PHY-396 K. Problem set #3. Due September 27.

. Consider a massive relativistic vector field A*(z) with the Lagrangian density
L= -LF,F" + Im?A,A" — AP, (1)
(in h = ¢ = 1 units) where the current J#(z) is a fixed source for the A#(x) field. Because

of the mass term, the Lagrangian (1) is not gauge invariant. However, we assume that the

current J#(x) is conserved, 9, J*(z) = 0.

Back in homework set#£]] (problem 1) we have derived the Euler-Lagrange equations for

the massive vector field. In this problem, we develop the Hamiltonian formalism for the

AF(z). Our first step is to identify the canonically conjugate “momentum” fields.
(a) Show that dL/0A = —E but L/dA = 0.

In other words, the canonically conjugate field to A(x) is —E(x) but the Ay(x) does not

have a canonical conjugate! Consequently,
H = /d3x (—A<x) E(x) — E) . 2)
(b) Show that in terms of the A, E, and Ay fields, and their space derivatives,

H = [¢x{}B? + Ao (Jo - V-B) = sm?43 + 1(Vx A + im?A% — J-A}.
(3)

Because the Ay field does not have a canonical conjugate, the Hamiltonian formalism does
not produce an equation for the time-dependence of this field. Instead, it gives us a time-
independent equation relating the Ag(x,t) to the values of other fields at the same time t.

Specifically, we have
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At the same time, the vector fields A and E satisfy the Hamiltonian equations of motion,
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(c) Write down the explicit form of all these equations.

(d) Verify that the equations you have just written down are equivalent to the relativistic

Euler-Lagrange equations for the A#(x), namely

(019, +m?)A” = 0"(9,A") + J” (6)
and hence 9, 4#(z) = 0 and (89, +m?*)A* = 0 when 9, J# = 0, cf. homework #1.
. Next, let’s quantize the massive vector field. Since classically the —E(x) fields are canon-

ically conjugate momenta to the A(x) fields, the corresponding quantum fields E(x) and

A (x) satisfy the canonical equal-time commutation relations

[Ai(x, 1), Aj(y,1)] = 0,
[ Ai(X7 t)? Ej <Y7 t)] = 0, (7)
[Ai<x7 t)v Aj(Y? t)] = _iaij6(3) (X - Y)

(in the A = ¢ = 1 units). The currents also become quantum fields j“(x, t), but they
are composed of some kind of charged degrees of freedom rather than the vector fields

in question. Consequently, at equal times the currents j“(x, t) commute with both the
E(y,t) and the A(y,t) fields.

The classical A° (x,t) field does not have a canonical conjugate and its equation of motion
does not involve time derivatives. In the quantum theory, A° (x,t) satisfies a similar time-

independent constraint
2 40 30 y
m A°(x,t) = J (x,t) — V-E(x,t), (8)

but from the Hilbert space point of view this is an operatorial identity rather than an

equation of motion. Consequently, the commutation relations of the scalar potential field



follow from eqs. (7); in particular, at equal times the A0 (x,t) commutes with the E(y, t)
but does not commute with the A(y,t).

Finally, the Hamiltonian operator follows from the classical eq. (3), namely
N A X o A - A\ 2 X A oA
i = d3x{%E2 + Ao (Jo-V-E) = tm?A3 + §(VxA) + Im?A? - J-A}

A 1 N A\ 2 <\ 2 " A A
:/di”x{%E? + 55 (o-V-B) + §(VxA) + im?A? - J-A}
2m2 2 2
(9)
where the second line follows from the first and eq. (8).
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Your task is to calculate the commutators [A;(x,t), H| and [E;(x,t), H] and write down
the Heisenberg equations for the quantum vector fields. Make sure those equations are

similar to the Hamilton equations for the classical fields.

. Next, let’s explore the relation between the symmetry generators and the charge operators

in quantum field theory.

Consider an O(N) symmetric Lagrangian for N interacting real scalar fields,

o , 2 N \ (X 2
L = 52(@%) - 72@3 — ﬁ<2q>§> . (10)
a=1 a=1 a=1

By the Noether theorem, the continuous SO(N) subgroup of (N) symmetry gives rise to

$N(N — 1) conserved currents
Jh(x) = —Jp (x) = Og(x) HPy(x) — Dp(z) O Py(x). (11)

In the quantum field theory, these currents become operators

K>

(x,t) = —Jpa(x,t) = —Da(x,1)VPy(x,1) + Dp(x,1)VP,(x,1), a2)
x,1

jab
j((L)b( ) = _jl?a(x’ t) = +(i)a(X,t)ﬂb(X,t) - (i)b(X, t)ﬂa(X, t)>

hence the net charge operators
Qult) = ~Qu®) = [d*x 100 = [a'x (BulxTx.t) — Byl ML) . (13

(a) Write down the equal-time commutation relations for the quantum ®, and II, fields.

Also, write down the Hamiltonian operator for the interacting fields.



(b) Show that

[Qab(w,éc(x, same t)} = i0pba(x,t) — i0acy(x, 1),
(14)

~

[Qab(t),ﬂc(x, same t)} — 0 lla(x, 1) — i0aelly(x, 1),

(¢) Show that the all the Qq commute with the Hamiltonian operator H. In the Heisen-

berg picture, this makes all the charge operators Qab time independent.

(d) Verify that the Qg obey commutation relations of the SO(N) generators,

[Qaba@cd} = _ié[c[b[Qa]d} = _iéchad + iéac@bd + iébd@ac - iéadeC‘ (15>

. Finally, let’s re-express the SO(N) charge operators in terms of the particle creation and

annihilation operators. But first, we need an exercise in bosonic commutation relations.

(a) Given an arbitrary family of creation operators dl; and annihilation operators a, obey-

ing the bosonic commutation relations

[aaaaﬁ] = 07 [dlm&g] = 07 [aaaag] = 6aﬂ7 (16>

T

calculate the commutators [dadﬁ,dg], [@L%,&é], @ A1 A !

itbiig, afyi,
Now let’s go back to the quantum scalar fields d, from the previous problem, and let’s
take A = 0 so the fields are free.

(b) Go to the Schrodinger picture and expand the fields into particle creation and annihi-

.I.

lation operators Qp p

and dp,b where b =1, ..., N labels the particle’s species.
(c) Show that in terms of the creation and annihilation operators, the charges (13) become

Qb = D <_idi>,adp,b + Z‘dL,b&p,b> : (17)

p

(d) Use the commutation relations (16) for the creation and annihilation operators (and

the results of part (a)) to verify that the operators (17) obey the commutation relations
(15).



Finally, for N = 2 the SO(2) symmetry is the phase symmetry of one complex field
d = (&1 +iPs)/v/2 and its conjugate ®* = (&1 — i®s)/+/2. In the Fock space, they give

rise to particles and antiparticles of opposite charges.

(e) Expand the fields ®(x) and ®f(x) into the creation and annihilation operators for the

particles and antiparticles, namely

dp 1 + g o

ap = T are particle annihilation operators,
2 CAlp 1 i&p 2 . . 1 -
bp = T are antiparticle annihilation operators,
4 V2, (18)
At CLp 1 Zap 2 . .
ap = T are particle creation operators,
At At
A a, 1+t
bl = BL P2 e antiparticle creation operators.

P V2
(f) Show that in terms of the operators (18),

C?21 = _Q12 = Nparticles - Nantiparticles = Z (dep - 6L6p> (19)
P



