Fermionic Algebra and Fock Space

Earlier in class we saw how the harmonic-oscillator-like bosonic commutation

relations
[aa,aﬁ} =0, [ag,ag] = 0, [aa,aH = o (1)

give rise to the bosonic Fock space in which the oscillator modes « correspond to
the single-particle quantum states |a). In this note, we shall see how the fermionic

anti-commutation relations

{amas} =0, {abal} =0, {anal} = s (2)

give rise to the fermionic Fock space. Again, the modes a will correspond to the
single-particle quantum states. For simplicity, I will assume discrete modes — for

example, momenta (and spins) of a free particle in a big but finite box.

HILBERT SPACE OF A SINGLE FERMIONIC MODE

A single bosonic mode is equivalent to a harmonic oscillator; the relation [a, al] =
1 gives rise to an infinite-dimensional Hilbert space spanning states |n) for n =
0,1,2,3,...,00. A single fermionic mode is different — its Hilbert space spans just
two states, |0) and |1). In accordance with the Fermi statistics, multiple quanta in

the same mode are not allowed.

To see how this works, note that the fermionic creation / annihilation operators

a' and a satisfy not just the anti-commutation relation
aal + a'a = 1 (3)
between them but also

{a,a} = {al,a'} = 0 = aa= a'a' = 0. (4)

Q>

For the bosons we had defined the number-of-quanta operator as # = aa, while the

product of @ and a' in the opposite order was aal = i + 1. For the fermions we also



define the number-of-quanta operator as 7 = a'a, but now the product of @ and &'

in the opposite order is aa' = 1 — 7. Consequently, for the fermions
a(l—n) = alaaal = 0 because aa = 0, (5)

and hence all the eigenvalues of 7 must obey n(1—mn) = 0. This immediately gives us
the Pauli principle: the only allowed occupation numbers for the fermions are n = 0

and n = 1.

The algebra of the fermionic creation / annihilation operators closes in the two-

dimensional Hilbert space spanning |n = 0) and |n = 1). Specifically,

aloy = 0, (6.a)
atloy = |1), (6.b)
all) = [0), (6.c)
at|ly = 0 (6.d)

To see how this works, we first notice that a(1 —n) = aaa’ = 0 (because aa = 0)
and a'n = a'a’a = 0 (because afa’ = 0). Also, by definition of the eigenstates |0)
and |1) of n, |1) =n|1) and |0) = (1 —n) |0). Consequently,

al0) = a(1—n)l0) = 0, (6.a)
at|ll) = a'a 1) = o. (6.d)

Next, we check that a' |0) and a|1) are eigenstates of 7 with respective eigenvalues

1 and 0 as in egs. (6,b—c):

(7 — 1)(&T |O>) — —aa'al |0) = 0 because atal =0,

(7)
(i —0)(a|1)) = a'aall) = 0 because aa = 0.

This means that a']0) oc some |1) and @ |1) o some |0), but we need to make sure

that applying @ to a' |0) we get back to the same state |0) we stated from, and likewise



applying a' to a |1) brings us back to the original |1):

a(|1) =a'|0)) = aalj0) = (1—-n)[0) = same |0),

L L )
a'(j0y=all)) = a'all) = All) = same [1).

Finally, to make sure there are no numerical factors in eqs. (6,b—c) let’s check the
normalization: if [1) = aT|0) then (1]1) = (0] aa’|0) = (0] (1 —7)]0) = 1 x (0]0) and
likewise, if |0) = @ |1) then (0]0) = (1]afa|1) = (1|7 |1) = 1 x (1]1). In other words,

both egs. (6,b—c) as written are consistent with normalized states (0|0) = (1]|1) = 1.

