Correlation Functions in Perturbation Theory

Many aspects of quantum field theory are related to its n-point correlation functions
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— or for theories with multiple fields P,
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Note that all the fields & g (z) here are in the Heisenberg picture so their time dependence
involves the complete Hamiltonian H of the interacting theory. Likewise, |{2) is the ground

state of H, i.e. the true physical vacuum of the theory.

In perturbation theory, the correlation functions J,, of the interacting theory are related to

the free theory’s correlation functions
(0| T®;(x1) - - Pr(zp) - - -more Br(z1)Pr(22) - - -|0). (3)

involving additional fields ®7(z,)®(z) - - -. Note that in eq. (3) the fields are in the interaction
rather than Heisenberg picture, so they evolve with time as free fields according to the free
Hamiltonian Hy. Likewise, |0) is the free theory’s vacuum, i.e. the ground state of the free

Hamiltonian f]o rather than the full Hamiltonian H.

To work out the relation between (1) and (3), we start by formally relating quantum fields

in the Heisenberg and the interaction pictures,
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We may re-state this relation in terms of evolution operators using a formal expression for the

later,
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Note that this formula applies for both forward and backward evolution, i.e. regardless of



whether t > tg or t < tg. In particular,
Up(t,0) = etiHotgil and Ur(0,t) = efitlte=itot (6)

which allows us to re-state eq. (4) as

Consequently,
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because Uy (20, 0)U7(0,4°) = Ur(2,4°), and likewise for n fields
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Now we need to relate the free vacuum |0) and the true physical vacuum |Q2). Consider
the state U7(0, =T |0) for a complex T, and take the limit of T — (+1 — i€) X oo. That is,
ReT — +oo, ImT — —o0, but the imaginary part grows slower than the real part. Pictorially,

in the complex T plane,

—
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we go infinitely far to the right at infinitesimally small angle below the real axis.



Without loss of generality we assume the free theory has zero vacuum energy, thus H |0y =0

and hence
U7(0,—T)|0) = e HTHHT |0y = ~iT |y (11)

From the interacting theory’s point of view, |0) is a superposition of eigenstates |@Q) of the full

Hamiltonian H ,
0) =Y 1Q) x Qo) = ¢TI0y = Y |Q) x e TF (Q]o) (12)
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In the T — (41 — 7€) x oo limit, the second sum here is dominated by the term with the lowest
Eq, so we look for the lowest energy eigenstate [Qo) with the same quantum numbers as |0)

(otherwise, we would have zero overlap (Qo|0)). Obviously, such |Qg) is the physical vacuum

€2), so

Ur(0,=T)|0) ———— Q) x e~TF2(Q0) (13)
T—(+1—ie)oo
and therefore
. +iT FEq
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Likewise,
6+iTEQ .
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Combining egs. (8), (14), and (15), we may now express the two-point function as

Qg (2)Py(y) Q) = lim  C(T) x (0| Big_Product |0) (16)
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where
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is a just a coefficient, and
Big_Product = Up(+T,0)U7(0,2°)®1(2)Ur(z°, y*)® 7 () U (y°, 0)U7 (0, =T) )
= Ur(+T,2") 0 () U1 (2°, y") 21 () U1 (4°, =T).
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For 2% > 3%, the last line here is in proper time order, so if we re-order the operators, the



time-orderer T would put them back where they belong. Thus, using T to keep track of the

operator order, we have
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where the last line follows from the Dyson series for the evolution operator
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Altogether, the two-point correlation function becomes

Folz,y) = (2 Ty (2)p(y) )
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where the spacetime integral has ranges
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Similarly, the n-point correlation functions can be written as
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Note that the coefficient C(T) — ¢f. eq. (17) — is the same for all correlation functions.



In particular, for n = 0 the Fy = (Q[Q2) = 1, but it’s also given by eq. (22), hence

_)(leilniie)ooC( ) X <0|T(exp( 22 /d4z<1>1( ))) 0) = 1. (23)

This allows us to eliminate the C(T") factors from eqgs. (22) by taking ratios of the free-theory

correlation functions,

Fola ) — lim (T (‘i)[(m) = Ci)](xn) X exp (_2—14)‘ fd4z @)‘}(z))) |0)
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The limit here is T — (41 — i€) x oo, and the 7" dependence under the limit is implicit in the
ranges of the spacetime integrals, cf. eq. (21).

