QCD S Function

In these notes, I shall calculate to 1-loop order the d3 counterterm for the gluons and
hence the § functions of a non-abelian gauge theory such as QCD. For simplicity, I am going
to refer to the gauge fields as ‘gluons’ and to the fermions as ‘quarks’, but I am going to allow
for any simple gauge group GG and for the fermions in any complete multiplet of G. Once I
finish the calculation, I'll spell out the group factors for G = SU(N,) and N; fundamental
multiplets of quarks, but until then I'll keep all the group factors generic.

As explained in class — see also my notes on minimal subtraction| — the S function for

the gauge coupling can be obtained from the infinite parts of the counterterms as

d - 1
Tk = Bla) = 29 > Nops x Resitu of - pole of oy — & = fa]. (1)

In class, I have also calculated the d9 and the d; counterterms for the quarks to one-loop

order: in the Feynman gauge (£ = 1) for the gluons and the MS regularization scheme,
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g 1 quark
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01 (quark) 62 X 2 X [C (multiplet) + C’(adjomt)] (3)

Note: in theories where the fermions form several different multiplets of the gauge group, each
multiplet would have its own d2 and d; counterterms, and they would differ from multiplet

to multiplet. However, all the multiplets would have the same difference
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In light of eq. (1), this means that all the fermions couple to the gauge fields with exactly

the same renormalized coupling g(u).

In these notes, I shall calculate the d3 counterterm to the one-loop order; once I have it,

egs. (1) and (4) would give me the (one-loop) £(g).
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At the one-loop order, the self-energy corrections to the gluons come from 5 diagrams:

<
S
>

where the fifth diagrams’s contribution
SE (k) = —03 x (K*g" — kM) (5)

cancels the UV divergences of the first 4 diagrams. So let’s calculate those divergences.

The first diagram — the quark loop — gives us

. . .
Xy (k) = —/(;ij;L; tr ((—imu)m (—igy”)M) X tr (t?q) tl()q)> (6)

where the first trace is over the Dirac indices while the second trace is over the quarks’ colors

and flavors. For a single quark multiplet (m) of the gauge group G

tr (t?m) tl(’m)) = 6% x R(m) (7)

where R(m) is the indez of the multiplet (m). For several quark multiplets, their contribu-

tions add up, thus

tr (t?q) tl(’q)> = 0% x Ryt = 6% x Z R(multiplet). (8)
quark
multiplets

In particular, in QCD the quarks comprise Ny copies of a fundamental N multiplet of the



SU(N) gauge group — one fundamental multiplet for each flavor — hence

1

Rnet = Ny x R(fundamental) = Ny x 3 9)
Apart from this group factor, the rest of the quark loop (6) looks exactly like the electron
loop in QED. We have calculated that loop back in February — cf. — so let me

simply recycle the result in the present context:
2

— 1
S(k) = (k:QQW — k'EY) x Ti]r? X Rpet X <; + ﬁnite) . (10)

Consequently, the counterterm needed to cancel this divergence is

21 4
55(1%) = ——L_ xZx 2R, 11
3(17) 167T2X6x3 ot (11)
for a general gauge theory; for QCD
21 2
55(1%) = -4 x 2 x Z Ny 12
3(17) 1672 % € . 3 (12)

Now consider the second diagram — the gluon loop

(e, ¢)

(8, d) (13)

Evaluating this diagram in the Feynman gauge, we get

1 [d*'  —i —i
YA (L) — _/ . acdv,uaﬂ k _ bcdvyaﬁ k- o
(22D) ( ) 9 (27T)4 p%+20><p%+20x gf ( 7p17p2)>< gf ( y —P1s p2)
(14)

where % is the symmetry factor due to 2 similar gluon propagators, and the V'’s are the
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momentum- and Lorentz-index-dependent parts of the 3—gluon vertices,

VO, pr,pa) = g™ (1 —p2)" + (2 —K)* + ¢ (k—p1)’,

(15)
VOB (—k, —p1, —p2) = V" (k, p1,pa).