MurtirLE FERMIONIC MODES

]

Now consider multiple fermionic creation and annihilation operators a, and ag,
that are hermitian conjugates of each other and satisfy the anti-commutation rela-

tions (2). For each mode a we define the occupation number operator

o € . )

All these operators commute with each other; moreover, each n, commutes with
creation and annihilation operators for all the other modes § # «. Indeed, using the
Leibniz rules for commutators and anti-commutators

(10)
we obtain
[ ay] = [ahag,ay] = alf{as.az} — {al,azta, = al x0 — a5 xa,
= —0aB xdﬂ — 0 for 8 # a, (11)
[hgral] = [ahag.al] = af{a,.ah} — {al,al}a, = al, x s — 0xa,
= +003 X&B — 0 for 8 # a, (12)



(g ] + [ ]G, = —aly X dayi, + dapitly x a,
aB — 5047)31%&7 — 0 for g =7, (13)
g )] = 0. (14)

The fact that all the n, commute with each other allows us to diagonalize all of
them at once. This gives us the occupation-number basis of states |set of all ng)
for the whole Hilbert space of the theory. Similar to the bosonic case, we may use
dL and a, operators to raise or lower any particular n, without changing the other
occupation numbers ng; this means that all the occupation numbers may take any
allowed values independently from each other. However, the only allowed values of

the fermionic occupation numbers are 0 and 1 — multiple quanta in the same mode

are not allowed.

Note that for a finite set of M modes the fermionic Hilbert space has a finite
dimension 2M . This fact is important for understanding the ground state degeneracies
of fermionic fields in some non-trivial backgrounds that have zero-energy fermionic
modes: For M zero modes independent from their hermitian conjugates, the ground

level of the whole QFT has 2M degenerate states.

FERMIONIC FOCK SPACE

Now suppose there is an infinite but discrete set of fermionic modes « correspond-
ing to some l-particle quantum states |«) with wave functions ¢, (x). (By abuse of
notations, I am including the spin and the other non-spatial quantum numbers into

x = (x,y, 2, spin, etc.).) In this case, the fermionic Hilbert space

F = ®'Hm0dea (spanning |ng, = 0) and |ng = 1)) (15)

«

has infinite dimension and we may interpret is as the Fock space of arbitrary number

of identical fermions. Indeed, let the operator
N =) a, (16)
«

count the net number of fermionic quanta in all the modes, N = 0,1,2,3...,00. Let’s



reorganize F into the eigenblocks of N:
o0
F = @HN:HOGBH1GBH2€BH3@-~-- (17)
N=0

The H block here spans a unique state with N = 0, namely the vacuum state |vac) =
|all no = 0). The #H; block spans states with a single n, = 1 while all the other ng =
0. Similar to the bosonic case, we may identify such states |n, = 1; other n = 0) =
al, |[vac) with the single-particle states |a) and hence the H; block of F with the

Hilbert space of a single particle.

The Ho block of F spans states
’na =ng = 1; other n = 0) = &‘;dg |vac) (18)

with a # 3 and only such states — the fermionic Fock space does not allow states

|no = 2; other n = 0) with doubly occupied modes. Moreover, since the creation

operators d& and dg anti-commute with each other, exchanging o <+ f results in the

same physical state but with an opposite sign. Consequently, the occupation numbers

define the fermionic state only up to an overall sign; to be more precise, we define
. 8) = afal, lvac) = —|5.a). (19)
Likewise, the Hg3 block spans states
ja, B,7) = alahal, [vac) (20)
for 3 different modes «, 3, y; the H4 block spans states
. B,7,8) = aalalal, [vac) (21)

for 4 different modes a, 3,7, 6, etc., etc. In all cases, the order of the modes «, 3,7, . ..

does not matter physically but affects the overall sign of the state,
lany permutation of o, 3,...,w) = |a,f,...,w) x (—1)Pa of the permutation (22)

Thus, each Hy (for N > 2) is a Hilbert space of N identical Fermions.



A system of two identical fermions has an antisymmetric wave-function of two
arguments, ¥ (X1, X2) = —t(x2,x1). A complete basis for such wavefunctions can be

made from antisymmetrized tensor products of single-particle wave-functions

bap(x1,%X2) = ¢Q(X1>¢B<X2)\;§¢5(X1>¢Q<X2> = —Pap(x2,Xx1). (23)

Note that such wave functions are not only antisymmetric in x; <> x2 but also
separately antisymmetric in a < 3, ¢gq(X1,%X2) = —das(X1,X2), so we may identify

them as wave functions of two-fermions states |a, ) = &;d& [vac) = — |3, a) € Ha.

