QED Feynman Rules in the Counterterm Perturbation Theory

The simplest version of QED (Quantum ElectroDynamics) has only 2 field types — the

electromagnetic field A* and the electron field ¥ — and its physical Lagrangian is

Lohys = —1FuF"™ + Wiyt Dy —mo)¥ = —1F2, + U@ —m)¥ + eA,Uy"0. (1)

The bare Lagrangian of the perturbation theory has a similar form, except for the bare

coupling epare instead of the physical coupling e, the bare electron mass my .. instead of

I

bare () and Wp..(z) instead of the renormalized

the physical mass m, and the bare fields A
fields A#(x) and W(x). By convention, the fields strength? factors Z for the EM and the
electron fields are called respectively the Z3 and the Z3, while the Z; is the electric charge

renormalization factor. Thus,

Aol@) = V73 x A'@). Tnae(e) = V7o x (), 2)
and plugging these bare fields into the bare Lagrangian we obtain
Lbare = —% EuWF"™ + ZoU(i @ — mpare)V + Zie x AWMU (3)
where
Zyxe = Zo\/Z3 X ehare (4)
by definition of the Z;.

As usual in the counterterm perturbation theory, we split
Lpare = Lphys + nggﬁger (5)

where the physical Lagrangian Ly is exactly as in eq. (1) while the counterterms comprise

the difference. Specifically,

terms

1) =
[counter _j % FHVFNV + 0o X U3 @‘I’ — Om X YU + edy ¥ AH\I]/'VM\II <6>
for

03 = Z3 =1, 6o = Zo—1, 61 = Z1 — 1, Om = ZoMpare — Mphys - (7)

Actually, the bare Lagrangian (5) is not the whole story, since in the quantum theory



the EM field A*(z) needs to be gauge-fixed. In the Feynman gauge, or in similar Lorentz-
invariang gauges, the gauge fixing amounts to adding an extra gauge-symmetry breaking

term to the Lagrangian,

Ebare = Lphys + L%i?fge + ng;lmnger <8>
for
Leonee —i(a A2 (9)
fixing 26 H

where ¢ is a constant parametrixing a specific gauge. In the Feynman gauge £ = 1.

In the counterterm perturbation theory, we take the free Lagrangian to be the quadratic

part of the physical Lagrangian plus the gauge fixing term, thus

— 1
Lfree = \If(z@—m)\ll - iFiz/ _2_§<6HAH)2 (10)

(where m is the physical mass of the electron), while all the other terms in the bare La-
grangian — the physical coupling eAHEfy“\I! and all the counterterms (6) — are treated as
perturbations. Consequently, the QED Feynman rules have the following propagators and

vertices:

e The electron propagator

(11)

e’ B 1 i(ﬁ—i-m)aﬁ
D p—m +i0 " p* —m?* +10

where a and 8 are the Dirac indices, usually not written down.

e The photon propagator

A 9 N % +(€—=1) KR (12)
ANMANNANAN = ———— _ ,
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In the Feynman gauge £ = 1 this propagator simplifies to

2 v —igh¥
N\VSY\VSN\NV\NWWNN = ——. 13
L k2 410 (13)



e The physical vertex

1
= (+iev“)aﬂ. (14)

g

The Dirac indices o and [ of the fermionic lines are usually not written down.

*x And then there are three kinds of the counterterm vertices:

=

= tiedy x ()ag . (15)

<@ — (52— Bm) s (16)

NANANNBNANNNS = —id3 x (¢"E — KP'EY). (17)



