Bogolyubov Transform

Given some kind of annihilation and creation operators a, and &L which satisfy the

bosonic commutation relations
Gy ay,] = [aTkvdL] = 0, [&kv&L’] = Okl (1)
we may define new operators l;k and l;;f( according to
Bk = cosh(ty)a, + sinh(tk)&T_k, BL = COSh(tk)dL + sinh(tx)a_, (2)

for some arbitrary real parameters t, = t_y. These new operators i’k and IA)L satisfy the same

]

the same bosonic commutation relations as the dk and the dk:
[bk7 Bk/] - [Z;L, BL/} - O, [l;k7 BL/] == 5k7k/ . (3)

The Bogolyubov transform — replacing the ‘original’ creation and annihilation operators
d;r( and a, with the ‘transformed’ operators EL and Bk — is useful for diagonalizing quadratic

Hamiltonians of the form
B o= Ay, + 5 B (i, +afal,) (4)
k k

where for all momenta k, Ay = A i, By = B_x, and Ay > |Bg|. Indeed, for a suitable

choice of the ty parameters,

H = ZkaLBk + const where wy = /AL — BZ. (5)
k

Moreover, BLISk — BT_kI;_k = &Ldk — dT_kd_k and consequently

P =Y kxala => kxbb. (6)
k k



Proof of (3):

Combining definitions (2) with commutation relations (1), we immediately calculate

~

[by, by] = cosh(ty) sinh(ti)dy _y — sinh(ti) cosh(tiw)d i = 0 (7)
where the second equality follows from ¢ = t for k = —k’. Likewise, [l;;r{, I;L,] = 0. Finally,

[l;k,lgir(/] = cosh(ty) cosh(ty)dkw — sinh(t_y)sinh(t_y/)6_y

8
= dkx (COShQ(tk) — sinh?(ty) = 1). ®)

In other words, the l;k and I;L operators satisfy the same bosonic commutations relations

~

[z)]@ Z)k/] = 07 [ZA)La BL/] = O, [i)k’ b;r(,] = 6k,k’ . (9)
as the original a, and d;r{ operators. Q.E.D.

Proof of (5):
Applying eqs. (2) twice, we immediately obtain

b = cosh?(ty)aja, + cosh(ty)sinh(ty) (afal, +a_a,) + sinh®(ty) (@ a_ +1). (10)
Next, we use t_i = tx to combine

b;r{bk + bT—kB—k = (cosh2(tk) + sinh?(ty) = Cosh(2tk)> X (dek + dT_kd_k) )

+ <2 cosh(ty) sinh(ty) = sinh(2tk)> X (deT_k + a_,a,) + const.

Finally, for w_x = wy we have

~
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~t A 1 A N
> wibib = 5 D wilbib+ b b_y)
k k
= Zwk cosh(2tk)d;r{dk + %Zwk sinh(2ty) <€LL€LT_k + &_kdk> + const.
k k

(12)

Consequently, the Hamiltonian (4)can be “diagonalized” in terms of the transformed creation



/ annihilation operators (2), provided we can find wy = w_y and t = t_y such that
wg cosh(2ty) = Ax and wysinh(2ty) = By. (13)

These equations are easy to solve, and the solution exists as long as Ay = A_x, Bx = B_y,

and Ax > |Bg|, namely
1 B
tk = 5 artanh A_k and wyx = (/A% — B}. (14)

k

Q.£D.

Proof of (6):
Using eq. (10) and t_y = t), we immediately see that

bib, — bl b, = (cosh2(tk) — sinh?(fy,) = 1) x (afay, — ala_y). (15)

Consequently,

(16)

Q.E.D.



