PHY-396 K. Problem set #3. Due September 29, 2011.

. Quantum mechanics of a fixed number of relativistic particles may be a useful approxima-

tion for some systems, but it’s inconsistent as a complete theory. Among other problems, it

allows superluminal propagation of particles, which is inconsistent with relativistic causal-

ity. Indeed, consider a single free relativistic spinless particle with Hamiltonian

H = +\/ M2+ P2 (1)

(in the ¢ = h = 1 units). In the coordinate picture, this Hamiltonian is a horrible integro-

differential operator, but that’s only a technical problem. The real problem concerns the

time evolution kernel

(a)

Ulx=yit) = {xtly.to = 0)erin™ = (x| exp(=itH) [y)me =" - (2)
Show that
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where r = |x — y| and w(k) = +VM? + k2.
Take the limit ¢ — oo, r — oo, with fixed ratio r/t; let’s stay inside the future light

cone, so (r/t) < 1. Show that in this limit, the evolution kernel becomes

(—iM)*2
473/2 (t2—r2)5/4

Ux—y;t) ~ x exp(—iM~/t2 — r?). (4)
Hint: Use the saddle point method to evaluate the integral (3). If you are not familiar
with this method — or any other method for approximating integrals of the form
[dk f(z) x exp(Ag(z)) in the limit A — oo — then read [ny notes on the saddle-poin}
(I wrote those notes for a QM class, hence the Airy function example. For

this problem, you don’t need that example, just the general method.)


http://www.ph.utexas.edu/~vadim/Classes/2011f/saddle.pdf
http://www.ph.utexas.edu/~vadim/Classes/2011f/saddle.pdf

(c) Finally, take a similar limit but go outside the light cone, thus fixed (r/t) > 1 while

r,t — 0o. Show that in this limit, the kernel becomes

iM3/? t

Uk—yit) ® <55 (12 — ¢2)5/4

X exp(—M~y/r2 — t2). (5)

This formula shows that the kernel diminishes exponentially outside the light cone, but
it does mot vanish! Thus, given a particle localized at point y at the time tg = 0, after
time ¢ > 0, its wave function is mostly limited to the future light cone r < t, but there is
an exponential tail outside the light cone. In other words, the probability of superluminal

motion is exponentially small but non-zero.

Obviously, such superluminal propagation cannot be allowed in a consistently relativistic
theory. And that’s why relativistic quantum mechanics of a single particle is inconsistent.
Likewise, relativistic quantum mechanics of any fixed number of particles does not work,

except as an approximation.

In the quantum field theory, this paradox is resolved by allowing for creation and annihi-
lation of particles. Quantum field operators acting at points  and y outside each others’
light cones can either create a particle at x and then annihilate it at y, or else annihilate it
at y and then create it at x. I will show in class that the two effects precisely cancel each
other, so altogether there is no propagation outside the light cone. That’s how relativistic

QFT is perfectly causal while the relativistic QM is not.

. Similar to the scalar field I have discussed in class, any free relativistic field @N(x) —
where N stands for a vector, tensor, or spinor index or milti-index — can be expanded into
creation and annihilation operators:
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for a real (hermitian) quantum field, or
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for a complex field and its hermitian conjugate. In all cases, kv = k 2" = wpt — k - x for
wr = +Vk2 +m2,

e % Un(k,\) and  e™* x Vi(k, \) (8)
are plane-wave solutions of the classical field equations; the polarizations — i.e., indepen-
dent solutions for the same k* — are labeled by A.

In particular, a free massive vector field A#(z) satisfies (6% + m?)A* = 0 and 9,A* = 0

(see homework set#]], problem 2), hence the plane-wave solutions have form

Al () = e_ikxngf’)\ or AH(x) = e+ikx><8{$\ for k' = (+wi, k) and kué’{j’)\ = 0.

(9)
For each k there are 3 independent choices of E# vectors, hence 3 polarizations A = 1,2, 3
(or A = —1,0,+1 in the helicity basis). For k = 0 the 557 , are 3 purely-space vectors of
unit length and L to each other; for other k, we Lorentz-boost these 3 vectors into the

moving particle’s frame.

