Summary of the Standard Model

SETUP

The Standard Model of particle physics comprises 12 vector fields, 45 Weyl fermion fields
describing 6 quarks and 6 leptons, and a complex doublet H of scalar fields. The vector fields
Af(z) are gauge fields of the local symmetry

G = SUB)e x SUR2)w x U(l)y; (1)

the SU(3)¢ mixes 3 colors of quarks and antiquarks, the SU(2)yw is the weak isospin, and
the U(1)y couples to the weak hypercharge Y. The electroweak symmetry SU(2)w x U(1)y
is spontaneously broken by (H) # 0 down to U(1)gas; consequently, the W+ and Z° vector
particles become massive (Myy ~ 80.4 GeV, My ~ 91.2 GeV) while the photon v remains

massless. The photon couples to the electric charge
g =T +Y (2)

and gives rise to the electromagnetic interactions; the W* and Z° are responsible for the
weak interactions. Because photon is massless while the W+ and ZY are massive, the EM

forces have long range while the weak forces are rather short-ranged.

The SU(3)¢ vector particles are called gluons because they are responsible for strong
interactions which “glue” the quarks and antiquarks together into baryons and mesons. At
long distances d & 1 GeV ™!, the strong forces become so strong that individual quarks,
antiquarks, or gluons cannot be isolated as particles; this phenomenon is called confinement.
Only the SU(3)c—singlet combinations of quarks, antiquarks, and gluons can be separated

from each other.

The quarks come in 3 “colors” ¢ = 1,2,3 and 6 “flavors” f = u,d,s,c, b, t called ‘up’,
‘down’, ‘strange’; ‘charm’, ‘beauty’ (or ‘bottom’), and ‘truth’ (or ‘top’); altogether, there
are 18 Dirac spinor fields. The left-handed Weyl components of these Dirac spinors form 9
doublets of the SU(2)y gauge symmetry, 3 flavor doublets (u,d)r, (¢, s)r, (¢,b)r for each
color. The right-handed Weyl components of the Dirac spinors are all SU(2)y singlets.
This difference between the left-handed and right-handed quarks explains why the weak



interactions disrespect the parity symmetry; instead, W* couple to the left currents Jf =

VH — A* and ignore the right currents J f_—é =VH 4 AP,

The leptons — e~ , u~, 7, and 3 neutrino species — have a similar left-right asymmetry.
The left-handed leptons form 3 SU(2)w doublets (ve,e®)r, (Vu, ™ )r, (Vr, 77 )1, the right-
handed charged leptons e, jip, 75 are singlets, and the right-handed neutrinos do not even

exist.

A Dirac spinor field ¥ and its conjugate ¥ are equivalent to two left-handed Weyl spinors
x and ¥ and their right-handed conjugates x' and x': x and x' describe the left-handed
fermion and the right-handed antifermion (e.g. e; and ejg), while ¥ and ¥t describe the left-
handed antifermion and the right-handed fermion (e.g. e} and ej). The Standard Model
has 21 Dirac spinors (3 x 6 for quarks and 3 for charged leptons) plus 3 Weyl spinors for the
neutrinos; in the Weyl language, this amounts to 45 LH Weyl spinors xy and their hermitian

conjugates XL.

Let’s organize these spinors by their SU(3)¢ x SU(2)w x U(1)y quantum numbers.

e Left-handed quarks form 3 (3,2, +%) multiplets @, (n = 1,2, 3); their hermitian con-
jugates Q} contain the right-handed antiquarks. When the SU(2)y x U(1)y symmetry
is broken to U(1)gas, each @, splits into a @ = —1—% quark (u, ¢, or t) and a ¢ = —%

quark (d, s, or b), both color-triplets. Covariant derivative of a @y () field with a color

index ¢, an SU(2) index «, and a suppressed Weyl spinor index is
DQI () = Qi) + D Z GF () x X7 Qi ()

ZQQZW“ X% Qi) + 2 By () x Qi)
(3)

e Left-handed antiquarks ,c,t of charge ¢ = —% form 3 (3,1, —%) multiplets U,; the

hermitian conjugates U,J{ contain the right-handed quarks wu,c,t of charge ¢ = +%.