Likewise, a wavefunction of N identical fermions is totally antisymmetric in its

N arguments,

¥(x1,X2,...,xy) = ¥(any permutation of x1,Xa, ..., xy) X (—1)Pt¥ of permutation
(24)
A complete basis for such wavefunctions obtains from totally antisymmetrized prod-

ucts of IV different single-particle wave-functions

all permutations
of (ai,...,an)

Qbal,...,aN(Xl, S XN) = \/% Z Ga, (X1) X - X Pan (XN) X (—1)parity
© (@)

Gar(X1)  Qas(X1) 0 Pay(x1)

B L dot Pay(X2)  Pan(X2) - Pay(X2)

VNI : : :

Gar(XN)  Par(XN) -+ Pan(XN)

(25)

The determinant here — called the Slater determinant — is properly antisymmetric

in (x1,...,Xy), and it’s also antisymmetric with respect to the single-particle states

(a1, ...,an), which allows us to identify it as the wave-function of the N-fermion
state

a1, a9,...,ay) = al, ---al,al [vac) € Ny . (26)

To complete the wave-function picture of the Fermionic Fock space, let me spell

1

out the action of the creation operators as and the annihilation operators a,. For any



N-fermions state |IV;1) with a totally-antisymmetric wave function ¥(xy,...,xy),
the state |N + 1;¢') = al, | N;9) has a totally antisymmetric function of N + 1 vari-

ables

N+1

1/}/<X1,...,XN+1) = m Z N+17i¢a<xi) Xw<xl7"'7Xi7"'7XN+1) (27)

while the state [N — 1,v¢") = a4 | N, ) has a totally antisymmetric function of N —1

variables

W(xp, . xyoy) = VN [dP%y 6k (xy) X (%, Xy_1, Xy). (28)

The proof of these formulae is left out as an optional exercise to the students.

Thanks to the relations (28) and (27), the Fock-space formulae for the additive

one-body operators work similarly to the bosonic case: If in N-fermion Hilbert spaces
N

Aot = Y Ai(i™) (29)
i=1

where each fh(ith) acts only on the i*" particle, then in the Fock space

Aot =Y (ol A118) x afay. (30)
o,

For example, for the free non-relativistic electrons in a box with o« = (p, s) we have

A p2

HtOt = % X di)“s P,s>

ptot = praps p57 (31)
Stot = Z <2> 3> X a /ap7

P,Ss, s’



Likewise, the two-body additive operators that act in N-fermion spaces as
Biot = %ZBQ(ith,jth) (32)

in the Fock space become

Byt = 3 Z B gns xd&d%%% {( note the order!))
0677,6 (33)
where By gys = ((af @ (8]) Bz (|7) @10)) .

For example, a spin-blind potential V5(x; — x2) becomes

Vit = %sz(xz - ;)
i#j

1 ot of .
- 273 ZW(q) Z Z Op1+q,51p2—q,529p2,5:Ip1,s1 (34)
q

P1,P2 51,52

where W(q) :/dSX‘/Q(X)G_iqx.

Note that while the formulae for this operator in the bosonic and the fermionic Fock
spaces have similar forms, the actual operators are quite different because the two
Fock spaces have different algebras of the creation and annihilation operators and
different quantum states (symmetric vs. antisymmetric). Thus, the physical effect
of similar Va(x; — x32) potentials for the fermions and for the bosons may be quite

different from each other.