(a) Show that such boost gives not only kuﬁﬁ y = 0 for all 3 polarizations but also

kHEY
el

gwENEL = —av and Y ELEN = —g™ + (10)
A

Note: the Sl’j ), could be real or complex, dependent on a polarization (e.g., planar or

circular), so it’s important to distinguish between the Eﬁ , and the 5{; f\

Applying the general rule (6) to the free massive real vector fields gives

~ d3k 1 —ik . ik ¥ ot E'=+wi
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(b) Show that

. . Bk 1 ik R " ‘o EO=+wi
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where 5{{“;\ = —z’k‘“é'f;)\ + ik‘”gﬁ)\.


http://www.ph.utexas.edu/~vadim/Classes/2011f/hw01.pdf

(c) Specialize eqs. (11) and (12) to the A%(z) and E(x) and show that they are consistent
with the operatorial identity m2A% + V- E = 0 for the free massive vector field. (cf.

eq. (7) from the Jast homeworK).

The creation / annihilation operators &L ) and a,_, satisfy the (relativistically normalized)

bosonic commutation relations

[dk,/\’dk’,X] =0 [de&L,X} =0 [dk,w&L,X] = S x 2w (2m)?0) (k — K.
(13)

(d) Show that these relations lead to the same equal-time commutation relations for the

vector fields A and E as we had in eq. (6) of the Jast homeworK.

The rest of this problem is about the Hamiltonian of the free massive vector fields and its

expansion into products of creation and annihilation operators.

(e) First, take H from eq. (8) of the Jast homeworl and show that in the absence of the

current J#(z)

= [dx (4 apdan FOOEM 4 Jm? b0, A A0) (14)

Note: the 0., and dg, here are not typos for g., and gg,; the integrand here is not

Lorentz invariant.

(f) Before expanding the quantum fields in eq. (14) into creation and annihilation opera-

tors, show that the polarization vectors satisfy

* 2 * 2
%504#5@513@5&3' + gm San€i iy = Wi X O, (15)

zlléau‘sﬁvglff\gﬁly{,x + gm? SapEi E ey = 0.
Hint: use k,E, , = 0 and egs. (10). Note that d,,k*E , is different from k,E. | and

that the 3-momentum k’ = —k comes with energy & = +k° = +wy.

(g) Now expand the A¥(z) and F* fields in eq. (14) into creation and annihilation op-

erators according to egs. (11) and (12), integrate over x, use egs. (15) to simplify the


http://www.ph.utexas.edu/~vadim/Classes/2011f/hw02.pdf
http://www.ph.utexas.edu/~vadim/Classes/2011f/hw02.pdf
http://www.ph.utexas.edu/~vadim/Classes/2011f/hw02.pdf

sums over polarizations, all to show that
H /—dgk L > Al a4 t (16)
= Wiy, \Q const.
(27)3 2wy S kAT

The constant term here is an infinite c-number which results from commuting &L A\
through dk7 y for the same k and A. Despite this infinity, this term commutes with all
the quantum fields so it plays no role in their dynamics. Usually, this term is ignored
or defined away (by redefining H in terms of normal-ordered products of the quantum

fields), and that’s what we are going to do in this homework.

(h) Finally, verify that the time-dependence of the quantum fields (11) and (12) agrees
with the Heisenberg equations for the Hamiltonian (16),

i Al (z) = [Aﬂ(@,ﬁ}, i FH (1) = [FW(@,FI] (17)

3. The last problem is about the Feynman propagator of the massive vector field.

(a) Calculate the “vacuum sandwich” of two vector fields and show that

A A 3 WLV ) kO =-+wi
a0 = [55o | (~or e D))

(2m)3 2w m?2
) (18)
, Oro¥
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(b) And now, the Feynman propagator: Show that
[ * AW AV % oro” scalar
Gp = (T A @2)A"()[0) = | =" = —5 | GF (@ —y)
(19)
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where
* A AV A AV i v
T A (2)A(y) = TA(z)A"(y) + WCS“% 05 (@ —y), (20)

is the modified time-ordered product of the vector fields. The purpose of this modifi-



cation” is to absorb the 6 (z — y) stemming from the 9ydyGp(z — y).

Finally, the classical action for the free massive vector field may be written in the form

S = %/d4i€f4“($) DA (x)  where Dy = gu(0* +m?) — 9,0,.  (21)

(c) Verify this formula and show that the Feynman propagator (19) is a Green’s function

of the same D, differential operator as in eq. (21), namely

D, lacting on 7]G¥(z —y) = +i(5/i‘(5(4)(x — ). (22)

* See Quantum Field Theory by Claude Itzykson and Jean—Bernard Zuber.