Let’s start with the group factor in eq. (14). As explained in class,

be cb
Zfabc x fhed — Z(_Z :dj) x (+i :dj) = tr( adJTadJ) — 0% x R(adjoint); (16)

be be

for an SU(N) gauge group, R(adjoint) = N. For a general gauge group,

R(adjoint) = C(adjoint), often denoted C(G). (17)

Plugging the group factor into eq. (14) and assembling all the constant factors, we obtain

2 4 n
B0 = - 50O [ o "
where the numerator is
NEY = —VHD (ks py,pa) x VP (—k, —p1, —pa) = +VHP(k, p1,pa) x VP (k, p1,p2)
= Dx (p1—p2)'(p1 —p2)" + ¢ x(p2—k)> + ¢" x (k—p1)’
+ (p1—p2) (o2 — k)Y + (p2— k)"l —p1)”) + (k—p1)¥(p1 — p2)”).
(19)
As usual, the first step in evaluating the momentum integral like (18) is to simplify the
denominator using the Feynman parameters. By momentum conservation po = —k — pq,
hence

1

1
/ dz / (20)
(M‘HO (p3 +i0) J [(1—2)p} + z(p1 + k)? +z0 / AJFZO

where
( =p + 2k and A = —z(1—2)k% (21)

Plugging this denominator int eq. (18) we get

d*e N
n% o 2
S (k) = — [m/ el (22)

and now we need to re-express the numerator in terms of the shifted momentum ¢. Using



= +{ — xk and ps = —¢ — (1 — z)k, we obtain
pr—p2 = 22— Q2e—-1)k, pp—k = L+ (x—=2)k, k—p1 = L+ (x+1)k, (23)

and hence

N = D x (20— (22 — 1)k)" (2 — 2z — 1)k)"”
+ " X (04 (= 2)k)? + (=L + (z + 1)k)?]
+ (20— 2z — DE)H(—l + (z = 2k)") + (=0 + (z — 2)k) (=l + (z + 1)k)”
+ (=l + (z+ DR 20— (20 — 1)k)Y

T

(24)
This whole big mess is a quadratic polynomial in ¢ and k, but the mixed terms like (¢k) or
(FEY are odd with respect to £ — —¢ and hence cancel out from the momentum integral (22).

Thus, keeping only the terms carrying two or zero ¢’s, we arrive at

NYY 22 D ox [4040" + (20 — 1)2KMEY] + ¢ x 262 + ((z — 2)* + (z + 1)%)k7]
— A4 — 222 — 1) (w — 2)KFEY + 200" + 2(x — 2)(z + 1)EME”
— 40— 22z — 1) (x4 1)EPEY (25)
= g" x [20% + (227 — 22+ 5)K?] + (4D — 6)¢”
+ [(D—=6) — (4D — 6)z(1 — z)] x k'K

Moreover, in the context of the momentum integral (22)

62
o = =g, (26)

hence

NP = (K*g"™ — k'EY) x [(6 — D) + (4D — 6)z(1 — )]

+gwx((6_%)X£2+(D—1)(1—4x+4x2)xk2) (27)

where I have re-arranged the k? terms so that the first line has the right tensor structure for
the gluon’s self-energy corrections. The second line has wrong tensor structure, and it does
not integrate to zero, but we shall see that it cancels against similar bad terms from the two

remaining diagrams.



To see how the cancellation works, let us postpone taking the momentum integral (22)
until we have evaluated the sideways gluon loop and the ghost loop diagrams and brought

them to a similar form

1
2 4 nz
(v .9 d*¢ N
k) = —iLc(6) x/d:c/<27r)4 F AR (28)
0
1
2 4 nz
(o .9 d*/ N
Sk = —iLc(e) x/d:c/<27r)4 F AR (29)
0

for some numerators ./\f:f Y and N!", then we are going to add up the numerators,

N = N+ MY+ NG, (30)

and only then take the momentum integral.