Covariant derivative of a Uy, (x) field with a color index i is
8

DulUni(z) = OuUni(x) — 257 GC(w) x Uny () A7, — %BM@) X Uni(z). (4)

Note that SU(2) gauge fields Wj(z) do not enter into this covariant derivative because



the Uy, fields are SU(2) singlets. Also, the color index i is a lower rather than an upper
index because U, € 3 rather than 3 for the SU(3)¢, and the gluon fields Gg couple
differently to the U,; fields than to the Lﬁla.

o Left-handed antiquarks d, 5, b of charge ¢ = —I—% form 3 (3,1, +%) multiplets D,,; the
hermitian conjugates DIL contain the right-handed quarks d,s,b of charge q = —%.

Covariant derivative of a Dy, (z) field with a color index i is
8

DyuDui(z) = 9uDile) — 3" GS(a) x Doy() A7, + Zng () x Dug(z). (5)

e Left-handed leptons form 3 (1,2, —%) multiplets L,; the hermitian conjugates LIL
contain right-handed antileptons. When the SU(2)y x U(1)y symmetry is broken to
U(1)En, each Ly, splits into a charged lepton e™, p~, or 7~ and a neutrino v, v, or

vr, all color-singlets. Covariant derivative of a Ly (z) field with an SU(2) index « is

D,L%(x) = 0,L%x ’gzzwa o L) - %Bu(aﬁ) x L%z).  (6)

e The left handed anti-leptons eJLr, uz, and TZ_ are singlets of hypercharge YV = +1;
collectively, they are E, € (1,1,+1) (n = 1,2, 3), while the hermitian conjugates E;rL
are the right-handed leptons e, jup, and 7. Covariant derivative of a E,(x) field is

D, Ey(x) = 0uEn(v) + ig1 Bu(z) Ep(x). (7)

Having described all the fields of the Standard Model, we may now write down the
Lagrangian:
8 3
£ o SEYGHEM - I WA B,

+ D'H'D,H — V(H'H)
+ 3 iQl 7" DQI + Y UG DUy + > iDJiE" Dy, Dy (8)

n,,Q n,i n,i

+ > L, o"D,Ly + ) iE.6"DyE,
n

+ Lyukawa + LLLHH -



Here Ggl,, Wi,

and U(1) gauge symmetries,

and By, are canonically normalized tension fields for the SU(3), SU(2),

G5, = 9.GS — 0,GS — gsfPEGRGY
Wi, = 0, Wg — o,Wi — gaFe™Wiwe, (9)
By = 9,B, — 9,B,,

the Weyl indices of the fermionic fields @), U, D, L, and E are implicit, the covariant
derivatives D,, of those fields are as in eqgs. (3) through (7), D, of the scalar fields are

D, H(z) = 8,H(x Zg?ZWa x 7% HO(z) + %B (z) x H(2),
(10)
D,Hi(z) = 0,Hl(z) — @ZWG x H()r% — %B (z) x Hi(z),
because H € (1,2, +3%) of the SU(3) x SU(2) x U(1), and the scalar potential is
i A HTHY? & om? gt
V(H'H) = §(HH) + m” H'H. (11)

The m? coefficient is negative, so the Higgs fields develop non-zero vacuum expectation

values

o 0 —2m?2
(H*) = —&— x . modulo symmetry, v = N (12)

Experimentally, we know v & 247 GeV, but we do not know the values of A or —m?. The
VEV (12) breaks the SU(2)y x U(1)y symmetry down to U(1)gys and gives the W=+ and
79 gauge fields masses My = %gz x v and My = %\/g% + g% x v. In the process, 3 out of
4 real scalar fields comprising H% are eaten up by the Higgs mechanism, leaving just one
real scalar h — the physical Higgs field. Theoretically, its mass is mp = v—2m2 = VA x v,
but we don’t know A, and the experimentalists are still looking for the Higgs particle; all we

know at the moment is my > 114 GeV.



