyt _ (_ 9 —t0%
_/dtt e X /(27‘(‘)D [(aEE b)e ( e b)e }
0 (47)
R o 4-D
_ 2 —tA(_ Y H
_/dtte ( o b) TRk
0
JA=D i
- et s (ax B0y (0i2)
m
0
,U4—D D
= Um0 {ax%l“@—%) xA272 —bxI(3-0) XAT_S}
m
(Arp)€  T'(1+e) 2—¢ b
1672 Ac S e YT A
In light of eq. (27),
_ 9)2
a:%, b= 25 x (2m2— %) — (D—2)x A, (48)
so on the last line of eq. (47)
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Consequently, the momentum integral in eq. (30) for the electric form factors evaluates to

, _ dPe N
—2ie? it D/(QW)D 2 —Al—l— 0p = (50)
o T 92\ € P m2_ 2
:E<4A,u> {F(e)xQ(l—e)—F(1+e)><2 X(2A q)}’

and now we need to integrate this expression over the Feynman parameters.

Changing the integration variables from z, y, z to w and £ according to eq. (44), we have

1
11 2(1 = e)l'(€) X e
Fllloop(qZ) _ g (47TM2>E/d§ dw w X [A(wjg)] ) ) (51)
i 0 0 —2r(1+€)><(1_w>(2m — )
[A(w, §)]He
where
Aw,§) = (1=2)"m? = ayg® = w?x (m? = £(1- ), (52)
or equivalently,
Aw,§) = w?x H(E) where H(€) = m? — £(1-¢€)¢> (53)

The form (53) is particularly convenient for evaluating the [dw integral in eq. (51), which

becomes

Hl—!—e w2—|—2e

/ldw{wxie —2F(1+6)><2m2_q2><w(1_w)}. (54)

Near the lower limit w — 0, the integrand is dominated by the second term, which is

proportional to w~!'=2¢. But for any € > 0 — i.e., for any dimension D < 4 — the integral

positive

1
/ dw w1—|—2e (55)

0

diverges: For D = 4 this divergence is logarithmic while for D < 4 it becomes power-like.
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Physically, this divergence is infrared rather than ultraviolet, that’s why it gets worse
as we lower the dimension D. Indeed, let’s go back to the diagram (1) and look at the
denominator D in egs. (2) and (4). Taking the electron’s momenta p and p’ on-shell before

introducing the Feynman parameters, we have
(p+k)? —m? = k> + 2kp and likewise (p/ + k)2 — m? = k* + 2kp. (56)

Consequently, for k& — 0, the denominator behaves as D o k* while the numerator N

remains finite, and the integral

N# 1
deﬁ x /deH (57)

diverges for k — 0. In D = 4 dimensions, the infrared divergence here is logarithmic, while

4—D)

in lower dimensions D < 4 it becomes power-like, i.e. O ((1/kmin) — precisely as in

egs. (55) and (54).

We can regularize the infrared divergence (57) — and also (55) — by analytically contin-
uing spacetime dimension to D > 4. Such dimensional regularization of an IR divergence is
used in many situations in both QFT and condensed matter. However, taking D > 4 makes
the ultraviolet divergences worse, so if some amplitude has both UV and IR divergences,
we cannot cure both of them at the same time by analytically continuing to D # 4. In
particular, when calculating the electric form factor Fj(q?) of the electron, we need D < 4
to regulate the momentum integral [ dP¢, but then we need D > 4 to regulate the integral

over the Feynman parameters.

A common dirty trick is to first continue to D < 4 and evaluate the [ dP¢ momentum
integral, then analytically continue the result to D > 4 and integrate over the Feynman
parameters, and then continue the final result to D = 4. However, in this kind of dimen-

sional regularization its hard to disentangle the 1/e poles coming from the UV divergence
2

log(A%/u?) from the 1/e poles coming from the IR divergence log(12/k2; ), so we are not

going to use it here.
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Instead, we are going to use DR for the UV divergence only and regulate the IR di-
vergence by giving the photon a tiny mass m% < m?2. Strictly speaking, a massive vector

particle has three polarization states and its propagator is

— x| g™ KM (58)
VVVNV = 5o m2ri0 < \Y :

However, the longitudinal polarization of the massive but ultra-relativistic photon does not
couple to a conserved current, so we are going to disregard the k*k” terms in the propaga-

tor (58) and use

—ighv "
VVVNV = k2 —m2 +40° (59)
In other words, we use the Feynman gauge despite of the photon’s mass; this is not completely
consistent, but the inconsistencies go away in the m, — 0 limit.

Using this infrared regulator for the internal photon line in the one-loop diagram (1),
we get the vertex amplitude that looks exactly like eq. (2) except for one factor in the

denominator,

1 1
20 becomes R m% 0 (60)

In terms of the integral (12), this change has no effect on the numerator A* or the loop

momentum ¢ (which remains exactly as in eq. (7)), but the A in the denominator becomes

Na,y,2) = Aw,y,2) + 2xm?. (61)

Consequently, the electric form factor is

lloop, 2y _ 4—D dPe —2i€2XN1
A _/ dEP) / R LA i (62)

exactly as in eq. (30) except for A’ instead of A in the denominator. The momentum integral

here converges for any D < 4 and it evaluates exactly as in eq. (47). The only subtlety here
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is that in the numerator, the /-independent term b involves the un-modified A instead of A’

(cf. eq. (48)), but we can fix that by writing

b = 2xx (2mZ— ¢+ (1—em?) — 2(1—¢) x A", (63)

