PHY-396 K. Problem set #10. Due November 22, 2016.

. When an exact symmetry of a quantum field theory is spontaneously broken down, it gives
rise to exactly massless Goldstone bosons. But when the spontaneously broken symmetry
was only approximate to begin with, the would-be Goldstone bosons are no longer exactly
massless but only relatively light. The best-known examples of such pseudo-Goldstone
bosons are the pi-mesons 7% and 7%, which are indeed much lighter then other hadrons.
The Quantum ChromoDynamics theory (QCD) of strong interactions has an approximate
chiral isospin symmetry SU(2)r, x SU(2)r = Spin(4). This symmetry would be exact
if the two lightest quark flavors u and d were massless; in real life, the masses m, and
mg are small but non quite zero, and the symmetry is only approximate. Somehow (and
people are still arguing how), the chiral isospin symmetry is spontaneously broken down
to the ordinary isospin symmetry SU(2) = Spin(3), and the 3 generators of the broken
Spin(4)/Spin(3) give rise to 3 (pseudo) Goldstone bosons 7+ and 7.

As a toy model of approrimate SO(N + 1) symmetry spontaneously broken down to
SO(N), consider the linear sigma model of N + 1 scalar fields ¢; with the Lagrangian

L= Y 400’ — (3,00 ) 4 OAP X o )

For § = 0 this Lagrangian has exact O(N + 1) symmetry, which would be spontaneously
broken down to O(N) by non-zero vacuum expectation values of the scalar fields. For a
non-zero f3, the last term in the Lagrangian (1) explicitly breaks the O(N + 1) symmetry,
but for § < f we may treat the O(N + 1) as approximate symmetry.

(a) Assume > 0 and § < f. Show that the scalar potential of the linear sigma model

has a unique minimum at
(@) = - (o) = 0, (dnj1) = f + B + OB/)) (2)
(b) Re-express the Lagrangian (1) in terms of the shifted fields

o0(2) = énpa(2) = (dng1),  7'(2) = ¢iw) fori=1,....N.  (3)

and show that the 7* fields are massive but much lighter than the o field. Specifically,



M2 =~ \f x 3 while M2 ~ \f(f +38) = Af2 > M2.

In QCD terms, N = 3, the three 71?3 fields (or rather the 7 = 73 and the at =

(7! 4+ in?)/\/2) correspond to the three pi-mesons of rather small mass m, ~ 140 MeV,

and the o corresponds to the very broad sigma resonance at about 500 MeV.

(c)

Now consider the pion scattering 7w — 77 in the linear sigma model. Show that

for B = 0, the quartic couplings, the cubic couplings, and the masses of the 7% and

o fields are precisely as in problem 3 of homework set#§ (eqs. (2-3)). Therefore —

as we saw in that homework — for low-energy pions with £ < M,, the scattering

amplitudes M(m/ + 7% — 7% + ™) become small as O(AEZ,/M2) or smaller.

For 3 # 0, the cubic coupling and the M2 are a bit different from what we had in
homework#38, so the several tree diagrams contributing to the scattering of low-energy

pions do not quite cancel each other.

Show that to the leading order in 3, for s,t,u < M,,
2 ik sfm 2 30 ckm
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which does not vanish when any of the pion’s momenta becomes small. Instead, for

slow pions with |p| < my, this amplitude becomes

j k l my o gk bm _ sjlckm  cim okl m_ngﬁ
M(m? +7% = 7o+ 7™) & (36776 ) &) x 7R # 0. (5)

. In this problem, the spontaneously broken symmetry is exact but more complicated. Con-

sider an N x N matrix ®(z) of complex scalar fields CIDij (x), 4,7 = 1,..., N. In matrix

notations, the Lagrangian is

L=t (aﬂqﬂ aﬂcb) ~ V(ote) (6)

where the potential is

Vo= %tr (cDTq)cI)TcD> +

@

(tr (qﬂ @))2 + m? tr (ch c1>) . (7)


http://www.ph.utexas.edu/~vadim/Classes/2016f/hw08.pdf

(a) Show that this theory has global symmetry group G = SU(N)g x SU(N)r x U(1)

acting as

O(z) — PULO(2)US,  Up,Ug € SU(N). (8)

(%) Optional exercise, only for experts in group theory:
Show that the theory has no other continuous symmetries besides G' and Poincare

(Lorentz and translations of spacetime).

From now on, we take o, 8 > 0 but m? < 0. In this regime, V is minimized for non-zero

vacuum expectation values (®) # 0 of the scalar fields.

(b) Let (k1,...,xy) be eigenvalues of the hermitian matrix ®T®. Express the potential (7)

in terms of these eigenvalues and show that the minimum lies at

2
—m
pum— pu— LR pr— pr— 02 pu— 0. 9
" "2 N a+ Ng ” )

In terms of the matrix ®, eq. (9) means ® = C' X a unitary matrix. All such minima are
related by symmetries (8) to ® = C' x the unit matrix, so without loss of generality we

may assume that the vacuum lies at

(@) = Cx 1y ie. (D) = Cxd. (10)

(c¢) Show that the symmetries (8) preserving these VEVs are limited to the Uy, = Ur €
SU(N) and 6 = 0. In other words, the SU(N) x SU(N) x U(1) symmetry of the
theory is spontaneously broken down to SU(N).

Let’s expand the theory around the vacuum (10). For convenience, let’s also decompose

the complex matrix ® into its hermitian and anti-hermitian parts,

p1(z) + ipa(x)

V2

d(r) = Cx1yn + where gp]; =, and gpg =, . (11)

(d) Expand the Lagrangian in powers of ¢; and ¢y and use the quadratic part Lo to

determine the particle spectrum of the theory.



(e) Altogether, the N 2 complex scalar fields give rise to 2N? particle species. Organize
these particles into multiplets of the unbroken SU(N) symmetry and make sure that

all members of each multiple have the same mass.

Also, check the Nambu—Goldstone theorem for this model — verify that for each
spontaneously broken generator of the symmetry (8) there is a massless particle with

similar quantum numbers (WRT the unbroken SU(N)).