YUKAWA COUPLINGS AND FERMION MASSES

The Standard Model’s Lagrangian (8) does not contain any mass terms form the quark
and lepton fields. Indeed, the SU(3) x SU(2) x U(1) quantum numbers of the 45 Weyl fields

Xx = ( if‘, Uni, Dpi, LS, Ey) do not allow for any gauge-invariant mass terms

Lmass = _% Z MN,N’ X}—QI—U?XN’ - % Z M&k’,}t XL/UQX;} : (13>
NN/ NN/

Therefore, before the spontaneous breakdown of the electroweak symmetry, all quarks and
leptons were massless.

Instead of mass terms, the SM Lagrangian contains Yukawa interactions of the fermions
and scalar fields. Back in 1935, Hideki Yukawa conjectured that the strong nuclear forces be-
tween protons and neutrons are due to exchanges of virtual scalar particles with O(100 MeV)
masses he called mesons. In QFT language, the coupling between the scalar meson field ®(z)

and the Dirac spinor field W(x) of a proton or neutron has form
L D —gdUV. (14)

When the earliest discovered mesons — the pions — turned up to be pseudo-scalar rather

that true scalars, their coupling to nucleons have to be modified as
L D —gdU(in°)T (15)

(isospin indices suppressed). In terms of the U and Wi Weyl components of Dirac spinors,

both the scalar and the pseudo-scalar Yukawa couplings take form
L > —govlty, — goulu,, (16)

with a real g for a scalar ® and imaginary g for pseudoscalar ®.

In a generic theory without parity or charge-conjugation symmetries, it’s often convenient

to re-cast all fermionic degrees of freedom in terms of left-handed Weyl fields x () and their



conjugates xy(z). The Yukawa couplings of such fermionic fields to scalar fields ¢4 (real or

complex) have form

'CYukawa = _% Z YS,N,N’(¢S or ¢D X;;O-ZXN/ - 3 Z (17)

S, NN/ S, N/

S (8l or o) Xt o2

where the Yukawa couplings Y x x = Y w x must be invariant under gauge symmetries and

other exact symmetries of the theory.

For the Standard Model, ¢4 is H or H);, and the gauge-invariant scalar-fermion-fermion
combinations are H'LE, H'QD, HQU, and their hermitian conjugates. Thus, the Yukawa

interactions of the Standard Model comprise

Lyuawa = — » Ve HI(LY) 02E,,
n,n’
=Y YD HNQI) 02D,
n,n’ (18)
ZYU /HQGQB Qla) 02Un’i
n,n’

+ Hermitian Conjugates.

Note: implicit summation over color, SU(2), and Weyl spinor indices. The Weyl indices
themselves are implicit (not written); the (LQ)T, etc., are transposed with respect to Weyl

indices only.

Once the scalar fields develop VEVs (12), the Yukawa couplings give rise to the fermion

mass terms

'Cmass = - Z nn’ E ro— Z (Mrfn’)* (L%)TUQE;Z/
n, n’ =C,u,T ’I’L,n/:€7/,L,T
- 2 MU (@)D = ) (M) @)D ()
n,n'=d,s,b n,n'=d,s,b
Z nn’ QZI Z (MnUn’)* (Q¢IJ1>TO'2Unz
n,n'=u,c,t n,n'=u,c,t
where
MP, = —xYE,,  MP,=—xYD, M, < Y, (20)

\/§

ﬁ :ﬁ

are 3 X 3 mass matrices for fermions of similar charges: an, is the mass matrix for charged



leptons e, u, T, Mé?n, is the mass matrix for quarks d, s,b of charge ¢ = —%, and MT[L{R/ is
the mass matrix for quarks u,c,t of charge ¢ = —1—% Indeed, L,% are LH charged leptons
and F), are LH charged antileptons; fo are LH quarks of charge q = —% and D,; are
the corresponding LH antiquarks; Q%! are LH quarks of charge q = +§ and U,; are the

corresponding LH antiquarks.

