PHY-396 K. Problem set #6. Due October 13, 2015.

. First, a reading assignment: chapter 3 of Modern Quantum Mechanics by J. J. Sakurai,
sections 1, 2, 3, second half of section 5 (representations of the rotation operators), and
section 10. The other sections 4, 6, 7, 8, and 9 are not relevant to the present class material.
The main focus of this assignment are the relations between the rotations and the angular

momenta J%Y:%,

PS: If you have read the Sakurai’s book before but it has been a while, please read it again.

. The rest of this homework is about the Lorentz group and its representations.

The continuous Lorentz group SO*(3,1) has 6 generators J* = —J"# satisfying
[jaﬁ, j“”] — jgPnjav _ jgemn By _ v jom 4 jaov jBu. (1)

In 3D terms, the generators comprise three angular momenta Ji = %eijk JI% — which gen-

erate the rotation of space — plus 3 generators Ki = J% = _J© of the Lorentz boosts.

(a) Show that in 3D terms, the commutation relations (1) become
L =it RT] < R R R < it ()

Lorentz symmetry dictates commutation relations of JH with any operators comprising a

Lorentz multiplet. In particular, for any Lorentz vector V*
[V, 3] = g — igvn, )

(b) Spell out these commutation relations in 3D terms, then use them to show that the

Lorentz boost generators K do not commute with the Hamiltonian H.

(c) Show that even in the non-relativistic limit, the Galilean boosts ¢’ = ¢, x' = x + vt and

their generators KG do not commute with the Hamiltonian.



In general, the time-independent symmetries commute with the Hamiltonian. But when
the action of a symmetry is manifestly time dependent — like a Galilean boost x’ =
X + vt or a Lorentz boost — the symmetry operators do not commute with the time

evolution and hence with the Hamiltonian.

Next, consider the little group G(p) of Lorentz transforms preserving the momentum vector
p" of some massive particle, p,pt = m? > 0. For simplicity, assume the particle moves in z

direction with velocity 3, thus p* = (F,0,0,p) for E = ym and p = Sym.

(d) Show that there 3 independent combination of Jt and K’ preserving this momentum,

namely
JU = 4 Jb = ByK?, J? = ~4J% 4+ ByKY, and  J3 (4)

Also show that these three combinations have angular-momentum-like commutators
with each other, [J?, J7] = ie'* J*.
For a massless particle, ¥ = 0o so eqs. (4) do not apply. Instead, the little group of momen-

tum p* = (E,0,0, F) is generated by the
oo R PR 2R ad 5)
which obey the ISO(2) commutation relations
(3 1Y = wil? [J3 17 = wilt, [N 1H = o (6)

(e) Prove this.

As discussed in class, the finite unitary multiplets of the ISO(2) group generated by the (5)

are singlets |\), which are eigenstates of the helicity operator J3 (for the momentum in z

direction) and are annihilated by the 12 operators,

JEIA) = AN, TN =0, %\ = 0. (7)

(f) Show that in 4D terms the state |p, A) of a massless particle satisfies

Eaﬂfyéjﬂ’yp(; |p7 )‘> = _2)‘pa ‘p7 )‘> . (8>

(g) Use this formula to show that continuous Lorentz transforms do not change helicities of



massless particles,

VL € SO*(3,1), D(L)|p,\) = |Lp, same X) x e'Phase, (9)

3. While particle states belong to infinite but unitary multiplets of the Lorentz group, the
quantum fields form finite but non-unitary multiplets. In this problem we shall classify all

such multiplets of the SOT(3,1) group, or rather of its double cover Spin(3,1) = SL(2, C).

(a) Let’s re-organize the J and K generators of the continuous Lorentz group into two

non-hermitian 3-vectors

Jy = 33 +4K) and J_ = 1(J —K) = I (10)

D=

Show that the two 3-vectors commute with each other, [j f_, Jt | = 0, while the com-
ponents of each 3-vector satisfy angular momentum commutation relations, [j k. jﬁ] =

iektm Jm and [JE, JE) = iekim gm.

By themselves, the 3 J _]f_ generate a symmetry group similar to rotations of a 3D space, but
since the J _’f_ are non-hermitian, the finite irreducible multiplets of this symmetry are non-
unitary analytic continuations (to complex “angles”) of the ordinary angular momentum
multiplets (j) of spin j = 0, %, 1, %, 2,.... Likewise, the finite irreducible multiplets of the
symmetry group generated by the J* are analytic continuations of the spin-j multiplets of
angular momentum. Moreover, the two symmetry groups commute with each other, so the
finite irreducible multiplets of the net Lorentz symmetry are tensor products (j+) ® (j-)
of the J, and J_ multiplets. In other words, distinct finite irreducible multiplets of the

Lorentz symmetry may be labeled by two integer or half-integer ‘spins’ j4 and j_, while

the states within such a multiplet are [jy,j—,my,m_) for my = —jy, ..., +jr and m_ =

The simplest non-trivial Lorentz multiplet 2 has j. = % while j— = 0. In this two-

component multiplet j+ = %0’ while J_ = 0, or in terms of J and K, J = %0' while

K= —%0. Consequently, the finite Lorentz transforms in this multiplet are represented by



2 x 2 matrices of the form
M = exp (—z’a~j—ib~f{) = exp (3(—ia+b)-0). (11)

for some real 3-vectors a and b. The a vector here parametrizes a rotation of 3D space
while the b vector parametrizes a Lorentz boost; a general continuous Lorentz transform
involves both. The matrices (11) always have unit determinant, det(M) = 1, but there are
no other general restrictions: a generic M is complex, non-unitary, non-hermitian, etc., etc.