Fermionic Particles and Holes

Consider a system of fermions with a one-body Hamiltonian of the form
H =) E&ala, + Eo. (35)
«

When all particle energies &, are positive, the ground state of the system is the
vacuum state |vac) with all n, = 0. In terms of the creation and annihilation op-
erators, |vac) can be identified as the unique state killed by all the annihilation op-

erators, dq [vac) = 0 Va. The excited states of the Hamiltonian (35) are N-particle



states which obtain by applying creation operators to the vacuum, |ag,...,ay) =

dLN . -dLl |vac); the energy of such a state is F = Ey+ &y, + -+ Ean > Eo-

Now suppose for a moment that all the particle energies &, are negative instead
of positive. In this case, adding particles decreases the energy, so the ground state of

the system is not the vacuum but rather the full-to-capacity state

full) = [all ng =1) = []al |vac) (36)
alla
with energy
Ern = Eo + Zc‘fa- (37)
all o

Never mind whether the sum here is convergent; if it is not, we may add an infinite
constant to the Fy to cancel the divergence. What’s important to us here are the

energy differences between this ground state and the excited states.

The excited states of the system are not completely full but have a few holes.
That is, ng, = --+ = na, = 0 for some N modes (az,...,ay), while all the other

ng = 1. The energy of such a state is

N
E=FE + Y & = Ew - &, > B (38)
B#0q,...,aN =1

In other words, an un-filled hole in mode « carries a positive energy —&,.

In terms of the operator algebra, the [full) state is the unique state killed by all
the creation operators, ELL [full) = 0 Va. The holes can be obtained by acting on the

[full) state with the annihilation operators that remove one particle at a time. Thus,
|Lholeat ) = |n, = 0; othern = 1> = Gy, [full) (39)

and likewise
|[Nholesat a1, ..., an) = o - aq, [full). (40)

Altogether, when the ground state is |full), the creation and the annihilation operators

exchange their roles. Indeed, the a, make extra holes in the full or almost-full states



while the dL operators annihilates those holes (by filling them up). Also, the algebraic
definition of the |full) and |vac) states are related by this exchange: a, [vac) = 0 Vo
vs. b [full) = 0 Va.

To make this exchange manifest, let us define a new family of fermionic creation

and annihilation operators,
b, = al, b = a,. (41)

Unlike the bosonic commutation relations (1), the fermionic anti-commutation rela-

tions (2) are symmetric between G and a', so the bo and ZA)L satisfy exactly the same

anti-commutation relations as the a, and dL,
{dav%} =0 {l?aali’ﬂ} =0
{&&,&g =0 — {b&,b}a} =0 : (42)
{da,dg} = 5045 {baabg} = 5045

Physically, the 3& operators create holes while the bo operators annthilate holes,
and the holes obey exactly the same Fermi statistics as the original particles. In
condensed-matter terminology, the holes are quasi-particles, but the only distinction
between the quasi-particles and the true particles is that the later may exist out-
side the condensed matter. When viewed from the inside of condensed matter, this

distinction becomes irrelevant.

Anyhow, from the hole point of view, the |full) state is the hole vacuum — the
unique state with no holes at all, algebraically defined by bg |full) = 0 Va. The exci-
tations are N-hole states obtained by acting with hole-creation operators ZA)E on the
hole-vacuum, |holesat ay,...,aN) = bl - bl [full). And the Hamiltonian opera-

tor (35) of the system becomes
H=E +Y & (agaa = b bl = 1—bLba)
o
= Frnn + Z(—Sa)BLBQ,
o
in accordance with individual holes having positive energies —&, > 0.

10



QUANTUM NUMBERS OF THE HOLES

Thus far, all I had assumed about the one-particle states |a) corresponding to
modes « is that they have definite energies &£,. But in most cases, they also have
definite values of some other additive quantities, such as momentum p, (or lattice
momentum, defined modulo ummklapp), spin (or rather SZ), electric charge, etc.,
etc. For all such quantities, a hole has exactly opposite quantum numbers from the

missing fermion. Indeed,

aha, = 1 — bib, = A = Awpry + Y Aadha, = Ay + Y _(—Aa)blb, .
« [0

(44)
thus
I:[ = Efull + Z(_ga)?)jxi)aa
a
1a‘net = Pfull + Z(*pa)yaz;aa
: (45)