To go from mass matrices to particle masses, we need to diagonalize the matrices via

unitary field redefinitions
Ly — > Ur Ly, E, = > UF,Ey, (21)
n’ n’

and likewise for the quarks @), and antiquarks U, and D,. In matrix notations, the re-

definition (21) turns the lepton mass matrix Mg into
* T
ME 5 (ub) M (uf) (22)

The only invariants of such redefinitions are eigenvalues of the hermitian matrix M;rEM ,
and one can always find some unitary matrices Uy, and Ug that would make the Mg matrix

. . . . *
diagonal, with real non-negative eigenvalues,

me 0 0
MEP 10 m, 0. (23)
0 0 m,

Consequently, we may combine the re-defined fields (21) into Dirac spinor fields

(L3 (L3 (I3
U, = : v, = ; v, = ; (24)
oo B} oo I3 oo 3

* A theorem of matrix algebra says that for any complex N x N matrix M, there exist two unitary
matrices U and V such that UMYV is diagonal, and the diagonal elements are real and non-negative.
A similar theorem applies to operators in a Hilbert space.

To prove the theorem, note that MTM is a hermitian matrix with non-negative eigenvalues. Let
H = (MTM)'Y2. If H is invertible, then W = M H~" is unitary, (Indeed, WiW = (H'MY)(MH~") =
H7'H?H~' = 1.) But even if H is not invertible, there is a unitary matrix W such that M = WH
(but I am not going to prove this here).

H is hermitian matrix, so it can be diagonalized as H = VDV ~! where V is unitary and D is
diagonal (and the eigenvalues are non-negative because H is a positive square root of MTM). For M,
this means M = WV DV ! and hence (WV)"!MV = D.



so that kinetic and mass terms for the charged leptons become

Y (z’(L%)Ta—”DuL% + iElG"D,E, — MF ((Li)ﬂﬁEn + E,@ag(Lg)*))
n=e,u,T (25)
= U (iv"D, —me)V, + V,(iv"D, —m,)V,, + U (iv"D, —m.)V,.

Similar unitary redefinitions of the @,,, U, and D,, Weyl spinor fields make the M and

Mp quark mass matrices diagonal and real,

i ] U
Qe — N Ul QL. Uni —» > UYL Ui,
n’ n’

my, O 0
* T
MY (uQ) MY (uD) [ 0o m o, (26
0 0 myg
Q%a — ZZZ?,TL’ %O/é, Dnﬂ' — Zu,fn,Dnzji,
n’ n’
mgq 0 0
~ A\ E T
MP (uQ) MP (uD) (o m o], @
0 0 my
which allows us to package all quarks into Dirac spinor fields
i,1 i,1 1,1
O g [ @ U= s
“ o2(U1,4)* ‘ o2(Uz;4)* o2(Us;)*
(28)
/2 /2 2
; @ ; % ; Q3
qjd - * ’ \IJS - * ) qu = * )
o2(D1,i) o2(Da,;) o2(Ds,)
with kinetic and mass terms
Lgwarks = Y Vpi(iv'Dy—mp)Ws + Y Wyi(in" Dy —my) V. (29)

f:u7c7t f:d7s’b

Note that egs. (26) and (27) transform the left-handed quarks according to different

3 x 3 matrices U9 # ue. Consequently, in the mass eigenstate basis, the down, strange, and



bottom quarks are no longer the SU(2) partners of respectively up, charm, and top quarks.

Instead, the SU(2) doublets are
(u,d), (c,8), (t,V) (30)

where d’, s, and I are linear combinations of the d, s, b quarks,

d d

o\t
sl =v]sl|., v=ue (uQ) £ 1. (31)
o b

The unitary matrix V' here — called the Cabibbo-Kobayashi-Maskawa matrix (or CKM
matrix) — affects the couplings of quarks to the charged let vectors mediating weak inter-

actions.

WEAK CURRENTS

In eq. (29) couplings of quarks to gauge bosons hide inside the covariant derivatives D,,.
Let’s split those derivatives into Du that are covariant with respect to the unbroken SU(3) ¢ x
U(1)gm symmetries only and the explicit coupling to the massive gauge fields Wf and ZS

of the broken symmetries, thus

ﬁquarks = Z Zﬁfﬂ (Z.’y’u[)/‘ o mf)\pz‘
f:u,c,t:;;,b i (32)

% (Wi x T+ W, xT™) — §Z) x T}

8 ) ' .
ZADM\II?(QJ) = Ou(z) + iggZZGg(:c)(%)\C)zj\Dgc + %ieAu(a:)\I/} for f =u,c,t,
C=1 j

8 . . .
DuWi(a) = ue) + igs ) ) GL@)(3A°), ¥} — jieAu ()W} for f=d,s.b.
c=1 g3
(33)

Note that the unitary redefinitions (26) and (27) of the Weyl fields commute with color and
electric charges, so the do not affect the action of Du on the Weyl fermions. Moreover,
we may extend their action to the complete Dirac spinors (28) since their left-handed and

right-handed components have exactly the same charges, thus eqs. (33).