The group of such 2 x 2 complex matrices is called SL(2, C).

The Lorenz group has another in-equivalent two-component multiplet 2 with j, = 0 and
)= % In this multiplet J acts as %U but K acts as +%0’, hence a finite Lorentz transform

with the same parameters a and b as in eq. (11) is represented by a different 2 x 2 matrix

M = exp(3(—ia—b)-0). (12)

Generally this matrix is in-equivalent to M but rather equivalent to the complex conjugate

of M,

I —1
M = (MT) = 0y M* 0. (13)

(b) Prove this relation for any a and b.

Hint: prove and use 090%0y = —0.

For pure rotations of 3D space, M is unitary and M = M. For pure Lorentz boosts, M is

hermitian and A = M~!. We shall prove both statements later in this exercise.

Later in class we shall study in great detail the Dirac spinor fields that form a reducible
2 + 2 multiplet. There are also Weyl spinor fields that form irreducible 2 or 2 multiplets.
There will be future homeworks about those spinors, but for now let’s consider the other

Lorentz multiplets.

In the ordinary Spin(3) = SU(2) group, one can construct a multiplet of any spin j

from a symmetric tensor product of 25 doublets. This procedure gives us an object Doy,
sy,



with 27 spinor indices o, ..., ag; = 1,2 that’s totally symmetric under permutation of those

indices and transforms under an SU(2) symmetry U as
/8 .
Payayeay, — UeiUs?Usy @ 5 5 . (14)

For integer j, such objects are equivalent to tensors of the SO(3); for example, for j = 2

o5 = Pg, is equivalent to an SO(3) vector 3.

In the Lorentz group Spin(3,1) we have a similar situation — any multiplet can be
constructed by tensoring together a bunch of two-component spinors of the SL(2,C). But
unlike the SU(2), the SL(2, C) has two different spinors 2 % 2 transforming under different
rules. Notationally, we shall distinguish them by different index types: the un-dotted Greek
indices belong to spinor that transform according to M € SL(2,C) while the dotted Greek

indices belong to spinors that transform according to M* (which is equivalent to M),

b, - MID, 2 . - Mo (15)

Combining such spinors to make a multiplet with ‘spins’ j; and j_, we make an object
R B A with 274 un-dotted indices and 2j_ dotted indices. @ is totally sym-
metric under permutations of the un-dotted indices with each other or dotted indices with
each other, but there is no symmetry between indices of different types. Under an SL(2, C)
symmetry M, the un-dotted indices transform according to M while the dotted indices

transform according to the M*, thus

Baip) «M$ «Mbgy; )
L — MBMLE Mo Jxd .
al7""a(2j+)”yl""’7(2j,) aq Oé(2j+) Y1 7(2]‘7) Bl7"'7ﬁ(zj+);617”'76(2j_)
(16)
Of particular importance among such multi-spinors is the bi-spinor Vi, with j; = j_ = %

— it is equivalent to the Lorentz vector V#. The map between bi-spinors and Lorentz vectors
involves four hermitian 2 x 2 matrices o#, where ¢¥ is the unit matrix while o', ¢2 and o3

are the Pauli matrices. In SL(2, C) terms, each o# matrix has one dotted and one un-dotted



index, thus O'g,-y. Using the o#, we may re-cast any Lorentz vector VV# as a matrix
Vi = Vo =V = V.o (17)
an hence as a (%, %) bi-spinor
Vay = (Vio")py = V%ay = V-0uy. (18)

Under an SL(2, C) symmetry, the bi-spinor transforms as

)
Vay = Voy = MIMP Ve, (19)
or in matrix form,
Vo = Vieh = M (V') M. (20)

Since the four matrices o* form a complete basis of 2 x 2 matrices, eq. (20) defines a linear

! __ v
transform Vu = Lu V..

(c) Prove that for any SL(2, C) matrix M, the transform L (M) defined by eq. (20) is real
(real V7 for real V},), Lorentzian (preserves V,;V'# =V}, V#) and orthochronous.

Hint: prove and use det(V,o*) =V, V*.
x For extra challenge, show that this transform is proper, det(L) = +1.

(d) Verify that this SL(2,C) — SO*(3,1) map respects the group law, L(MaM;) =
L(Mz)L(My).

(e) Verify explicitly that for a unitary M = exp(—%ﬂn -0), L(M) is a rotation by angle ¢

around axis n.

(f) Likewise, verify that for an hermitian M = exp(3rn- o), L(M) is a boost of rapidity r
in the direction n.
FYT, the rapidity is related to the 5 and v parameters or a Lorentz boost as § = tanh(r),
v = cosh(r). For two successive boosts in the same direction, their rapidities add up,

Thet = @1 + T2.



In general, any (ji,j—) multiplet of the SL(2,C) with integer net spin j; + j_ is
equivalent to some kind of a Lorentz tensor. (Here, we include the scalar and the vector
among the tensors.) For example, the (1,1) multiplet is equivalent to a symmetric, traceless
2-index tensor TH = T"F T/ = 0. For j4 # j_ the representation is complex, but one can
make a real tensor by combining two multiplets with opposite j+ and j_, for example the

(1,0) and the (0,1) multiplets are together equivalent to the antisymmetric 2-index tensor
Fr — v,

(g) Verify the above examples.
Hint: For any kind of angular momentum, (j = %) ® (= %) =(=1a@(=0).