In perturbation theory, the vacuum sandwiches in the numerator and the denominator of
eq. (24) can be expanded into sums of Feynman diagrams. Indeed, expanding the numerator

in a power series in A\, we obtain

O (1)1t x oxp (5 [t é%@))) 0) =
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where each sub-sandwich (0] T®(xy) - - - ®7(zp) X (i)‘}(zl) . é‘}(z]\z) |0) expands into a big sum

4N+n
f 2

of products o Feynman propagators Gp(x; — x;), Gr(x; — 2;), or Gp(2 — 2;). We have

gone through expansion back in November — fhere are my noted — so let me simply summarize

the result in terms of the Feynman rules for the correlation functions:

* A generic Feynman diagram for the m-point correlation function has n external ver-
tices x1,...,xy or valence = 1 plus some number N = 0,1,2,3,... of internal vertices
21,...,4n of valence = 4. On the other hand, it has no external lines but only the

internal lines between the vertices. Here is an example diagram with 2 external vertices,


http://www.ph.utexas.edu/~vadim/Classes/2012f/dyson.pdf

2 internal vertices, and 5 internal lines:

e To evaluate a diagram in coordinate space, first multiply the usual factors:

* The free propagator Gp(z; — z;) for a line connecting vertices internal z; and z;, and
likewise for lines connecting an internal vertex z; to an external vertex x;, or two

external vertices z; and z;.
% (—iA) factor for each internal vertex.

* The combinatorial factor 1/#symmetries of the diagram (including the trivial sym-

metry).

Second, integrate [ d*z over each internal vertex location; the integration range is as in
eq. (21). But do not integrate over the external vertices — their location’s 1, ..., z, are

the arguments of the n-point correlation function F,(x1,...,zy).

e To calculate the numerator of eq. (24) to order AMVm= sum over all diagrams with n
external vertices, N < Npax internal vertices, and any pattern of lines respecting the

valences of all the vertices.

At this point, we are summing over all kinds of diagrams, connected or disconnected, and
even the vacuum bubbles are allowed. However, similar to what we had back in November, the

vacuum bubbles can be factored out:
diagrams without vacuum bubbles
11 di = . 27
Z(a iagrams) Z ( vacuum bubbles ) x Z (Without external Vertices) (27)
Moreover, the vacuum bubble factor here is the same for all the free-theory vacuum sandwiches

O (o) drtan) xexp (57 fatz 1)) ) o



in the numerators of eqgs. (24) for all the correlation functions, and also in the n = 0 sandwich

—iA - vacuum bubbles
T — 2 |dty o = 9
(0] <eXp ( 24 /d . [(z))> 10) Z <Without external Vertices) (28)

in the all the denominators. This means that the vacuum bubbles simply cancel out from the

correlation functions! In other words,

Feynman diagrams with
Folzr,...,xpn) = Z n external vertices x1,...x, | . (29)

and without vacuum bubbles

Besides reducing the number of diagrams we need to calculate, the cancellation of the

vacuum bubbles leads to another simplification: Instead of evaluating each diagram for a finite

T, taking the ratio of two sums diagrams, and only then taking the " — (+1 — i€)oo limit,

we may now take that limit directly for each diagram . In practice, this means integrating

each [ d*z; over the whole Minkowski spacetime instead of a limited time range from —T

to + as in eq. (21). Consequently, when we Fourier transform the Feynman rules from the

coordinate space to the momentum space, we end up with the usual momentum-conservation

factors (2m)46) (¢ qa + ¢3 + q4) at each internal vertex instead of something much more

complicated.

So here are the momentum-space Feynman rules for the correlation functions:

Since all the lines are internal, assign a variable momentum qf to each line and specify

the direction of this momentum flow (from which vertex to which vertex).
Each line carries a propagator ———.

propagator 55—
Each external vertex x carries a factor et or e %%, depending on whether the momen-

tum ¢ flows into or out from the vertex.
Each internal vertex carries factor (—i)) x (2m)46™ (£¢f g2 + g3 + @)
Overall combinatorial factor 1/#symmetries for the whole diagram.

Multiply all these factors together, then integrate over all the momenta qf .



For example, the diagram (26) evaluates to
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Note: as defined in eq. (1), the correlation functions F,(x1,...,z,) obtain by summing

all Feynman diagrams without vacuum bubbles, cf. eq. (29). Both the connected and the
disconnected diagrams are included, as long as each connected part of a disconnected diagram
has some external vertices. However, the disconnected diagrams’ contributions can be re-
summed in terms of correlation functions of fewer fields. Indeed, let’s define the connected

correlation functions

ted F di
Feom(y, py = Z (connec ed Feynman 1agrams) . (31)

with n external vertices

Then the original F,, functions can be obtained from these via cluster expansion:

Folr,y) = F""(x,y),
Fulz,y, o) = FO (2, z,w) + F(z, ) x FS™ (2, w)
+ F50M(z, 2) x F5OM (y,w) + F3M(z,w) x F5M(y, 2),
Fslz,y, x,u,v,w) = Fg"(x,y, z,u,v,w) (32)
+ (fconn(:c y) X F"(z,u,0,w) + permutations)

+ (Fom () x FS™ (2, u) x F5P™(v,w) + permutations),