But the couplings of the weak fields are more complicated. In the Weyl fermion language

T = Z Q20" (A7) %QE (34)

but only in the original basis where Qf{l are SU(2) partners of Q?{Q Indeed, consider the

charged weak currents relating a = 1 to 3 = 2 or vice verse. Using

L 9 IR CE I &2

10
we may write the charged currents as

THH = TLE 4 T2k —ZQMQ—

‘ (36)
T = Thr e —ZQRH—#Q;?.

But when we perform different unitary redefinitions 4% and U? for the Qn and Q¢! fields
as in egs. (26) and (27), we end up with

T+ _ZV Qn’ ZU“Q

(37)
= Z n’an l_MQn’ ’

n,n’

where V = (U?)114? is the Cabibbo-Kobayashi-Maskawa matrix. In terms of Dirac fermions,

the currents (37) become

5

T =YY Vet

f=u,ct f'=d,s,b

5 (38)

O DD DI i 1)

f=uct f'=d,s,b

where the (1—+°)/2 factor projects on the left-handed Weyl components only. Thanks to the
CKM matrix elements here, weak decays involving charged currents may change the quark
flavors not only within families —t — b, ¢ — s, d — u — but also across families —t — s,

t—d, b—>c,b—>u,c—d, ors— u.

10



But the neutral weak current
T, = T%" — sin®6.J4 (39)

does not change quark flavors as long as all 3 families have exactly similar SU(2) x U(1)
quantum numbers. Indeed, the T = T3 — sin® 0Qy charge matrix is diagonal in the original

basis Qf{a, Un,i, Dp,i of Weyl fermions, hence
Ty, = ZTZ ) X XNUMXN

= (+% — 3sin’0) x Y Qh,,0"Qpt + (=3 + §sin’0) ZQ 020" (40)
n

+ (0 + Zsin?0) x > Uifo"UL + (0 — Lsin?0) x ZD;T&“DZ;,

n n

and since all the T, charges are n-independent, the neutral weak current is unaffected by
the unitary field redefinitions (26) and (27). In terms of the Dirac fermions, the neutral

current (40) becomes

— 1—"}/5 2 .2 0 '75 1
Z W syt (+ 1~ 3oin 9) + Z \Iffﬂ'y _T + gsm 20

f:’ll/,C,t f d,S,b
(41)

As promised, this current does not mix flavors, so weak transitions due to the neutral currents

never change the flavor.

Note that the absence of flavor-changing neutral currents depends on all quarks of the
same electric charge and chirality having the same 73 and hence T. In a non-standard
model, we could have had an un-paired quark whose left-handed and right-handed compo-
nents are both SU(2) singlets while Q =Y = —%. Such a quark would have a different 7'
from the down-type quarks of the same charge, so of the mass matrix had somehow mixed an
un-paired quarks with down-type quarks, then in the mass eigenbasis the T charge would
have off-diagonal elements. Thus, in a non-standard model like that we would have had

flavor-changing neutral current.

11



Historically, back when only 3 quark flavors u, d, s were known, people assumed the s

quark was un-paired. Or rather, (u,d’) was an SU(2)y, doublet while s” was a singlet for

d = dxcosf, + s xsinf,, s = sxcosb, — dxsinf,, 0. ~ 13°. (42)
In such a model, there should be s <+ d flavor changing neutral currents, which should have
lead to weak decays such as K® — T p~. But experimentally, there are no such decays, nor
any other signatures of flavor-changing neutral currents. This made Glashow, Illiopoulos,
and Maiani conjecture in 1970 that the s quark (or rather the s’) should be a member of
a doublet just like the d quark, which means that there must be a fourth quark flavor ¢ to
form the (¢, s’) doublet. And in 1974 this fourth flavor (called ‘charm’) was experimentally
discovered at SLAC and BNL.

