PHY-396 L. Problem set #18. Due March 23, 2017.

1. First, a reading assignment for the Spring break: Quantum Mechanics and Path Integrals
by Feynman & Hibbs (find at UT Tibrary], fead online at scribd.con]). Read all you can
about care and use of the Path Integrals. After the break, I will talk about “path”

integrals in QFT, and it would help if you already know something about path integrals

in the ordinary quantum mechanics.

2. And now an exercise in renormalization. Consider the Wess—Zumino model, a QFT com-
prising a Majorana spinor field U(z), a real scalar field ®;(x), and a real pseudoscalar

field ®9(x), all massless. The physical Lagrangian
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L= VPV + 5(3u@1)2 + 5(3@2)2— %‘I’(<I>1+w5<1>2)\11 ~ §(<I>%+<I>§) (1)

has a global U(1) axial symmetry, which acts as
T — exp(ify®)W, (B +iDy) — exp(—2i6) x (B1 + iDy). (2)

Wess and Zumino found that for A = g2, the renormalization of this theory is particularly
simple, but at first they did not know why. Salam and Strathdee realized there must be a
symmetry behind this simplicity, and after working very hard to find it, they discovered

the supersymmetry.

But this homework is about the basic renormalization theory rather than supersymmetry;,

and you do not need to know anything about supersymmetry to work it out.

(a) Argue that thanks to the chiral symmetry (2) of the Wess—Zumino model, the bare
Lagrangian of the quantum theory needs only five counterterms to cancel all the
divergences, namely 6" and 89 for the couplings, 55 and 5@4 for the bosonic fields,
and (55 for the fermion. In particular, it does not need the mass counterterm 51]24 for

the fermion.

In general, the two-scalar 1PI amplitude has quadratic UV divergence which needs 6({#” =

O(A?) to cancel. However, for A = g2 the net quadratic divergence cancels between loops


http://catalog.lib.utexas.edu/search/?searchtype=X&SORT=D&searcharg=feynman+hibbs&searchscope=29
https://www.scribd.com/doc/227963184/Feynman-Hibbs-Quantum-Mechanics-and-Path-Integrals-pdf#

of fermions and loops of pseudo/scalars. Instead, Eget(kmps) (p?) = p* x O(log A%/p?),

which needs only the 55 = O(log A/E) counterterm to cancel but does not need the 5(];"

counterterm.

(b)

Verify that this is true at the one-loop level.

Note: Feynman rules for Majorana fermions are similar to those for Dirac fermions
(same propagators, vertices, and external leg factors), but there is an extra factor %

for each closed fermionic loop. (i.e., —% tr(---) instead of — tr(---)).
Hint: mind the combinatorics for the loops of pseudo/scalar fields.

Next, calculate the infinite parts of the other 4 counterterms at the one-loop level.

Proceed similarly to homework 10, and do not hesitate to recycle similar calculations

instead of redoing them from scratch.

Do not assume A = g2 at this stage.

Calculate the anomalous dimensions of the scalar and fermionic fields to order O(g?, \)

and show that v = .

Note: at the one-loop level this is true for any A, but at the higher loop levels v4 = v,
only when \ = ¢2.

Calculate the beta-functions 84(g, A) and £x(g, A) to the one-loop order for general A
and g. Then show that

for A= g%, B(A=g%) = 29 x By(A=g?. (3)

Note: because of supersymmetry, this relation holds true to all orders of the pertur-

bation theory. But in this exercise, you should check it at the one-loop level only.

Show that the relation (3) implies that if A\(Ey) = ¢*(Ep) for any particular energy
Eo, then \(E) = ¢?(E) for all energies E.

Optional exercise, in case I explain the RG flow before the Spring break.
Consider the renormalization group flow in the (g2, \) plane. In the UV — IR direc-

tion, is the A\ = ¢? line attractive or repulsive?


http://web2.ph.utexas.edu/~vadim/Classes/2016f/hw16.pdf

