PHY-309 L. Solutions for Midterm Test # 1.

Problem #1:
There are two forces acting on the top bead: Its own weight m;g and the Coulomb force
from the bottom bead,

karq
Fo = Tth- (1)

In equilibrium, the two forces cancel each other, which means that they have opposite direc-

tions and equal magnitudes

Klat| lav
Fel = Mol o, 2

Solving this equation for the magnitude of the bottom bead’s charge, we find

meg x r?  (0.020 kg) x (9.8 N/kg) x (0.30 m)?
Elg]  (9.0-109 Nm2/C?) x (0.50-10-6 C)

| = ~ 39-100°C.  (3)

The sign of the bottom bead’s charge follows from the direction of the electrostatic force
between the two beads. Equilibrium of the top bead requires the force from the bottom
bead to be directed vertically up — otherwise it would not cancel the gravity force — so the
two beads should repel each other rather than attract. Since charges of like sign repel while
charges of opposite signs attract, it follows that the bottom bead’s charge should have the

same sign as the top bead’s — which happens to be positive.

Altogether, equilibrium of the top bead requires the bottom bead’s charge to be ¢, =
+3.9 uC.

Problem #2:
(a) Perfect efficiency of the motor means that the mechanical power it produces is equal to

the electric power it consumes,

Pmechanical = Pelectric = VI (4)

The second equality here is the formula for the electric power. It applies to both direct and
alternating currents, provided that for the AC V' is the RMS (root(mean square)) voltage
and [ is the RMS current.



For the motor in question we know the power P = 8 hp =~ 6,000 W and the RMS voltage
of the AC power supply. Consequently, the RMS current through the motor is

I P 6,000 W
Sy e 240V

— 25 A. (5)

(b) Instantaneous voltage on a motor and the instantaneous current through it are related

by the motor’s electric resistance R,
V(t) = RxI(t). (6)
The RMS averages of the voltage and the current are also related by the same resistance,
Vims = R X Ins (7)
so we can apply the Ohm’s law to the AC current and voltage in the same way we would

apply it to DC.

The AC voltage on the motor in question is Viys = 240 V while the current through it

is Irms = 25 A (see part (a)). Hence the electric resistance of the motor is

Vims 240 V
pu— pum pum . Q.
R T 55 A 9.6 (8)

PS: If you are interested in AC electric circuits beyond this elementary physics class, you
should know that the formula P = V x [ for the AC electric power works only when the

current and the voltage have the same phase,
I(t) = V2@ms X sin(27 ft + ¢;),
V(t) = V2Vims X sin(27ft + ¢,), 9)
for @i = ¢u.

For different phases ¢; # ¢, there is a more complicated formula

Pavg = Vims X Irms X cos(A¢ = ¢; — o). (10)

For simple circuits involving light bulbs, resistors, etc., the voltage and the current usually
have same phases, but for circuits involving inductance coils or capacitors there usually is

some phase difference A¢ = ¢; — ¢, # 0.



The Ohm’s law for capacitors or inductance coils is also tricky. It does not work for the

instantaneous currents and voltages,

V(t) # R x I(t) for capacitors or inductance coils. (11)

However, there is an Ohm-like formula for the RMS averages,

V;"ms = Z X ]rms (12)

where Z is called the impedance. Unlike the ordinary electric resistance R, the impedance

7 depends on the frequency of the alternating current.

For the purpose of this test, I have assumed that the current through the motor has the
same phase as the voltage on it, thus A¢ = 0. For such a motor, the electric power is simply
P = Vims X Ims and we may ignore the distinction between the electric resistance and the

impedance.

Problem #3:
(a) In this series circuit, the same current flows through all the resistors while the voltages

add up. Consequently, the resistances of the three resistors add up,

Rot = Ri + Ry + Ry = 30Q + 30Q + 30Q = 90 Q. (13)

(b) In this parallel circuit, the same voltage applies to all the resistors while the currents

through them add up. Consequently, the inverse resistances of the three resistors add up,

L, 8 (14)
Rupet R Ry Rs 300 30 300 30Q 109’

so Rpet = 10 €.



(c) This circuit has a series sub-circuit of two resistors, and the whole circuit is a parallel

connection of that sub-circuit and another resistor. For such ‘nested’ circuit,

1 1 1
R = R R d = —. 15
sub L 2 o Rnet Rsub * RS ( )

Numerically,

Ry = 3002 + 302 = 60 €,

Lt ot 1 (16)
Ruet 60Q  30Q  20Q°

thU.S Rnet - 20 Q.