For the sideways gluon loop

we have

! d4 Z.g 5Cd fabefcde(gu’ygud . gu6g57>

. p — ) .

i (k) = 5 / 2 5 0 —ig® | + face frie(ghvgr® — ghogm) (32)
+ fadefbce(g;wg&y . gufygéy)

where the overall factor % comes from the symmetry of the propagator. The group factors



in this amplitude evaluate to
ed \ fabe pede _
od o pace phde _ pacepbee _ o(@q) x 59, (33)
ed o pade ghee _ yace phee _ (@) x 5%,

— ¢f. eq. (16) — hence
G50 x [+ = C(G)5™ x <Dg“” — g™ + Dg — gW) = 2(D—1)C(G) x §%gh . (34)

Plugging this result into eq. (32), we obtain

d*p 1
(2m)% p2 + 10

SI(k) = +ig?C(G) x (D — 1)g™ / (35)

Instead of directly evaluate the momentum integral here, we are going to combine the inte-
grand with the other one-loop diagrams. Since this diagram has only one propagator rather
than two, we may identify the loop momentum p here as either p; or po = —p; — k — as
long as our UV regulator allows constant shifts of the integration variable, both choices are
equivalent. For symmetry’s sake, let’s take the average between the two choices and identify

1

112 N /2 P} +p3 /dx —xk ( (—(1—2)k)?
pPP+i0  pr4i0  p2+i0  2(p? +i0)(p3 + i0) — A +40]?
0
(36)
Consequently, the amplitude (35) takes form (28) for the numerator
N = —(D-1)g" x [(—xk)* + (—0—(1-2)k)*] = —(D—1)g" x [20* + (1-22+22%)k?].
(37)
Finally, there the ghost loop diagram
c
[t : v
k— . kE—
pr—. A
d (38)



which evaluates to

d*pr i i
SHY (k) = — X x —g focdpl s g fbdepy 39
Loy ( ) /(27_(_)4 p% +40 p% +40 gf Dy gf P1 ( )

Note: the ghost propagators are oriented and go in opposite directions, so this diagram does

not have the symmetry factor % Instead, it carries an overall minis sign for the fermionic

loop. Another minus sign hides in the group factor:

facdfbdc _ _facdfbcd _ —C(G) >(csbc (40)
Consequently;,
= —7—
! 2 (2m)* (pf +10)(p3 + i0)
for po = +p1 + k. Combining the two denominator factors via the Feynman parameter

integral, this amplitude takes for (29) for the numerator
NP = =2phpl = =20 —ak + k)M (0 — xk)” =2 20" + 2x(1 — )k EY

2
o - 2 x g™ + 221 —2)k*g"™ — 22(1 —:L’)(kzg“” — kMEY).
(42)

Now let’s add up the numerators of the three diagrams:
NW = NE¥ + N+ NG
= (K*¢"™ — k"k”) x [(6 — D) + (4D — 6)z(1 —x) + 0 — 22(1 — z)]
+ g0 x |6 — % —2(D—-1) — %
+ g™k x [(D—1)(1 — 4z +42?) — (D — 1)(1 — 2z + 22%) + 22(1 — 2)]
= (K*¢"™ — k"E”) x [(6 — D) + 4D — 2)z(1 — )]

+ g"ie? x %_2)2 + ¢"k? x 2(2 = D)z(1 — z)
= (k2guu _ /{:“k”) % Ngood + g™ x Mpad
(43)
where
Ngood(z) = (6= D) + 4(D —2)z(1—z),
Npad(z,0) = =2(D —2) X (% 2 _ A), (44)
for the same A = —z(1 — x)k? as in the denominator of the momentum integral.



