
QCD Feynman Rules

Quarks are Dirac fermion fields Ψif which come in 3 colors i = 1, 2, 3 and 6 flavors f =

u, d, s, c, b, t. The SU(3) symmetry of the 3 colors is an exact local symmetry, so it comes with

32−1 = 8 vector fields Aa
µ(x) — the gluons. The semi-classical Lagrangian of the theory is quite

simple, especially in the color-matrix notations:

L = −
1

2g2
tr (FµνF

µν) +
∑

f

Ψf

(

iγµDµ − mf

)

Ψf (1)

where DµΨ = ∂µΨ+iAµΨ and Fµν = ∂µAν−∂νAµ+i[Aµ,Aν ]. Rescaling Aµ = gAµ, expanding

it into individual gluon fields Aa
µ(x) as A = (g/2)Aa

µλ
a — where λa are the Gell–Mann matrices

— and keeping all colors explicit makes for more complicated formulae:

DµΨi(x) = ∂µΨi(x) + ig Aµ(x)

(

λa

2

) j

i

Ψj(x),

Fa
µν(x) = g∂µA

a
ν(x) − g∂νA

a
µ(x) − g2fabcAb

µ(x)A
c
ν(x),

(2)

and therefore, after expanding in powers of g,

L = −1

4

(

∂µA
a
ν − ∂νA

a
µ

)2
+

∑

f

Ψ
i
f (iγ

µ∂µ −mf )Ψif

+ gfabc(∂µA
a
ν)A

b
µAνc −

g2

4
fabcfadeAb

µA
c
νA

d
µA

e
ν + ig

(

λa

2

) j

i

Aa
µ ×

∑

f

Ψ
i
fγ

µΨjf .

(3)

In perturbation theory, the top line here describes the free gluon and quark fields, while the bot-

tom line describes the 3–gluon, 4–gluon, and gluon-quark-antiquark interactions. The Feynman

rules of QCD follows from this expansion in powers of g:

• Gluon propagator

a

µ

b

ν
=

−iδab

k2 + i0

(

gµν + (ξ − 1)
kµkν

k2 + i0

)

(4)

where ξ is the gauge-fixing parameter. For ξ = 0 we have the Landau gauge while for ξ = 1

— the Feynman gauge.
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• Quark propagator

f

i

f ′

j
=

iδijδff ′

6p−mf + i0
. (5)

Note: the colors and the flavors must be the same at both ends of the propagator.

• Three-gluon vertex

a
α

k1

b
β

k2

c
γ

k3

= −gfabc
[

gαβ(k1 − k2)
γ + gβγ(k2 − k3)

α + gγα(k3 − k1)
β
]

. (6)

• Four-gluon vertex

a
α b

β

c
γd

δ

= −ig2







fabef cde(gαγgβδ − gαδgβγ)

+ facef bde(gαβgγδ − gαδgγβ)

+ fadef bce(gαβgδγ − gαγgδβ)






. (7)

• Quark-gluon vertex

a

µ

i f

j f ′

= −igγµ × δff ′ ×

(

λa

2

)j

i

. (8)

Note: the quark lines connected to the vertex must have the same flavors f ′ = f but they

may have different colors j 6= i.

⋆ The external line factors and the sign rules of QCD are exactly the same as in QED.
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Actually, the above Feynman rules are OK at the tree level but insufficient for the loop

calculations. The problem stems from the gauge fixing the gluon fields in order to quantize them

canonically and get the gluon propagator. In QED, simple linear constraints like ∇ · A = 0

or ∂µA
µ = 0 on the abelian gauge field were harmless, but for the non-abelian gluon fields of

QCD such linear constraints create all kinds of problems at the loop level. In the path integral

formalism, such constraints screw up the measure of the path integral, but we can un-screw it

by introducing additional un-physical fields called the ghosts. In Feynman rules, there are ghost

propagators and ghost-ghost-gluon vertices, but no external ghost lines — the ghost may run in

loops but never as external particles. We shall deal with the “ghostly” aspects of QCD Feynman

rules in the QFT (II) class in Spring 2017.
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