Hence, instead of eq. (51), we get

1
11 2(1 —e)I'(e) x Ao EF
R = g ame [ faww x (m wymd =g+ (1 o
0 0 —2I(1 +¢€) x [A(j(w £)]1+e s
(64)
where
A(w, &) = (1—2)*m? — zyg® + zm% = w?x HE) + (1—w)x m%. (65)

Note that the photon’s mass is tiny, m < m2, % were it not for the IR divergences, we
would have used mw = 0. This allows us to neglect various O(mw) terms in eq. (64) except
when it would cause a divergence for w — 0; in particular, we may neglect the (1 —e)m% term
in the numerator of the second term in the integrand. As to the denominators, in eq. (65)
the second term containing the photon’s mass becomes important only in the w — 0 limit,

and in that limit (1 — w)m?y — m,zy. Thus, we approximate

A(w,€) ~ w® x H(E) + m} (66)
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and the [dw integral in eq. (64) becomes

1

(1 —w)(2m - ¢°)
dww X {2(1 —e)'(e) x — 2I'(1 +¢€) x ‘-
) [w2H (£) +m3]° [w2H (€) +m3]
1
2(1—¢)T / dww
= X
) e
1 (67)
2m? — ¢? dw w?
2I'(1 ©
+ 21 +¢) e X/[w2+(m,2y/H)]1+€
0
om?— | d
ms —q ww
—or(1 ¢ :
1+6) —r X/[w2+(m%/H)]1+€
0
For 0 < € < % — id.e., for 3 < D < 4 — the integrals on the second and third lines here

=0,

converge even for m%

1

/dww 1 ¢ <1
= or €
[w?]e 2 — 2 ’

0

1
/dww = 1 fore< 1
0

(68)

w2 1+e€ 1 — 2 27

so we may just as well evaluate them without the photon’s mass. Only on the last line of

eq. (67) we do need m% # 0 to make the integral converge for some D < 4:

1
/ dw w B —_1 1
+ (m2/H)"Fe 2 [w? + (m2/H)J|,
0
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Combining all these [dw integrals together, we get

1

/dw{‘_'} _ L@ 20+ 2me—g®  Tl4e 2mi—q {(E)E_l}

He 1— 2 Hlte € Hlte m2
0
2 2 €
:P(E)x1+2meqx 1 (H
He H 1— 2 m2
(70)
and hence
/ A\ € om? — ¢? 1 H(E)\C
Flloop 2y _ g de€T T 1 me — (g N 71
0
where
H(§) = mg — §(1-8)q” (53)
Before we even try to perform this last integral, let’s remember that
Ity = Yhee + [Moops + 1 x A* (72)
and hence
FPta®) = 17 + FP(g?) + 0. (73)
Also, there is no renormalization of the net charge, so
Fret(q®) — 1 for¢® — 0 (74)
and hence
o = ~F""(¢* =0). (75)

2

To calculate the counterterm &; to order o we use eq. (71) for ¢*> = 0, in which case H(£) = m?
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and the [d¢ becomes trivial (the integrand does not depend on £ at all). Thus,

5 = —%r(e) (4:;22)6>< {1 + 1_226 - 2(2—5)} + 0(a?). (76)

5

This formula holds for any dimension D between 3 and 4 (i.e., 0 < € < 3). In the D — 4

limit, it becomes

e 1 gy me 2
Rl F R s LRI ) P N (O

Now let’s go back to the electric form factor F***(¢?) for ¢ # 0. According to eqs. (73)
and (75), at the one-loop level

FUe®) = 1 = R — FP(0) + 0(o?) (78)

where F11 lOOp(q2) is given by eq. (71). Taking the € — 0 limit of that formula, we arrive at

1
1loo 2y @ 1 47T,U2 2mg_q2 H(f)
Fy P(q)_ﬂ/dg{g—ny—l—logH(g)—i- H(E) x{2—log m%]}’ (79)
0

and now we should subtract a similar a similar expression for ¢> = 0. This subtraction
cancels the UV divergence and the associated 1/e pole but not the IR divergence. Moreover,
not only the subtracted one-loop amplitude depends on the IR regulators, but the coefficient

of the log m% has a non-trivial momentum dependence. Indeed,

Fll loop (q2) . F11 loop (0)

_a me | 2mg — g H(¢) me
= E()/dg {10gH(£) + HE) X {2—log m%} —2{2—105};@]}

gl
@ 2,2 O(m? or ¢*) ~ ' 2,2
= — X —fir(¢°/mg) x log ——=—— + afinite_function(q”/m)
4m m5
(80)

where ‘a finite function’ means a function of ¢?/m?2 which remains finite when we remove
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the IR regulator and set the photon’s mass to zero, and

1
9, oy 2m2 — ¢* A x (1284287
finle?/m?) = O/dg (el -2 = XU E %) (s1)

is the same function that governs the soft-photon bremsstrahlung. In terms of §6.1 of the
Peskin & Schroeder textbook,

’=[n|=1

finld?m?) = Ttv,v) = [T [—((p'” - p“))zr_ )

A np')  (np

see textbooks egs. (6.69-70) for the proof.
Note: my definition of the Fig differs from the textbook’s by a factor of 2.

Altogether, the electric form factor of the electron is

19) 2 2 .
R = 1 o { inla? ) tog QL) () | 4 0(a). (89
Y

Implications of this formula will be discussed in class; see also §6.4 of the textbook.
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