(d) Finally, a different kind of nested circuit: It has a parallel sub-circuit of two resistors,

and the whole circuit is a series connection of that sub-circuit and another resistor. For this

circuit,
1 1 1 1
= — — d =R Rs. 17
R B Ry " R 0T 1
Numerically,
1 N 1
Ry, 300 300 15Q°
Ryp, = 15 Q, (18)
Rpet = 1502 + 30Q = 45 Q.
Problem #4:

A wire of length L carrying current I in a magnetic field B feels magnetic force
F = ILxB (19)
where X is the cross product of two vectors. The magnitude of this force is

F = ILB sinf (20)

where 0 is the angle between the wire and the magnetic field’s direction, the direction of

the force is perpendicular to both the the wire and the B field, and the choice between two



perpendiculars is given by the right hand rule: Place your right hand so that your straight
index finger point parallel to the wire in the direction of the current while your bent middle
finger points in the direction of the magnetic field, then your stretched-out thumb points in

the direction of the force.

(a) For the first wire, I = 10 A, L = 0.50 m, B = 0.020 T, and the direction of the current
— horizontally from east to west — is perpendicular to the magnetic field’s direction —

vertically up. Consequently, the force on this wire has magnitude

Fi = (10 A) x (0.50 m) x (0.020 m) x sin90° = 0.10 N. (21)

The direction of this force is L to both the vertical magnetic field and to the east-west wire,
so the force must be along the horizontal north-south axis. To decide between north or south
directions, place your right hand palm up — so that your bent middle finger points up with
the magnetic field. In this position, your stretched thumb points horizontally to the right
of your index finger, so when your index finger points west in the direction of the current,
your thumb points north. Thus, the direction of the 0.10 Newton force on the first wire is

horizontally due north.

(b) For the second wire, I =20 A, L = 0.50 m, B = 0.020 T, and the direction of the current
— horizontally from south to north — is perpendicular to the magnetic field’s direction —

vertically up. Consequently, the force on this wire has magnitude

Fi = (20 A) x (0.50 m) x (0.020 m) x sin90° = 0.20 N. (22)

The direction of this force is L to both the vertical magnetic field and to the north-south
wire, so the force must be along the horizontal east-west axis. To decide between east or
west directions, place your right hand palm up — so that your bent middle finger points
up with the magnetic field — while your straight index finger points horizontally due north.
In this position, your thumb points to the right of your index finger, i.e., north. Thus, the

direction of the 0.20 Newton force on the second wire is horizontally due east.



(c) The third wire is parallel to the magnetic field — both are vertical — and hence feels no

magnetic force at all, F3 = 0. Indeed, in eq. (20), § = 0°, hence sin# = 0 and therefore
F3 = ILBsinf =0 (23)
regardless of the magnitudes of the magnetic field or the current.

Problem #5:
By Faraday’s law, the EMF induced in the coil is the rate of change

A

= — 24
of the magnetic flux ® through the coil. The flux is given by the formula
® = Bx NAsind (25)

when B is the magnetic field, IV is the number of loops in the coil, A is the area of one loop,

and 6 is the angle between the loops and the magnetic field.

The coil in question has N = 200 round loops of radius 7 = 1.0 cm and hence area
A=m? =314cem® = 3.14-107" m% (26)
The angle between the loops and the magnetic field is held fixed at § = 90°, thus
NAsinf = 6.3-1072 m?, (27)

while the magnitude of the magnetic field increases from B; = 0.2 T to By = 2.0 T.

Consequently, the magnetic flux through the coil increases from
®; = By x NAsinf = (027T) x (6.3-1072m?) = 1.26- 1072 Tm? (28)

to

dy = By x NAsinh = (20T) x (6.3-1072 m?) = 12.6-1072 Tm?. (29)

To calculate the rate at which the magnetic flux changes with time, we divide the net



change
AP = &y — &) = 126 1072 Tm? — 1.26-1072 Tm? ~ 1.13-1072Tm?  (30)

by the time At = 5.0 s to make this change, which gives us

AP 1.13- 1072 Tm? 5
— ~ 26-102Tm?/s = 26-10° V. 1
A7 50 s 6-10 m-/s 6-107°V (31)

By Faraday’s law (24), the EMF induced in the coil during this change is

£ = = 26-10°V (32)

At

or 2.6 milliVolts.