Later, when the fifth flavor b was discovered in 1977, most physicists expected it to also
be a part of the doublet, so everybody was looking for the sixth flavor . This expectation
turned out to be correct, and the ¢ quark was duly discovered in 1995. The delay was due

to very large mass of the top quark, m; ~ 173 GeV, much heavier that the other 5 flavors.

What about the leptonic weak currents? In terms of Weyl fermions L{ and Ey,
T+M = Z L;[z 25ML71L )
n
T =Y L e" L
n

o= (5-0)Y Ll el + (= +sin?0) Y LT 502 + (0-sin?0) Y ElG'E,.
n n n (43)

In this formula, we are free to use the mass eigenbasis for the charged leptons e, u, 7 as
long as we are using the matching basis for the neutrinos. Thus, if L% = e, L% = Uz,
and L} = 7; then L] = v, (the electron’s neutrino), L} = v, (the muon’s neutrino), and
L% = v, (the tau’s neutrino). For massless neutrinos, the (ve,v,,v;) basis is as good as
any other and better then most. When the neutrino become massive, there is an alternative
basis (11,2, v3) of mass eigenstates, and one has to consider a CKM-like matrix converting
between the two basis. This matrix is important for neutrino oscillations, but in most other
experiments involving neutrinos, the weak interactions are more important than the very

small neutrino masses, so people stick to the (v, v, v7) basis.

12



For the charged leptons, we may combine the Weyl spinors L% and E,, into Dirac spinors

Lt L3 L3
v, = , v, = , v, = . (24)
UQET O'QEE< UQE;

For the neutrinos, there are only left-handed Weyl spinors L} (z) and no left-handed an-
tineutrinos whose conjugates can serve as independent RH neutrinos. Thus, we do not have
Dirac spinor fields for the neutrinos, but we can make turn the Weyl spinors into Majorana

spinors as

() ¥ () ¥ () @
o))’ T\ ) T\ )

In terms of Dirac spinors for charged leptons and Majorana spinors for neutrinos,

‘Cleptons = Z EZ (i'YMaM + G’VMA,M - mé) \IIZ + Z %Eu(ilyuau)‘lly
l=e,u,T V=Ve,Vy,Vr (45)
92 + — — + ~ 70
— = (WS xT™" + W, xT™) — gZ,; x Ty

V2

where
Y- - _ B - 5
T-l-,u — \Pev“ 2’7 \ije + \I/’u,yu 27 \Ijuu + \I[T ,yu 27 \IIVT;
T = W, v 5 Ve + U,y 5 U, + ¥, v 5 v, (46)
— 1 —~A5 9 _ 1— 75
T’g = Z Wy yH (— + sin 9) U, + Z U, A (—|— 1 )\Il,,
l=e,pu,T V=Ve,Vy,Vr

ErFrFECTIVE FERMI THEORY

Consider the massive vector fields VVMi and Zg mediating the weak interactions. The

Lagrangian terms for these fields include

92
NG

+ kinetic terms 4+ non-abelian interactions

Lwyz = My Wiw— + IMZ 2,2 — == (W x T + W, xT™) — §Z) x T},

+ interactions with the physical Higgs field,
(47)

where the currents 7+* and Tg include both the quark and the leptonic terms. In low-energy

13



experiments (E < Myy) there are no physical W= or ZY particles, but the response of the

W,f and Z, fields to the fermionic currents leads to interactions between the fermions.

To see how this works, let’s neglect the interactions between the vector fields or their
couplings to the physical Higgs field and focus on their couplings to the currents. In this

approximation, the vector fields equations of motion become

(ME, + %)W = %Tj, (M2 +0%)2, = §T?. (48)

Moreover, at low energies and momenta of all particles, me may ignore the 9> terms on the

left hand sides of these formulae compared to the M? terms. In this limit,

g2 + 9 4z
Wt = T+, Z, = T 49
a VM, oMz (49)

which follow from the effective Lagrangian

9

Ly, ~ My W,Wh + I3 2,70 — 7

(Wi xT™" + W, xT™) — gZ)xTl . (50)

Furthermore, eqs. (49) are algebraic rather than differential, so we may plug their solutions

back into the Lagrangian (50), thus

~2

g2
£ = 22 e —

— X TZ,pTg . (51)
2M3, 2M2

At this point, we have an effective Lagrangian for the interactions between fermionic fields
that no longer refers to the massive vector fields we have started from! Instead we have an
effective theory of low-energy weak interactions. It’s called the Fermi theory since Enrico

Fermi have written the current x current effective Lagrangian back in 1930’s.