Arzlet = szull + Z(isé)i):rxlgav
o

C?net = qull + Z(_q = +€)82j)a7
o

etc., etc. (On the last line I have assumed the original fermions were electrons whose
electric charge is ¢ = —e, so the holes have charge +e.) The physics behind all these
formulae is very simple: creating a hole in a mode « of momentum p,, means removing
a fermion carrying that momentum, so the net momentum of the system changes by
—Pa, which we interpret as the hole having momentum —p, — and likewise for the

spin, energy, electric charge, and other quantum number of the holes.

Quite often we use the additive quantum numbers such as p and s = S* to label
the one particles states, |a) = |p,s). In such cases it is convenient to label the holes
by their own quantum numbers rather than QN of the missing fermions, so we define

the hole creation and annihilation operators as

~

bps = dtpﬁsv ELS = G ps- (46)

11



This definition leads to
]-Snet = Z(+p)i);r)7si)p7s and Sflet = Z(JFS)BI),sBp,s (47)
p,s p,s

— assuming Pg = 0 and Sf;; = 0, — but it does not change the sign of the holes’

electric charge, thus

C?net = Qpu + Z(_q = _'_e)ZA)I),sZA)p,S' (48)

P;s

FERMI SEA

Now consider a more general fermionic system where the energies &, take both
signs: negative for some modes a but positive for others. For example, the free-energy

operator of the free fermion gas with a positive chemical potential yu = (p? /2m)

2
A p . "
H = Z (5 s = % - ,u) aI)75ap,s7 (49)
p:s
has negative £p s for momenta inside the Fermi sphere (|p| < p;) but positive &p
for momenta outside that sphere (|p| > p;) For this system the ground state is the

Fermi sea where

1 for |p| < py,

np, (Ip| < pr) {0 for [p] > py. (50)

In terms of the creation and annihilation operators, the Fermi sea is the state

Ip|<ps only
FS) = [ ab, Ivac) (51)
P:s
which satisfies
ap s [FS) = 0for |p| > py but d;s |FS) = 0 for |p| < py. (52)

We may treat this state as a quasi-particle vacuum if we redefine all the operators

12



killing the |F'S) as annihilation operators. Thus, we define

lA)pys = EL]L_p7_8, ZA)LS = a_,_, for |p| <pp only (53)

but keep the original ap s and d;s operators for momenta outside the Fermi
surface. Despite the partial exchange, the complete set or creation and annihilation

operators satisfies the fermionic anticommutation relations:

all {a,a} = {b,b} = {a,b} = 0,
all {af,a'} = {b',07} = {af,b0'} = o, (54)
all {a,b'} = {bf,a} = 0,

— provided we restrict the ZA)I)’S and the ZA)L’S to |p| < py only and the ap s and the d;s

to |p| > py only — while

{aw,agﬁ,} — Opplsy and {z}w,z};’s/} = Opplss (55)

The Fermi sea |FS) is the quasi-particle vacuum state of these fermionic operators
— it is killed by all the annihilation operators ap ¢ and ZA)pvg in the set. The two
types of creation operators d;s and BLS create two distinct types of quasi-particles
— respectively, the extra fermions above the Fermi surface and the holes below the
surface. Both types of quasi-particles have positive energies. Indeed, in terms of our

new fermionic operators, the Hamiltonian becomes

R [p|>py only p? [p|<py only p? o
D Y € ) S R
p,s

(56)
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Graphically,

QP energy
/

free fermions

Y > P
Py

Besides energies, all the quasi-particles have definite momenta, spins S#, and charges,

A |p|>py only Ip|<py only
Piot = Z anps aps + Z prpsps7
) |p|>pf only |p|<pf only R
tzot = Z SXGI)S Qp s + Z SXbI)s pP.s> (57)
P,s
|p|>py only |p|<pf only
Qtot = Z ( )Xai)s Up s + Z +6 XbI)SAPS +QFS
p,s
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