The bad-tensor-structure term in the net numerator does not vanish, but it integrates
to zero. Or rather, the dimensionally regularized integral of the bad term integrates to zero
in any dimension D for which the integral converges (which takes D < 2). Indeed,
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(45)

Thus, the net vacuum polarization tensor for the gluons does have the right £ dependence,

S (k) = (K" — K'EY) x Hagsqa(k?) (46)
where
d*e d
Mois44 = —ig? / / i): 02 (47)

Since the numerator Ngooq does not depend on the loop momentum ¢ but only on the

Feynman parameter z, the momentum integral here becomes the familiar

da*e 1 d*y +i i 1
/ e (E—A+i0)? / @01 (% +A)2 DR 1672 ( *ﬁ““e) (48)
Consequently;,
1
20(@) (1
oy 344 = +g7() — + finite X/d{ENgood(x)7 (49)
3272 €
0



and to get the divergent part of the amplitude we may evaluate the Feynman parameter

integral for D = 4. Thus

10
Naood(z) = 2 + 8z(l—2) = dx Ngood(z) — 5 (50)
0
hence
2
g 5C(GQ) 1 _
Moysrq4 = +167T2 X —g— x| = + finite | , (51)

and the 03 counterterm that cancels this divergence is

2
Ja(22 43 gty = 4 I 5CE)

52
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Altogether — including the quark loops’ contribution (11) — the one-loop d3 counterterm
is

2
one loo g o 4 1

Consequently, applying egs. (1) and (4), we obtain

(-5 —d0) = L (0@ - 20(6) + 2 Rualanarks) ) x © (50
2 1 loop 1672 6 3 €
and therefore
i g> 11 4
B(9)1100p = _1'0{/72 (3 C(G) + anet((luaka)> : (55)

For QCD and QCD-like theories with SU(N,) gauge group and Ny flavors of fundamental

multiplets of quarks,

3
g 11 2
ﬁ(ghloop = 16—7T2 <—§ Ne + ng) (56)
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For completeness sake, let me give you without proof the formula for the one-loop beta
function for any gauge theory coupled to several kinds of ‘matter’ fields: Dirac fermions
like the quarks, but also chiral Weyl fermions (left-handed or right-handed only), Majorana
fermions, complex scalars, or real scalars. In general, the Dirac fermions, Weyl fermions, and
complex scalars can be in any multiplets of the gauge group G, while the Majorana fermions

and real scalars must be in real multiplets of G. Altogether,

(—1L for the gauge fields,
—1-% for Dirac fermions,
3 2 for Maj fermi
g ' +5  for Majorana fermions,
B(g)11 = —— X R(multiplet) x o7
(911000 = 755 . p}%ml ( ) +2  for chiral Weyl fermions, 57)
multiplets _|_% for complex scalar ﬁelds,
\ —1—% for real scalar fields.

Note: the gauge fields’ contribution here includes both the vector fields Aj, themselves and

the ghosts ¢* and a®, so do not count the ghosts as separate multiplets.

Also note that only the non-abelian gauge fields give negative contributions to the
function, all other fields’ contributions are positive. Consequently, only the non-abelian
gauge theories can be asymptotically free, and only when there are not too many fermionic
or scalar fields coupled to the gauge fields. For example, QCD-like theory are asymptotically
free only for Ny < %Nc.

Finally, a note on theories with product gauge groups G = G| ® G2 ® ---. In such
theories, each component group G; — abelian or non-abelian — has its own gauge coupling
gi- At the one-loop level, the beta functions of each g; are independent from each other (and

also from the other couplings like Yukawa of A\¢?),

3 3
Vi, B; = 12;2 X const + (4‘2;)4 x O(g?, otherg?, yukawa?, \) (58)

Moreover, the constant factors in the one-loop terms are obtained exactly as in eq. (57)
where we count multiplets of each G; without paying attention to the other gauge groups
Gj. For example, a (m, n) multiplet of SU(m)® SU(n) counts as m fundamental multiplets
of SU(n) when you calculate the 8, — or as n fundamental multiplets of SU(m) when you

calculate the 5,,.
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