To be precise, Fermi had only the charged currents for the proton, neutron, electron,
and the neutrino fields, and the currents were vector currents V* = U~*W rather than the
left-handed currents V#* — A¥. Over the years, people has added more particles species to
the currents, figured out the parity violation in 1950’s, conjectured that there might also be

a neutral current in 1960’s, and eventually discovered its existence in 1970’s.

14



Note: the effective Lagrangian (51) is usually written as

_Gr

Eeﬂ _
V2

(2TF x 27" + px (2Tz)u x (2T2)")) (52)

where Gp = 1.16637- 107 GeV 2 is the Fermi’s constant known from 3 decays and p is the
model dependent relative strength of the neutral-current weak interactions. In the Standard

Model
_ V255 V22

ar G = v = 247 GeV, (53)
and
~9 2 M2 ~2 1
p=tm [ 2= T = cotlx — = 1. (54)
M2 M2, MZ " g3 cos* 0

Experimentally, p is very close to 1, which agrees with the Standard Model and disagrees

with many alternative models.

NEUTRINO MASSES

Originally, the Standard Model had exactly massless neutrinos. When the neutrino
were experimentally found to oscillate between species v, <+ v, <> v, — which calls for
small but non-zero neutrino masses — the SM was extended by adding extra couplings to
the Lagrangian. The additional couplings were similar to Yukawa couplings but involved
two scalar fields instead of one. Specifically, the new couplings — denoted L;;mgg in the

Lagrangian (8) — connect two lepton fields to two Higgs fields; in the Weyl fermion language

LriHgg = %ZN,W/ (HaeaﬁLg)Tag(Ho‘eaﬂLg,) + Hermitian Conjugates. (55)

n,n’

Note that the combination H O‘eaﬂLg is invariant under all gauge symmetries, but it’s a LH
Weyl spinor of the Lorentz symmetry, so it needs to be squared to make a good Lagrangian

term.

15



When the Higgs doublet develops VEVs (12), the interactions (55) give rise to the mass

. 1 _
terms for the neutrinos L;, = v,, v, v;. Indeed,

(H%p3LP) = —= x L} + (hv) interactions, (56)

V2

hence

Litad O Lumass = %ZMTI:H/ (Ly) " oa(Lyy) + %Z( ) (Ly)oa(Ly)* (57)

n,n’ n,n’

where
14 U2
nn! — ? X Nnm’ . (58)

Unlike the dimensionless gauge and Yukawa couplings, the IV, ,,» couplings have dimensional-
ity (energy)~!. We shall see later in class that such couplings make trouble for perturbation
theory at high energies, so they are not allowed in UV-complete quantum field theories.
However, if the Standard Model is only an effective theory that’s valid up to some maximal
energy Fiax but at higher energies must be superseded by a more complete theory, then it’s
OK for the SM to have small negative-dimensionality couplings Ny, v < (1/Emax). The key

word here is small — it explains why the neutrinos are much lighter than the other fermions,

MY < < . (59)

max
Indeed, for Epax = O(10'° GeV), this gives us a limit M* < 0.1eV, while the other fermions
have masses between 0.51 MeV (the electron) and 170 GeV (the top quark).

In general, the neutrino mass matrix (58) is non-diagonal and complex, although Mﬁm, =
2

My, . The physical neutrino masses” are eigenvalues of the (MY)T MY, and the mass eigen-
states v1, 19,3 could be quite different from the charge-current basis ve, v, v7. Indeed, the
experimentally measure neutrino mixing angles are rather large — up to 55°, much larger

than the CKM mixing angles for the quarks.
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